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FINITE-VOLUME APPROXIMATION OF THE INVARIANT MEASURE
OF A VISCOUS STOCHASTIC SCALAR CONSERVATION LAW

SEBASTIEN BOYAVAL, SOFIANE MARTEL, AND JULIEN REYGNER

ABsTrACT. We study the numerical approximation of the invariant measure of a viscous scalar conservation law, one-
dimensional and periodic in the space variable, and stochastically forced with a white-in-time but spatially correlated noise.
The flux function is assumed to be locally Lipschitz continuous and to have at most polynomial growth. The numerical
scheme we employ discretises the SPDE according to a finite-volume method in space, and a split-step backward Euler
method in time. As a first result, we prove the well-posedness as well as the existence and uniqueness of an invariant
measure for both the semi-discrete and the split-step scheme. Our main result is then the convergence of the invariant
measures of the discrete approximations, as the space and time steps go to zero, towards the invariant measure of the SPDE,
with respect to the second-order Wasserstein distance. We investigate rates of convergence theoretically, in the case where
the flux function is globally Lipschitz continuous with a small Lipschitz constant, and numerically for the Burgers equation.

1. INTRODUCTION

1.1. Viscous scalar conservation law with random forcing. We consider the following viscous scalar conservation
law with stochastic forcing on the one-dimensional torus T = R/Z:

du = —0, A(u)dt + vy udt + ngde(t), xeT, ¢>0, (1)
E>1
where (W*);>1 is a family of independent real Brownian motions and (g*);>1 is a family of smooth functions on T.
The viscosity coefficient v is assumed to be positive. Under regularity and polynomial growth assumptions on the flux
function A, Equation (1) is well-posed in a strong sense, and there exists a unique invariant measure for its solution, see
Proposition 1.2 below, which is proved in the companion paper [29].
In this work, we construct a numerical scheme, based on the finite-volume method, that allows to approximate this
invariant measure. We place ourselves in the setting of [29] and first recall our main notations, assumptions and results.

1.1.1. Notations. For any p € [1,+o0], we denote by L{(T) the set of functions v € LP(T) such that

/Tv(m)da: =0,

and we write [|v|zz(r) for the LP norm induced on Lg(T). For any integer m > 0, we denote by Hg*(T) the intersection
of L3(T) with the Sobolev space H™(T). Combining the Jensen inequality

Vi<p<g<doo,  |vllgy < llvllzgm: (2)

with the gradient estimate
vllzge(my < N0xvllLarys (3)
we observe that [|v[| gy (1) := |03 v[|L2(r) defines a norm on Hy"(T), which is associated with the scalar product (v, w) gy (1)

and makes H{"(T) a separable Hilbert space.
We denote by N the set of non-negative integers, and by N* the set of positive integers.

1.1.2. Assumptions on the flux and the noise. We shall assume that the flux function A and the family of functions (gk)kzl
satisfy the following condition.

Assumption 1.1 (On A and (¢*)>1). The function A : R — R is of class C?, its first derivative has at most polynomial
growth:

EICA > 0, HPA € N*v Vo € Ra |Al(v)| < CA (1 + |v‘pA)7 (4)
and its second derivative A” is locally Lipschitz continuous on R. Furthermore, for all k > 1, g* € HZ(T) and
2
D:= Z HngHg(T) < +00. (5)
E>1
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The assumptions (4) and (5) will be needed in the arguments contained in this paper while the local Lipschitz continuity
of A” is only necessary for Proposition 1.2, which is proved in [29].

The family of Brownian motions (W*);>1 is defined on a probability space (2, F,P) equipped with a normal filtration
(Ft)t>0 in the sense of [13, Section 3.3]. Under Assumption 1.1, the series Y, g*W* has to be understood as an HZ(T)-
valued Wiener process W with trace class covariance operator Q : H3(T) — HZ(T) given by Qv =3, ¢" (v, gk>Hg(T),
see [29] for details. In the sequel, we shall call W< a Q- Wiener process.

1.1.3. Main results from [29]. Given a normed vector space E, B(E) denotes the Borel o-field on E, P(E) denotes the set
of probability measures over (E,B(E)), and for p € [1,+00), Pp(E) denotes the subset of P(E) of probability measures
with finite p-th order moment. The well-posedness of (1), as well as the existence and uniqueness of an invariant measure
for its solution, is proved in [29, Theorem 1, Theorem 2].

Proposition 1.2 (Well-posedness and invariant measure for (1)). Let ug € H3(T). Under Assumption 1.1, there exists a
unique strong solution (u(t))i>0 to Equation (1) with initial condition ug. That is, an (Fi)i>o-adapted process (u(t))i>o
with values in H3(T) such that, almost surely:

(1) the mapping t — u(t) is continuous from [0,+00) to HZ(T);

(2) for allt >0, the following equality holds:

u(t) =uo + /0 (=0z A (u(s)) + vOyzu(s)) ds + WQ(t). (6)

Furthermore, the process (u(t))i>o admits a unique invariant measure p € P(HZ(T)), and if v is a random variable with
distribution p, then IE[||’U||§IQ(T)] < +0oo and for all p € [1,+00), E[||v||’£p(T)] < +o0.
0 0

Let us specify that for any ¢ > 0, the notation u(t) shall always refer to an element of the space HZ(T). The scalar
values taken by this function are denoted by u(t¢,z), for z € T.

1.2. Space discretisation. To discretise (1) with respect to the space variable, we first fix N > 1, denote by Ty = Z/NZ
the discrete torus, and define the regular mesh 7y on T by

i
N )
where we identify T with (0, 1] and Ty with {1,..., N}. Next, we introduce the finite dimensional space

TN = {(xi—laxi] 7i S ’]TN}a i 1=

RY :={v=(v1,...,on) ERY 10y +--- +ux =0},

on which we define, for any p € [1,400], the normalised ¢ norm

1/p

1 .

||V||eg(1rN) = (N gr: |U¢p> if p < +o0, ||V||143°(TN) = gg%§|vi|'
€T N

The projection operator My : L} (T) — RY is defined by
Vi e Ty, (Myv); = N/ v(z)dz.
Ti—1

Notice that by Jensen’s inequality, it satisfies the inequality

ITInvllez ey < lollce(r), (7)
for any p € [1, +00].
Applying this operator to both sides of (1), we get, for any ¢ € Ty,
A (Tyu(t)), = N (A (u (b)) — Aty z-1)) At + vN @t (b 5) — Dy (6, 21-1)) dt + (T W)

Let us denote by U () = (U (t))iety a vector whose purpose is to approximate the vector IIyu(t). The basic idea of

finite-volume schemes consists in introducing a numerical fluz function A : R? — R such that the value A(UN (t), UX,(t))
aims to approximate the flux A(u(t,x;)) of the conserved quantity between the two adjacent cells (z;—1, ;] and (x;, 2;41].
The function A satisfies certain properties which are stated in Assumption 1.3 below. Given such a function, for any

v € R} we denote by A" (v) the vector with coordinates A(v;,viy1), i € Ty.
We then introduce the first-order forward and backward discrete derivative operators D§\1,7+) and Dg\'}_), defined by
Vi e Ty, (Dg\l,’+)v)i = N(vir1 — v;), (Dg\}’_)v)i = N(v; —v—1),
and the second-order centered discrete derivative operator DS?,), defined by

DYv =D 'D{ v =D "D v.
2



In the sequel, we shall sometimes call the quantities ||D(1’+)VH@3(T) and HD(z)VHZg(T) the h{(Ty) and h3(Tx) norms of v.
For all k > 1, we finally define the vector g¥ := IIyg* € R) and denote by W@ the process IIyW% = >k ghwk.
This is a Wiener process in R} with covariance

E[WEN oWV ] =Y gk, ®)
k>1

which is easily seen to be finite under Assumption 1.1 (see (24) below).
These notations allow us to write a semi-discrete finite-volume approximation of (1) as the stochastic differential
equation (SDE)

dUN (t) = —DEIAY (U (1)) dt + DD UN (1)dt + AWV (1), 9)
We shall sometimes use the notation
b(v) = -D VAN (v) + D Py
for the drift of this SDE. Since both this vector field and the noise W take their values in R}, we deduce that (9) is

conservative in the sense that if UV (0) € RY, then for all ¢t > 0, UN(¢) € RY.
We may now state our assumptions on the numerical flux.

Assumption 1.3 (On A). The function A belongs to C*(R2,R), its first derivatives 9; 4 and 9 A are locally Lipschitz
continuous on R?, and it satisfies the following properties.

(i) Consistency:

Vv € R, A(v,v) = A(v). (10)
(ii) Monotonicity:
Yu,w € R, MA(w,w) >0, dhA(v,w)<0. (11)
(iii) Polynomial growth:
3C4 >0, Iz N, WYo,weR, [0;A(v,w) <Csz(1+wP4), |02A(v,w)] < Cxz(1+ |w[P4). (12)

Note in particular that the numerical flux function, and therefore the drift of the SDE (9), is not globally Lipschitz
continuous. Nevertheless, we prove in Proposition 2.4 that (9) is well-posed under Assumption 1.3. The polynomial
growth assumption is used in Proposition 3.1 to obtain uniform h3(Ty) estimates on the invariant measure of (U™ (¢));>o.
This task will require uniform ¢5(Ty) moment estimates, for large values of p, which will be established in Lemma 2.5
and Proposition 3.1. The fact that the polynomial growth assumption on 9; A(v,w) (resp. d2A(v,w)) is required to hold
uniformly in w (resp. v) may seem demanding, it is however well suited to flux-splitting schemes as the Engquist—Osher
numerical flux described below.

Remark 1.4 (Engquist—-Osher numerical flux). A notable class of numerical fluxes satisfying the monotonicity and
polynomial growth conditions (under Assumption 1.1) are the flux-splitting schemes [22, Example 5.2|, among which a
commonly employed example is the Engquist—Osher numerical fluz [21] defined (for A(0) = 0) by

Yo, w € R, Ago (v, w) = /OU[A’(v’)hdv’ — /Ow[A’(w’)]dw’.

1.3. Space and time discretisation. The second stage in constructing a numerical scheme for (1) is the time discreti-
sation of the SDE (9). Considering a time step At > 0 and a positive integer n, we introduce the notation

AWEN .= WV (nAt) - WY ((n — 1)At). (13)

As already noticed in [30], explicit numerical schemes for SDEs with non-globally Lipschitz continuous coefficients do
not preserve in general the long time stability, whereas implicit schemes are more robust. Therefore, since our main focus
in this paper is to approximate invariant measures, we follow [30] and propose the following split-step stochastic backward
Euler method

UNA = Ul A (UNA)

n+% - n+3;

N,At __ y1N,At Q,N
U =005 AW

(14)

The well-posedness of the scheme, i.e. the existence and uniqueness of the value Uf:[jﬁt in the first line of (14), is
2

ensured by Proposition 2.13.
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1.4. Main results. Our first focus is on the long time behaviour of the processes (UM (t));>¢ and (UYA%),cn. In this
perspective, we state our first result.

Theorem 1.5 (Existence and uniqueness of invariant measures for both schemes). Under Assumptions 1.1 and 1.3, the
following two statements hold:

(i) for any N > 1, the process (UM (t))i>0 solution of the SDE (9) admits a unique invariant measure 9 € P(RY);
(ii) for any N > 1 and At > 0, the sequence (UN-2Y), oy defined by (14) admits a unique invariant measure 9n ar €
P(RY).
Moreover, for any N > 1 and At > 0, the measures Vn and 9In st belong to Py (Ré\’).

The proofs for these two statements are given separately in Section 2. The structure of the proof is the same as for [29,
Theorem 2| where we derived the existence and uniqueness of an invariant measure for the solution of (1) from two
important properties: respectively the dissipativity of the L3(T) norm of the solution, and an L}(T) contraction property.
In Lemma 2.1 below, we show that both of these properties are preserved at the discrete level. Therefore, we then prove
the existence of an invariant measure with a tightness argument (uniform energy estimates and the Krylov—Bogoliubov
theorem) and the uniqueness with a coupling argument. While the proof of existence is rather standard, our analysis of
uniqueness depends on arguments which are more specific to the processes (UM (t));>0 and (ULA?),,cy. We insist on the
fact that both proofs of existence and uniqueness crucially rely on the positivity of the viscosity coeflicient v.

We now address the At — 0 limit of ¥ A+ and the N — +oo limit of ¥ . Since most of our results follow from ﬂ%(']I‘N)
or LZ(T) estimates, it is natural in our setting to work with the following distance on Py (¢2(Ty)) or Po(LE(T)).

Definition 1.6 (Wasserstein distance). Let (E, | - ||[g) be a normed vector space and let o, 8 € P2(E). The quadratic
Wasserstein distance between o and (3 is defined by

1/2
Walar ) = in (/E E|uv||2dw<u,v>> ,

mell(a,B)
where II(«, 8) is the set of probability measures on E x E with marginals o and f:
(e, B) :={m € Py (EX E):YBeB(E),n(BxE)=a«a(B) and 7(E x B) = §(B)}.

The reader is referred to [32, Chapter 6] for further details on the Wasserstein distance, and in particular for the proof
that it actually defines a distance on Py(E). From now on, the spaces Po(¢3(Tx)) and P2(L3(T)) are systematically
endowed with the topology induced by the corresponding distance Ws.

As a first step to approximate numerically the measure u, we embed the measures ¥y and Uy a; into P(L3(T)). Let
us denote by ¥y : RYY — Lg°(T) the piecewise constant reconstruction operator defined by, for all v € R},

Vi€ Ty, Vze (x_1,z), Uyv(z) :=v;.
Notice that for any p € [1, +o0],
[CNvlem = [[VIeE Ty (15)
so that Theorem 1.5 implies that the pushforward measures
py =950 (Uy)h, pn.ari=Inar0 (Un)7L (16)

belong to P2 (L3(T)). Sections 3 and 4 are devoted to the proof of our main result.

Theorem 1.7 (Convergence of the invariant measures). Under Assumptions 1.1 and 1.3, we have
lim uy =p  in Py(L3(T)), (17)
N—o00

and moreover, for any N > 1,
lim Iy ar=09n  in Pa(RY). (18)
At—0

In short, we have the following approximation result:

. . _ . 2
W g vae = p i Pl (D).
Remark 1.8. In Theorem 1.7, 4 is seen as a probability measure of P(L3(T)) giving full weight to H3(T), as opposed
to Proposition 1.2 where 1 was seen as a probability measure of P(HZ(T)). The fact that both objects coincide follows
from [29, Lemma 6].

