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FINITE-VOLUME APPROXIMATION OF THE INVARIANT MEASURE OF A VISCOUS
STOCHASTIC SCALAR CONSERVATION LAW

SEBASTIEN BOYAVAL, SOFTANE MARTEL, AND JULIEN REYGNER

ABsTRACT. We aim to give a numerical approximation of the invariant measure of a viscous scalar conservation law, one-
dimensional and periodic in the space variable, and stochastically forced with a white-in-time but spatially correlated noise.
The flux function is assumed to be locally Lipschitz and to have at most polynomial growth. The numerical scheme we
employ discretises the SPDE according to a finite volume method in space, and a split-step backward Euler method in time.
As a first result, we prove the well-posedness as well as the existence and uniqueness of an invariant measure for both the
spatial semi-discretisation and the fully discrete scheme. Our main result is then the convergence of the invariant measures
of the discrete approximations, as the space and time steps go to zero, towards the invariant measure of the SPDE, with
respect to the second-order Wasserstein distance. A few numerical experiments are performed to illustrate these results.

1. INTRODUCTION

1.1. Viscous scalar conservation law with random forcing. We consider the following viscous scalar conservation
law with stochastic forcing

du = —0,; A(u)dt + vdpudt + Y gudW¥(t), z€T, t>0. (1)
E>1

Periodic boundary conditions are assigned over the space variable z as T = R/Z denotes the one-dimensional torus,
and (W*);>1 is a family of independent real Brownian motions. The viscosity coefficient v is assumed to be positive. In
the companion paper [27], we have shown the well-posedness in a strong sense of Equation (1), as well as the existence and
uniqueness of an invariant measure for its solution. These results are recalled in Proposition 1.2 below. In this work, we
aim to provide a numerical scheme, based on the finite-volume method, that allows to approximate this invariant measure.
In this perspective, we place ourselves in the setting of [27] and recall our main notations and assumptions.

Notations. For all p € [1,400], we denote by L{(T) the set of functions f € LP(T) such that [ f(z)dz = 0. We write
I Iz (r) the LP-norm induced on Lg(T) and (-, -)r2(ry the L*-scalar product induced on L§(T). In a similar manner, for
any integer m > 0 and any p € [1,+oc], we introduce the Sobolev space Wy (T) := LE(T) N W™P(T) which we equip

with the norm || - [yymr (1) == ||8;”-HL€<T). Incidentally, we will denote by H{*(T) the space W{"*(T), which we recall is
separable and Hilbert when endowed with the norm || - || gz (1) := || - ||W0m,2(r]r) and the associated scalar product (-, -) g (r)-
We recall the following inequalities: for all 1 < p < ¢ < 400,
lullzery < llullzgery,  Vu € LE(T), (2)
and
lullzge () < llwllwr gy, Vue Wyl (T). (3)

In the sequel, we denote by N the set of non-negative integers, and by N* the set of positive integers.

Assumption 1.1. The function A : R — R is of class 2, its first derivative has at most polynomial growth:

AC4 >0, Ipa eN*, Yo eR, [A"(v)| < Ca (1 + |vfP2), (4)
and its second derivative A” is locally Lipschitz continuous on R. Furthermore, for all k > 1, g, € HZ(T) and
Dy = Z Hgk\@fg(qr) < +00. (5)
k>1

The assumptions (4) and (5) will be needed in the arguments contained in this paper while the local Lipschitz continuity
of A” is only necessary for Proposition 1.2, whose proof is done in [27].

Let (Q,F,P) be a probability space, equipped with a normal filtration (F;);>o in the sense of [14, Section 3.3], on
which (Wk)k21 is a family of independent Brownian motions. Under Assumption 1.1, the series ), geWF converges
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in L2(Q,C([0,T], H(T))), for any T > 0, towards an Hg(T)-valued Wiener process (W< (t));ejo,r) With respect to the
filtration (Ft)¢>0, defined in the sense of [14, Section 4.2], with the trace class covariance operator @) defined by
o, [T — HD
v — 21@1 9k<”79k>H§(T)-

Given a normed vector space F, B(FE) denotes the Borel sets of E, P(FE) denotes the set of Borel probability measures
over E, and for p € [1,+00), Pp(E) denotes the subset of P(E) of probability measures with finite p-th order moment.
The well-posedness of (1) as well as the existence and uniqueness of an invariant measure for its solution is proved in [27,
Theorem 1, Theorem 2]:

Proposition 1.2. Let ug € H3(T). Under Assumption 1.1, there exists a unique strong solution (u(t));>o to Equation (1)
with initial condition ug. That is, an (Fy)i>0-adapted process (u(t))i>o with values in HZ(T) such that, almost surely:

(1) the mapping t — u(t) is continuous from [0,+oco) to HZ(T);
(2) for allt >0, the following equality holds:

u(t) = ug + /0 (=0, A (u(s)) + vdppu(s)) ds + W2(t). (6)

Furthermore, the process (u(t));>o0 admits a unique invariant measure pn € P(HZ(T)). Besides, if v is a random variable
with distribution p, then E[||v||§{2m] < 400 and for all p € [1,400), E[||v||’£p(m] < +o00.
0 0

Let us precise that for any ¢ > 0, u(t) will always refer to an element of the space HZ(T). The scalar values taken by
this function are denoted by u(t¢,x), for = € T.

1.2. Space discretisation. In order to discretise (1) with respect to the space variable, we first define a regular mesh 7T

on the torus:
T={(=L Ll iczNz
“1UN Nt '

o L) = (4 (o(o ) - (o (+5)))

+vN (azu (t, ];) — Dyu (t, ’_N1>> dt+ 3 N/N g (x)dzdW*(t), i€ Z/NZ. (7)

k>1 N

Averaging in (1) over each cell of T, we get

Finite-volume schemes aim to approximate the dynamics of the average value of the solution over each cell of the mesh.
This leads to the introduction of a numerical fluz function A(u,v) approximating the flux of the conserved quantity at the
interface between two adjacent cells. As regards the viscous term in (7), we replace the space derivatives by their finite
difference approximations. As for the noise coefficients, we introduce the shorthand notation

%
of = N/ gr(x)dz, k>1, i€Z/NZ.
,El

These operations result in the following stochastic differential equation
dU;(t) = =N (A (Us(t), Uiy (t)) — A(Ui—1(t), Us(t))) dt

+UN? (Ui (t) = 203 () + U1 (1)) dt + > _ofdWH(t), i€ Z/NZ, t>0, (8)
k>1

as a semi-discrete finite-volume approximation of (1) in the sense that U;(t) is meant to be an approximation of the spatial

average N fl u(t, x)dx. We may interpret the noise term (i.e. the last term in (8)) as a discrete version of the Q-Wiener
g iz1
N

process (W% (t))i>0 introduced in Section 1.1. Let us notice that the RV-valued stochastic process (W@ (#));>0 whose
components are defined by

WN(t) = oFWH(t), i€Z/NZ, t>0,
k>1
is a Wiener process with the covariance
E[wW2NwENn] =ty okol

(2 _]’
k>1
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which is finite as the Jensen inequality, Assumption 1.1 and (3) ensure that for all i € Z/NZ,

i 2 i
& 2 N N 2 2
Z |0i |2 = Z N[ﬂ ge(z)dz| < ZN[A HQkHLgc(T) dr < Z ||9k||Hg(1r) < Dy. (9)
k>1 k>1 ~ k>1 ~ k>1
Furthermore, each vector o% = (oF, ..., o%;) satisfies a discrete cancellation condition:

N
Zaf = N/gk(x)d:c = 0.
i=1 T

Thus, denoting

]Rév ={u=(uy,...,un) E]RN:ul—F-“—FuN:O},
we get that (WP (¢));>0 is an R{Y-valued process. We equip the space R} with the renormalised LP norm || - ||, and
scalar product (-,-): for any u,v € R} and any p € [1, +0),

1 & 1 X
||u||g = N 7;21 |U'L|p ) <U7V> = N izzluivi.

Furthermore, for any u € RYY, we set by convention ||u||§ = 1. Besides, notice that for any 1 < p < ¢ < +00, we have
lull, < Jully, vVueRY. (10)
The drift function in (8) is the function b defined on R} by the components
bi(v):=—-N (A(Ui, vit1) — A(vi_1, vz)) +UN2(viy1 — 20 +vi_1), i€ Z/NZ.
These notations being set, we can write the SDE (8) in the vectorised form
dU(t) = b(U(t))dt + AWM (), ¢t >0. (11)
It appears that b takes values in RY. As a consequence, Equation (11) is conservative in the following sense: if Uy € R},

then for all ¢ > 0, U(t) € R}'.
We may now state our assumptions on the numerical flux:

Assumption 1.3. The function A belongs to C*(R?,R), its first derivatives 9; A and 9, A are locally Lipschitz continuous
on R?, and it satisfies the following properties:
(i) Cousistency: B
VueR, A(u,u) = A(u); (12)
(ii) Monotonicity: ) )
Vu,v € R, O A(u,v) >0, GA(u,v)<0; (13)
(iii) Polynomial growth:
3C5 >0, 3pz eN*, Vu,v R, [01A(u,v)| < Cz(1+ [ulP2), |02A(u,v)] < Cz(1+ |v[P4). (14)

Note in particular that the flux function, and therefore the non-linearity of Equation (1), is not subject to a global
Lipschitz continuity assumption. Nevertheless, we will prove in Proposition 2.6 below that (11) is well-posed under
Assumption 1.3.

Remark 1.4 (Engquist-Osher numerical flux). A notable class of numerical fluxes satisfying the monotonicity and polyno-
mial growth conditions (under Assumption 1.1) are the flux-splitting schemes [23, Example 5.2], among which a commonly
employed example is the Engquist-Osher fluz [22] defined by

v
Apo(u,v) = AW FAWL) 1/ 14 (2)|dz

2 2/,
1.3. Space and time discretisation. The second stage in constructing a numerical scheme for (1) is the time dis-
cretisation of the SDE (11). Considering a time step At > 0 and a positive integer n, we introduce the notation
AWEN .= WON (nAt) — WOV ((n — 1)At).

As it was already noticed in [28], explicit numerical schemes for SDEs with non-globally Lipschitz continuous coefficients
do not preserve in general the large time stability, whereas implicit schemes are more robust. Therefore, since our main
focus in this paper is to approximate invariant measures, we propose the following split-step stochastic backward Euler
method:

U,y = U+ 40 (U,

[N

(15)
U1 =U,pr + AWEY.
The well-posedness of the scheme, i.e. the existence and uniqueness of the value U, +1 in the first line of (15), is

ensured by Proposition 2.14.
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1.4. Main results. Our first focus is on the large-time behaviour of the processes (U(t)):>0 and (U, )pen. In this context,
we state our first result:

Theorem 1.5. Under Assumptions 1.1 and 1.3, the following two statements hold:

(i) for any N > 1, the process (U(t))i>o solution of the SDE (11) admits a unique invariant measure vy € P(RY);
(ii) for any N > 1 and any At > 0, the process (Up)nen defined by (15) admits a unique invariant measure vy a¢ €
P(RY).
Moreover, for any N > 1 and any At > 0, the measures vy and vy A+ belong to PQ(R(])\[).

The proofs for these two statements are given separately in Section 2. The structure of the proof is the same as for [27,
Theorem 2| where we derived the existence and uniqueness of an invariant measure for the solution of (1) from two
important properties: respectively the dissipativity of the solution and an L'-contraction property. In Lemma, 2.4 below,
we show that both of these properties are preserved at the discrete level. Therefore, we will address the existence part
with a tightness argument (the Krylov-Bogoliubov theorem) and the uniqueness with a coupling argument. To compare
two different probability measures, we will make use of the following metric:

Definition 1.6 (Wasserstein distance). Let (E, || - ||g) be a normed vector space and let a, 8 € Pa(E). The second order
Wasserstein distance between « and [ is defined by

1/2
Walar ) = in (/E E|u—v||zdw<u,v>) ,

mell(a,B)
where II(«, 3) is the set of probability measures on E x E with marginals o and §:
(e, B) :={m e P (EXE):YBeB(E),n(BxEFE)=a«a(B) and n(E x B) = §(B)}.

The reader is referred to [29, Chapter 6] for further details on the Wasserstein distance, and in particular for the proof
that it actually defines a distance on P2(E). From now on, the space Py(F) will be endowed with the distance Wo:
convergence of elements of Po(FE) will always be meant in the sense of the Wasserstein distance. The only cases we will
address in this paper are E = LZ(T) and E = R}).

As a first step to approximate numerically the measure p, we start to embed the measures vy and vy A into P(L3(T)).
For m = 0,1,2, let \II%”) : RY — HJ'(T) denote embedding functions in such a way that for any u € Ry, \IISS)u, \Ils\})u

and \Ilg\?)u correspond respectively to piecewise constant, piecewise affine, and piecewise quadratic interpolations of the

)

vector u on the mesh 7. The functions \IIE\T will be precisely defined at the beginning of Section 3.

For m = 0,1,2, we define the pushforward measures 1" := vy o (U{™)~1, and ug\??)m = uyaro (UUM)-1 In

particular, the measures ug\’,n) and ,ugf;?)m give full weight to H"(T). Sections 3 and 4 are devoted to the proof of our main

result:

Theorem 1.7. Under Assumptions 1.1 and 1.8, we have for all m = 0,1, 2,

Jim Y = in Pa(L(T)), (16)
and moreover, for any N > 1,
lim vy ar=vn  in Po(RY). (17)
At—0

In short, we have the following approrimation result for all m = 0,1,2:

Jm o lim gy = pine Po(Lo(T)).
Remark 1.8. In Theorem 1.7, p1 is seen as a probability measure of Pa(L3(T)) giving full weight to HZ(T), as opposed
to Proposition 1.2 where p was directly seen as a measure of the space Pz(HZ(T)).

Remark 1.9 (Ergodicity). As the invariant measure g of the process (u(t));>o is unique from Proposition 1.2, it is
ergodic. In particular, a consequence of Birkhoff’s ergodic theorem (see for instance [14, Theorem 1.2.3]) is that for any
¢ € L'(u) and for pu-almost every initial condition uy € HZ(T), almost surely,
1 t

lim — [ op(u(s))ds =E[p(v)], where v~ p.

t—oo t 0
By virtue of Theorem 1.5, this property also holds at the discrete level: the process (U,,)nen satisfies for any ¢ € L' (vx at)
and for v a¢-almost every initial condition Uy € RY, almost surely,

n—1
nh_)rr;o - ; o(U;)) =E[p(V)], where V ~ vy ay.



Thanks to this property, it is possible to approximate numerically expectations of functionals under the invariant measure
by averaging in time the simulated process. We used this method to perform the numerical experiments presented in
Section 5.

1.5. Review of literature. Many results are found concerning the numerical approximation in finite time of stochastic
conservation laws. A particular case of interest is the stochastic Burgers equation which corresponds to the case of the
flux function A(u) = u?/2. Finite difference schemes are presented in [1, 24] to approximate its solution. When the
viscosity coefficient is equal to zero, the SPDE falls into a different framework. Convergence of finite-volume schemes in
this hyperbolic case have been established both under the kinetic [18, 19, 17] and the entropic formulations [2, 3].

As regards the numerical approximation of the invariant measure of an SPDE, we may start by mentioning [11]
concerning the damped stochastic non-linear Schrodinger equation, where a spectral Galerkin method is used for the
space discretisation and a modified implicit Euler scheme for the temporal discretisation. Several works of Bréhier are
devoted to the numerical approximation of the invariant measures of semi-linear SPDEs in Hilbert spaces perturbed with
white noise [8, 9, 10], where spectral Galerkin and semi-implicit Euler methods are used. Those results hold under a global
Lipschitz assumption on the nonlinearity. In the more recent works [12, 13], non-Lipschitz nonlinearities are considered,
but they still need to satisfy a one-sided Lipschitz condition.

In the present work, our assumptions on the flux function do not imply that the non-linear term is globally Lipschitz
in L3(T) nor even one-sided Lipschitz. In particular, the case of the Burgers’ equation is covered. However, Equation (1)
satisfies an L!-contraction property [27, Proposition 5| which may be viewed as a one-sided Lipschitz condition in the
Banach space L§(T).

1.6. Outline of the paper. The existence and uniqueness of an invariant measure for the solution of (11), i.e. the first
part of Theorem 1.5, is proved in Section 2.2, and for the split-step scheme (15), i.e. the second part of Theorem 1.5, it
is proved in Section 2.3.

The proof of Theorem 1.7 is also split in two separate parts. The convergence in space (16) is proved in Section 3 and
then, in Section 4, we prove the convergence with respect to the time step, i.e. Equation (17).

We performed numerical experiments to test the stationarity and convergence results in the Burgers case. The results
of these experiments are exposed in Section 5, where we furthermore illustrate some properties regarding the turbulent
behaviour of the process in its stationary regime.

2. SEMI-DISCRETE AND SPLIT-STEP SCHEMES: WELL-POSEDNESS AND INVARIANT MEASURE

Preliminary results are given in Subsection 2.1. In Subsection 2.2, we prove the well-posedness of (11), and after
establishing some properties for the solution, we prove the existence of an invariant measure at Proposition 2.10. Then,
Lemmas 2.12 and 2.13 lead to the proof of uniqueness of this invariant measure, i.e. to the proof of the first assertion of
Theorem 1.5.

2.1. Notations and properties. All the lemmas stated in this section will be proved in the appendix. We define the
discrete differential operators DS\T) RN RN, m =0,1,2, by

(Dg\?)u) = g, (Dgpu)‘ = N(uip1 — ), (Dg\%)u)‘ = N2(uisy — 2u; +us1), i€ Z/NZ.

7 K3 K3

We will often make use, in this paper, of the summation by parts identity
<D§\Pu, Dﬁ)v> - <D§3)u,v> , uveR). (18)
These operators satisfy furthermore the following properties:

Lemma 2.1 (Discrete Poincaré inequality). Let u € RV . If there exist i_,i, € Z/NZ such that u;_ <0 < u;, then for
any m=0,1, any p € [1,400),
HDE\T)U

<oy
p

P
It should be noted that this discrete Poincaré inequality holds in particular for u € R} .
Several times in this paper, we will establish estimates uniformly in N (resp. in At) over the moment of the discrete
Sobolev norm IE[||D§\T,”)VH2] where V is an invariant measure for the semi-discrete scheme (resp. the fully discrete scheme).
Whenever this situation appears, we will denote by C™P (resp. C™P) the uniform upper bound.

Lemma 2.2. For any u € RYY and p € 2N*, we have

_ 4p—1
(D (w).DPu) > X,

_ —1 —1
where uP~t = (u) 77, L Uk ).



Lemma 2.3. Under Assumption 1.3, for any u € RY and any q € 2N*, we have
N

Zugil (A(uss wisr) — Alui-,u;)) > 0.

i=1
For any 2 € R, we write sign(z) := 1,50 — 1,<0. By extension, for u € R}, sign(u) denotes the vector of {—1,+1}"
defined by (sign(u)); = sign(u;).
The discretised drift b preserves some nice properties of Equation (1) that we will use repeatedly throughout this paper:
Lemma 2.4. Under Assumption 1.3, for all u,v € RY, the function b satisfies
(i) (sign(u—v),b(u) —b(v)) <0 (L'-contraction);
(i) (u,b(w)) < —v|[DWu|3 (dissipativity).
Remark 2.5. The dissipativity property actually holds for the family of E-fluxes [26], a larger family than the class of
monotone numerical fluxes. The monotonicity assumption (13) seems however necessary as regards the L!-contraction
property.
2.2. The semi-discrete scheme. Before addressing the invariant measure of the solution of (11), we first ensure the

existence and uniqueness of this solution:

Proposition 2.6. Let Uj be an R)) -valued, Fo-measurable random variable. Under Assumptions 1.1 and 1.3, the sto-
chastic differential equation (11) admits a unique strong solution (U(t));>o taking values in RY and with initial condition
Up.

Proof. Let ug € RY. Since the function b is locally Lipschitz continuous, there exists a unique strong solution (U®))eeo, )
to Equation (11) with initial condition ug defined up to an explosion time T*, i.e. a stopping time taking values in (0, +00]
such that almost surely, if T* < +o00, then

lim [[U(#)||2 = +o0

t—T*
(see for instance [25, Theorem 2.3, Lemma 2.1, Theorem 3.1]). In particular, if we define the stopping times

o i=inf {t >0 |[U®)|3 > M}, (19)
then for all M > 0, we have 1)y < T* almost surely.
From Dynkin’s formula applied to Equation (11), we get for all ¢ > 0,

B 10 A ) 1] = ol + 28 | [ UGs) bUGDIas| + Bl A ] 3 ot
E>1

tATAM 2
< [[uol)3 — 2vE [/ IPYus)| ds] FE[EATM] Y o3,
0 2 E>1
where the inequality comes from Lemma 2.4.(ii). As a consequence, using (9),
E {HU(t A TM)H%} < Jlug|13 + tDy.
From Markov’s inequality, we now derive
2

E[IUCA ] fugl3 + £Ds .
M - M Mjoo ’

As the random variable 1.,,<; is almost surely non-decreasing as M increases, it admits an almost sure limit as M — +o0.
From the dominated convergence theorem, this limit is actually zero:

P(ras < 8) = P (UGt Aran)l3 = M) <

E{ lim 1TM<4 = lim P(ry <t)=0.
- M — o0

M —ro00
As a consequence, almost surely, limy;_,oo Tar = +00, and then T* = +oo almost surely, meaning that (U(t));>0 is a
global solution of (11).
Now, if the initial condition of (U(¢)):>¢ is an Fp-measurable random variable Uy distributed under some probability
measure « on RYY, then we have
P(T" = +o0) = / Py, (T* = +00)da(ug) = 1, (20)
N
0

where Py, is the conditional probability given the event U(0) = uy. O

We now turn to the proof of existence of an invariant measure. The following lemma, Proposition 2.8, and Corollary 2.9
are preliminary results.



Lemma 2.7 (Moment estimates on the semi-discrete approximation). Let p € 2N* and let Uy be an Fy-measurable
random variable such that E[||Uy|P] < 4+o0o. Then, under Assumptions 1.1 and 1.3, the strong solution (U(t));>0 of (11)
with initial condition Uq satisfies:

(i) Forallt >0,

t
p
&[] + e[ [ (D0 (0 DY) s <& [unl] + 222 Ve [ [ueidas)] e
where U(s)P denotes the vector (Uy(s)P, Un(s)?) and when p = 2, we recall the convention || - Hg:g =1.
(ii) There exist six positive constants c(() ), c§”>, cép), Hép), ng) and Hép) depending only on Dqy, v and p such that we
have
V>0, [ / Iu(s |pds} <60+ 0PE[[U 2] + 6, (22)
and
VI >0, sup E[UO] <o + B[] + T, (23)
t€[0,T]

Proof. Let 1)y be the stopping time defined at (19). Applying Dynkin’s formula to Equation (11), we get the following
dynamics for the p-th order moment: for all t > 0 and all M > 0,

E[|U@Ama)l) = E[I1Uo]l7] - pE

/0 ™ Z Ui<5>P—1 (14_1 (Ul(S), Ui+1(8)) —A (Uz‘fl(S), U1<S>)) ds

tATM AT
1 1® plp—1) —2 k)2
+ vNpE {/o <U(s)p Dy U(s)>ds} + SN E ; g U;(s)P E (o) ds| . (24)
From (9), we have foralli =1,..., N,

k>1
On the other hand, the second term of the right-hand side in (24) is non-positive thanks to Lemma 2.3. Hence, using (18)
in the viscous term, we get

E [0t Aa)llb] <E [ Uolls] - vNpE UOMTM (DY (U(sr) ’D%>U(8)>d8}

S0 [T el @

Letting M go to 4oc0, applying the monotone convergence theorem on the right-hand side and Fatou’s lemma on the
left-hand side yields the first assertion of the lemma.
From the first assertion and Lemma 2.2, we have

wﬂi [/Ot 1Tl ds} <E {HUOHZ} Dop {/ Ul st} . (26)

Noticing that || - ||§:§ < 145, by (26) and an induction argument, we can show that for all p € 2N*, (22) holds. Now,
from the first assertion once again and (22), we have for all p € 2N* and all 0 <t < T,

e [lu@iz] <k [jugz] + 2= [ [ e 2ds]
0
<E[Juols] + 2EE= (o= + o~ [jualg 3] + ¢ ~7)
<E [ U 7] + 2L Dop (95”’2’ +077? (1L+E[JUs2]) + 68 )

P )_|_C§P) [”UOH } —l—cép)T
Since the right-hand side does not depend on t, we get (23). O
Proposition 2.8 (L'-contraction). Under Assumptions 1.1 and 1.8, two strong solutions (U(t))i>0 and (V(t))i>0 of (11)

(driven by the same Wiener process W< N ) with possibly different initial conditions satisfy almost surely:
U@ = V@, < IU(s) = V(s)ll,, 0<s<t.
7



Proof. Since (U(t))¢>0 and (V(t))i>0 are driven by the same Wiener process, then (U(t) — V(¢));>0 is an absolutely
continuous process:

In particular, we can write for all ¢ > 0,
d .
3 10®) = V(©)ll, = (sign (U(t) = V(1)) b(U(t)) — b(V(t))) <0,
where the inequality comes from Lemma 2.4.(1), and the result follows by integrating in time. O

This last property ensures the following result which we state without a proof:

Corollary 2.9 (Feller property). Under Assumption 1.3, the strong solution (U(t)):>0 of Equation (11) satisfies the
Feller property, i.e. for any continuous and bounded function ¢ : RY — R and any t > 0, the mapping

ug € R) — Ey, [p(U®))] € R
is continuous and bounded, where Ey, is the conditional expectation given the event U(0) = uy.

Proposition 2.10 (Existence of an invariant measure for the semi-discrete scheme). Under Assumptions 1.1 and 1.5, the
strong solution (U(t))i>0 of (11) admits an invariant measure vy € P(RY). Moreover, for all p € [1,400), there exists
a constant COP not depending on N such that if V is a random variable with distribution vy, then

E[IvIz] < cor.

Proof. Let (U(t)):>0 be the solution of (11) with a deterministic initial condition ug € RY’. From Lemma 2.7.(ii), we have

for all ¢ > 0 and all p € 2N*,
1

¢ 1 1
2 B [IUGE] s < G0+ J0 ol + 0 (27)

Let us take p = 2. Applying the Markov inequality and taking the limit superior in ¢, we get for all € > 0,

t
lim sup 1/ Pa, (|U(s)||§ > 1) ds < 0.
t—00 4 0 &

Since from Corollary 2.9, (U(t));>o is Feller, the existence of an invariant measure vy € P(RY) for (U(t));>0 is now a
consequence of the Krylov-Bogoliubov theorem [15, Corollary 3.1.2].