Let us briefly sketch the lines of our proof of (17). First, the positivity of the viscosity coefficient » makes (1) parabolic,
so that energy estimates in LZ(T) and HE(T) are a natural tool to study this equation. In this perspective, we derive
uniform (in N) discrete £5(Ty), h{(Ty) and hZ(Tx) bounds on ¥x. They imply that the sequence (uy)n>1 is relatively
compact in Py(L3(T)). Using the finite-time convergence of the finite-volume scheme WxU?Y () to the solution u(t) of
the SPDE (1), we then show that any limit p* of a weakly converging subsequence of (un)n>1 is invariant for (1), which
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allows to identify all these limits and leads to (17). This finite-time convergence result, which is an important step in our
argument, is stated in Proposition 3.4. It relies in particular on HZ(T) estimates on u, so that the framework of strong
solutions for (1) is well-suited to our approach.

The proof of (18) follows the same approach, and the main finite-time convergence result is stated in Proposition 4.4.

Remark 1.9 (Ergodicity). As the invariant measure g of the process (u(t));>o is unique from Proposition 1.2, it is
ergodic. In particular, a consequence of Birkhoft’s ergodic theorem (see for instance [14, Theorem 1.2.3]) is that for any
¢ € L*(p) and for p-almost every initial condition ug € HZ(T), almost surely,
1 t

lim = [ (u(s))ds =E[p(v)], where v ~ .

t—oo t 0
By virtue of Theorem 1.5, this property also holds at the discrete level: the sequence (UY-At),cy satisfies for any
¢ € L'(Yn at) and for ¥n ar-almost every initial condition UéV’At € RY, almost surely,

n—1
lim — Z <p(U;V’At) =E [@(VN"N)] ) where VVAT < gy Ay
1=0

Thanks to this property, it is possible to approximate numerically expectations of functionals under the invariant measure
by averaging in time the simulated process. We used this method to perform the numerical experiments presented in
Section 5.

Complementing the convergence results of Theorem 1.7 with a quantitative rate in N and At is a natural question.
As far as the convergence of uy to  when N — 400 is concerned, we sketch in Subsection 3.4 how our arguments may
be adapted to yield a strong LZ(T) error estimate of order 1/N between u”(t) and wu(t), valid in the long time limit,
in the case where the flux function A is globally Lipschitz continuous with a small Lipschitz norm. This implies that
Wa(pw, 1) < C/N. We show in Section 5 that this result is sharp in the case where A = 0. In this section, we also study
numerically the rate of convergence of ¥ A+ to ¥ and observe a weak error of order At, even when the flux function is
not small and not Lipschitz continuous, which is consistent with theoretical results by Kopec on a related class of split-step
schemes [20].

1.5. Review of literature. Many results are found concerning the numerical approximation in finite time of stochastic
conservation laws. A particular case of interest is the stochastic Burgers equation which corresponds to the case of the

flux function A(v) = v?/2. Finite difference schemes are presented in [1, 25] to approximate its solution. When the
viscosity coeflicient is equal to zero, the SPDE falls into a different framework. Convergence of finite-volume schemes in
this hyperbolic case have been established both under the kinetic [18, 19, 17] and the entropic formulations [2, 3].

As regards the numerical approximation of the invariant measure of an SPDE, we may start by mentioning [10]
concerning the damped stochastic non-linear Schrédinger equation, where a spectral Galerkin method is used for the
space discretisation and a modified implicit Euler scheme for the temporal discretisation. Several works by Bréhier and
coauthors are devoted to the numerical approximation of the invariant measures of semi-linear SPDEs in Hilbert spaces
perturbed with white noise [5, 6, 7], where spectral Galerkin and semi-implicit Euler methods are used. Those results hold
under a global Lipschitz assumption on the nonlinearity. In the more recent works [11, 12, 8], non-Lipschitz nonlinearities
are considered, but they still need to satisfy a one-sided Lipschitz condition.

In the present work, our assumptions on the flux function do not imply that the non-linear term is globally Lipschitz
continuous in LZ(T) nor even one-sided Lipschitz continuous. In particular, the case of the Burgers equation is covered.
However, Equation (1) satisfies an L}(T) contraction property [29, Proposition 5] which may be viewed as a one-sided
Lipschitz condition in the Banach space L{(T).

1.6. Outline of the paper and comments on the presentation. Throughout the article, we always work under
Assumptions 1.1 and 1.3. We will not repeat these assumptions in the statements of our results.

Section 2 is dedicated to the proof of the well-posedness and of the existence and uniqueness of an invariant measure
for the semi-discrete scheme (9) and the split-step scheme (14). The proof of Theorem 1.7 is then detailed in two separate
sections. The convergence in space (17) is proved in Section 3 and then, in Section 4, we prove the convergence with
respect to the time step, i.e. Equation (18). Numerical experiments investigating the rates of convergence in Theorem 1.7
are presented in Section 5. The proofs of certain results which are not essential to the exposition of our arguments are
gathered in Appendix.

In order to emphasise our original contributions, throughout the paper some arguments which are standard to either
stochastic calculus or numerical analysis are omitted or merely sketched. A preliminary version of this work, with all
proofs detailed, is available as Chapter 3 of [28], and references to this document are given whenever necessary (see also
the first arXiv version of this paper). More numerical experiments, in particular regarding the turbulent behaviour of the
process in its stationary regime, are also reported in Chapter 4 of [25].
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2. SEMI-DISCRETE AND SPLIT-STEP SCHEMES: WELL-POSEDNESS AND INVARIANT MEASURE

Preliminary results are given in Subsection 2.1. In Subsection 2.2, we prove the well-posedness of the semi-discrete
scheme (UV (t))i>0, and after establishing some properties of this process, we prove the existence and uniqueness of
an invariant measure ¥ as well as the fact that necessarily, 9x € P2(R)’). Similar results for the split-step scheme
(UN-At) |y are obtained in Subsection 2.3, which completes the proof of Theorem 1.5.

2.1. Preliminary results. In this subsection, we state a few preliminary results which will be used throughout the paper.

2.1.1. Algebraic identities. We define the normalised scalar product on RY by
1
<VaW>£2(TN) = N Z Vi Wy
i€T N
When both v and w belong to R, we shall rather denote (v, W)2(Ty)-

The discrete derivative operators DE&,"H and Dg\l,’_) satisfy the summation by parts identity

DY v, Wy = —(v, DG W)z (19)
We shall also use the variant
<DS\1/’+)V7DS\177+)W>23(TN) = <D§\}’_)V7D§\}’_)W>zg(1r1v) = *<D5\2/)Vaw>z2(1r1v)~ (20)

2.1.2. Discrete inequalities. The discrete Jensen inequality writes

Vi<p<qg<+oo,  |Vlgmy) < IVIegmy) (21)
and we shall use the following version of the discrete Poincaré inequality:
1,4+ 1,—
IVllzry) < DKVl = DY Vilay), (22)
which follows from (21) and
1+
IVllegecz) < DKVl re)s (23)

which is the discrete version of the gradient estimate (3).

2.1.3. Properties of b. For any z € R, we write sign(z) := 1,50} — I{.<0}. By extension, for v € RY, sign(v) denotes
the vector of {—1,+1}" defined by (sign(v)); = sign(v;). The discretised drift b preserves two important features of
Equation (1) that we will use repeatedly throughout this paper:

Lemma 2.1 (Discrete contraction and dissipativity). For all v,w € RY, the function b satisfies
(i) (sign(v —w),b(v) —b(W))e2(ry) <0 (¢§(Tn) contraction);
. 1+ o
(i) <V,b(V)>£g(TN) < 71/||D§V )v||zg(TN) (K%(']I‘N) dissipativity).
The proof of Lemma 2.1 relies on the following result, the proof of which is postponed to Appendix A.

Lemma 2.2 (Stability). For any v € RY and any q € 2N*, we have
<Vq_1’D(1’_)XN(V)>e2(1rN) >0,
where the notation vi~1 refers to the vector with coordinates (vi’fl, . ,v?vfl),
We now detail the proof of Lemma 2.1.

Proof of Lemma 2.1. (i) Let v,w € R). From the definition of b and (19-20), we write

(sign(v —w),b(v) — b(W))e2(1y)

= ~{sign(v - w). Dy (A" (v) - A" (W) z(zy) + v(sign(v — w), D (v = W)y

= (DY sign(v - w), A" (v) = A" (W) 2ry) — (DG Vsign(v — w), DY (v — W)z r.
Observe that since the function sign : R — R is non-decreasing,

<D§$’+)sign(v —w), Dg\lﬁ')(v — W)>£§(TN) > 0.

As for the other term, it follows from the monotonicity property of A that for any i € Ty,

(sign(vH_l — w7;+1) — sign(vi — wz)) (A(’Ui, 117;4_1) — A(wi, wi+1)) < 0.
6



Indeed, let us address for instance the case where v;41 > w;41 and v; < w;. Then, on the one hand, we have sign(v;+1 —
wit1) — sign(v; — w;) = 2. On the other hand, we have

A(’Uia Vig1) — A(wi, Wiy1) = (A(Ui, Vig1) — A(Uivwi-i-l)) + (A(Uivwi-i-l) - A(wiawi—i-l))

Vi+1 _ w; _
= / Oa A(v;,2)dz — M A(z,w;y1)dz <0.

Wi41 Vi

The case where v;+1 < w;41 and v; > w; is treated symmetrically.
(ii) Let v € RY. We have

1,-)%xN 2
<V7b(V)>zg(TN) = —<V7D5v A (V)>1zg(1rN) +v(v, DS\/)Vﬁg(TN)-

Lemma 2.2 with ¢ = 2 shows that the first term of the above decomposition is non-positive, and applying (20) in the
second term yields the result. |

Remark 2.3. The /2(Ty) dissipativity property actually holds for the family of E-fluxes [27], a larger family than the
class of monotone numerical fluxes. The monotonicity assumption (11) seems however necessary as regards the £3(Tx)
contraction property.

2.1.4. Finiteness of the covariance of W@ . At several places we shall need the estimates
k\2 k2 (1,4) Sk 2
max (9:)° =D, Z 18" [I72(r,) <D, Z DN g 2 ry) < D- (24)
k>1 E>1 k>1

The third estimate in (24) follows from (5) and the fact that for any & > 1,

1,+
DS 8" 12 ey < 19" 13 my < 19" 1302y

where the first inequality can be checked by a direct computation using Jensen’s inequality and the second inequality
follows from (2) and (3). The first and second estimates in (24) are then consequences of the third estimate thanks to (23)
and (22), respectively. These estimates prove for instance the finiteness of the sum in the right-hand side of (8).

2.2. The semi-discrete scheme. In this subsection, we first show that the SDE (9) has a unique global solution
(UY(t))4>0. We then give uniform ¢5(Ty) estimates on this process, which will be used at several places in the sequel of
the paper. We finally prove the existence and the uniqueness of an invariant measure ¥y for (U (¢));>o0.

2.2.1. Well-posedness of (9). Since the function b is locally Lipschitz continuous, it is a standard result that there exists
a unique strong solution (U (£))¢(o,r+) to Equation (9) defined up to a random explosion time T*. That this solution is
actually global in time usually follows from a Lyapunov-type condition. In our context, the presence of a viscous term in
the SPDE (1) allows the use of energy methods based on the dissipation of the squared L2(T) norm, see [29]. At the level
of the SDE (9), denoting by Ly the associated infinitesimal generator, this fact is observed on the simple estimate

1+
ENIVIE ) = 200, b Dgzny) + O 185 B ) < —2VIDY V% oy ) + D < =20||v|2 ) + D, (25)

k>1

which follows from Lemma 2.1, (24) and (22). This shows that the squared ¢2(Ty) norm is a Lyapunov function for Ly,
and implies the following statement.

Proposition 2.4 (Well-posedness of (9)). Let UY be an RY -valued, Fo-measurable random variable. The stochastic
differential equation (9) admits a unique strong solution (U™ (t));>0 taking values in RY and with initial condition U} .

The proof of Proposition 2.4 is omitted, we refer to [28, Proposition 3.15] for details.

2.2.2. Moment estimates. In this paragraph, we prove the following uniform (in N) ¢5(Ty) estimates on the process U.
For any v € R, we recall the notation v? = (v7,...,v%;) and take the convention that ||vH20(TN) =1
0

Lemma 2.5 (Moment estimates on the semi-discrete scheme). Let p € 2N* and let U} be an Fy-measurable random
variable such that E[||UN||Z,I,(T ] < 400. The solution (UN(t))i>0 of (9) with initial condition U} satisfies the following

estimates.
(i) For allt >0,

E {HUN(t)H%(TNJ + vpE [/t <D(1 B (UN(5) 1), D +)UN(S)>

p(p
<E [0 Iy ] + D2 [/ ECT=E

ds}
23(TN)



(ii) There exist siz positive constants cép), c:(lp), cép), d((Jp), dgp) and dép)

have

, depending only on D, v and p such that we

t
vt >0, ]E{ / HUN(S)H%(TN)ds] <) +PE[JUY [y ] + P (27)
and (P) (p)
N p p
Wt > 0, sz%pt]E[HU Mtneny] <+ VB[O [ g,y | + a2t (28)

The proof of Lemma 2.5 relies on the following ¢} (T ) extension of the Poincaré inequality (22), the proof of which is
postponed to Appendix A.

Lemma 2.6 (¢5(Ty) Poincaré inequality). For any v € RY and p € 2N*, we have

<D(1 +)( ) D(l +) >€3(T = ( )H ”[P(TN

We sketch the lines of the proof of Lemma 2.5 and refer to [28, Lemma 3.16] for details.

Sketch of the proof of Lemma 2.5. Let us fix p € 2N* and apply the It formula to ||UN(t)H§p(TN).
0

AU O,y =2 (U¥ @7, (-DY A" UV (1) + v DPUN (1)) dt + aW 2 (1) )

n P(PQ— 1) <UN(t)p—2’ Z(gk)2> dt.
£2(Tx)

We get

£2(Tx)

E>1
By Lemma 2.2,
UV, DR (U ¢ <0
(UM, Dy RN O ),
by (20),
UMDY UM ¢ = —(D{T (NP, DG HUN ¢
(U¥aptoDPUN) = - (DT (U ) DTN )
and by (24),

k>1

<UN<t>p2,Z<gk>2> <DIUNOI% 3,
£2(Tw)

Using a localisation argument to remove the stochastic integral when taking the expectation, we get (26).
We deduce from (26) and Lemma 2.6 that for any p € 2N* and ¢ > 0,

p(p
B 10" Ol ny) <& 108 e, + 02228 ] [ 10V 6, 05

(1,+) N p NP ) N
[ IS0 Oy, ] < mprgB 108 ] + OB [ [ 0O ]

This readily yields (27) and (28) for p = 2 and, along with the elementary inequality
[LerMTyen <1+

and

é" 2(T )y = ||ZP(TN)7

then serves as the basis for an inductive argument on even values of p to obtain the general form of (27) and (28). |

2.2.3. Feller property and existence of an invariant measure. In order to deduce from the Lyapunov condition (25) the
existence of an invariant measure for (U™ (t));>0, it is necessary to check that it is a Feller process [24, Theorem 4.21],
which in our case is a consequence of the following ¢}(Tx) contraction property.