Let V be a random variable with distribution vy. We will derive now from Equation (27) that V has finite moments.
A computation of the same kind as the one below is found for instance in the proof of [?, Proposition 4.24]. For any
M > 0 and any p € 2N*,

BIvigaa] =1 [ [ B (1064 3] s

[ 7 [ B (10601 2 0] asavna

1 t
< [ (G ] B l0z] as) adrany )
RY 0
p
g/ (1agp)+9§1’>”u‘)””+9§”))AMduN(uo)~
RY \ 1 t

Now, letting ¢t — 400, we get from the dominated convergence theorem,

1 ug||b
E [||VH§ A M] < /RN lim <tagp> + 95”@ + 051’)) A Mduy (ug) = 07 A M < 09,
0

— 0

and the result for p € 2N* follows by letting M — +o00 and using the monotone convergence theorem. This result extends
readily to the general case p € [1,400) by using for instance the Jensen inequality. g

Corollary 2.11. Under Assumptions 1.1 and 1.3, let vy be an invariant measure for the solution (U(t)):>o of (11) and
let V be a random variable with distribution vy. Then, for all p € 2N*, 'V satisfies

E [<D5V1> (Vo) 7D%>V>} . wco”"?

where we set C%0 = 1.



Proof. Let (U(t)):>0 be a solution of (11) whose initial condition Uy has distribution vx. According to Proposition 2.10,
one has E[||Uo|[}] < +oco. Thus, one can apply Lemma 2.7.(i) which in the stationary case, writes

-1 _
v (DY (vi) DPV)] < 022 Vg w2
and it remains to apply Proposition 2.10 to conclude. O
We now turn to the proof of uniqueness of the invariant measure vy. We will first need some preliminary results:

Lemma 2.12. Let Assumptions 1.1 and 1.3 hold and let (U(t))i>0 and (V(t))i>0 be two strong solutions of (11) driven
by the same Wiener process. Then, for all M > 0 and all € > 0, there exists t. »r > 0 such that

PeM = Plug,ve) (1UEa)ll; + 11V (ter)ll, <€) > 0.

inf
lwollyViivolly <M
Proof. We recall that b : RYY — RV is locally Lipschitz continuous (for every norm over RY). Let M > 0 and ¢ > 0. Let
us also fix the deterministic values ug, vo € RY satisfying |[ugl|2 V |[vo|l2 < M, along with the following constants:
t L g &
i=——1o ;
R ST VR
Lasye := Lipschitz constant of b over the ball {u € RY :|ull, < M+ e}
€

55 ::Z

Let (U(t))i>0 and (V(t))>0 denote two solutions of (11) with the initial conditions uy and vo. We introduce the stopping
times

e*LM+ata,M'

7U .= inf{t>0:||U@)|L > M +¢e};
Vio=inf{t>0: V()| >M+e}.
Furthermore, we denote by (u(t));>0 and (v(t));>o the noiseless counterparts of (U(t));>0 and (V(t))i>o0:
S =bn),  Sv()=bv(),
with respective initial conditions ug and vg.
By the dissipativity property (Lemma 2.4.(ii)) and Lemma 2.1, we have

S (I + Iv)12) = 2 (). b ((e) + (v(1). b (v(1))))

dt
<2 [oie ]+ [p o)
< 2 (a3 + V).

so that Gr('jnwall’s lemma ylelds the upper bound
2 2 2 9 B
||ll(t)||2 || V (t)||2 S <||UOH2 —+ ||V0||2) e 21/t7

meaning that for ¢ > ¢, a7, we have

[\~]

2 2 _ €
o)+ IVOIE < 5
and consequently, by (10),
la(@)lly + vy < a@lly, + [Iv©)l, <

We now restrict ourselves to the situation where

we{ sup HWQ’N(L‘)H1<(5€}.

te[07t5,M]

DN ™

For any t < 7Y ATV At. a, the four vectors U(t), V(t), u(t) and v(¢) stay in the ball {|| - || < M + €}, and thanks to
the local Lipschitz continuity assumption on b we have

_|_

/ (b (U(s) ~ b (s)) ds + W)

0

[U#) =u@ll, + [IV(E) = v, = ‘ /O (b (V(s)) = b (v(s))) ds + W ()

1

S/O (IIb(U(s) = b (u(s)l; + b (V(s)) = b (v(s))ll;) ds + 2[[ W (1),

< Lasse / ([U(s) = u(s)]l, + [V(s) = v(s)],) ds +20.,
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so by Gronwall’s lemma, we have

10() = u®)|, + [V () = V() < 20celret < 25.ebrrseten = =

- (28)

for every t € [0,7Y ATV At. p]. But it appears that the case 7U A7V < t. 5 is impossible for small values of . Indeed,
it would either imply [[(U —u)(7Y)|l; < ¢/2 or ||(V — v)(7V)|l1 < &/2 which is impossible because we have on the one
hand

[OEDN, =M+e  (or [VFEY), =M +e),
and on the other hand
[a @), < [uEO), < lwoll, <M (or [lv(F), < M).
Therefore, Inequality (28) holds for all ¢ € [0, ¢ /). Thus,

HU(ts,M)H1 + ||V(ts,M)||1 < HU(ts,M) - u(ts,M)Hl + ”V(te,M) - V(ts,M)||1 + ||u(ts,M)||1 + Hv(ts,M)”l < g,
and we have just shown that
{ sup HWQ’N(t)Hl } {HU € M)||1 + ||V e, M ||1 5}
tE[O, E,M]

and therefore,

Plagova) (100l + IVt <€) = P( sup [[WON (@), < 5s> :

te[0,te, m
Notice that the right-hand side does not depend on ug nor vo. Furthermore, it is positive since W@ is an R¥-valued

Wiener process. Hence, taking the infimum over ug and vy on the left-hand side yields the wanted result. O

For two solutions (U(t));>0 and (V(t));>0 of (11) driven by the same Wiener process W@ we define the following
entrance time for all M > 0:

ra = inf {¢ 2 0 U], V IV, < M. (20)

Lemma 2.13. Under Assumptions 1.1 and 1.3, there exists M > 0 such that for any deterministic initial conditions ug,
vo € RY, Tar < 400 almost surely.

Proof. From Itd’s formula, we have for all t > 0,

U(ras AIE + IV (ras AD)IE = V0l + Vol + [ " b(U(5)), Us)) ds + / " V(). V(5)) ds
S5 T U + Vi), o) dWE(s) + 2 ok |2 ds. (30)
IY A > A

The fifth term of the right-hand side is a martingale. Indeed, by the Cauchy-Schwarz inequality, Inequality (9), and the
bound (22), we have

E Z/OTMM|<U(5)+V SPds| < [ S )le" | EU; ||U(s)+V(s)||§ds}

k>1 E>1

<20y ([ [ ueiias| +&[ [ Ivegas) )

< 2D (260" + 0% (Jluoll3 + [[voll3) +265¢)
< +o0.

10



Thus, taking the expectation in (30), applying Lemma 2.4.(ii), Inequality (9), Lemma 2.1 and (29), we get

E (11U AN+ [V (s A 03]

ol + vl 22 [ (0 00 061 + 0 (Vs Vi as| 2| [T ot s

k>1

2
2> d8:| +2E[TM/\t]D0

2 2 TMM 1) 1)

< Juoll3 + ol - 22| [ (DU, + & U
9 9 ’I'M/\t 5

< ol + volls 28 | [ (1013 + 1V(6)13) ds| + 2B ras £ Dy

< |luoll + [[volla + 2 (Do — vM?) E [rar A 1]

So if we choose M > /Dy /v, we get

[[uoll3 + [[voll3
Efry At] < 1o0l2 T TVolz.
r M < SN = Dy)

so that we can apply the monotone convergence theorem:
E[ra] = lim E[rpy At] < 400,
t—o0
which concludes the proof. O

Proof of Theorem 1.5, Assertion (i). We start to fix ¢ > 0 to which we associate the quantities ¢, ps and p. s defined
at Lemma 2.12, where M has been defined at Lemma 2.13. Let (U(¢));>0 and (V(¢));>0 start respectively from arbitrary
deterministic initial conditions ug and vy and be driven by the same Wiener process. We define the increasing stopping
time sequence

Ty = Tm

Ty :=inf {t > Ty +tear U@, VIV, < M}
Ty :=inf {t > Ty +tear: [U@)], VIV, < M}

By the strong Markov property and Lemma 2.13, each term of this sequence is finite almost surely. We claim that
VIENT,  P(Yi=1....J (U +tea)lly + V(T +tem)ll, > ) < (1=penn)”. (31)
Indeed, it is true for J = 1 thanks to the strong Markov property and Lemma 2.12:
P (|U(rar + te)ll; + 1V(rar +tean)ll; > €) =E [P ([ U(ma + tem)|l, + [IV(mar 4+ tean)lly > €l Fras)] < 1= peour,
and the general case follows by induction: assuming that Inequality (31) is true for some J € N*, we have
P(Vj=1,....,J + LU +tem)ly + V(T +tenr)ll, > ¢)
=EP(Vj=1,....J+1, U +tea)ll, + V(T +tean)ll, > el Fr,.y)]

J

=E || [] Yo +tcant, +1va+tcanl,>e | PUOT 11 +tenn)lly + IV(Trg1 + tean)ll, > €l Fr,,,)
j=1

S(l_pe,M) (1_paM) (1_paM
Letting J — 400, we get
P(Vje N U +tem)ll, + V(T + te ), > E) = lim P (Vj =1,....,J, [UT; +tenn)lly, IV +te )l > 5)

)J+1.

< lim (1 —pe )’ =0,

J—o00
and consequently,
PEt=0, [[UDL+IVEHIL<e) =1,
meaning that almost surely,
H}>0, [|UE)-V@)|L<e.
Now recall that thanks to Proposition 2.8, ||[U(¢) — V(¢)||1 is non-increasing in time almost surely. Since £ has been
chosen arbitrarily, the above inequality actually indicates that ||[U(¢t) — V(¢)||1 converges almost surely to 0 as t — 400

when the initial conditions are deterministic. However, this almost sure consergence extends naturally to random and
11



Fo-measurable initial conditions using the same argument as for (20). Let ¢ : R) — R be a Lipschitz continuous and
bounded test function, with Lipschitz constant Lg. We have in particular, almost surely,

Jim [6(U(1) ~ 6(V(1)| < Ly lim [U(t) — V(D)]l; =0. (32)

To conclude the proof, assume that there exist two invariant measures 1/1(\}) and l/](\?) for the solution of (11), and take

random initial conditions Uy and V with distributions V](\}) and VJ(\?) respectively. We have for all ¢ > 0,

[E ¢ (Uo)]l —El¢ (Vo)]l = [E[¢ (U@)] - E[p (V)] <Ell¢ (U®) = o (V)]

Letting ¢ go to +00, by (32) and the dominated convergence theorem, we have
[E [ (Uo)] ~ E[6 (Vo)| < Jim E[|6(U(t)) ~ 6 (V(£))]] = 0.

As a consequence, Uy and V| have the same distribution, meaning that 1/](\,) = 1/1(\?). O
2.3. Invariant measure for the split-step scheme. In this subsection, we aim to prove the existence and uniqueness
of an invariant measure for the discrete time process (U, )nen defined by (15). The general argument is the same as the
one used in Subsection 2.2 for the semi-discrete case and the intermediary results are stated in the same order. Therefore,
the proofs which are not affected by the time discretisation are omitted.

As the time step At is meant to converge towards 0, we may consider that it will always lie in an interval (0, At ax]
for some arbitrarily chosen Aty . > 0.

The following preliminary result ensures that the scheme (15) is well-posed.

Proposition 2.14. Under Assumption 1.3, given At > 0 and v € RY, there ezists a unique w € RYY such that w =
v + Atb(w).

Proof. Uniqueness. It is a straightforward consequence of Lemma 2.4.(i): if w; and wy are two solutions, then
[w1 —walli = (sign(wi — wa), w1 — w2)
= At<Sigl’l(W1 - Wz),b(Wl) — b(W2)> S 0.

Existence. The mapping Id — Atb : R) — R is continuous. Furthermore, by Lemmas 2.4.(ii) and 2.1, we have for
all w € RY

Id —
((Id = AtD)(w), W) _ 11, — A {BOW) W)
[[wl|2 [[w]
2
[P
> ||wll2 + vAE 2 > (14 vAt)||w]a.

[[wllo

Thus, as a consequence of [16, Theorem 3.3], Id — Atb is surjective in RY and, for any v € R}, there exists w € RYY such
that w = v + Atb(w). O

Lemma 2.15 (L'-contraction). Let Assumptions 1.1 and 1.8 hold and let (Uy,),en and (V,,)nen be two solutions of (15)
(driven by the same Wiener process W@ ). Then, almost surely and for any n € N,

HUn—i-l - Vn+1||1 < ”Un - Vn||1 .
Proof. From Equations (15) and Lemma 2.4.(ii), we write
1Uns1 = Vasally = ||Uneg = Vi,
- <sign (UM% —V,. %) U,
= <Sign (Un-i-% - Vn-i-%) s Up — n> + At <Sign (Un-&-% - Vn-&-%) , b (Un+%) -b (V7L+%)>
0.

< <sign (UnJr% —VnJr%) )
S HUn_Vn”l- O

v,

n ’ﬂ

Remark 2.16. Note that the choice of the split-step backward Euler scheme is essential for the L'-contraction property
to hold. Indeed, consider for instance two processes (U, )nen and (V,,)nen built via a explicit Euler method, that is,

U1 = Un + At (T,) + AW
12



(and naturally, the same construction for (\N/'n)neN), then the expansion of the L' distance gives
Hﬁ"H — \~7n+1H1 = sign<([~1n+1 — \~/'n+1> ,ﬁn — \~/'n> + At <sign (6n+1 — \N/'n_H) ,b (ﬁn) —b (\7”)> .
Thus, we would need to control the second term of the right-hand side in the above equation, which is delicate given that
b is not globally Lipschitz.
As for the semi-discrete scheme, Lemma 2.15 induce the following property:
Corollary 2.17. Under Assumptions 1.1 and 1.3, the solution (Uy)nen of (15) is a Feller process.

Proposition 2.18. Under Assumptions 1.1 and 1.8, for any time step At > 0, the process (Uy)nen solution of the
split-step backward Euler method (15) admits an invariant measure vy ar. Moreover, if V is a random variable with
distribution vn a¢, then

2 1 _
E ["D%)V" :| S D() < + Atmax) = 01’2 (33)
2 2v
and ) D
E|[PRVy )| < 5 34
|: N 2|2 — v ( )

where V1 denotes the solution of Vi =V + Atb(V ).

1

2
Proof. Let uy € RY) be the deterministic initial condition of the process (U, ),en. Starting from the first equation in (15),
we have

2
Uy = ab (U, )| = 1043,
by expanding the left-hand side, we derive the inequality
2 2

Using the dissipativity inequality (Lemma 2.4.(ii)), we get

2 ) ) 2
|Unss |, < 100113 — 208t [DPU, 4 | (35)
Now, from the second equation in (15), we have
2 2
1Un1lly = [y [ +2 (Ui aWEY) + AW Y. (36)
Injecting Inequality (35) into Equation (36), we get
2 2
1Un1ll3 = 10413 < —20at [DPU, || +2(U0, 0 AWZY) + AW (37)
By definition of W@ and from (9), we have
Q,N 2 1 N k 2
E [HAwn;l M = A1 > " (01)” < Dot (38)
i=1k>1
On the other hand, the variables U, 1 and AWSJ:Y are independent, so that taking the expectation in (37) yields
2 2 (1) 2
E [ |Unsls] — E [[U.]13] < —2vA¢E [|DRU, || |+ Doat,
which is valid for any n € N, so that we can get a telescopic sum:
n—1
E[I1Ua13] - Iuoll} = Y- (E [I0013) - E [I0ul3))
- n—1 1) 2
< —QVAtlz:E MDN U, J + nAtDy. (39)
=0
Hence,
n—1 2
21/&;1@ [HD%)UHé J < |[uolf? + nAtD. (40)
Besides,
2 2 2
o001 -5 001 ] £ o awes ] @
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and

= 88 3 (3 s o) (9 180 - WHaAY)
; k>1

N
=N (ki — o) E[(WH(E + DAY - wEaay) ]

Now, from the definition of o, the Jensen inequality and (5), we have

i

HDg\lr)UkHj Niz <N/:1 <g;€ (x+ ]1[> gk(m)> dx>2

N
N £ T+ 2
-y / 1 / Dpgn(y)dy | de
i=1k>17 % \’%
Noorxo1 e
2 2
<N 2[71 N/ Oz gx(y)“dydx
i=1Y "~ z k>1
< Dy. (42)
Thus, we have
E MDE\PAW&{V H } < AtD, (43)
Injecting (43) into (41), and (41) into (40), we get
n—1
1 1) 2 1 5 Dy
S E|DYUn| | <5~ 20 4 ALD,. 14
s [P0 = gy Il + g1+ a4 (a4

Since HDg\l,) -|l2 defines a norm on R}’ and since from Corollary 2.17, the process (U,,)nen is Feller, the result follows from
Markov’s inequality and the Krylov-Bogoliubov theorem [15, Theorem 3.1.1].

Using the same arguments as for the end of the proof of Proposition 2.10, Inequalities (44) and (40) yield respectively (33)
and (34). O

We now proceed to the proof of uniqueness of the invariant measure vy a¢.

Lemma 2.19 (Hitting any neighbourhood of 0 with positive probability). Let Assumptions 1.1 and 1.3 hold. Let (U, )nen
and (V,)nen be two solutions of (15) driven by the same Wiener process WN . For any ¢ > 0 and any M > 0, there
exists ne v € N such that

De,Mm - P(UONO) (HU%,MH1 + ||V"E‘M||1 < 5) > 0.

= inf
[luoll2V([voll2<M

Proof. First, let € > 0 and let us fix ug, vo € RY such that [Jug|l2 < M and ||vo|2s < M.
Let (u,)nen and (v,)nen denote the noiseless counterparts of the processes (U, )nen and (Vy,)nen, i.€.

{unH =u, + Atb (up41)

45
Vn+l = Vp + Atb (vn-i-l) ; ( )

with initial conditions ug and vg. Then (u,),en and (v, )nen are subject to non-perturbed dissipativity, and consequently
the sum of their energies decreases to 0 over time. Indeed, we have
2 2 2 2
unlly + [[valls = [[unt1 — Atb (Wpt1) 5 + [[Vig1 — Atb (Viy1)ll5
2 2 2 2
= [[wni1ll5 + Vsl + (At)? (Hb (upt1)llz + (b (Vn+1)H2) = 2At (W41, b (Up41)) + (Vig1, b (Vit1)))
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therefore, using successively Lemma 2.4.(ii) and Lemma 2.1,

a2+ v a3 = (laal + val) < 280 (g1, b (ga)) + (Vnsa, b (Vi)

2 2
e e Ty
2 2
2 2
< =2t (JJuns [ + v )

so that
1
2 2 2 2
lnsall3 + Vol < 77 (all3 + lval3)

by induction, we get for all n € N,

1 n
2 2 2 2
unl + vl < (g ) (ool + vol).

It appears now that if we fix the value

-1 g2
= 1
fe.M lrlog(l +2Aw) 8 (16M2ﬂ ’

we get for all n > ng ar,
€
lanlly + vally < flanlly + lvally < 5

Now, we fix 0 := €/(4ne,n) and we restrict ourselves to the event

{ sup HAW,QL’Nngég}. (46)

=L,..sNe,Mm

Let (Up)nen and (V,)nen be two solutions of (15) with the deterministic initial conditions ug and vq respectively.
With similar arguments as for the proof of Proposition 2.8, we get from (15), (45) and Lemma 2.4.(ii), for all n € N,

[Unt1 = tnpally + [Vt = Vg |y < HUnJr% - un+1H1 + HVnJr% - Vn+1H1 +2 HAWS-}]YHl
— <sign (Un+% — un+1) ,Up — un>
+ At <sign (Un+% - un+1> ,b (Un+%) -b (un+1)>
+ <Sign (VnJr% - Vn+1) 7Vn - V’ﬂ>
+ At <sign (Vm—% - V’n,—',—l) ,b (Vn+%) -b (Vn+1)> +2 HAWSJ:Y’L
<|u, - v, — 2| AW
<|Un —uplly + Vo = vall; + nt ||,
On the event (46), we have for all n =1,...,nc u,
[Unt1 = ngally + Va1 = Vg lly < [Un —unlly +[[Va = vall; + 26..
In particular, by induction, we have
€
||U”s,M - uns,MH1 + HV%,M - V”g,]\l”l < 2ne mde = 5

Thus,

[Uneiae = e lly + [ Vneiae = Voo [l + e ae |+ vaadlly
) IS
5 + 5 = ¢£.

1O ey + Vil

IN

IN

We just have shown that

P (Ol Vol <22 (s Jawg <6.) 0

=L.Ne,m

Since the event (46) does not depend on ug nor vo, we get the result. O
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For two solutions (Uy,)nen and (V,,)nen of (15) driven by the same Wiener process W@ we define the entrance time
g = inf {n € N [[Una, V [Vasall, < M}

The following lemma is the time-discrete version of Lemma 2.13. The proof is omitted as it is very similar to its time-
continuous counterpart.

Lemma 2.20 (Almost sure entrance in some ball). Under Assumptions 1.1 and 1.3, there exists M > 0 such that for any
initial conditions ug, vo € ]Rév for the processes (Up)nen and (Vi)nen, N < +00 almost surely.

Proof of Theorem 1, Assertion (ii). Given Lemmas 2.15, 2.19 and 2.20, the proof is done in exactly the same way as
for Assertion (i).
Finally, the fact that vy and vx a; belong to P2 (R{Y) come from Propositions 2.10 and 2.18 respectively (for vy s, we

use in particular the fact that HD%) - ||2 defines a norm on R}). O

3. CONVERGENCE OF INVARIANT MEASURES: SEMI-DISCRETE SCHEME TOWARDS SPDE

The purpose of this section is to prove that Wg(u%n),u) — 0, N = +00, m = 0,1,2, which will be the first part of
the proof of Theorem 1.7. In Subsection 3.1, we provide a result ensuring that it is sufficient that the convergence holds

for only one m € {0, 1,2}, in which case it will hold for the three of them. Then, we show that (MS’V”)) ~N>1 is relatively

compact in P2(L3(T)), and in Subsection 3.2, we present a procedure to identify any subsequential limit of (u%n))Nzl as
the invariant measure p for the solution of (1), which leads to the proof the first assertion of Theorem 1.7. Subsection 3.3
contain the proofs of the lemmas from Subsections 3.1 and 3.2.

3.1. Notations and preliminary results. For m = 0, 1,2, we define the interpolation operators \IIE\T) (RY — Wyh™(T)
by

m )
( )y sz (x—N>, v =(v1,...,05) €RY,

where
V(@) =1 @),

W) =N <x + N> Ly (@) + N (;f - a:) 1(0.4](®)

0115 () (= o () - ) () (- Do

so that \II(NO)V, ‘Ifg\})v and \Ifg\?)v are the respectively piecewise constant, linear and quadratic interpolations of the values
v; at the points i/N. In this regard, note that for v € RYY, i € Z/NZ and m = 0, 1,2, we have \Ifgf,n)v(ﬁ) = ;.
We recall that these operators allowed to define the sequences of embedded invariant measures ugf,") =vNo (\If%"))’l,
where ,u( ™) is here considered as an element of P(LA(T)).
We prove the following lemma in the appendix:
Lemma 3.1. The following properties hold:
(i) for v eRY, any p € [1,+00] and any m =0,1,2,

H\II%R)VHW”W(T) - HDE\T)VHP’
0
(ii) for any v € RYY,
vy \I/(O) ‘ _ HD(I) H
H N L3(T) 3N2 2
and
3 2
w0 < s [PV + 5 PR,
H N L2 = 20N4 0N Y 2N2 2

The proof of the following Lemma is given below in Subsection 3.3.

Lemma 3.2 (Discrete H} and HZ bounds). Let Assumptions 1.1 and 1.3 hold and let V be a random variable in RY
with distribution vy, then 'V satisfies
[HD 1)VH } 5 = CL2, (47)
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Furthermore, there exists a positive constant C*? not depending on N such that,
@2 2,2
E HDN VH <022, (48)
2

The following result ensures in particular that the estimates obtained at Lemma 3.2 and Proposition 2.10 remain true
when passing to the limit N — 4oc0.

Lemma 3.3 (Relative compactness). Under Assumptions 1.1 and 1.3, the three families of probability measures (u%n))Nzl,
m = 0,1,2, are relatively compact in the space Po(L3(T)). Moreover, for any m = 0,1,2 and for any subsequential limit
w* € Po(L3(T)) of (/45\7,"))1\;21, a random variable v ~ p* satisfies

E [H’U”ilé(’ﬂ‘)] < 01,2’ E [H’Ulﬁfg(’ﬂ‘)] < C?? gnd E |:||U||Iljlg('ﬂ“)} < C07P7 peE [1,—|—OO). (49)

Proof. Step 1. Relative compactness of (,ug\l,))Nzl in P(L3(T)). Let V be an RY-valued random variable with
distribution vy. Then, \Ilg\})V has distribution ug\}). Thanks to Lemmas 3.1 and 3.2, we have

2
5[y E[HDM | <o
2

Hl(ﬂm] N
Thus, Markov’s inequality implies

Ve >0, <H\If

1) <eCh,

HYT) €

The space Hi(T) is compactly embedded in L2(T), so this last inequality means that the sequence (Mg\/))NeN* is tight in
the space P(L3(T)). As a consequence of Prokhorov’s theorem |5, Theorem 5.1|, any subsequence of (ug\,)) ~N>1 admits itself
a weakly converging subsequence in P(L3(T)). In this respect, let u* € P(LZ(T)) be a subsequential limit of (M%))Nzl

and let (u&) )jen be the associated subsequence.

Step 2. Relative compactness of (ME\?))N21 in Py(L3(T)). Let v be a random variable with distribution y*. On

the one hand, the sequence of random variables (\IIE\}J?V)KN converges in distribution towards v. On the other hand, by
Lemmas 3.1.(ii) and 3.2, we have

2 1) 012
<
= o o) = o | IPVIL) < G

so that \I/(O)V \IJ( )V converges in probability towards 0 as j — +oo. As a consequence, by Slutsky’s theorem [5,

Theorem 3. 9], the couple (Q%?V,\IISSZV \P&)V) converges in distribution towards (v,0) as j — 4o0o. In particular,

\Ilg\,])V converges in distribution towards v, which means that ,ug\(,)j converges weakly in P(L3(T)) towards pu*. Moreover,

,ug\?; has uniform moment bounds with respect to j thanks to (2), Lemma 3.1.(i) and Proposition 2.10:
—E[|V5] <, wvp>2 (50)

[ A
L3(T) Lg(T)

As a consequence, (MSSJ)) jen satisfies a uniform integrability condition in the sense of [29, Definition 6.8.(iii)] and thus, is
converging for the Wasserstein distance in Pa(L3(T)) towards p*.
Step 3. Relative compactness of (/lgx}j)jeN and (Nﬁj)jeN in Py(L3(T)). The sequences (u%j)jeN and (NS\sz)jeN

also converge towards p* in P2(L3(T)) by Lemmas 3.1 and 3.2. Indeed, we have

1,2
RO H‘I’(l g© ‘ <& 1
W2 (MNJ7MN> |: V jV LZ(']I‘) = 3N]2? (5 )
and
(2) >< H (2) ©)y/ ‘
Wa (1) i) < [\P SR
POy
<
<= | [PV + 3z v
3(/‘12,2 01,2
. (52)
2N
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Step 4. Moment estimates. Finally, the estimates (49) follow from Portemanteau’s theorem: since || - H%ﬁ(’ﬂ‘) is lower
0

semi-continuous on the space LZ(T), we have

1
[||vHH1(T ] < hmlnf]E {H\Il( )VHH1 T)] <,
and the same argument applies for ||-||? H2(T) and |- || L2 (T) USing respectively the sequences of random variables (\IIS\i)V) jeN
0
and (TR)V);en. O

The three following lemmas will be useful for the proof of finite time convergence stated in the next subsection, namely
Proposition 3.7. The proofs are given in Subsection 3.3.