Proposition 2.7 (¢}(Ty) contraction for UN). Two solutions (UN (t));>0 and (VN (t))i>0 of (9), driven by the same
Wiener process WRN | with possibly different initial conditions, satisfy almost surely

vo<s<t, |[UN@®) -V <||uN(s) -V

N(t)Hz},(TN) = N(S)He}](TN) :

Proof. Since (UM (t));>0 and (V¥ (¢));>¢ are driven by the same Wiener process, then (UY (t) = V¥ (¢));>( is an absolutely
continuous process, and
d(UM(t) = V¥(1) = (b(UN(1)) = b(VN(t))) dt.

In particular, we can write for all t > 0,

% [U™(t) - VN(t)H%(TN) = (sign (UN(¢) = VN (1)) ,b(UN(¢)) — b(VN(t))>Z2(TN) <0,
8



where the inequality comes from Lemma 2.1.(i), and the result follows by integrating in time. O

Corollary 2.8 (Feller property for UY). The solution (UM (t));>0 of Equation (9) satisfies the Feller property, i.e. for
any continuous and bounded function ¢ : RY — R and any t > 0, the mapping

ug € RY — Ey, [p(UN ()] €R
is continuous and bounded, where the notation E., indicates that UN (0) = uy.

The Lyapunov condition (25) implies that for any initial condition uy € R}, the family of probability measures
- u s) € -)ds)i>p 1s tight (see , oection 3.2.2| for details), which by the Krylov—Bogoliubov criterion ,
1J]P’OUN ds)i>o is tigh Section 3.2.2] for detail hich by the Krylov—Bogoliub iteri
Corollary 3.1.2] implies the following result.

Proposition 2.9 (Existence of an invariant measure for UY). The solution (UY(t));>0 of (9) admits an invariant
measure 9 € Pa(RY).

2.2.4. Uniqueness of the invariant measure. The proof of uniqueness of the invariant measure 9 relies on the intermediary
Lemmas 2.10 and 2.11 which are stated below. They follow from standard but a bit lengthy computation, similar instances
of which can be found in [15, 29]. For the sake of legibility of the whole argument, we therefore postpone their proofs to
Appendix B.

Lemma 2.10 (Hitting any neighbourhood of 0 with positive probability). Let (U™ (t));>0 and (VN (t))i>0 be two solutions
of (9) driven by the same Wiener process. Then, for all M > 0 and all € > 0, there exists t. pr > 0 such that

s N N
Pe,M = lan(ug,VO) (HU (te,M)Hg(lj(TN) + HV (tEvM)Hfé(’]I‘N) < 5) >0,
where the notation Py, v, indicates that UN(0) = ug and VY (0) = vo and the infimum is taken over pairs of initial
conditions (o, vo) such that [[uollez(ry) V [[Vollez(ry) < M.
In the setting of Lemma 2.10, we let, for any M > 0,

Ty = inf {t >0: HUN v HVN(t)Hf% = M} ’ )

(t)Hf%(TN) (Tw) —

Lemma 2.11 (Almost sure entrance in some ball). There exists M > 0 such that for any deterministic initial conditions
ug, vg € Rév, T < +00 almost surely.

We now detail how Lemmas 2.10 and 2.11 allow to complete the proof of uniqueness of an invariant measure for UY.

Proof of the uniqueness of an invariant measure for UN. We start by fixing € > 0, to which we associate the quantities
te v and p. pr defined at Lemma 2.10, where M has been defined at Lemma 2.11. Let (UN(¢));>0 and (V¥ (¢))¢>0 start
respectively from arbitrary deterministic initial conditions ug and vg and be driven by the same Wiener process. We
define the increasing stopping time sequence

Tl =TM

Toi=inf {t 2 T+t + UV Oy VIV Ol ey < M}

Ty i=inf {t > T+ tenr + UV Oy VIV Ol jyiryy < M}

By the strong Markov property and Lemma 2.11, each term of this sequence is finite almost surely. We introduce the
event

b= {HUN(TJ‘ + tEJVI)HZ}J(TN) + HVN(TJ‘ + teaM)Hzg)(qu) > 6}
and claim that
VJ € N*, P(N_1E;) < (1—penr)’.
Indeed, it is true for J = 1 thanks to the strong Markov property and Lemma 2.10:
_ N N
B(E) =E [P ([0 (rar + tenn) g my + VY 0 + o)l ) > € )] < 1= pens,
and the general case follows by induction. Letting J — 400, we get
%) I J . J __
P (ﬂjzlEj) = ,]151(;? (ﬁjzlEj> < Jlgrolo(l —pem)’ =0,
and consequently, almost surely there exists some ¢ = T} + ¢, ps such that

ITY (@) = V¥ Ollyray < MY Ol + IV O)lley ) < e
9



Now recall that thanks to Proposition 2.7, [[UN(t) — V¥ (t)lley () is non-increasing in time almost surely. Since € has

been chosen arbitrarily, we deduce that |[UN () — V¥ (#)]| ¢1(Ty) converges almost surely to 0 as ¢ — +00 when the initial
conditions are deterministic, and since this assertion is true for any pair of initial conditions, it also holds for random and
Fo-measurable initial conditions. Let ¢ : £J(Tx) — R be a Lipschitz continuous and bounded test function, with Lipschitz
constant L,. We have in particular, almost surely,

Jim [p(UN () = (VY (1)| < Ly Jim [[UN() = V(D) 1y ) = 0. (30)

To conclude the proof, assume that there exist two invariant measures VJ(\}) and 1/1(3) for the solution of (9), and take

random initial conditions U2 and V¥ with distributions I/J(\}) and 1/1(\?) respectively. We have for all ¢ > 0,

[E[¢ (U5)] —E[o (VQ)]] = [E [ (UYW)] —E[e (VW) < E[]¢ (UY(®) —¢ (VIW)]]-
Letting ¢ go to 400, by (30) and the dominated convergence theorem, we have
[E[¢ (U5)] —E[o (Vo)]] < Jim E[¢ (U (1) — ¢ (V¥ ()] = 0.

As a consequence, U and V¥ have the same distribution, meaning that 1/1(\}) = 1/](3). O

Remark 2.12. This proof shows in addition that for any initial distribution, the law of U™ (¢) converges, when t — +o00,
to the invariant measure ¥y.

2.3. The split-step scheme. In this subsection, we first show that the implicit equation in (14) has a unique solution,
which ensures the well-posedness of the sequence (UN-A?), . We then prove the existence and the uniqueness of an
invariant measure ¥y a; for this Markov chain. The general organisation of the arguments is rather close to Subsection 2.2,
and we only emphasise which points have to be adapted.

2.3.1. Well-posedness. The following preliminary result ensures that the scheme (14) is well-posed.

Proposition 2.13 (Well-posedness of (14)). For any At > 0 and v € RYY, there exists a unique w € RY such that
w = v + Atb(w).
Proof. Uniqueness. It is a straightforward consequence of Lemma 2.1.(i): if wy and wo are two solutions, then

|lwi — Wg“[é(TN) = (sign(w; — wa), w; — W2>£2(TN) = At(sign(w; — wz),b(w1) — b(w2))e2(ry) < 0.

Eristence. The mapping Id — Atb : RYY — R is continuous. Furthermore, by Lemmas 2.1.(ii) and (22), we have for
all w € RYY,

D™

((Id — Atb)(W), W)z (1) N WHZ:;(TN)

||W||eg(1rN)

<b(W)7W>ég(1rN)

||W||eg(1rN)

= [|[Wllezry) — At > |wllez(ry) + VAL > (1+vAD) w2y

HWHzg(TN)
Thus, as a consequence of [16, Theorem 3.3], Id — Atb is surjective in R) and, for any v € R, there exists w € R}’ such
that w = v + Atb(w). O

2.3.2. Emistence of an invariant measure. We first prove an £(Ty) contraction property in order to deduce the Feller
property for (UN-A1), cn.

Lemma 2.14 (¢}(Ty) contraction for UN:At). Let (UN-AY), cn and (VY-AY),en be two solutions of (14), constructed
with the same sequence of noise increments (AW N), cn-. Then, almost surely and for any n € N,

N,At N,At
HUn—i-l - Vn+1

s S TOE =V

Proof. From Equations (14) and Lemma 2.1.(ii), we write

UNAt _ VAL

n+1 LU | VY6
[ v,
- <Sign (Ugf; - ijf;) ’Ugf%t - ng%t>z2<ﬂrw>
:<ﬁgn(Uﬁ§ﬁ_Vﬁ§ﬂ,UfAr_vﬁA§pmwy+Au@%n(Uﬁéﬁ‘vﬁéﬁ’b(Uﬁ%ﬁ"b(vﬁéﬁ>ﬁwm
< <Sign (Uﬁ? - szvf%t) LA V’T’At>e2<m>
< URA = VA - )

10



Remark 2.15. The choice of the split-step backward Euler scheme is essential for the £}(Ty) contraction property to
hold. Indeed, consider for instance two sequences (UN-A%), .y and (VY-A%), .y built via an explicit Euler method, that is,

N,A
UNA = TNA 4 Atb (UN At) + AWSY

and naturally, the same construction for v N.At nen), then the expansion of the ¢} (Ty) distance gives
n 0

. SNAt 7N,AY\ TINAE PN, At
=sign ((U)' - V)'), 0N - v

NAt _ NAt
HU , n

n+l1 = Vn+l

>Z2(TN)
+ At <sign (ﬁﬂm Vr]yﬁt> b (ﬁg,m> -b (le)m) >1z2 '
(Tn)

Thus, we would need to control the second term of the right-hand side in the above equation, which is delicate given that
b is not globally Lipschitz.

£5(Tn)

As for the semi-discrete scheme, Lemma 2.14 induces the following property.
Corollary 2.16 (Feller property for UNA%). The solution (UN2), cx of (14) has the Feller property.

The existence of an invariant measure follows again from the application of the Krylov—Bogoliubov theorem to a
Lyapunov condition similar to (25).

Proposition 2.17 (Existence of an invariant measure for UN’At). For alln > 1, we have

D | A, (31)

(1,+ N,At
- ZE [HD Ul

<
(T NJ 2nv At u OHKQ(TN)JF

As a consequence, the sequence (UQ”M)%N admits an invariant measure I a¢ € P2(RY).

Proof. Starting from the first equation in (14), we have

HUN At _ Atp (UN At)

= ([Tl

nt+3 /lle2(Ty) (Tn)’

by expanding the left-hand side, we derive the inequality

< HUg’Atng(qu) 1 2AL <b (UN,At) uNAt

H Nat||? >
= 1 1 .
£2(Tn) ntz nt3 /02(Ty)

n+%

Using Lemma 2.1.(ii), we get

2 2
N,At N,At||2 (L) N, At
< ) - .
HUH% 2(Ty) (e H@%(Tw) 2vAt HDN U”Jr% 2(Ty) (32)
Now, from the second equation in (14), we have
2 2
U4 = oy +2(ulAL AWy ) |away : 33
H " gz (ra) 3 llez(ra) 3 " ey T "l ra) (33)
Injecting Inequality (32) into Equation (33), we get
2 2
N,At N,At (1,4) 71N, At NAE AW Q.N
—lu™ <2 AtHD U <U AW > HAW . (34
” A VTG | ”42(T ) v n+3 [l (ry) nt "/ gy "l 34
By definition of W@ and from (24), we have
_ k)2
|:HAW7L+1 KS(TN):| - At};l ||g ||é%(']I‘N) S DAt (35)

On the other hand, the variables UN Alt and AWQ’ 11 are independent, so that taking the expectation in (34) yields

N,At N,At (1,+) 5 1N,At
E {HU”+1 Zg(TNJ E[[UYA5 0| < —2vAE [HD v mm] + DA,
which is valid for any n € N, so that we get a telescopic sum:
N,AL[2 } H yNA 2 _ H N.At|]2
E {HUn ||eg(1rN) ||‘10||e2 (Twn) ( [ 1 {21y BV, 2(Tx)
(1,4) 77N, At
< 21/AtZE [HD e 8 NJ + nAtD.

11



Hence,
2

n—1
1, JA 2
2wAtY E MDS\, Hyha } < [[uollzz ey + nALD. (36)
=0

£3(Tw)
ii’gt and AWg_i\f are independent,
2

=F HD(LJF)UN,At
] [ N 3 £3(Tw)

Besides, since the random variables U

2
1,+)y 7N, At
E {Hng U Q!

I+1 2 (Tx)

} +E [HD%’”AWQW

) } , (37)

£3(Tw)

and by (24),
2

= At HD(l’Hk
eg(TNJ ,; NoB

Injecting this bound into (37), and (37) into (36), we get (31).
Since ||D§\}’+) “llez(ry) defines a norm on R}’ and since from Corollary 2.16, the sequence (UNA%), oy has the Feller

2
< AtD.

(1,+) Q,N
E [HDN AWE! o S

property, the existence of an invariant measure Uy a; € Pa(R)) now follows from the Krylov—Bogoliubov theorem. g

2.3.3. Uniqueness of the invariant measure. Similarly to Subsection 2.2, we first state the intermediary Lemmas 2.18
and 2.19.

Lemma 2.18 (Hitting any neighbourhood of 0 with positive probability). Let (UY-2t), cy and (VYA cn be two so-
lutions of (14) constructed with the same sequence of noise increments (AW@N), cn-. For any € > 0 and any M > 0,
there ewists ne pr € N such that

N,At

<e)] >0
£5(Tw) H PeM |l pr(Thy T ) ’
N, At N, At

where the notation Py, v,) indicates that Uy =ug and V, = vo and the infimum is taken over pairs of initial
conditions (g, vo) such that |[uollez(ry) V [[Vollez(ry) < M.

De,M = ian(uO’vO) (HUnNE’%f

In the setting of Lemma 2.18, we now define

N,At
n+1

=inf{neN: [UNS <M}

b { i BIn)

The following lemma is the time-discrete version of Lemma 2.11. The proof is omitted as it is very similar to its time-
continuous counterpart.

£3(Tw) H

Lemma 2.19 (Almost sure entrance in some ball). There exists M > 0 such that for any initial conditions ug, vy € RY
for the sequences (UN-21), oy and (VNAY), N, ny < 400 almost surely.

The proof of Lemma 2.18 is quite different from the proof of Lemma 2.10, therefore it is detailed in Appendix B. On
the contrary, Lemma 2.19 essentially follows from the same arguments as Lemma 2.11 and therefore we omit its proof.
Finally, given Lemmas 2.14, 2.18 and 2.19, the proof of the uniqueness of the invariant measure ¥ a; of the split-step
scheme is an obvious adaptation of the proof for the semi-discrete scheme.