Lemma 3.4 (Discrete Wol’3 bound). Let Assumptions 1.1 and 1.3 hold and let V be an R} -valued random variable
distributed according to vy. Then, there exists a constant C13 depending only on v, p; and Dy such that

3 )
E [HDE@VH } < o3,
3

Lemma 3.5 (Discrete H} bound in finite time). Let Assumptions 1.1 and 1.8 hold and let (U(t)):>o be the solution
of (11) with an initial condition Ug ~ vy . For every T > 0, there exists a constant C%’z not depending on N such that

Ouml’
E| sup HDN U(t)Hz

te[0,T]

Lemma 3.6 (Moments on the solution of (1)). Under Assumption 1.1, for all p € [2,4+00) and T > 0, there are constants
6’%p and 6}2 such that the solution (u(t))i>o0 of (1) with initial condition ug ~ p* satisfies for all t € [0,T):
sup B [[[u(t)|2yr)| < CFF and  sup E [Jlu(®)fy )] < CF
te[0,T] te€[0,T]

3.2. Characterisation of the limit. In Lemma 3.3 we proved the existence of subsequential limits p* for the sequences
of embedded invariant measures (us\rfn)) ~>1. Our convergence argument now consists in identifying any such limit p* with
the unique invariant measure p of the solution (u(t)),~, of (1) (see Proposition 1.2). We proved in Lemma 3.3 that p*
gives full weight to H2(T). As a consequence of this result, the measure p* can be considered as an initial distribution
for (u(t))i>0. The weak convergence of the subsequence pg\,) towards p* can be represented, by virtue of the Skorokhod
theorem, by the almost sure L2(’JI‘) convergence, on some partlcular probability space, of a sequence of random variables

§g towards ug, where u§g ~ ,u N , V7 € N, and ug ~ p*. We may define on this probability space, up to enlarging it,

a Q-Wiener process (W®(t));>o defined as in Section 1.1, independent of uy and u§73, along with a normal filtration.

@ ) as initial conditions for the solution of (1) and the embedded solutions

In such a way, we may consider uo and u;
of (11) respectively. More precisely, if we denote by Up = (Ut,0,...,Un;,0) the Rév I_valued random variable such that
Uio = ujo(i/N), and if we define (U(t)):>0 the solution of (11) starting at Uy, then we define the process (ug\%) (t))e>0 by
uly) (1) = v U(), for all ¢ > 0.

Given that (ug\l,g) (t))e>0 is a numerical approximation of (u(t));>0, convergence at time 0 shall lead to convergence at
every finite time ¢:

Proposition 3.7. Under Assumptions 1.1 and 1.3, for every t > 0, we have
a0 —u||, =0
I L3(T)

This result is proved in Section 3.3 below. Let us explain how this finite time result leads to the convergence of
(,ug\?,"))NN towards p in Po(L3(T)).
Proof of Theorem 1.7: part 1/2. The measure ,u( ) is invariant for the process (ug\l,j (t))i>0. For all t > 0, let
wi € P(L3(T)) denote the probability distribution of u(t). By Definition 1.6 and Proposition 3.7, we have

Vt>0, lim Wo (ng,ut) —0.
j—o0

limE[

Jj—o0

By continuity of the Wasserstein distance [29, Corollary 6.11] and Lemma 3.3, this leads to
vt >0, Wa(u,uy)=0. (53)
From [27, Lemma 6], there exists a unique probability measure in P(HZ(T)) coinciding with p* on the Borel sets of HZ(T)

(for convenience, we still call this measure ;*). The meaning of (53) is that this measure p* € P(HZ(T)) is invariant for
18



the process (u(t))¢>0. However, this process already has a unique invariant measure p € P(HZ(T)), so that necessarily
pu* = p. As a consequence, p is the only subsequential limit in P2(L3(T)) of the sequence (HE\P)NEl, and since from
Lemma 3.3, (N%))NZI is relatively compact in Py(LZ(T)), we just proved (16) (see for instance |5, Theorem 2.6]) in the
case m = 1. The cases m = 0 and m = 2 follow from the bounds (51) and (52). O

Remark 3.8. This last proof shows in particular that p* is invariant for (u(t)):>o. Therefore it provides a second proof
for the existence part in [27, Theorem 2].

3.3. Proofs. Proof of Lemma 3.2. Let us decompose the function b as the sum of b; and by, defined by
Vv eRY, bl(v):=-N (A(v;,vi41) — A(vi—1,v;)) and b?:= VDS\Q,). (54)

To prove the first inequality of the lemma, apply Corollary 2.11 with p = 2 and recall that we may take C%9 = 1.
We focus now on the discrete H3 estimate. Let V ~ vy and let (U(¢)):>0 be the solution of (11) with initial distribution
vn. We may compute the dynamics of the discrete Hi-norm of (U(t));>0 by using Itd’s formula: for all ¢ > 0,

2 2 t t 2
HD§§>U(t)H2 - HDE;)UOHQM/O <D§§)b(U(s)),D§§>U(s)>ds+2/0 (D{U(s),d (DY W) (s)>+tZHD§§)a’€H2.
E>1

(55)
It appears that the third term of the right-hand side is a martingale since
(1) DWk\’ W k| Oy
ss [ (pyvennte )] <o (5 ore ) s o]
k>1 k>1
< tDyCH? < 400, (56)

where we used the stationarity of (U(¢)):>0, Inequality (42), and the first inequality from this lemma. Thus, taking the
expectation and expanding the drift term, we get

E {HDE\})U(L‘)HE] —E [HD§§>U0H2] +2/Otﬂ<: (DY U(s), DY b(Us))] ds+tk221HD§;>akHz.

Since the process starts from its invariant measure, the left-hand side cancels with the first term of the right-hand side.
Besides, we may drop the time index. Using the decomposition b = b! + b?, we may sum by parts both the viscous and
the flux term, and after dividing by ¢, it remains

s Jov[F] = -z (v« 5 oitor <oy vl e w2
E>1

where we used in particular the Cauchy-Schwarz inequality. We can bound the term in the second square root thanks to
Assumption 1.3:

N
E Mbl ]l } N> (A(Vi, Vigr) = A(Vi, Vi>)2
i=1
N Vig1 Vi _ 2
=E NZ(/ D A(Vi, 2)dz + 61A(z,%)dZ> (by (13))
i=1 \"Vi Vi1
N Vit B N Vi B
< 2E [NZ(ViH —Vi)/ 0 A(Vy, 2)%dz| + 2E NZ(W—%_l)/ 01A(z,V;)%dz|  (by Jensen)
i=1 Vi i=1 Vi1
N Vi
[Nz (Vi = Vie1) / (1+2PP4)*dz|  (by (14))
=1 Vi1
N Vi
(IE NY (Vi=Vi1)?| +E NZ(V;—V;_l)/ |z|2PAdzD
i=1 i=1 Vi
_ €) 1 1) (v2patly D
=50 (B[ [P0V} + 5 (08 (v plv)))
<8C? <012 ZL)COQPA), (58)

where we used Lemma 3.2 and Corollary 2.11 with p = 2p 5 + 2 at the last line.
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Injecting (58) into (57), we get

2 2 D
WE {HDE@U‘ ] <2, /E {HD%UH }\/40310(1+00,2p,4)+1)0.
2 2 v

Applying Young’s inequality on the right-hand side, we get

2 D
WE MD?U’ ] <uE [HD(2)UH } +4C3 75 (14 C°%4) + Dy,
2

which rewrites
Dy

E ‘D(Z)UH :| <402 (1+COQPA> 4+ =
14

1

Since the right-hand side does not depend on N, we get the result. O

Proof of Lemma 3.4. From summations by parts and Holder’s inequality, we establish a discrete Gagliardo-Nirenberg
inequality in the following way (similar inequalities in the multi-dimensional case are given for instance in [7, Lemma 6]
or [4, Theorem 4]):

N
Z|Vz+1 ViIP| =E > (Vi1 = Vi)’ Vi1 — Vi
i=1
N
= —E ) Vi((Vigr = Vi)[Vig1 — Vil = (Vi = Vi)V = Via))
=1
N
=—E | > Vi((Vis1 = 2V + Vi) [Viga = Vil + (Vi = Vica) ([Vigr = Vil = |Vi = Vieal))
=1
N N
<E Z|V;HV;+1_VZ'||V;+1_2V;+V;71| +E ZM|M—W71HW+1—2W+W71|
i=1 i=1
N 6 N 3 N %
<S2E YV E D Vi —ViP| E|D Vi = 2Vi+ Vi
i=1 =1

i=1

Dividing on both sides by E[>", |Vi41 — Vi|*]*/% and then passing to the power 3/2, we obtain

N N
E|Y Vi - Vil il
=1 i=1
Multiplying on both sides by N2, we derive the inequality
3 1/4 273/4
= o Vi) < 2vam ivie] e oV
and we conclude thanks to Proposition 2.10 and Lemma, 3.2:

E U‘D%)VHZ] <2v2 (00,6)1/4 (02,2)3/4 .13 0

Yo 4
E > [Virr—2Vi+Viof’

i=1

S 23/2E

Proof of Lemma 3.5. Let Uy ~ vy. Using the decomposition b = b! + b? introduced at (54), we may expand
Equation (55):

2 2 t t
HD§$U@)H2 - HD§§>UOH2 +2/ <D§;>b1(U(s)),D§;>U(s)>ds+2u/ <D§;>D§3>U(s),D§;>U(S)>ds
0 0
t 2
n 2/ <D§\1,)U(s),d (D%)WQ’N> (5)> +t HDEV%’CH . (59)
0 2
We shall address the second term of the right-hand side by applying (18) and Young’s inequality:

2/t <D§\1,)b1(U(s)), D§;>U(s)> ds = —2 /t <b1(U(s)),D§3>U(s)> ds

0 0

< QIV/OtHbl(U(s))szs+2u/ot HD§3>U(S)szs. (60)
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As for the viscous term in (59), Equation (18) leads to
2 /Ot <D§§>D§3)U(s),D§;)U(s)> ds = —2v /Ot HDE?U(S)szs. (61)
Thus, injecting (61) and (60) into (59) and using the bound (42) results in:
HDEV”U H HD(”UO ] + = / b1 (U(s))]|2 ds + 2/; <D§$)U(s)7d (D%)WQ’N) (s)> + Dy, (62)

Taking the supremum in time and the expectation over the second term of the right-hand side, by stationarity of (U(¢));>0,

we get the bound
| s o [ o] < e el - 3 (o] L b))

Applying now inequality (58), we get

[sup 3 [ o ) as
tE[OT]

We now turn our attention to the third term of the right-hand side in (62). Recall that by (56), the process
fo (I)U ,d (DS\I,)WQ’N) (s)))e>0 is a martingale. Therefore, applying successively the Jensen and the Doob in-

2
_ 205TDy

T (1), (63)

equalities, the It6 isometry, the Cauchy-Schwarz inequality and Lemma 3.2, we get

t ¢ 271/2
(1) O we. (1) (D we.
#| g [ (p¥vena @) o) <z | g |[[ (prwena(otwer) o)
e 97 1/2
<9E /0 <D§§>U(s),d(D§§>WQaN) (s)>
1/2
=2E Z/ 1)U Dg\l,)ak>2ds
k>1
1/2

L 271/2 L 2
e o] (e

< 2\/TCL2D, = Dm/ 21 (64)

Now, taking the supremum in time and the expectation in (62) and injecting (47), (63) and (64), we end up with
2C%2TD 2T
<OV 4 A (14 C%%4) 4 Doy | == + TDy.
v v

Since the right-hand side of the above inequality does not depend on N, the result follows. O

Proof of Lemma 3.6. Let p € 2N* and let us repeat the proof of [27, Lemma 3] up to [27, Equation (23)]. When the
initial condition wug is random and has distribution p*, this equation writes

E [t ATl | =B [l | — 72 VMT /5 Alu(s))u ()p‘ldxds]

AT, tAT,
—vp(p — [/ /8 u(s)?u(s)P~?dads / / P2 dxds] ,

for all t € [0,7] and r > 0, where T, is a stopping time converging almost surely towards +oo as r — +oo (by [27,
Corollary 2]). Using [27, Equation (24)], the non-positivity of the third term of the right-hand side, and bounding the
gir’s by their supremum, we get the inequality

(1) 2
E | sup HDN U(t)H2

te[0,T)

ZIE

k>1

tAT,.
2
S g2 ry EV )22 o, ]