2.3.4. Conclusion. In order to conclude Section 2, let us summarise the main arguments forming the proof of Theorem 1.5.
Well-posedness of both approximations (U™ (t));>0 and (UY2%), 5 are stated respectively in Propositions 2.4 and 2.13.
Then, from the ¢}(Tx)-contraction property (Propositions 2.7 and 2.14), it is inferred that both processes are Feller
(Corollaries 2.8 and 2.16). The Feller property combined with the Lyapunov-like estimates (25) and (31) then lead to the
existence of an invariant measure (Propositions 2.9 and 2.17).

The proof of uniqueness consists in a coupling argument that relies on two preliminary steps. The first one is showing
that two coupled solutions hit any neighbourhood of 0 with positive probability (Lemmas 2.10 and 2.18). The second one
is showing that there exists a ball which both coupled processes attain almost surely, in finite time, whatever their initial
conditions (Lemmas 2.11 and 2.19). The final argument establishing uniqueness of the invariant measure from those two
steps is displayed only for the continuous time case at the end of Section 2.2.4.

Observe that the moment estimates for p > 2 from Lemma 2.5 have not been used yet. However, their role is crucial
in the sequel. They will allow us to establish the regularity estimates uniformly in N which will be at the core of our
convergence argument.

3. CONVERGENCE OF INVARIANT MEASURES: SEMI-DISCRETE SCHEME TOWARDS SPDE

This section is dedicated to the proof of the first statement in Theorem 1.7, namely the convergence of uy to u. The
general sketch of the proof is detailed in Subsection 3.1. Subsections 3.2 and 3.3 contain the proofs of the main arguments.
A discussion on the rate of convergence associated with Theorem 1.7 is then provided in Subsection 3.4.

12



3.1. General sketch of the proof. The first ingredient of the proof is the following series of uniform estimates on 9.

Proposition 3.1 (Uniform ¢4(Ty), h$(Tx) and h3(Ty) estimates on 9y). For any N > 1, let V¥ be a random variable
in RY with distribution 9. For all p € [1,+00), there exists a constant C*P € [0, +00) such that

N p 0,p
sup (VN2 ] < O
Besides, there exist constants C12,C%? € [0, 4+00) such that
s B [[DY OV 1 <20 s E[IDPVYR,, | < ¢
N>1 N>1

Remark 3.2 (Notation for constants). Throughout this section and the next one, we use the superscript indices m, p in
the notation for constants in order to refer to bounds over Sobolev W™ P norms.

For all N > 1, we recall the definition (16) of the measure puy € P2(L3(T)). The discrete regularity estimates from
Proposition 3.1 actually ensure the continuous spatial regularity of random variables drawn from any limiting distribution
of (un)n>1, as stated in the following result.

Corollary 3.3 (Relative compactness and Lf(T), H} (T) and H3(T) estimates on pun). The sequence (un)n>1 is relatively
compact in Po(L3(T)), and any subsequential limit u* has the property that if v* is a random variable in LE(T) with
distribution p*, then for all p € [1,+00),

*||P 0,p
Bl ] < €7,
and
[l I3ym) €% B[l I3m] < €2

As a consequence of Corollary 3.3, in order to prove that px converges in Po(L3(T)) to the unique invariant measure
uof (1), it suffices to show that any subsequential limit p* of this sequence coincides with . To this aim, we let u* be
such a limit, and for convenience we still denote by (1n)n>1 the extracted subsequence which converges to p*. We then
apply the Skorohod representation theorem to the subsequence (un)n>1 to construct, on the same probability space, a
sequence of Fy-measurable random variables U) € R}’ and a random variable uj € L2(T) such that:

e for all N > 1, UY ~ 9y (or equivalently, UNUY ~ uy),

* up ~ T,

e the sequence WU converges almost surely to uf in L3(T).
Notice that by Corollary 3.3, uf € HZ(T), almost surely, which thus allows to take this random variable as an initial
condition for (1). Up to taking the product of this probability space with another probability space on which a Q-Wiener
process (W®(t));>0 is defined, which will thus be independent from Fy, one may then consider the solution (u*(t));>o
to (1), with initial condition u$ and driven by (W®(t));>0. We will still use P and E to denote respectively the probability
and the expectation on this product probability space. For all N > 1, we let (U™ (¢));>0 be the solution to (9) with initial
condition UYY ~ vy and driven by the Wiener process W@V = IIyW<. We finally denote by u (t) = UxyUN(t) the
piecewise constant reconstruction of U™ (¢) on T.

Proposition 3.4 (Finite-time convergence of u'¥(t)). In the setting introduced above, for all t > 0,

. N * 2
Nl_lgrlooE ™ (8) = w* (D)l z2(ry| =0

Proposition 3.4 implies in particular that the law of u™¥(¢) converges in P2(L3(T)) to the law of u*(¢). But since
ulN(t) = U UN(t), and the process (UN(¢));>0 is stationary, its law does not depend on t. Therefore, the law of u*(t)
does not depend on ¢ either; in other words, p* is an invariant measure for (1). By the uniqueness result of Proposition 1.2,
we deduce that p* = p and the proof of (17) is completed.

Remark 3.5. This argument shows that any subsequential limit p* of (un)n>1 is an invariant measure for (1), therefore
it provides an alternative proof for the existence part in [29, Theorem 2|. The uniqueness part remains crucial to identify
all subsequential limits and obtain the convergence of the sequence ((n)n>1-

3.2. Proofs of Proposition 3.1 and Corollary 3.3. We first detail the proof of Proposition 3.1.

Proof of Proposition 3.1. The proof is divided in 4 steps. The ¢(Ty) estimate is derived in Step 1. An intermediary
result is stated in Step 2, and the h{(Ty) and h3(Ty) estimates are respectively derived in Steps 3 and 4.
13



Step 1: £5(Tx) estimate. The argument is inspired from [24, Proposition 4.24] and relies on the finite-time uniform
estimates from Lemma 2.5. For any M > 0, p € 2N* and ¢ > 0, we first write

1 t
E/0 /R[I)V By [HUN(S)HZJ’(TN) A M] ddn (ug)ds
1 t
/RN Z/O Eu, {HUN(S)H%(TN) AM] dsddy (uo)
0
1 t
< /Ré\] (t/o Eu, [HUN(S)H%(TNJ ds> A Mddy (uo)

1 [lollZ
s/ <cgp>+c§p) B L ) A Mddy (up),
Ré\f t t

where we have used (27) in Lemma 2.5 at the last line. Letting ¢ — 400, we get from the dominated convergence theorem,

E [V ey A M]

1 [[aoll7e
N||P : () , (») (TN) (p) (p) (») _. (0,
E[[VV 5y A M] < /leggo <tc0 o) 0 ) | A Md (o) = &) A M < ) = €O,
0

and the result for p € 2N* follows by letting M — +o00 and using the monotone convergence theorem. This result extends
readily to the general case p € [1,400) by using the Jensen inequality.

Step 2: intermediary estimate. Let p € 2N*. Taking U} = V¥ in (26), and using the result of Step 1, we obtain by
stationarity

1
<oV [HVNH@ Z(TN)} < pte 1) o2, (38)

(1,+) Nyp—1 (1,+)x7N
VP [<DN (V). Dy >e3<ﬂrm} - 2 2

with the convention that C%9 = 1.
Step 3: h§(Tyx) estimate. Take p = 2 in (38) to get

. 2D
E[IDG VY| < = = 02

Step 4: h3(Tn) estimate. Let (UN(¢));>0 be the solution of (9) with initial distribution ¥x. By It&’s formula, for all
t>0,

2 t
D(17+)UN ¢ HD 1 +)U 2/ <D(1’+)UN D(1’+)b uN > d
[pSouv @], = oy 72 [ (PEVUY@.DEBUY ), s "
39
2
+2/ (DEHUY(s),a (DEHWEN) () 4+t Y|P .
o VN (5.4 Dy ) e TN 2l

The third term of the right-hand side is a martingale since

2
S [ orovmo, o] <t Slove
0

k>1

[HD(lJr v

] < tDCH? < 400,

L2(Tn) 02(Twn)

(40)
where we have used the stationarity of (U™ (t));>0, Inequality (24), and the h}(Tx) estimate from Step 3. Thus, taking
the expectation in (39) and using the stationarity and Inequality (24) again, we get

(L4) (L4)
—9F [<DN+VN7DN+ b(VY) >e2(TN} ZHD

For any v € R}, we have, by (20),

<D(1 g D(1 Hb( )>

<D.
L2(Tn)

(2)
Dy'v,b
eQ(TN) < (V)>£§(’H‘N)

- <D§§)v, (—D%’*EN(V) + uDﬁ)v)>
= <D§\2,)V, D%’_)KN(V)>
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so that

WE [||D§?,)VN||§3(TN)} <2E [<D(2)VN D —)KN(VN)> +D

fg(TN):|
2 L—)x N
§2\/E {||D§V)VN||33(TN)]\/]E[D§V ATV )| + D,

thanks to the Cauchy—Schwarz inequality. We now write

1,-)*x N
E[IDS AN (V)| )]

—E|N Y (AVY, V) - AV, V)
i€T N
; vy 2
=E|[N Z (/ N,z)dz+/ alﬁ(z,‘/;N)dz>
i€Tn VZJX1
v, _ vy _
<2E |N Z - / D A(VN 2)%dz| +2E | N Z(VZN—V;JL)/ N A(z,VN)2dz
i€TN ViN i€Tn Vle (41)
‘/;N
SICE|N S VY VY [P
1€T N Vi—l
‘/iN
< 8C% <E NY (VN VY| +E(N Y (VN - VA)/N 'dD
i€Tx i€T N Vil

1
= 8C2 HD (L+)yN E | (D& (VvNy2Pat+l ,D(1’+)VN
A ( [ 28(Tw) * 2pz+1 < N (( ) ) N >€3(TN)

< 8c2_ C1,2 7Co,2p;‘
<sci (c2 4 peoma )

where we have used (11) at the third line, the Jensen inequality at the fourth line, (12) at the fifth line and Step 3 and
the intermediary estimate (38) with p = 2p z + 2 at the last line.
We therefore get

2WE [IDPVY e, | g2\/ [HDQ)VN MTNJ \/4C2 (1 4 C02%x) 4 D.

Applying Young’s inequality on the right-hand side, we get

2UE [HDE\?)VNH%(TN)} < vE [H MTNJ +4C (1 + % 2pA) +D,
0]
which rewrites
flogv, | < @ comy O
L3(TN) V3 v
and yields the claimed estimate. O

In order to prepare the proof of Corollary 3.3, we first introduce the interpolation operators \I/E\}) :RY — H}(T) and
v . RY — HZ(T) defined by the condition that for any v € RY, the function ¥Mv (resp. W®v) is linear (resp.
quadratic) on each cell of the mesh Ty, and takes the value v; at the interface x;. It follows from elementary computations
that, for any v € RY,

1 1,+
1OV = DS VI gy, 190VI3am = DR VIE @, (42)
and
2
\I/(l) /] ‘ H (1+) 43
H NV ENY L2(T) 3N2 2(Ty)’ (43)
2 3 2
vPv—wy|| < D%y Dy : 44
H NV ENY 2 — 20N4 1IN M 2(Ty) 2N2 2(Ty) (44)

see [28, Lemma 3.30] for details.
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Proof of Corollary 3.3. For m = 1,2, we denote by py ) = NEe) (\IJE\T))_I the pushforward measure of Jy by the in-
terpolation operator ‘I’S(,n). For all N > 1, we shall also denote by VIV a random variable in R} with distribution
InN.

Step 1: tightness on LE(T). By (42), the uniform h}(Ty) estimate of Proposition 3.1 rewrites under the form
1
sup E [ W) VY2, 0] < 2.
N>1
Since bounded sets of Hg(T) are compact in L3(T), this uniform moment estimate shows that the sequence (ﬂs\})) N>1 18
tight on L3(T). Therefore, by the Prokhorov theorem |4, Theorem 5.1], it is relatively compact in P(LZ(T)).

It is then easy to deduce from (43) and (44), combined with the uniform h}(Ty) and h3(Tx) estimates from Propo-
sition 3.1, that for any increasing sequence of integers (N;);>1 and probability measure u* on L3(T), the following three
statements are equivalent:

e i, converges weakly to u*;

° ug\l,]) converges weakly to u*;

° “53]) converges weakly to u*;
so that all three sequences (un)n>1, (N%))N21 and (MS\?))NZI are relatively compact on L3(T), with the same converging
subsequences.

Step 2: moment estimates. Let (Nj);>1 and pu* be such that uy, converges weakly to yu*. For any p € [1,+00), the
function v — ||v||1£p(T) is lower semicontinuous on LZ(T). As a consequence, by the Portmanteau theorem, if v* is a

0

random variable in LZ(T) with distribution z*, then

E 0" | < liminf E [0V 0] < €O,
where we have used the isometry property (15) and the uniform ¢ (Ty) estimate from Proposition 3.1. By Step 1, the
sequences ug\h) and ﬂs\i) also converge weakly to u*. Besides, we recall that for any s > 0, the Sobolev norm || - || H (T)
writes
loll3scry = S (=) (0, €22
m>1

for nonpositive numbers ), and LZ(T) orthonormal Fourier modes e,,, see for instance [29, Section 2.1.1]. As a conse-
quence, it follows from the Fatou lemma that the function v — ||v\|%,0 (1) is lower semicontinuous on L3(T). Therefore,

using now the isometry property (42) and the uniform h}(Tx) and h3(Ty) estimates from Proposition 3.1, we get
E |:||U*H2H(%(T):| < C1,27 E |:HU*||§'-](§('JI‘):| < C2’2.

Step 3: relative compactness in Po(LE(T)). It remains to prove that the weak convergence of py, to p* can be

strengthened to the Wasserstein topology. To this aim it is sufficient to check that the sequence V|2, is uniformly
0

(Tw)
integrable [32, Definition 6.8.(iii)]. For any € > 0, let us set p = 2(1 +¢€) and use (21) together with Proposition 3.1 to get,
for any N > 1,

1+e
N2 N 0,
B[V ) ] <E[IVO e, ] < 02
By [4, Eq. (3.18), p. 31], this estimate ensures the required uniform integrability. a
3.3. Proof of Proposition 3.4. The first step in the proof of Proposition 3.4 is the decomposition of the error
¥ (0) = () ey < 2 (12T (1) — " ()23, + 0 (6) — UnTLvu ()3, ) (45)

On the one hand, for all ¢ > 0, an elementary computation yields the estimate

* * 1 *
1O N TIvu® () = u* (t)]|72(r) < ﬁ”u Oz ()
while on the other hand, by (15) we have
1 (8) = WLy (D)2 = 192U (8) = CnTlyu () 2y = U™ () = Dy () [ -
In order to estimate both terms, we rely on the following finite-time estimates on u*.

Lemma 3.6 (Finite-time L5(T), H}(T) and HZ(T) bounds on u*). Under the assumptions of Proposition 5./, for all
t > 0 there exist constants C;'OP, CPV2 CH%?% € [0, +00), such that

t
* *,0, * *,1,2 * *,2,2
sup B [0 ()5 n) | <CO%0 sup B [lu(5)l3 ] < € E[ / [ (s)Hi,gmds] <
s€[0,t] 0 s€[0,t] 0

16



The proof of Lemma 3.6 is postponed to Appendix C. From the H}(T) bound, we already get the control
*,1,2

* * C
E[InTlve (1) - () 330)) < ~iss (46)

on the expectation of the first term in the right-hand side of (45).
In order to estimate the second term, we use the fact that both functions A and A are locally Lipschitz continuous,
respectively on R and R2. In this purpose, we fix M > 0 and introduce the stopping time

Ty 1= {t >0 [UN(1)]|eze (1) = M or [[u*(t)||peer) = M} (47)
We also denote by L) a Lipschitz constant of A on [~M, M] and of A on [—M, M]?. We now write

E U () = Tvu (O, | =B [0 (@) = Tva O,y Loz, 3| + B [0V @) = T Ol ey Lo, 1]
The terms of the right-hand side are respectively estimated in Lemmas 3.7 and 3.8.

Lemma 3.7 (Finite-time convergence in the Lipschitz case). Under the assumptions of Proposition 3.4, for allt > 0 and
01,02 > 0 such that

0w+ 52L(M) < 2v, (48)
there exists a constant €(t,L(ar),01,02) such that for any N > 1,

* * Q:(taLM 751762)
E (0N () = v () ) Luzoy, 3| < €700E [JOY = vy, | + =

N2 ’
with
3
V(M) = —21/+(511/—‘r ((52—1— 5 ) L M)
2
Proof. For all t > 0, we define the vector e’ (t) € RY by eV (t) = UM (¢) — IIyu*(t). We have
d -
7" (0 =Dy V(). (49)

where, for all i € Ty,

I @) = = (AUN 0, U1 (0) = Al (t20)) + v (DY U @) - dau” (7))
Using (19), we deduce that

d 1,— 1,
N Ol ey, =2 @). DY 7tV 1))z ry) = 2N N (), £V (D)exry).

and now proceed to control the right-hand side of this identity. In this purpose we introduce the zeroth- and first-order
errors ™20 () and r™¥>()(#) defined by

) =t (ta) — My ()i, 7 (1) = Opu” (t,2) — (DY Ty (1))
On the one hand,
(DY UN W) - Qo (t25) = (D eV (1) =" (1),
on the other hand, for all t < 7/}, we get
AU (1), UL (8) = A(u* (t,2:))| < [AUN (1), UL (¢ )) AUN (), UN (0)] + [AUF (1) = A(u* (1, 2:))]
<Lan (JUNL @) = UN @)+ |UN () = w*(t,21)])
N,

< Lo <| i) = UN (@) + el ( |+‘ri “”(t)D.

By the Young and Jensen inequalities, we thus deduce that, for any 1,02 > 0,

~2(D PN (1), £ (1)) i2(ry) < —20|DG N (¢ >||p(m + 2u<D“ ) N<t>,rN’“><t>>zz<TN>
2L

=00 3T NI () = X @) (JUNL () = UN @) + 1eX ()

i€Tn

1, 14
< (=20 + 8w + 6L IDY e )l 1,y ) + gnrN’(”(t)n%m)

o))

(1,+)p1N 2
+3L(]\/[) HDN U (t)Hég(']l‘N)

5 NE le™ )l zy) + e Oy | -
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and if 07 and &2 are small enough for the inequality (48) to hold, then the discrete Poincaré inequality (22) finally yields

d
Zle" Ol <vanlle™ Ol my) + ¢ (@),

with (1)
)TN 2
1% 3L M ||DN U (t)”F(’]r )
(1) = LI O @)y + §2> e L ][ 1E%

We deduce from Gronwall’s lemma that, for all ¢t < T(]X/I)7

t
”eN(t)HZ?J('JI‘N) < eWM)t”eN(O)”?g(TN) +/0 e“/(M)(t—s)cN(s)dS’
and therefore, for all t > 0,
t
B [l Ol mn by ] < B [l O] + [ e Im [V 6] 0
0

For all s € [0,1], the expectation of ¢/V(s) rewrites

(L+H)p1N 2
14 3L M E ||DN ) (S)H@(’]I‘ )
E[N(s)] = JT]E {HrN,(l)(s)H?Q(TN)} + 5(2 ) { - 3(Tw } +E [HPN’(O)(S)H%(TN)}

On the one hand, the stationarity of UV and Proposition 3.1 yield
1,
E[IDY U ()3 0, | < €12

On the other hand, it easily follows from the Taylor formula that

1 . 4 .
E[le¥O ($)Er,)| < B[l @OlEym] s E IO 6)Em,)] < B [le Glm) -
N 0 N 0

so that we get
¢ ¢(t,Liany, 01,0
/ e'y(M)(tfs)E [CN(S)} ds < ( (M)2 1 2)’
0 N
with . .
4y 3
.f (t—s) 2V * 2 (M) 1,2 * 2
€(t, L), 61.82) '7/0 &) (5115 [l g | + =5 (€2 + B[ (s)||Hé(T)D> ds,
which is finite by Lemma 3.6. O
)

Lemma 3.8 (Uniform control over () Under the assumptions of Proposition 3.4, for all t > 0 we have

. . N * 2 —
ylim tmsupE [[ON () ~ Tvu® () m,0 Ly, ] = 0.

where T(JX/[) was defined at Equation (47).
The proof of Lemma 3.8 relies on the following result, the proof of which is postponed to Appendix C.

Lemma 3.9 (Finite-time uniform h}(Tx) bound on UY). Under the assumptions of Proposition 3.4, for all t > 0 there
exists a constant Sp* € [0, +00), such that

sup E
N>1

1, )
s%pt] ||D§V +)UN(3)||§%(TN)] < S
se|0,

Proof of Lemma 3.8. By the Cauchy—Schwarz, triangle and Jensen inequalities, we first write

E (0% () = v () [y Lissoy,

< \/E {HUN(t) - HNU*(t)HZIg(TN)} \/P (t = T(IJ\(@)

< JS (E[IO¥ Oy, | +E TN Ol ) 1| P (i‘@% 0¥y 2 M or sup () azzco > M>.

On the one hand, we deduce from (21), (7), Proposition 3.1 and Lemma 3.6 that

E[IUY Ol e, | <€ B [I0ve @z | < GO
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On the other hand, we get from the union bound and the Markov inequality that

P ( sup [[UN(5)[lszemy) > M o sup [Ju(s)l|zge(m) > M>
s€[0,t] s€[0,1]

<P ( sup [V () e (n) > M) P ( sup [|u* ()]l e r) > M)
s€[0,t] s€[0,t]

< LE| sup UM )|

- M SE[OI?t] 67T

+P ( sup [[u*(s)llLge () = M) .

s€10,t]

Using (23), (21), the Jensen inequality, and Lemma 3.9, we get

1, ,
E[sup |UN<s>||ego<TN)] < E[sup ID§ “UN(s)Hzg(TN)] < /s,

s€[0,t] s€[0,t]

while by (2) and (3),

P ( sup [[u*(s)|rge(m) = M) <P < sup [[u* ()| gz(my = M> ;
s€[0,t] s€[0,t]

and since u* is a continuous HZ(T)-valued process, the right-hand side (which does not depend on N) converges to 0 when

M — +o0o. This completes the proof. O

We are now ready to complete the proof of Proposition 3.4.

Proof of Proposition 3./. Combining (45) with (46) and the results of Lemmas 3.7 and 3.8, we see that in order to complete
the proof of Proposition 3.4, it only remains to check that

: N * |12 _
olim B [0 Myl | =

Using the obvious identity v = IIy Vv and (7), we first write

105 = Inuglizz oy = IMNIN UG = Mnuglfaer,) < 1PnUG — ugll7z -

By the construction of UY’ and ufj, we know that |UxUY — ujl|2, (1) converges to 0 almost surely. It remains to check
0

that the expectation of this random variable also converges to 0, which easily follows from the moment estimates of
Proposition 3.1 and Corollary 3.3 by uniform integrability. ]

Remark 3.10. The finite-time convergence result of Proposition 3.4 shows in particular that the semi-discrete scheme
(uMN(t))i>0 converges, in a certain sense, to a solution (u*(t));>0 to the SPDE (1). The proof of this proposition could
actually be adapted to make this statement more general, without the assumption that the process (u” (t))e>0 be stationary
for example. We will not elaborate in this direction as the purpose of the present work is to focus on invariant measures
rather than on finite-time trajectorial approximations.

3.4. Discussion of the rate of convergence. The estimates (45) and (46), together with the result of Lemma 3.7,
display error terms of order 1/N? for the estimation of ||u™ (t) —u*(t) H?Q(T), but the localisation procedure by the stopping
0

time T(]X/I), which is used to handle the fact that A and A are not globally Lipschitz continuous, generally prevents this
computation from providing a global rate of convergence.

However, under the assumption that both A and A are globally L-Lipschitz continuous, for some L € [0, +00), a strong
error estimate can be derived. Indeed, in this case, let us define on a same probability space:

° (Ué\' )n>1 a sequence of Fy-measurable random vectors such that U(])V ~ UN;

e 1y a Fp-measurable random variable in Hg(']I‘) with distribution u;

e W2 a Q-Wiener process;
and denote by (UY(¢));>0 and (u(t))¢>o the respective solutions to (9) and (1), with respective initial conditions U
and wug, and respectively driven by W® and W .= [IyW®. Notice that, in contrast with the setting of the previous
subsections, the sequence WyxUY is not assumed to converge almost surely to ug; on the other hand, we now know that
both processes (UN(¢));>0 and (u(t));>0 are stationary.

As a consequence, (45), (46) and Corollary 3.3 already yield
1,2

B 100~ 0 O] <2 (G + B 10760 - v Oy, ] )
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One may then apply Lemma 3.7 with L(y;) = L to obtain
€(t7 L» 517 62)
N2 ’

with v = —2v + §1v + (62 + %)L. Since the right-hand side does not depend on M, we may take the M — +oo limit first
and thus obtain

E (0N () = v ()2 my Loy, y | < 7B [0 = T I, +

Q(ta L7 517 62)
N2 '
Besides, by stationarity of (u(t)):>¢ and Corollary 3.3, the constant €(¢, L, d1, ) from Lemma 3.7 is bounded from above

by
¢ 4 L 4 L ¢
¢/ (t,L,81,0) = / e1(t=9) (”cl2 + 6c172> ds = (”c%2 + GCLZ) / e7ds.
0 51 5o 01 2 0

E[IUY () - Tne (03 r,) ] < €E [I05 = Mg sz, | +

We therefore deduce the finite-time estimate

E [I0(0) — w Ol e,] <2 (B 103 - T By, ] +

(50)

Ch2 + '(t,L,01,02)
N2 ’

with a squared error term of order 1/N?. It is remarkable that this is the same order as for deterministic conservation laws
(see for instance [22, Theorem 17.1]), so that, in our setting, the noise is sufficiently smooth in space not to deteriorate
the strong error. This is in contrast with classical results for SPDEs with space-time white noise [23].

When the constant L is small enough, then it is possible to choose 07 and J, which satisfy (48) and such that v < 0. In
this ‘perturbative’ case (which presents similar features to the one briefly discussed in the introduction of [9]), one may
take the ¢ — +oo limit in (50) and obtain the long time estimate

ad 1 [4v 6L
I E |[[u™ () — uw* ()]} <=5, @ =2(CP 4 — (O =C?) ).
i sup [Ilu (t) —u™( )”L%('JI‘N)} < vz ( 5,

Since for any t > 0, u™ () ~ pun and u(t) ~ u, we have

Walp ) < \[B [10 @) v 0l 0, )

therefore the estimate above yields the quantitative bound

ﬁ

Q://
N
We shall check in Section 5 that the order 1/N for the Wasserstein distance is sharp in the case where A = 0.

Wapn, i) <

4. CONVERGENCE OF INVARIANT MEASURES: SPLIT-STEP SCHEME TOWARDS SEMI-DISCRETE SCHEME

This section is dedicated to the proof of the second statement in Theorem 1.7, namely the convergence of ¥y a: to ¥y
when At — 0. We follow the same outline as in Section 3, and we only emphasise the differences in the arguments. The
main results of tightness and finite-time convergence are stated in Subsection 4.1 and proved in Subsection 4.2 and 4.3,
respectively. Rates of convergence are then discussed in Subsection 4.4.

Throughout this section, we arbitrarily fix a maximal time step Atpax > 0 and we always take At € (0, Atpax]-

4.1. Statement of the main arguments. The next two results play the respective roles of Proposition 3.1 and Corol-
lary 3.3.

Proposition 4.1 (Uniform ¢3(Tx) and h}(Ty) estimates on Iy a¢). For all N > 1 and all At € (0, Atyax), let VA
be a random variable in Rév with distribution Iy a¢, and let ViV’At be defined by
2

VYA VAL A (VAT

2 2

There exist constants CA0* CAL2, C?’l’z € [0, +00), which only depend on v, D and Atyax, such that
2

N,At |4 A,0,4
sup sup E [HV ”63(']1‘1\7)} <C ’
N>1 At€(0,Atmax)

sup sup K [HD%HVMNH;(TM} < A2 sup sup E [||D2’+)Vf’At||§2(TN)} <t
N>1 Ate(0,Atmax] 0 N>1 Ate(0,Atmax] 2 0 3
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Remark 4.2. Observe that unlike in Proposition 3.1, no h3(Ty) estimate is established here, and as a consequence,
(5(Ty) estimates for p > 4, which were used in Proposition 3.1 to control the polynomial growth of the derivatives of the
numerical flux, are not used. Indeed, the h3(Ty) estimate was necessary to interpret any limit of the space-discretised
approximations of the invariant measure u as a starting distribution for an HZ(T)-valued Markov process. Here, the aim
is to approximate the invariant measure of an R} -valued Markov process, so that any probability measure on R\ can be
regarded as an initial distribution for this process. The content of Proposition 4.1 will be sufficient to control the terms
that will arise from the decomposition of the approximation error.