E>1

[HU(t/\T )HLP(T} <E [HUOHLP(T)} L P
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Using now Lemma 3.3, (3), (5), and [27, Equation (18)], we get
» , Plp— 1) (p—2) (p—2)
E[llut ATl < OO0+ El—=p o (Co (14E [HUOHLP o] ) HCET),

where the constants C{* 2 and C* ), defined in [27], depend only on v, p and Dy. Using once again Lemma 3.3, letting
r — +o0o0 and bouding ¢ by T, we obtain

1 B B ~
hmbupE [Hu (tAT, )||Lp T)} < CoP 4 %Do (Cép 2) (14C07-2) 4 Cép 2)T> = CO.
Applying Fatou’s lemma on the left-hand side, we get

E [llu()l x| < C3.

and since the right-hand side does not depend on ¢, we get the first wanted inequality in the case p € 2N*. The general
case p € [2,4+00) then follows from the Jensen inequality.
To prove the second inequality, we start from [27, Lemma 4] which, when u, is random, gives the estimate

B [Jutt A T gen] < B [l yen] + Cr (148 luoll | ) + Gt
from which we deduce, by applying Fatou’s lemma on the left-hand side and Lemma 3.3 on the right-hand side:
B [Ju) yen)| < C2 +Cr (1+CO%a42) + T = G 0

We now turn to the proof of the main lemma in this section:

Proof of Proposition 3.7. In all this proof, for notational convenience, the subsequence (u%?)jeN will be denoted by

1
(uly)v1.
Step 0. Decomposition of the error. Let us fix a time horizon T > 0. We introduce the stopping time

. 1
Tarn = inf {t > 0: fJut)l| 3 ery v Hugg(t)HHl(T) > M}
and we split the expectation in two parts: for all ¢ € [0, T,

VO o) [ o), 1 E ||« ~ utt)
B ||l - uo, | =[] o Lz +E [0 -0,

We will address the first term of the RHS in the steps 1 to 6, and the second one in the step 7.
2
|\ (66)

We have
(1) (1)
B [0 -]}, | Vicran | <B | [u (araw A0~ utraray a0,

and we will use this localization argument to take benefit from the local Lipschitz continuity of the non-linear term which,
by use of the Gronwall lemma, will lead us to show that for any fixed M > 0,

E [Hu%)(t) - u(t)‘ ’

Applying Itd’s formula [14, Theorem 4.32] and taking the expectation, we have

2 2

1t>TM,N} . (65)

2

1t<TZ\4,N:| — 0.

LZ(T) N—oo

e [ TMNMU(TMNm\;(TJ
=& || o) ;@J
_9E /wm / 0)(s,2) — u(s,2)) @;N (A (Ui(s), Ui () — A (Us_1(s), Ui(s))) oV (x - sz) ) (ugp(s,x))) dmds}
R / e (8060 = uts.2)) (0.4 () (5:2)) = 0, Alu(s.2) dxds}
e | [ oy [ (95.9) =t ) <N2 zNj (Uss1(5) = 2U(8) + Us_r(s)) 6V (x - N) . amu@,x)) dxdsl
el (zaw( i) s

=: Il +12 (t)-l—fg (t)+I4 (t)+]5 (1),



where the local martingale term vanished thanks to the localisation. From Step 1 to Step 5, we will get an upper bound over
each of the terms IZN, l=1,...,5. More precisely, for all [ = 1,2,4,5, we will show that there exists a sequence (afV)NeN
of non-negative real numbers not depending on ¢ such that limy_ o E{V = 0 and such that the following inequalities are
satisfied for all N € N and all ¢ € [0,T]:

N <&V, (67)
N TM, NNt (1) 2 N
) <E [ /O ufP(s) — u(s)| s ds} +eb, (68)
TM,N At 1 2
IN(t) < —wE [ / ulY (s) - u(s)‘ ds] +eV, (69)
0 Hg(T)
I (t) < el (70)

In the case | = 3, we will show that there exists a constant «;; > 0 not depending on N nor ¢ such that
TM, NNt 1 2 TM,N At

IN(t) < 2uE {/ ’ug\,)(s) - u(s)‘ ds} +yumE [/

0 Hj (T) 0

Step 1. The initial condition. By the construction of the sequence (ug\l,))Nzl in Section 3.2, we have almost surely

[l () = u(s)

2
ds} .
L3(T)

lim Hu§§>(o) —u(O)’

N —oc0

= 71
L§(T) ()

Moreover, Proposition 2.10 and Lemma 3.3 ensure the uniform bound with respect to N over the following fourth order
moment:

E [Hugm —u(O)‘ )

} < SE UM@(O)] !

LE(T)

4
. | + 8 [luOlfyer)

< SE [Hu%)(())’ !

Lé(m] 8k [”“(O)Hiém} (by (2))

<16C%* (by Proposition 2.10 and Lemma 3.3), (72)
and the convergence of I}V towards 0 follows (see for instance [5, Theorem 3.5]). Thus, since I3V does not depend on ¢, we

may take eIV .= IV,
Step 2. The flux-numerical flux approximation. Using Young’s inequality, we have

TMm, NNt 2
IN(t) <E [/ ds}
0 L3(T)

7M™, N At N ' 9
+E /O | /T(;N(A(Ui(s),mﬂ(s))—A(Ui1(3),Ui(s)))¢§$) (x—]’v)—amA(ugy(s,x))) dzds| . (73)

uf () — u(s)|

We focus on the second term of the right-hand side which we can rewrite by

i
N

™, nAt N ok B - ) . i
/0 3 /7 < (N (A(U;_1(5), Us(s)) — A(Ui_(5), Ui_1(5))) — 0. A (u§v>(s, x))) w (:v - Nl)

=1 N

E

+ (N (A (Ui(s), Uit (s)) — A(Ui-1(s), Ul(s))) —0;A (Ug\lr)(svff))> 5\}) (x - ;) ) dxds‘|,

which we control by the following upper bound

i

T, NAt N + )
21@[ /O 3 / (N (AUi-1(5), Uu(s)) = AU:(5), Ui (5))) — 024 () (5,2)) )

; —1
i=1 N

+ (N (AUL(5). Ui (5)) — A1 (). Uu(s))) — 00 (u (5,2))) dzds] .

By definition of '}, we have for all s > 0 and all x € (S, =), 0,uy (s, ) = N(Ui(s) — Ui_1(s)). Let us now focus on
the second term of the above integrand and observe that by symmetry, the left one may be treated in exactly the same
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way. We have thanks to (12):

N
(N /UU(<)> (214G, U() = 014 (u (s 2),u (5,2 )) dz)

auN

Uit1(s) _ = ’
L oN®? ( [ 0Ai(s), 21z~ (Uhlo) - Uina(s)) 02 () 5. 0) ”(s,@)) :
Ui(s)

In the following computations, we will get upper bounds on the terms

o [/OTM,NAtiv:ﬁjl <

Ui(s) _ B 2
N/ (BlA(z, Ui(s)) — 01 A (ug\})(s,x), ug\l,)(&m))) dz) dzds| ,
i—1 Ui—1(s)

7™, N AL N 7 Uit1(s) 2
N = 2 A(U;(s), 2)dz — i(s) —U;_1(s 2_ (l)sx (l)sx xds| .
1(t) —E{/ ;/N </U,.,(s> 0 AUI(5), 2)dz — (Uils) = U1 () A (uld) (5, 2), w5, ))) d d]

Uy S Uy
We first look at the term I3, (¢). The function 9; A is uniformly continuous on [—M, M]?. In particular,

v8>0a5|5M,6 >O,max(|w—x|,|y—z|) S61\/1,67Ina‘X{|rLU|7|m|’|y|7|z|} <M = |81A(w,y)—61;1(x,z)| <e.

Furthermore, for every s < 7/ v, by Lemma 3.1 and (3), we have sup,_; __ x |Ui(s)| = Hug\lf)(s)HLgo(T) < ||u§\})(s)\|H5(T) <

M. Let CéM) be a local bound of 9; A and 92 A over the square [—M, M]2.
Let € > 0. We have

TM, NN N ~ U;(s) B ~ 2
LY\ (t) =E [ / > / B (N /U . (014G, Ui(s)) = 014 (u (s,2), 0 (5,2 )) dzlwl-(s)ml(anM,E) dxds]
i=1Y "~ i—1($

T, At N % Ui(s) 9
=P / Z/ N/ edz1|y,(s)-Ui_ i (s)|<bar.. | dzds
0 i—1 Uiy

TN SR v ) i, (1) i
+E / Z/ N/ (5) (alA(Z’ Ul(s)) - A (uN (57x)auN (S,J)))) dZ1|U.;(s)7Ui71(S)|>6M’E dzds
0 =i Uisa(s

i=1 N (8)
v, At N L U;(s) U: —-U: 1/2 2
+E / 3 / (N / 205M>dz‘ i(s) 1/’2‘1(5)| dads
0 i—1 Y Ui-1(s) 5M,5
< 2E

t N
/O N> |Ui(s) = Ui—a(s)|*ds
i=1

ey,
Me 0

)

N
N> |Ui(s) - U“(s)|3] ds
i=1

2
— 2R HD(”U H2 +Mtu§ HD“)U H3
- N FO, SareN N FO|ls
2
1(c§) rers

<2TCH + v (by Lemmas 3.2 and 3.4).
M,e

Since ¢ was chosen arbitrarily, it follows that 5} := sup;c(o 7} Io; (t) satisfies limy oo 5’y = 0.
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As for the term I2,(t) we have

7

TMm, NN N - Ui+1(s) B B
/ Z/N N? (/ ((%A(Ui(s),z) — 0 A (ug\})(s, x),ug\l,)(s,x))) dz
0 ot Ui(s)

i=1

IéYQ(t) =E

+ (Uis1(8) = 2U;(s) + U;—1(s)) 02 A (u%)(s, x), ug\l,)(& m)) > dxds]

i

TM,N At N ~ Ui+1(5) _ _ ’
<2E / E / N2 </ (82A(Ui(s), z) — 02 A (us\})(s,x) us\l,)(s, x))) dz) dzds
0 = Ui(s)

i=1

+ 2

TMm, NNt N ﬁ B 2
[ 3 [ N W)~ 204(6) + Uir (9027 (1) (5.2, (5.)) dxds] =t 13%1(1) + 15.(0)
0 ; o

Now, the term I3, () can be treated the same way as I);(t). In particular, e)y, := SUPe(o,7] I, | (t) satisfies
limpy o0 €59 1 = 0. As for I3, ,(t), we have

N

I3ha(t) < (CéM))2E l/OTMYN NZ(UZ'+1(S) —2Ui(s) + Uz‘l(S))QdS]

i=1
2 t
<2(c§™) /IE
0

N
NZ(UH-l(S) —2U;(s) + Ui_1(5))2] ds

=1

At last, the sum of all these error terms amounts to an error term €2 satisfying the requirements of Step 0, so that the
inequality (73) reduces to (68).
Step 3. The flux term. Integrating by parts and applying Young’s inequality, we get

IV (t) = 2E [/OTMYNM/T(% (ug\p(s,x) - u(s,x)) (A (u&?(s,x)) - A(u(s,x))) dxds]
< WE [ /0 e /T (0.0 (5,) - aggu(s,x))Q dxds} [ / e / o (s,2)) - A(u(s,x)))z dxds} '

Denoting by Ljs a local Lipschitz constant of A over the interval [—M, M], we get

TM, NNt 2 L2 TMm, NNt
I?J,V(t)§2uE[/ ‘ ) ds]+M]EU
H(T) 2v Lo

and we set therefore vy, := L%,/(2v).
Step 4. The viscous term. We shall compare the term

JN(s) = /11‘ (ug\})(s x) —u(s, ) <Z N2(Uiy1(s) — 2U;(s) + Ui_l(s))¢§\1,) (x - &) - amu(s,x)> dz,

[l () = u(s)

2
ds} ,
L3(T)

with
IN(s) = —/((%u%) (s,2) — Opu(s,z))*dr < 0.
T
Expanding the product in the definition of J¥, we first write

TN (s) = J¥ () + J3' (5) + J5' (5) + Ji (s),



where

likewise,

where
= —/awug\l,)(s,x)awu%)(s,x)dx,
/8u (s,2)0u(s, z)dx,
/6 u(s, x) (s,x)dx,
JN( /8usx)8u(sx)x
Integration by parts shows that J2 (s) = J (s) and J (s) = JN(s). We now focus on the computation of J&¥ (s) — JN (s)

and JV (s) — JN (s).
Using the definition of u(l), we get

j k
TN (s) - ZlN Ui1(s) — 2Ui(s) + Ui—1(s))Us(s /¢<1>< Z;) %’(m—N>dx
$)Uk(s /&6 (1)< > Oy 5\1,) (z]]\i) dz.

2 if k=1,

(1) k S :
;zS v TN dz=q gy ifhk=i%1,

0 otherwise,

Direct computation yields

and
2N if k=1,
azqu — — ) Oy x—ﬁ de=¢-N ifk=i+1,
0 otherwise.

As a consequence,

N2(Us1(s) — 204(5) + Uir () (G}VUms) U 4 Ui (s ))

-

TV (s) = I{¥ (s) =

i=1

Uz(S) (—NUi_l(S) + 2NUIL(S) — NUH_l(S))

+
M= M=

= 5 LU le) = 205{e) + Ui (9)* = 75 Ipus) -
By Lemma 3.2, we deduce that
2,2
N TN
- e p—
B[l - 70| < 55
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In order to compute J&¥(s) — j3N (s), we first rewrite

IV (s /6 u(s, )0y ug\,)(s x)dz

23

As a consequence,

JN(s) ZN i1(s) = 2Ui(s) + Ui_1(s)) (N/TU(M) v (a? - ]i[) dz —u (5 ;;))
- ZN Uiy1(s) — 2Ui(s) + Ui_l(s))/T <u(s,1’) u (s N)) @ <:c - N> dz
:—ZN Uis1(s) — 2Ui(s) + Ui_1 (s // Dpul(s,y)dyeV (w—)dx

Using the rough bound
o8 @) <1

/ 8,;u(s,y)dy¢g\}) (Jj - Z) dx
TJ 4 N

we write
i+1

<v [ sl

N

whence
i+l

57 () — B (s ‘<2ZN|U1+1( )—2Ui(s)+Ui,1(s)|/_Jj 10uu(s, )| dy.