Corollary 4.3 (Relative compactness and ¢3(Tx) and h}(Tx) estimates on vy). The family of probability measures
{9N At At € (0, Atyax]} is relatively compact in Po(RY), and any subsequential limit 9% (when At — 0) has the property
that if VV* is a random variable in RYY with distribution 9%, then

E |:||VN,*||;%(TN):| < CA04, ||D(1 AN, *” . )] < CAL2

The proof of Proposition 4.1 is detailed in Subsection 4.2. Corollary 4.3 is straightforward.
We now let (At;);>1 C (0, Atmax] be a sequence of time steps decreasing to 0 and such that ¥y a¢, converges to some
probability measure 9% in P2(R)’). We use the Skorohod representation theorem to construct, on the same probability

space, a sequence of Fy- measurable random vectors (UO ) j>1 and a random vector U0 such that:

e forall j > 1, U0 T~ N AL,

o U™ ~ iy,

° UJOV’Atj converges almost surely to U(I)V -,
Up to enlarging this probability space with the same product procedure as in Section 3.1, we let W@ be a Wiener
process with covariance given by (8), we define the sequence (AWSY), cn by (13), and we denote by (Uﬁf At Jnen and

(UN*(¢))i>0 the respective solutions to (14) and (9) with initial conditions U, NAL and U0 , and noises (AWSN), oy
N,At;

*(t))e=0

and WY We finally define the continuous-time piecewise constant interpolation of the spht—step scheme (U

by
N,At;

VneN, Vte [nAt;, (n+1)At;), U (t) = UN-AL,

Notice that for any t > 0, U & (t) ~Inat;-

The finite-time convergence statement reads as follows. It is proved in Subsection 4.3.

Proposition 4.4 (Finite-time convergence of ﬁN’Atj( t)). In the setting described above, for all t > 0,
N, AL, y
lim BT () - UM (0, | = 0.

Jj—4o00
We deduce that the measure 9% is invariant for the SDE (9), which by Theorem 1.5 completes the proof of (18) in
Theorem 1.7.

4.2. Proof of Proposition 4.1. We first prove the h}(Ty) estimates. Set ug = VV'A* in the proof of Proposition 2.17.
Since Theorem 1.5 asserts that Un a; € Pa(RY), one may take the expectation and the n — +oo limit in (36) to get

(1,+)x7N,At D . A2
E {HDN V% ||?g(11‘N)] < 5 = C% .
The same operations in (31) yield

1
E Dy vhAL <D (2 + Atmax) = CAL2

We now focus on the £3(T) estimate. Let (UNA), oy = (UfY;LAt, ceey vavjnm)neN be a solution of (14) with a deterministic
initial condition ug. By convexity of the function v+ v*, for any a, 8 € R, we have (o — 3)* > a* — 4a33. In particular,
for any ¢ € Ty, taking a = Ui]\iﬁi and 8 = Atbi(Ug_ﬁt), we have

s 5 2
4
(UZ{\Z;N’)‘L _ (UN At A, ( N+A§t)) > (U;Xﬁt%)4 _ 4(UZI’V Af) Atbh; ( N+A§f) .
Hence, expanding the function b and summing over i, we get

[un Atuﬁ +AAL <(UN Aty plHAN (U, “)>€2(M —AvAt <(Ufﬁt%)3, DR uNA

NAt 4
[ L+ n+2 "-‘r% ZQ(TN).

il 1
(Tn) H n+3 led(Ty)

We know thanks to Lemma 2.2 that the second term of the right-hand side is non-negative. Using (20) in the third term,
we get
D(1,+)UN,At

’|UNAtHf4 nty? TN Tt >e8(1r1v)’

4
> [una
= H nty lled(Ty)

+dvAt <D(1 4 (N3
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From Lemma 2.6, we get

HUN,At| 4 NAt|[*
n

4
N At
[excra) = H ~a 4 3uAL HU

04(Tw) nt3 ey
On the other hand, let us look at the second step of the scheme (14). By the construction of the split-step scheme,
the random variables UN A and AW, are independent. Since AWZ’%{JL ~ N(0, At 21@1(95)2) and ZkZI(gf)Q <D

i,n+3 1,n+
by (24), we write

(51)

pNA (157, Q.N
~E||u AW
|:H n+1 Z4(TN):| n—&-% + n+1 €4(TN):|

- \ )

=E ||luMat °E yNAt (AWQN) E HAW
[T n+s eg(ﬂrN)} + N ZGXT;V( Zv”+2) intl + " lea (1)
M 4 2

<E |[uMar } + 6DALE {HUN*AJ } + 3D2A2. (52)
LI te ey e 1163 (Ty)

Combining Inequalities (51) and (52), we get

E[[UN4fyryy] 2 E HUfjﬁlt — 6DALE HUNAt — 3D?AF® + BUALE HUNN
J L5(TN) A (Tw) 2(Tx) n+3 £ (Tw)
from which we get the telescoping sum
n—1 2
N,At 4 N,At N,At 2 A 42
31/AtZE“U g J < Jluollfs iz - [HU [P J—i—GDAtZE[HUHé P )]+3nD A2,
1=0 0N 1=0 Cha
Thus,
n—1
1 2D 2 D2At
“SE HUNN < luolL =N E||uy . 53
Z [ 3 llasrny] S Foam ol + un; 2 g v (58)

Recall that from (22) and Equation (36) we have

luolZey, D
< b0 | 2 54
emrm} —  2uvnAt + 2v (54)

(1)y 1N, At
ZE oo

2(Tx) }
Injecting (54) into (53), we get

ZE[H

Using now the same arguments as for derivation of the /(T y) estimates in Proposition 3.1, we get

SRS 2D lwollzryy D | DA
@ry)| ~ 3vAtn Holle(ra) v 2unAt 2u v

2 2 2
|:HVNAt ] - 02 Dt _p? ( +At>
23(Tn) v v v
To conclude, we use Inequality (52) once again:
E [V )| <E [HVNN ]+6DAt]E MVN“ ]+3D2At2

I /\

2 2
b ( +At) 3D At+3D2At2
14 14

D2 (1 + 3Atmax) <1 + Atmax) = CA’OA.
14 14

4.3. Proof of Proposition 4.4. Similarly to the semi-discrete scheme, we use a localisation argument in order to use
the local Lipschitz continuity of the function b. For any M > 0 and j > 1, we therefore introduce the stopping time

. —N,At; .
inf {t > 04 [TV ()lizry) 2 M or [UN*Dllgery) = M}

IN

Plary =
and write, for all t > 0,

—N,At; N,At;

E[IT (1) - 0¥ Ol | =E[IT 0 - 0¥ O sy, ]

fN,Atj N.x
+E [||U (t) - U™ (t)||§g(1rN)]l{t>p{M)}} :

The terms in the right-hand side are respectively estimated in Lemmas 4.5 and 4.6, from which the conclusion of the
proof of Proposition 4.4 is straightforward.
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In the next statement, we respectively denote by C(,s) and L(5s) a bound and a Lipschitz constant (with respect to the
¢3(Tx) norm) of b on the ball {|| - lez(ry < M}

Lemma 4.5 (Finite-time convergence in the Lipschitz case). Under the assumptions of Proposition 4.4, for allt > 0 and
§ € (0,1], there exists a constant €2 (t, Liarys Coary, 0, Atmax) such that for anyj >1,

B [T (1) - 0¥ o)) <2e2L<M>t< [HUM _u|?

||eg(TN)]l{t§P{M)}:|

e ):| + At;iéﬁA(L L(M),C(M),é, Atmax)) .

Proof. Let t > 0 and j > 1. We introduce the notation n] = |- | and first use (14) to write

At;
n 1 nt‘—l
UN,Atj(t) _ Ugj,mj _ NAt] T Z ( ll\-/HAt, _ lNAtJ) :UNAt, + At Z b( NAt,) +WQ’N(n§Atj)7
t
1=0
so that, by (9),
=—=N,At; N,At; N il ()AL N,At;
U7V () UM () =02 - U 4 Y / (b (UlJr’l ]) —b (UN’*(S))) ds — RVA5(8),
1=0 lAtj 2

with
t

RY-At (t) = / b (UN*(S)) ds + WQVN(t) — WQvN(TLzAt]‘).

AN
We now assume that ¢ < p(M) Since, by (32), we have ||U t ||1’2(TN) < HUz Aty lle2(Ty), then for any [ < nl —1 and
s € [IAt;, (14 1)At;],

b (U2") = b (UY(s))

< Lan U -0 (s)

l+3 02(Tn) — b3 (Tw)
N,At; N,At; ghAt Nox
< T — ! -u
<t ([0 - 01+ [0 0070 )
—=N,At; *
Loar) (Atjc(M) + HU T(s) — UN*(5s) eamrN))'

Likewise, rewriting

RNAW@:i/At(bﬂﬁ”@»—b(UWAwwﬂ)d&+U—n¢Mﬁb(U$mﬁ+WNQN@—WNQNmﬂMﬂ

t

we get
t
RVAL (¢ <L / ’ﬁN7Atj s) — UN*(s ds + At.C + HW(Q,Nt — WV (I AL .
| ()Hzg(m) ston [ (s) (s) Bn) iCan (t) (ng At;) An)
We deduce that
t
—N,At; Nox N,At; N, TN At N, A,j
T2 (1) — UM (¢ < [ug - ol +L s) — UN*(s ds + A (8),
OB Al 0Ny * L | () =) 0 (t
with _
¢ (t) = At;Cany (Lt +1) + max sup [WeN(s) —WQ’N(lAtj)HF(TN).
1=0,...,n] se[lAt;,(I+1)At;) 0
Therefore, by Gronwall’s lemma,
[0 - o), <ot (Jusse - oy “““’)’
£3(Tw) £3(TN)
and then by Jensen’s inequality,
—_N,At; N o 2 oLt H N,At; N,* A,G 2
U - U™ (¢ 1 j < 2e”-0n) U, -U E [¢=7(t .
|:H (t) (t) 2(Tx) {tSP(M)}:| = z€ ( |: 0 3 (Tx) + [C ()]
It remains to estimate
E [¢29(8)%] <2 | A2C? Loant+1 2—|—E max sup WV () = WEN (1AL 2 .
907 <2 (AriCh (ant + 0" 48 | s WO - WGt

By the Markov property and scaling invariance for the Wiener process W the random variables

G| := sup ||WQ’N(3) — WN(1AL))
sE[IAL;,(I4+1)Aty)

2
||Z(2)(TN) ’ l Z 0’
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are independent and identically distributed, with, for any p € [1, +00),
E[G]] = Atlg,,

for some constant g, which depends on p and the vectors g” but not on At;. As a consequence, we deduce from Jensen’s
inequality that

1/p wio MP
E| max G| <E| max GP| <E|Y GP| = (n]+1)VPAt;gl/? < (t+ Atuax) At /Pgl/7,
1=0,...,n] 1=0,...,n] =0
which yields the claimed estimate by taking p = 1/4. O

Lemma 4.6 (Uniform control over p{M)). Under the assumptions of Proposition 4./, for any t > 0,

. . 7N7Atj _ N ,* 2 p :|
Mliniool;lililg’E U (t)-U (t)”eg(TN)]l{Dp(M)}

The proof of Lemma 4.6 follows the same outline as Lemma 3.8. Namely, it combines £3(Ty) bounds over ﬁN’A%j (t)
and UM*(t) uniformly in j, and the fact that by virtue of the Markov property, the probability of the event {t > p{ M)}

goes to 0 as M — +oo. The £3(Tx) bounds follow from Proposition 4.1 and (28), in which E[||Uév’*||;}4(TN)] is bounded
0

from above by C4%* thanks to Corollary 4.3. The control of the term P(¢ > ng)) relies on the uniform (in j) bound on

fN,Atj

E[sup,ep,q [IU (t)H?Q(TN)] stated in the next lemma, the proof of which is postponed to Appendix C.
’ 0

Lemma 4.7 (Finite-time uniform ¢3(Tx) bound on (TR

there exists a constant StA’O’2 such that

). Under the assumptions of Proposition /.4, for all t > 0

fN,At]‘

2
U (1) < sp02

fﬁ(TN)l -

In order to complete the proof of Proposition 4.4, it only remains to check that

supE | sup
ji>1 s€[0,t]

)

2
lim ED’Ué\"A”—UéV’* ] }
j—+oo 2(Ty)

which follows from the ¢3(T ) estimates from Proposition 3.1 and Corollary 4.3 by uniform integrability. A more detailed
proof of this result is contained in [28, Section 3.4].

4.4. Discussion of the rate of convergence. Unlike Lemma 3.7, our proof of Lemma 4.5 is not designed to yield a
strong error estimate valid in the long time limit, because it does not directly exploit the decomposition of b into dissipative
and contractive parts. Let us however point out the fact that all constants involved in the uniform in At estimates in this
section also turn out to be uniform in N, which is not crucial for our purpose since we establish results for a fixed value
of N, but might indicate that both limits At — 0 and N — 400, and associated rates of convergence, could be studied
simultaneously.

As far as weak error estimates are concerned, one might expect in the Lipschitz case a weak error of order At between
Yn,a¢ and Yy, as is the case for explicit Euler schemes [31]. For gradient SDEs with a non globally Lipschitz continuous
drift, the weak backward error analysis of split-step schemes also shows order At [26]. For the SDE (9), we also observe
order At on the numerical simulations of Section 5, even with a non small (with respect to ) and non Lipschitz continuous
flux function A.

5. ORDERS OF CONVERGENCE: ANALYTIC CASE AND NUMERICAL STUDY

5.1. Analytic case. In this subsection, we consider the case where the flux function A vanishes, so that (1) is the
stochastic heat equation

du(t) = vOpu(t)dt + Y _ g*dW*(t), (55)
E>1
and the SDE (9) writes
dUN (1) = vDRPUN ()dt + ) ghdw™(1). (56)
k>1
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5.1.1. Computation of p and 9. Since the drift of the SDE (56) is linear, the process (U (¢));>¢ is Gaussian, and its
stationary distribution 9 is the centered Gaussian measure on R{Y with covariance matrix Ky solution to the Lyapunov
equation

T
vKyDP + vKyDP)T + Qy =0, = gkgh .
E>1
The solution to this equation admits the explicit expression

e tvD@ tvDP e T
KN:/ ePIN Qe TN dt = E / () dt,
0

k>1

where p%(t) = ¢"PN' g is the soluti i i
PR (t) = e™Pn g" is the solution to the discrete heat equation

d
TPN(O =vDPPN (0, pR(0) =g".