N

By the Cauchy-Schwarz inequality,

B[] () = T (s) Z|U7+1 ) = 2Ui(s) + Uia

oo

By Jensen’s inequality and Lemma 3.6,

N it 2 ~1,2
E [Z (/ e y>|dy> ] < S [luls) By )] < 22

i=1 N

E {i (/K |9u(s, y)dy>2].

=1 N

As a conclusion,

E HJN(S) - J;V(S)H < Lcwé;?

N



Coming back to the expression of I} (t), we have

IN() < 2E [ /0 e JN(s)ds}

Ty, NAE t _ t -
< WE [/ TN (s)d } +2u/ E HJlN(s)—JlN(s)H ds+21// E HJéV(s) fJéV(s)H ds
0 0 0
—2UE [/TM)NM uly (s) - u(s)H2 ds] + reey + STy C22Cy”
0

HL(T) 3N2 N
TMm, NN
=: —2VE [/

Step 5. The noise term. We have

/TMNM/TZ (ZU% ( - Z) —gk($)>2dxds

IN

i) — o)

2
ds} + V.
H(T)

E>1
2
< t/z (ng¢ ( Z) —gk($)> de.
k>1
Using the fact that ¢’ (z—54) + o) (x—%)=1,forall z € [(i —1)/N,i/N], we get
ANE i1 i\’
1 - 1
RO <ty [0 3 (i@ o) (- )+ @t a@) ) (- 5))
i=1 7§ k>1
and by periodicity of the indexes, we can say that
2 N
1 1
Hwsuy [ z( [ =) o (- )
1 i\?
<2tZ/IZ< / ) o ())dy> o (- 5) @
T k>1 -
< ZtZ/ N/ Z (9x(y x))?dydz  (since |¢7§$)\ < 1 and by Jensen)

N k>1

N i
N

< 2tNZ /
im1 Y

¥ Dy 2tDy _ 2T Dy N
[71 mdydx = N2 S N2 =€ .
N

Step 6. Conclusion for the “bounded” event. Summing all the I}V terms, we get for all ¢ € [0, T
2

TM,N At
1 E
L2 )] (1 +vn) [/0

We set eV := e + el + el + eV, By (66), we have
1 tey +egf tep

2 2
W) ‘ 1 <1 / H W H 1 ds + &N
|:H L2(T) tSTM,N] > ( + M L3(T) s<tm,n | 45 +e.

Thus, Gronwall’s lemma applies and gives

E Mugm - u(t)‘

Step 7. Conclusion of the proof. We want now to take care of the second term of the right-hand side in (65).
Using in particular the Cauchy-Schwarz inequality, Proposition 2.10, the Markov inequality, Lemma 3.6 and Lemma 3.5
28

2
l:H TMN/\t —U(TMN/\t)‘

uy () — u(s)|

d N N N N.
Lg(’]:[‘) S:| +€1 +52 +€4 +E5

1 < eNe(tman)t,
Lg('ﬂ‘) tSTMJ\f:l ~



we have

E {Hu%)(t) B u(t)‘ L2(T)

—E lHug\})(t) —u(t))

1/2
<Va(e {Hu%’ww+E{Hu<t>|rzgm}>”2 (P<sz‘fo?t}“<s>"Hé<T>>M> (sz&pﬂH Mg )

3 m] )

Furthermore, as (u(t));>o is continuous from [0, +-00) to Hg (T) (see Proposition 1.2), the random variable sup¢ o 4 [[u(s) Il 22 (m)
is finite almost surely. As a consequence,

2

1t>7'M,N:|

2
1 v 2 M
Lg(‘]]‘) SUPseio,t] H“(S)HH[%(T) SUPselo,t] ||¥N (s) Hé(T)>

4 D 1/2
] p<sup lulager, v sup \ H >M>

L3(T) sel0.]

B || - ut)

u(s)|

sup
s€0,t]

~ 1/2 1
\f(004 02’4) (]P’ < sup [|u(s)[| g (ry > M) + ME

s€[0,t]

1/2
~0a\ 1/2 1
<V8 (00,4 + C%‘l) (IF’ < sup ||u(s)||l g2 (my > M) + MC%z)

s€0,t]

Jim Timsup E [HuN (t) — u(t)uim)hwd —0.

M—oco Nooo

Combining this inequality with the conclusion of the step 6 yields the wanted result. O

4. CONVERGENCE OF INVARIANT MEASURES: SPLIT-STEP SCHEME TOWARDS SEMI-DISCRETE SCHEME

In this section, we aim to prove the second part of Theorem 1.7, namely Equation (17). The structure of the proof
is the same as for the first part of Theorem 1.7. In Subsection 4.1, we show that the family of probability measures
{vn.ac: At € (0, Atpax]} is tight in P(R)') and then relatively compact in Po(R)’). In Subsection 4.2, in a similar manner
as in Subsection 3.2 for the semi-discrete case, we identify each subsequential limit of the family {vn a; : At € (0, Atmax]},
when At — 0, as the invariant measure of the process (U, )nen, which leads to the final part of the proof of Theorem 1.7.
Subsection 4.3 contain the proofs of the lemmas stated in Subsections 4.1 and 4.2.

4.1. Tightness, relative compactness and some estimates.
Lemma 4.1 (Tightness). Under Assumptions 1.1 and 1.3, for any N > 1, the family of probability measures {vn a¢ :
At € (0, Atyax]} is tight in the space P(RY).

Proof. We established at Proposition 2.18 that a random variable V ~ vy a: satisfies the discrete H& estimate:
2 _
EMDQVH}SCM.
2

Since ||D§\}) - |2 defines a norm on R}, the result follows from the Markov inequality. O

Lemma 4.2 (Fourth-order moment). Under Assumptions 1.1 and 1.3, there exists a constant C%* > 0, depending only
on Dy, v and Atnax, such that for any time step At € (0, Atmax] and any random variable V ~ vy a¢, we have

E[IvIi] <o,

Corollary 4.3 (Relative compactness). Let N > 1. Under Assumptions 1.1 and 1.3, the family {vn a¢ : At € (0, Atyax] }
is relatively compact in P2(RY).

Proof. By virtue of the Prokhorov theorem |5, Theorem 5.1] and Lemma 4.1, any sequence extracted from {vy a¢ : At €
(0, Atimax]} admits a weakly converging subsequence in P(RYY). Let v* be a subsequential weak limit and let (UN,At,)jeN
be a sequence weakly converging towards v*. Let (V;)jen be a sequence of R} -valued random variables such that
V; ~ vy a¢,. By virtue of the Portemanteau theorem, since || - || is continuous (and thus lower semi-continuous) on R,
we have

E[IVI}] <timinf & [V, ]] < ¢,

so that v* admits a fourth-order moment and thus belongs to P4(R)’). Moreover, it follows also from Lemma 4.1 that the

sequence (Vn,a¢,)jen satisfies a uniform integrability condition in the sense of [29, Definition 6.8, and the result is now a

consequence of [29, Theorem 6.9]. O
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Lemma 4.4 (Finite time bound). Let Assumptions 1.1 and 1.3 hold, let T > 0 be a time horizon and let (U,)pen be
a solution of (15) with an initial condition Uy ~ vy a¢. There exists a constant C’%Z depending only on Dy, T, v and
Atmax, such that for any time step At € (0, Atax], we have

B sup [ Ull3| < C7*.

n:O,l,...,I_%J

4.2. Characterisation of the limit. As in Subsection 3.2 for the semi-discrete scheme, we want to use a result of
convergence in finite time of the numerical scheme (15) in order to identify each subsequential limit of the family {vy a¢ :
At € (0, Atmax]}, when At — 0, as the invariant measure vy for the solution of Equation (11). By virtue of Corollary 4.3,
let v* € Pa(RY)) and let (At;)jen be a sequence of time steps decreasing to zero such that Wa(vy ae,,v*) converges to

zero as j — +o0o. By virtue of the Skorokhod representation theorem, let (Uéj))jeN be a sequence of RY'-valued random
variables converging almost surely to Uy such that

UY ~vnar, VieN  and  Ug~vh
As we described in Subsection 3.2, up to an extension of the probability space, these random variables may be considered
as initial conditions for the equations (11) and (15) (driven by the same Wiener process).
Lemma 4.5 (Finite time convergence). Let Assumptions 1.1 and 1.3 hold. Let (U(t)):>o be the solution of (11) with
initial condition Uqy and for all j € N, let (Ug))neN be the solution of (15) with initial condition Ué]). For any j € N, we
define the piecewise constant approzimation (UVU)(t))i>o of Uy by UU(t) = U ift e [nAt;, (n + 1)At;). Then, for
all T >0,

lim sup E [HI_J'(j)(t) - U(t)Hj =0.

7790 ¢€[0,T]
Proof of Theorem 1.7: Part 2/2. The arguments are identical to the proof of the first part. O

4.3. Proofs. Proof of Lemma 4.2. Let (Uy,)nen = (Ui n, - .-, Unn)nen be a solution of (15) with a deterministic initial
condition ug. By convexity of the function v +— v*, for any «, 8 € R, we have (o — 8)* > a* — 4a®3. In particular, for
any i € Z/NZ, taking o = U; , 1 and 8 = Atb;(U,,, 1), we have

Ul = (Usniy — Ath; (Un+%>)4 > U,y — AU, At (U, ).

1
z,n+§ 1,n+2

Hence, expanding the drift function and summing over i, we get

4
10} 2 ||V,

N
4
i i @)
T Zl4AtU2n+% (A (UZ.M%, z—+1,n+%) —A (UHM% Um%)) — dUAt <Ui+%,DN Un+%> .

We know thanks to Lemma 2.3 that the second term of the right-hand side is non-negative. Summing by parts the third
term, we get

4 4 W3 (1)
1Uall} = U,y |, + w2t (DPUE L, DYU, ).

From Lemma 2.2, we get
4

4
4
[0l > |[Unyy |, + 30t [0

) (74)

On the other hand, let us look at the second step of the scheme (15). By the construction of the split-step scheme,
the random variables U ,,, 1 and AWSR’fl are independent. Since AWS,;% ~ N0, ALY, 51 (0F)?) and 32,5, (0F)? < Do
(by (9)), we write

4 [ N
B [10nall] = U, +awesd| ]
r 4 6 A N \2 o
=5[]+ 2 [ 0t (s e [fawei] ]
i 4 2
<E||U,.; J + 6Dy ALE [HUM; J + 3D2AP (75)

Combining Inequalities (74) and (75), we get

E[I0.113] = E[IUnll}] - 6DoAE U’UM

30

2
2] — 3D2AE® + 3UALE [HUH;

J



from which we get a telescopic sum:

n—1 4
3uAt;E [HUH; J < Juollt — {||U I ] +6D0Atlz;]E {HUM ] + 3nD2A2.
Thus,
n—1
1 4 1 2D0 2] D3At
=S B[Oy, = sl E||u + 202t 76
3 ([0 < gt + Z Joes] + 22 (76)
Recall that from Lemma 2.1 and Equation (40), we have
n—1 —
1 2 1 1) 2 lwoll3 Do
“SE HU <2 |pyu ,H < —0,
s e o] <2 S eIy < [+ 2 g
Injecting (77) into (76), we get
2Dy (uol} | Do\ . D3At
“SE HU Zo=t
Z { 3 ] - SVAt [l 0”4 v <2VnAt to )" v
Using now the same arguments as for the end of the proof of Proposition 2.10, letting V ~ vy a¢, we get
4 D2 D2At D,
E{Hvl ]§§+ 0 0< +At>
2la v v v
To conclude, we use Inequality (75) once again:
4 2
E[IVI}] <E MV ] 4 6Dy ALE {HV% } + 3D2AL
4 2
D2 3D3At
< ( + At ) 0— +3D3A
14 14
1
S Dg ( + 3Atmax> < + Atmax) . D
v v

Proof of Lemma 4.4. Let us repeat the proof of Proposition 2.18 up to Equation (37). For all n = 0,1,..., L%J, we
write
n—1

1UI3 = 1063+ > (10013~ 013)

=0

n—1 2 n—1 n—1
2 1
< Ufl3 20t Y DYUL, | +2 ) (Uiy AWRY ) + 3 HAWﬁf[H .