Using the duality relation
(0, UNW)r2(ry) = (LN, W)z (1), ve LA(T), weRy,

we deduce that the pushforward measure uy is the centered Gaussian measure on L3(T) with covariance operator Ky :
L3(T) — L3(T) defined by, for any v, w € L3(T),

—+o0
(0, Knw) pamy = 3 / (D (1), Ty . (0% (8), TLyaw) ot
k>1

+oo
= Z / (Unp(t) s U)L2(T) (WP (t), w) p2(r)dt.
k>1

A similar computation at the infinite-dimensional level of (55) shows that p is the centered Gaussian measure on L3(T)
with covariance operator K : L3(T) — L3(T) defined by, for any v, w € L3(T),

+oo
k
(v, Kw)pz(ry = Z/ v)p2(r)(r* (1), w)r2(r)dt,
E>1

where 7%(t) is the solution to the heat equation

Ourk (t, ) = vOper*(t, ), rk(0,2) = g% ().
5.1.2. Computation of Wa(un, ). In order to compute explicitly Wa(uun, i), we now assume that g¥ = 0 for k£ > 2, and
take

g'(z) = g(z) := V2sin (2rmez)

for some my € N*. The main advantage of this choice lies in the spectral identities

ang = _)‘ga A= (27Tm0)27

2
ng)g——)\zvgy Ay = 2N? (1—COS( 7;:?0>>.

These identities allow to compute the time integrals appearing in the operators K and Ky and yield, for any v,w € LZ(T),

and, with g =Ilyg,

1 1
(v, Kwin = 5-{9, v) 1) (9, W) p3cm, (v, KNw)n = o pye (YN8, V) L2y (Y NG W) 2 (1)
As a consequence, both operators K and Ky have rank 1, and it follows from standard results on finite-dimensional
Gaussian vectors [20] that the optimal coupling between p and pn in Definition 1.6 is given by the law of the pair of
random variables (u,u) defined by
Z N Z
U = ——¢, u =¢€ Ung, € ::sin( , U ),
mg N\/W N8 N gn ( (g Ng>Lg(1r)

where Z is a standard, one-dimensional Gaussian variable. The Wasserstein distance Wa(un, i) then writes

g  enYng
V2UA V2UAN
For N large enough, ey = 1 and Ay = A+ O(1/N?), so that

Wo(pw, i) =

L3(T)

N 1
NWalpn, p) ~ —=1lg — Ingllp2r) = —===9llua(r
V20U TGN YRS
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which confirms that the rate 1/N derived in Subsection 3.4 is sharp in this case.
5.1.3. Time discretisation. The split-step scheme associated with (56) rewrites
-1
UNA = (T-vamQ)  UNa LAWY,

which shows that its invariant measure is the centered Gaussian measure on Rév with covariance matrix Ky a; given by

o055 (o)) o (s

With the one-dimensional noise introduced above, this expression reduces to

(14 vAtAyn)? T

Ky a¢ = At
NAE S S VAT )2 — 158

It follows that

[ 1 (14 vAtAN)?
W (9 In) = — 4| At
2( N,Ats N) ‘ 2V>\N \/ (1+VAt)\N)2 _ 1
which shows the order At for the Wasserstein distance between Yy a: and ¥y, uniformly in N since we recall that
AN = A+ O(1/N?).

VAN
8llez(ry) = At(1 + O(AL)) THgHzg(TN),

5.2. Numerical experiments. In this subsection, we study numerically the weak error between ¥y A+ and dy, as a
function of At. More precisely, we take as a test function

(I)(V) = exp (_HV”%(TN)) 5 vV € R(])V,

and estimate
erry(At) = [E [®(VVAN] — E [2(VY)] VAL COn A, VN ~ iy

Notice that, since ® is globally Lipschitz continuous, the quantity err x(At) is controlled by Wa (¥ x5, at, ¥n) and is therefore
at most of order At in the case a = 0.

We work with the Burgers equation, for which A(v) = av?/2, with a strength parameter o > 0. We keep the one-
dimensional noise introduced in Subsection 5.1 and take the values mg = 1 in order to minimise spatial oscillations. The
typical behaviour of a solution strongly depends on the relative orders of magnitude of the non-linear term and the viscous
term. Whether the equation is viscous-driven or flux-driven, the noise-induced spatial oscillations are either dissipated or
non-linearly transported and transformed to oscillations with higher frequency. Therefore, the exact order of convergence
derived in Subsection 5.1 holds in a situation which is far from representative of what ought to be expected from the
Burgers equation.

In the case a = 0, under the invariant measure pu, the functions 0,,u and ud,u have respective orders of magnitude
v~1/2 and v=! in the LZ(T) norm. Therefore, we shall study the four identified regimes of the solution associated with
the different ranges where, ceteris paribus, the value of « lies:

)

the linear regime o = 0;

the viscous regime |aud,u| < |[v0zul, that is to say a < v
the equilibrated regime |qud,u| ~ |vd,u|, that is to say o ~ v
the inviscid regime |aud,u| > |[v0,,ul, that is to say a > v%/2,

3/2.
3/2

)

3/2 3/2

For numerical experiments we will take v = 0.1 and the different regimes correspond to o = 0, « = 0.01v
and a = 1000°/2,

, =V

5.2.1. Analytic results for o = 0. In the Gaussian case o = 0, the expectations involved in the definition of err(At) are
analytic and write, with the notation of Subsection 5.1,

_ 1 . _ At(l—l—VAt/\N)Q I H2
TV Tt 20nas VAT (T vAtay)2 — 11818

Efa(vY) — ]  lsllz )
“Vit2ey VT Taoay

Tmo Tmo

with [lg]1% ) = (sin(72) /2%
uniformly in N.

E[B(VYA)

)? as soon as N > 2mg. We deduce from these expressions that erry(At) is of order At,
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5.2.2. Ergodic approzimation of E[®(VN-At)]. For N > 1 and At > 0, let us denote
INAL = E[R(VVAY).

From Remark 1.9 and the Central Limit Theorem for Markov chains, we may expect that there exist ©V** such that for
T large enough, the random variable

n—1
TN,At 1 N,At _
et =~ l§_0 d(UNAY, T =nAt,

has the Gaussian distribution

st (o 220,

The evolution of the empirical average ftN’At, t € [0,T], along a single trajectory of the split-step scheme is plotted on
Figure 1 for the four regimes of o. The value of IVA? seems to be the same for all regimes o = 0, o < v3/? and a ~ v3/2,
and to be significantly larger for a > 13/

100
o=0 (theoretical)
o=0
asv™(3/2)
a=u~(3/2)
085 | v (3/2)
) — — B
o]
> 080 A e - —
© =
™
o
2=
£
g 085 -
080
] 50 100 150 200 250

Time

FIGURE 1. Evolution of ./T;N’At for ¢ € [0,7T] and the four regimes of . In the case a = 0, the theoretical
value of INA* is superposed as a horizontal line. Here, N = 32, At = 2710 and T = 256.

In § 5.2.3, Monte Carlo confidence intervals for IVt

IN,At

are obtained by fixing a time horizon T > 1 and estimating the
FN.AL(L) TN.AL(M)
T .

and ©NA* from a sample of M > 1 independent realisations PN

parameters

5.2.3. Weak error between Iy ar and Un. Let N = 32, Atpin = 27° and Alpax = 27!, Our purpose is to plot the
evolution of errx(At) for At € [Atmin, Atmax). To this aim, we fix At = 2710 < At,i,, approximate

erry(At) ~ JNAE _ NA

and compute both terms in the right-hand side thanks to Monte Carlo simulations as is described in § 5.2.2.
The resulting error curves are plotted on Figure 2 for the four regimes of . The weak error is observed to be of order
At, uniformly in a.

Remark 5.1. The error curves of Figure 2 are plotted with the same final time horizon T, and the same number of Monte
Carlo realisations M, for all values of At. As it turns out that the asymptotic variance 24t is approximately uniform
in N and At, this results in the estimator of erry(At) having the same variance for all A¢. This is the reason why, in
log-log coordinates, confidence intervals appear to be larger for smaller values of At.
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10—1.5 L

=
g
=
= |
a
10—2(] L
a=0 (theoretical)
a=0
25 | asn™(3/2)
10 a=v"(3/2)
v ”(3/2)
10720 10715 170 16705

At

FIGURE 2. Evolution of erry(At) for At € [Atmin, Atmax] and the four regimes of «, with associated
confidence intervals. In the case a = 0, the theoretical value of erry(At) is superposed. Here, the final
time horizon is T' = 256 and the number of copies for the Monte Carlo estimation is M = 200.

APPENDIX A. PROOFS OF AUXILIARY INEQUALITIES

Proof of Lemma 2.2. Let v € RY and q € 2N*. By (19) we have
(vq_l,D(l’_)XN(v))gz(TN) = —<D(1’+)Vq_17KN(V)>g2(TN) = - Z (vl ! — vf_l)Z(vi,viH).

1+1
i€TN
For any 7 € Ty, using (11) and (10), we get
p-1 L1
J— i+1 i+1
Of! = ot A ve) = [ Alvapde < [ A (00 1000) o = 4, (o) - 4, (o871),
where A, denotes a function defined on R such that A} (z) = A(z!/(4=D). Since the sum over i € Ty of all terms in the
right-hand side vanish, the proof is completed. O
Proof of Lemma 2.6. For v.€ RY and p € 2N*, we first write
(DL D) =N Y (o =) (v - w)
(T~) i€Ty
Vit1
=N(p-1) Z (Vg1 — vi)/ |z[P~2dz
i€Tn vi
Vit+1 2
=N(p-1) Z (Vi1 — Uz)/ <|Z|p/271) dz.
i€Tn vi

For each i € Ty, the summand in the right-hand side is a symmetric and nonnegative function of v; and v;41, therefore
whatever the sign of v;41 — v;, Jensen’s inequality yields

Vit1 2 Vit1 2
(viﬂfvi)/ (\z|p/2*1) dz > (/ |z|p/21dz> :

i

As a consequence, we get

1, _ 1, Vi _ 2
(PRI D) N Y ([ )
5(TN) vy

i€Tn
AN(p—1 Vit 2
= i(ﬁz : > ( / 4 (sien()=?) dz)
1€T N @
4N(p—1 2
= B2 S (simm (v1) o 72 — sign () 1)
p .
€T N
A(p—1)
= ——— D" Wiz,
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where w is the vector with coordinates w; = sign (v;) |v;|” / ®.i € Ty. This vector does not necessarily belong to RY so

we cannot apply the Poincaré inequality (22) direclty. Let us however notice that since v € R, there exist two indices
i_,iy € Ty such that v;_ <0 < w;,, so that w;_ <0 < w;, . As a consequence,

2 1 2 1 2
||W||eg(1r,\,) =N Z |wi TN Z |w;]

w; >0 w; <0

5% > |wz‘—wz;|2+% > i —wi

w; >0 w; <0

%ZN > |wj+1—wj|2+% DN fwien —wyl

w; >0 jETN w;<0  jeTN

2
=N Y w1 —wy

JETN

IN

2
[

BN
Injecting this estimate in the identity above, we deduce that
4(p—1
<D5\1I’+) (Vp—l)7 Dg\}’+)v> > (p - )
£(Tw) D
which completes the proof. O

2 4(p—-1) P
w2y = o 1V [ler (py) »

APPENDIX B. PROOFS OF INTERMEDIARY RESULTS FOR THE UNIQUENESS OF INVARIANT MEASURES
B.1. The semi-discrete scheme.

Proof of Lemma 2.10. We recall that b : R} — RY is locally Lipschitz continuous (for every norm over RY). Let M > 0
and ¢ > 0. Let us also fix the deterministic values ug, vo € R satisfying [wollez(ryy V IVollez(ryy < M, along with the
following constants:

2
2 8 Tear

Laste := Lipschitz constant of b over the ball {”'He})(TN) <M+ 8} ;

ts.,M =

5. = Ee_LM+5tE,AI.

Let (UM(t))i>0 and (VY (t));>0 denote two solutions of (9) with the initial conditions ug and vo. We introduce the
stopping times

~UuiN . ~vN .
FUY . inf {t >0 [UN (Ol gyry) = M + s} . FVY —int {t >0 VYOl = M + s} .
Furthermore, we denote by (u’¥(¢));>0 and (v (¢));>0 the noiseless counterparts of (UN (t));>0 and (V¥ (¢))i>0:
d d
Cun=b@¥m), SV =b (V).

with respective initial conditions ug and vg.
By Lemma 2.1.(ii) and (22), we have
d 2 2 2 2
5 (X Oy + IV O ) < =20 (0 Ol + [V Ollacr)

so that Gronwall’s lemma yields the upper bound

1Y @Oy + VY O sy < (0lEacry) + IVl iz ) €72,

meaning that for ¢t > . »s, we have

52

2 2
||uN(t)Heg(TN) + HVN(t)Hég(’JI‘N) <3
and consequently, by (21),

£
HuN(t)He(l,(qu) + ”VN(t)Hzg)(qu) = HuN(t)Hzg(qu) + HVN<t)Hzg(1rN) = 9

We now consider the event

{ sup HWQ’N(t)H%(TN) < 55}.

te[0,te, m]
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For any t <7Y" A7V A te.m, the four vectors UN (¢), VNV (t), u™(¢) and v (¢) stay in the ball {| - ey <M +e},
and thanks to the local Lipschitz continuity assumption on b we have

HUN(t) - uN(t)Heg)(TN) + ||VN(t) - VN(t)Heé(TN)

| e b e wery

X | B (V¥ ) b (V) ds + Wt
- /0 (Hb (U7 (a)) = b (" (2) Hfé(Tw) +[[b (V¥(9)) = b (v¥(s)) Heé(m)) ds +2 HWQ’N(t)He},(TN)

0

"

£5(TN) £5(TN)

t
< LM+€/0 (HUN(s) — uN(s)H%(TN) + HVN(s) — VN(S)HZ%(’HW)) ds + 20,
so by Gronwall’s lemma, we have

O (1) =™ @] oy + VYO = VYO 3y < 20c050558 < 20, ebrretent = = (57)

27

for every t € [07?UN AFVY A te.as]. But it appears that the case FUNAFVY < te,ar is impossible for small values of
e. Indeed, it would either imply ||(UN — uN)(?UN)H@é(TN) <e/2or (VN - VN)(T'VN)H%(TN) < /2 which is impossible
because we have on the one hand

o)

V)

>M+¢€ <or

z >M +E> ,
£5(Tw)

£5(Tw)

and on the other hand

)

Therefore, Inequality (57) holds for all ¢ € [0, ¢. as]. Thus,

<[ ()

< J[uollzry) < M (or HVN (;VN)

< ).
&(Tw) £(Tn)

22(Tw)

HUN(ta,M)H%(TN) + ||VN(ta,M)||g[1)(TN) < HUN(te,M) - uN(te,M)Hgé(rﬂ-N) + ||VN(ta,M) - VN(tE,M)HgCI)(TN)

0¥ Cean gy + IV Dl g,

<e

)

and we have just shown that

{ sup ] HWQ’NU)H%(M) < 55} c {HUN(te,M)Heg(TN) + HVN(t&M)Hzg)(TN) S 5}'

te[0,te, m

and therefore,

te[0,te ]

Plugvo) (HUN(tE,M)Hzg)(TN) + |’VN(t€7M)||e5(TN) < 5) Z P( sup HWQ’N(t)Heg(TN) < 55) :

Notice that the right-hand side does not depend on ug nor vo. Furthermore, it is positive since W is an RN -valued
Wiener process. Hence, taking the infimum over ug and vy on the left-hand side yields the wanted result. ]

Proof of Lemma 2.11. From Ito’s formula, we have for all ¢t > 0,

2 2
O (72 A,y + VY (72 A D)

(Tn)
5 5 TMm AL TM AL
= ”uO”zg('ﬂ'N) + HV(]||£3(11‘N) +/0 <b(UN(S))7UN(S)>gg(TN) ds +/O <b(VN(S))’VN(S)>g(2)(']I‘N) ds (58)
Tm AL N N QN TNt L 9
+/O (UN(s) + VN (s), AW (s)>€g(TN)+QZ/O &2 e, .

k>1
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The fifth term of the right-hand side is a martingale. Indeed, by the Cauchy—Schwarz inequality, Inequality (24), and the

bound (27), we have
Tm At N N 2
Z/ (UN(s) + VV(s),& ea(m‘ ds

k>1
2 ¢ 2
5 el ) B 100+ VO, )
t t
<o ([ >|UN<s>u§z<TN ] 4B [ [ IV¥ Ol 9]
<20 (2cf? +cf? (ol + Vol e,y ) +2¢57t)
< +o0.

Thus, taking the expectation in (58), applying Lemma 2.1.(ii), Inequality (24), (22) and (29), we get

E [[[0% (ar ADN gy + 1V 0rt A 0] = (Mol ny + Vol

:ma[/ow(<b(UN<s>>,UN<s>>eg(TN)+<b(VN<s>> V() 0 ))ds}m@ / Y 0o

k>1

TN\t 2 2
< _E HD(LHUN s + HD“’HVN s )ds} 49K 7y A1]D
[ (vl el frar A
<

—2VE [/OTM (HUN(S)”ZZ,(TN) + HVN(S)”Z%(TN)) ds] +2E [rar A ] D
§2(D—VM2)E[TM/\7§].

So if we choose M > /D/v, we get
||u0||§g(TN) + ”VO”?g(TN)
2(vM? -D) ’
and we deduce from the monotone convergence theorem that E[rps] = lim; o0 E[mar A t] < 400. O

E[TM/\t] <

B.2. The split-step scheme.

Proof of Lemma 2.18. First, let € > 0 and let us fix ug, vo € R} such that ||u0||[8(TN) < M and Hv0||¢g(TN) <M.
Let (u)"2?),cn and (vY+2?),cn denote the noiseless counterparts of the sequences (UNA%), oy and (VA1) oy, d.e.

WA = A A (uYRY). VA = A A (VIR (59)

with initial conditions ug and vo. Then (u2), oy and (vYA), cy are subject to non-perturbed ¢2(Ty) dissipativity,

and consequently the sum of their energies decreases to 0 over time. Indeed, we have

N,At||2 N,At)2 vt Nt |2 N.At a2
| ligceyy + llvm ||4§(TN)—’un+1 - Afb (“”“) zg(nrN)+’V"+1 A (V”H) 3(Tw)
2
N,At N,At 2 2 2
=[]y, # 9N, + A07 (I () gy + b (i) )
0

N,At N,At N,At N,At
— 2A¢ << u, i ,b( Uy >>€3(TN) + <Vn+1 7b< Vgl >>23(TN)>

therefore, using successively Lemma 2.1.(ii) and (22), we get

2 2 N,A N,A
‘u 2(Tx) ‘ éS(TN)_(Hu” tHW@TN)JFHV tHfz(Tw))

< 9AL < NAf7b( NAt)> < NAt’b< NAt)>
< ( Uiy u, i ZS(TN)+ Vint1 Vit ) )

N,At
n+1

N,At
n+1

2
O (LT W LR
£3(TN) £3(TN)
2
< —2Atv ’uN’At ‘VN’At >
- ( gy I ey
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so that

N,At|]?

atl|? 1 UNIIL:
i1 " gy =TT 280 (H“’]lv gz + v At”ﬂ(%))

"l ra)

—s—‘v

|

by induction, we get for all n € N,

2 1 "
HUN AtHﬁ(TN) + va]:]’AtHég(TN) = <1—|—2Atl/> (HuOH%(TN) + ”VOHES(TN)) '

It appears now that if we fix the value

n = -1 lo e
=M T og(1 1 2A8) 2 \16M2 ) |

we get for all n > n. r,

€
HuN At”el ) T HVN At”el(TN) > HuN At”@(TN) + HVN At“e?(ﬂrN 9
Now, we fix 0. := €/(4ne ) and we restrict ourselves to the event
Q,
{n_f""f%g,M AW NHZ(I)(TN) < 55} : (60)

Let (UNA), ey and (VA% ey be two solutions of (14) with the deterministic initial conditions uy and v respectively.
With similar arguments as for the proof of Proposition 2.7, we get from (14), (59) and Lemma 2.1.(ii), for all n € N,

n+1 Vn+1

N,At  N,At
HUnJrl - un+1

HVN At N,At

24(Tw) £5(Tw)
UN At N,At H N,At _ _N,At 19 HAWQ,N
H o PV n+i | PYew w1 )
_ [ N,At _ N,AtL N,At _  N,At
- <SIgn (Un+% a1 ) U™~y >e2mrN>
. N,At N,At N, At N,At
+At<s1gn (Un+l — U, ) 7b (UnJr%) —b( n+1 >>€2(TN)
: N,At N,At N,At _ _N,At
At< . (VN,At _ N,At) b (VN At) b ( N,At)> 9 HAW
tAt(sign (V. 11~ Vah n+} Vit ) gy T " | ry)
NAt _ N.At N.At _ yN.At
<o} ligeray + IV e + 22w,
On the event (60), we have for all n =1,...,n. u,
N,At N,At N, At N,At NAE _N.At NAt_ N AL
”Un+1 “Upig (Tw) an+1 Va1 (Tw) =< HUn ||€1(’I[‘N) + HVn ||€1(’I[‘N) + 20..
In particular, by induction, we have
N,At N,At N,At _ _N,At E
H Ne M " Me M 1(Tw) H Ne, M Ne, M (T) < Qng M0e = 9’
Thus,
HUN,At H N,At HUN At _  N.At HVN,At _ UN,At ‘ N,At ) N, At
Ne, M %(TN) Ne, M El (Tn) ns,M 4(1)(71'1\7) Ne, M Zé(TN) Ne, M 4(1)(71'1\7) Ne, M Zé(TN)
€
<-4+ =-=c
2 + 2
We just have shown that
Q,N
H])('107\’0) (HU%MHZ}J(’JTN) + ans,M ||éé(’ﬂ‘N) < 6) = ( ,SuBLE o ||AWn Hé})(TN) < 55) > 0.
Since the event (60) does not depend on ug nor vg, we get the result. O
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APPENDIX C. PROOFS OF FINITE-TIME BOUNDS FOR SECTIONS 3 AND 4

Proof of Lemma 3.6. The proof of these estimates is largely based on refinements of computations made in [29].
Proof of the LE(T) estimate. Let p € 2N* and let us repeat the proof of [29, Lemma 3] up to [29, Equation (23)]. When
the initial condition u§ is random and has distribution p*, this equation writes

AMEA&MWW$WWW%WM%
/OMTT A@mu*(s)2u*(s)p_2dxds /MT / dxds} ,

for all t > 0 and r > 0, where T, is a stopping time converging almost surely towards 4+oo as r — +oo (by [29,
Corollary 2]). Using [29, Equation (24)], the non-positivity of the third term of the right-hand side, and bounding the

g"’s by their supremum, we get the inequality
AT,
B[ Il s

B[l 0T n] £+ 20 Do (087 (1 i) + ).

E Il (¢ A TSpry| = E [0 2 r) | — PE

—vp(p—1E

ZE

k>1

\ " plp—1) k|2
E [HU (t /\TT)”ZZS(’H‘)] <E |:||UOH€§(’I[‘):| T Z g ||Lg°(’]l‘)
k>1

Using now Corollary 3.3, (3), (5), and [29, Equation (18)], we get

where the constants C’ép 2 and C’ép 72), defined in [29], depend only on v, p and D. Using once again Corollary 3.3 and
letting r — 400, we obtain

limsupE {Hu* (tATH|P ] < 0P 4 @D (Cép_Q) (1+ CO,pfz) + Cép—2)t> — O,

men Iz

Applying Fatou’s lemma on the left-hand side, we get
E w0l < €O,

from which we easily get the claimed inequality in the case p € 2N*. The general case p € [1,+00) then follows from the
Jensen inequality.

Proof of the HY(T) and HZ(T) estimates. We now start from [29, Lemma 4] which, when v is random, gives the
estimate

* 2
E [l (¢ ATy )] + vE

tAT,.
2 2
/ |W(mmmd%<E“WMﬁmyH%G+E[OH%L%J>+%t

and from which we deduce, by applying Fatou’s lemma on the left-hand side and Corollary 3.3 on the right-hand side:
B [l @lfyen) v | [ 0@l ds] < @7 0 (1 0wty 4 e = 0,
We conclude that
E [||u (t )||H1(T} < CY2 4 O (14 CO2Pat2) 4 Gyt = CP12,

and

t
1 .
E UO ||u*(s)||ilgm ds} <~ (CY2 4 O (14 COPat2) 4 Cgt) = )22 0

Proof of Lemma 5.9. Lemma 3.9 is a refinement of the uniform h3(Tx) estimate from Proposition 3.1. We start from (39)
and use the definition of b to write

2

— HD(L-HUN
23(Tw)

N 0

t
+ 2/0 (DU (), DG (—D%’_)XN(UN(S)) +vDPUN(s))) | ds

L3(TN) £(TN)

+2/0< (1+)UN()d( (1+)WQN) >€2(TN) ZHD(H) k

By (20) and Young’s inequality,
2 <D§\}’+)UN(3), D§;»+>D§;7—>XN(UN(S))>

2(Tn)

—2(DPUY(s), DAY (UY(s)))

) WU DY TR UN ),
2 1 1,-) <N

< 2|DFUN ()l x,) + 5 IPK AT (UN )l r, -
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while

1, 1, 2 2
2 (DU (5), DY IDRUN(s)) , = 2D UN () By,
0

so that, using (24) in addition,

t

(1,+)y 1N (L, +)g 1N i (L,=)AN y1N 2
[pgowve],, < [PSIUL, 5 [ PSR O ), s
+2/ (DL U (), a (DEPWEN) () 41D,

0 £3(Tw)

We deduce that for any ¢ > 0,
o [P0 < [PEUL e [ DR O o s 22 40
s€[0,2] £2(Tw) 2(Ty) v /o N B(Tn)

where Z is defined by

ZN = sup / (DY U (), a (DEHIWEN) (1)

)
s€f0,4] Jo £ (TN)

and it remains to control the expectation of the right-hand side of the inequality (61).
First, by Proposition 3.1, we have

HD L)y <2,
£2(Tw)
Next, by stationarity of U and (41), we have
t
I — — D _
E [ / IDY A" (UY () 2z, >ds} <& IS AN (U)) Iy, | < 183 (c + 2c) .

Finally, we recall that by (40), the process (fg(DS\l,"HUN(s), d(Dg\l,’HWQ’N)(5))5(2](1“]))%0 is a martingale. Therefore, ap-
plying successively the Jensen and the Doob inequalities, the 1t6 isometry, the Cauchy—Schwarz inequality, Proposition 3.1

and (24), we get

s 9 1/2
N < (L,+H)y1N (L) wae,N
E[z]N] < (IE sup /0 <DN U (r),d(DN W )(r)>£gm)
t 2 1/2
1,4+)y1N (1,4+)xx7Q,N
<
_2<E /0<DN UY(r),d (DY W )(T)>eg(m) D
1/2
—2|E Z/ (DU )D§§+)gk> dr
E>1 £5(Tw)
s 1/2
<2t (IE {HD“ oy D Z HD(1 +)
2(Tx) zg(qu)

tC1,2D

which completes the proof.

O

Proof of Lemma /4.7. Lemma 4.7 is a refinement of the proof of Proposition 2.17. We fix ¢ > 0, and for the sake of

simplicity we write At in place of At;. We also introduce the notation ny = | %]

We start from Equation (34). For all n =0,...,n;, we write
2
N,At _ lyrvAt UN-At _lyrvae
[z H["(TN) =||Yo 42(1rN) (H 1l Ty HUl zg(TN)>
N.At]|? (1,49)¢N,At]|? = yNA QN

< |lu: — WAL HD’U’ P < AW > H
- 0 eQ(TN) v Zg N I+1 EQ(T ) + lzg +1 I+1 EQ(T ) + ZZ:
< UN,At <UN At7 AW N> H '
< ||Yo B0 Z 141 I+1 éQ(TN) + ZZ l+1 2(Ty)

=

l+1

£3(Tw)



Taking the supremum in time and the expectation, we get

2 n—1
E uNA2 <E ‘UN’M‘ 9R <UN’At AW > E HAW
Jp 102 e | < B[00, | ¥28 |, e 2 AUNEHAWED) [+ Z 1 gy
(62)

First, by (22) and Proposition 4.1, we have

:| < CA,l,Q
2(Tn)| —

AWl 21 Ny 2(Ty))n>1 i a martingale, we get by applying successively Jensen’s

E HUNAt‘

} <E {HDU AN
2(Ty)

Noticing that the sequence ( Zl_— (U i\i At

and Doob’s inequalities to the second term of the right-hand side,

n—1 n—1 21\ /2
| |2 O AWET) ] = (B e [ O
ne—1 27\ /2
s2|E ; <U;V+71At AW >e3(TN)
From (14), we may observe that each increment AWl 71 is independent from the family (U uV f‘f JAWENY o 1. There-
fore, defining VV:4* and VI%V’ as in Proposition 4.1, we have
= uN-A 27\ " = N.At||]? o,N||? v
2\ ; < o AW >zz<m‘ =2 ; . MUH@ e%mrm] . {HAW”& e%(mj

< 2vDA¢ (nt]E {HVN &

9 1/2
)
< 2,/DtCt2,
2

where we have used (35) at the second line and Proposition 4.1 together with (22) at the third line. Injecting this bound
into (62), and using (35) again, we finally get

N,A¢t||2 AL2 A1,2 . cA0,2
E| sw U] ||€3(TN)] < A2 4y, [DICET 41D = SP02, 0

=0,...,
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