The viscous term may be removed from the inequality. Taking the supremum in time and the expectation, we get

LT/AJ 1
4E HAW

E sup UL |l3 SE[HUOHE}HE su Q!

n=0,1,...,| % | n=0,1, L*

First, by Lemma 2.1 and Proposition 2.18, we have

<Ul+1,AWQ N>

2Ll
=0

2 _
E [||U0||§} <E [HDS@UOHQ] <02,

Noticing that the process (3, (UZJr 1, AWlJr1 ))n>1 is a martingale, we get by applying successively Jensen’s and Doob’s
inequalities to the second term of the rlght hand side,

1/2
n—1 2 /

Z <Ul+lvAWl%f’>

=0

n—1

Z <Ul+1 ) sz%iv>

=0

E sup
n=0,1,...,| Z |

<E sup
n=0,1,...,| % |

1/2
\T/At]—1 21V

<2 || > (UypaWEY)
=0
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From (15), we may observe that each increment AW1+1 is independent of the family (U, 1, AWEN) o
letting V' ~ vy a; and letting V1 be the random variable satisfying Vi =V + b(V%), we have

1. Therefore,

.....

et /At -1 1Y
N N
E ) <Ul+1 AWE? > <E| S ‘<Ul+%,AW€H >)
n= 0,1, ,LAl 1=0 1=0
\T/At] 1 1/2

2
=2 Z E [HUH% 2

(2]

2T
< Dgy/ — (by Lemma 2.1 and (34)).
v

Injecting this bound into (78), we get
~ 2T
E| sup ||U.3]| <O +2Dgy/ == +TDy. O
J v

n:O,l,...,L%

Proof of Lemma 4.5. Step 0. Decomposition of the error in two events. Let 7" > 0. We start by introducing
the exit time of some ball for the time-continuous and the time-discretised processes:

B . : 2y e
pi =inf 4t >0: U5V ||[UV(t) 22M .

Then, we decompose the approximation error according to whether or not the discrete and continuous processes stay in
the ball of radius M: for all ¢ € [0,T],

2 2 2
(7 (¢) — - ) (4) — ) (4) — .
E [HU (1) U(t)M —E U’U (1) U(t)Hlep%)} +E [HU (t) U(t)H;pWSJ . (79)
Step 1. Decomposition of the error for the bounded trajectories. For any ¢t € [0,7] and any j € N, let
G)
N[5 = r/xgy J From (15) and (11), we write

nie, . —1

ow (Mpm) U (t/\P(J)) =Uy -Us+ > <At b (Ugfz) /ZUHM b(U(s))ds)

1=0 At

) ) e
+(tA,oJ [t,M,j]Atj)b(Urf | l)—/ b (U(s))ds. (80)

+
[t,M,j]7T 2 n[t,M,j]Atj

From this dynamics, we can decompose then again the first term of the right-hand side in (79) in three terms:

E {HU(]’)(t) - U(t)H2 1t<p;})] <E [Hum (Mp(kjj)) (MP(J))H ]

) 2
<2k ||[u¥ —UOM

2
e ar,5 1 (I+1)At; tAp§)
D ") e ) B
+2E lz_; (Atjb (UH%) /mt,- b(U(s))ds> + (t N Prs n[t,MJ]Atj) b (Un[tyM,jﬁ%) /n[t A b (U(s)) ds
- . 2
Her@ v 1P
S 2 UO UQ ) (81)
T 2
nig, L —1
D\ _ i) " 4 0 B o)
1 4E Z At; ( (Ul +%) b(U )) (tAPD = npars) (b (Un[mﬂ +%) b (UnJ[LMJ])) (82)
2
[ n[e, M5~ 1 (I+1)At; 0 t/\p(J) . 2
7)) = J _
+aE || Y / ,. (b(Uf) - b(U(s))) ds + / (p(us),,,) —bUsn)as| | (83)
1=0 IAt; N, M, At )
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Step 2. Bound over the term (83). Let Ly, be a Lipschitz constant of b over the ball {||- ||3 < M}. From Jensen’s
inequality, we have

2
meag <L) a | o) |
4E b (UY) —b(U(s))) ds + b (UY ) _b(U(s))) ds
l N[t, M
—o 1AL, N Aty (el ,
Ve, M,g] (+1)A

. 2 N
U}”) —b(U(s))H ds+/
2 n[tﬁMﬁj]At

’b ( nt, M, 5] ) - b(U(S))szs

< ATE Z /

nem o L41)AL ) 2 MPRJ})

<ATL}E Z / U/’ —U(s)H2d8+/ ‘ Bt ) H
N, M, At

t/\pgw) 2
— 4TIL%,E / 3)” ds

0 2

2

_aTI2, / [HU U(s)H215<p<NJI>] ds.

Step 3. Decomposition of the term (82). Let Cy; be a supremum of ||b||3 over the ball {|| - |3 < M}. Using the
Jensen inequality and the locally Lipschitz continuity of b, we write

2
N, —1

|5 5 (0 ) 0 i 00, ,) - (00)
=0

2

<ATL3,ALE

[.M.5) 12
5 o]
=0

o (02,)[]
=0

< AT (T + At;) At7L3,Cuy,

T[t, M, 5]

= 4ATAt} LY E

where at the last line, we have used the fact that for any I = 0,...,n 51, by (35), we have HUH% 2 <013 < M.
Step 4. Conclusion for the bounded event. Summing the estimates obtained from Step 1 to Step 3, we get

E[HU(j)(t)—U(t)H 1 m] <9E [HU&”—UOM

2 t<pis
2
0 (g) — |
L ATL?, / “U (s) U(s)H218<p<&)]ds
+AT (T + At;) AL, Cy.

By construction, the random variable HU(()j) — Upgl|2 tends to 0 almost surely as j — +o0o. Furthermore, it has a fourth
order moment uniform in j thanks to Lemma 4.2 and the Portemanteau theorem:

. 4 L
| [uf - o[}] < s ||ui?]] +52 vl

_ K _
< 8C"* 4 8liminf E MU&” HJ < 16004,

J—00

Thus, ]E[HUéj) — Upl|2] tends to 0 as j — +oo. Now, by Grénwall’s lemma, we have
L 2 , 2
E [HU(J)(t) -u)|, 1t<p$})] < <2]E U’Ugﬁ - UOM +4T (T + At;) At?L?wCM) AT s,

As a consequence,

2

li E HU(J) Ut H 1 5l =o 84

JST;%ES[%I)T [ ® 2 t<p) (84)
33



Step 5. The exiting trajectories. We want to bound the second term of the RHS in (79) uniformly in j. Observing
that

() 2 () |
{of) <t} =1 sw [UEIV sup [[O9s)| =0t
s€[0,t] s€[0,t] 2

we get from the Cauchy-Schwarz inequality, Lemma 4.2 and Lemma 2.7.(ii):

E [Hfj(ﬁ(t) - U(t)Hz 1pggp<t] <E [Hﬁ(j)(t) _ U(t)Hj Yp ( sup [U(s)|2V sup

s€[0,t] s€[0,t]

1/2
. 2
U(J)(S)Hg > M)

1/2
_ 1/2 o 2
<2 (00’4 + 684) + 054)00’4 + 654)T> P( sup |U(s)|5V sup HU(J)(S)H > M .
s€[0,T] s€[0,T] 2

As for the second term, we have thanks to the Markov inequality and Lemma 4.4,

. . 2
P ( sup [[09 ()" sup Us)) > M> <P ( sup [[09)(s)]| > M) +P ( sup [[U(s)[l3 > M>

s€[0,T] s€[0,T] s€[0,T] s€[0,T]

1
< —E
- M

s [096)],
s€[0,T]

+P< sup [[U(s)|3 2M>

s€[0,T]
+P| sup ||U(s >M| — O.
L (Sew (5)]2 >M

As a consequence,

lim limsup sup E [“I_J(j)(t) H <J)<t} =0. (85)

M—=o0 jsoo tel0,T]

Step 6. Conclusion. In the end, from (79) and (84), we have for every M > 0,

_ 2 2
limsup sup E [HU(J)(t) —U(t)H } <limsup sup E [HU(J) (t)H 1 <J‘><t] :
j—oo t€[0,T] 2 j—oo  t€[0,T] 2 P>

Thus, letting M — +oo and applying (85) yields the wanted result. |

5. NUMERICAL EXPERIMENTS

In this section, we provide numerical experiments to illustrate Theorems 1.5 and 1.7. All the experiments in this section
are performed on the Burgers equation, i.e. the flux function is set to be A(u) = u?/2. Moreover, we will also fix the
following set of parameters: v = 107°, ug = 0, gi(z) = cos(27kz) for k = 1,...,4 and gy = 0 for k£ > 5. The implicit
equation in (15) is solved numerically by use of the Newton-Raphson method.

5.1. Stationarity. We seek here to give a numerical illustration of the stationarity of the Markov chain (UN-A%), oy
defined by (15) (in all this section, the number of cells and the time step will always appear as a superscript in the
solutions). As already mentioned in Remark 1.9, by virtue of Birkhoff’s ergodic theorem, for any test function ¢ : RY — R
such that ¢ € L'(vy a¢) and any random variable V ~ vx a, the process (UN-A), oy shall satisfy

n—1
Y, = % S (Uf“t) 25 Blp (V).
=0

In Figure 5.1, we record the values of the sequence (Y;,),,>1 up to the iteration 7 = 10, with the following set of parameters:
At =103, N =512, ¢ = cos(] - ||2)- In particular, the time interval considered here is the interval [0, 10].
The stationary state seems to be reached approximately at time ¢ = 3.

5.2. Convergence in space. In the following experiment, we aim to retrieve numerically the convergence result of
Theorem 1.7 as N tends to infinity and for a fixed time step. Instead of computing directly the Wasserstein distance, we
compute the strong L? error with respect to a reference solution computed with N,of = 2!!. More precisely, we record in
Figure 5.2 the values of

Niet 2 1/2
NAt _ Nmf,At
(28 S (g, o)) -
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F1GURE 1. Ergodic mean of the process (go (Ug’m))neN.

as N takes values in {23,2% ..., 210} For 7 sufficiently large, the discrete processes aim to be close to their stationary
state and thus, the value (86) is meant to be an upper bound of the Wasserstein error approximation of the invariant

measure [
= Nro 2\ /2 1/2
Z Z N At _ UNrcf7At ~E H (O) nAt) —Uu (ﬁAt)‘ ’
2 Noot . rcf@ 1) +1,n in LZ(T)

> W, (£ (uf) (7A0)) . £ (u(aAD))

~ W (ng(f))aﬂ) .

Here, the other parameters are set to: At = 1072, i = 10

Slope 1/2

1071 1

L™2 Error

X

T T T
10! 102 103
N (Number of cells)

FIGURE 2. Strong error convergence at a large time with respect to N

The result shows that the convergence in space happens at an order of at least 1/2.

5.3. Convergence in time. We apply the same procedure to study the convergence with respect to the time step At.
A reference solution is computed for the time step At = 2711, and for a number 7 = 10 x 2! of iterations, we compute
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the following L? error

A1 2\ /2
l E UNAt — UN-Abrer
n \_nAtmfAt_lj n 2 ’
n=0

which is supposed to be an upper bound of the Wasserstein distance error between the respective invariant measures
for (11) and for (15):

971/2

)

1 & N,At N, Aty
(13 03 o
n=1
N,At N,Atyer
> Wa (£ (UNAL ary) £ (U025))

~ Ws (Vn,at, UN) -

N\ /2
- N,At _ 17V Atrer
2> NE{HUMA%@“J Y

This error is evaluated when At takes values in {274,275, ... 2710} and for N = 256.

—— L™2 Error
Slope 1/2

L™2 Error

107 4

1073 1072
Delta t (Time step)

FIGURE 3. Strong error convergence at a large time with respect to At

A rate of convergence of 1/2 also stems from this experiment.

5.4. Burgulence estimates. Endowed with the Burgers flux function, Equation (1) may be interpreted as a one-
dimensional and simplified version of the Navier-Stokes system, and as such, it is considered a toy model for turbulence
(the so-called burgulence, see for instance [6, Chapter 1] or [20, 21] in this prospect). According to the turbulence theory
dating back to Kolmogorov, universal properties emerge as a turbulent dynamical system approaches its stationary state.
Here, we will try to recover numerically two of these properties which, in a framework close to Equation (1), have been
proved rigorously in Boritchev’s work [6]. The first one concerns the decay rate of the energy spectrum. Let u be an
L3(T)-valued random variable whose distribution is the invariant measure p of the process associated to (1), and let
denote, for any k > 1, the k-th Fourier coefficient of w:

Ug :z/u(x)efzi”kzdm.
T

Here, we call energy spectrum the function E defined for all k& > 1 by E(k) := E[|ax|?]. This function satisfies a specific
decay rate [6, Theorem 4.7.3] up to some averaging around the neighbour coefficients of k. For any k > 1 and any
M > 1, we set Sk ar = [M 'k, Mk] NN which defines a set of neighbours of k. We now state the result contained in [6,
Theorem 4.7.3]:

Proposition 5.1. There exists an interval I C [0,1], called the inertial range, such that

1
— § E(j) ~ k2 kFlel
’ JESK, M
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FIGURE 4. Decay rates for the energy spectrum (left) and for the flatness (right).

Here, x ~ y means that there exists a constant C' > 0 such that C~'y < x < Cy. The inertial range I is defined with
more details in [6, Section 4.6]. To give a physical interpretation of this interval, it corresponds to the range of scales
in which the energy of the system is transported from large scales to smaller ones. If we write I = [a, ], the inertial
range is positioned between the energy range [3,1] containing the large scales, which in our case are generated by the
stochastic forcing, and the dissipation range [0, o] containing the small scales dissipated by the viscous term. In particular,

« depends linearly on v.
The second universal property of interest concerns the flatness, that is the function F' defined by

_E [ lu(z + 1) — u(z)|*dz]

= , leT,
E[f;lu(z+1)— u(x)|2dx}2

F():

where v is a random variable with distribution p. The flatness aims to be an indicator of the spatial intermittency in the
turbulent system described by (1). A decay rate for F' in the inertial range is provided in [6, Corollary 4.6.9]:

Proposition 5.2. Let I be the inertial range from Proposition 5.1. Then,
F()~171, lel.

From (15), we computed the numerical approximations of the energy spectrum and the flatness. These computations
are plotted in Figure 4. More precisely, we used the following respective approximations:

n—1
1 - 2 N

4

j € Z/NZ.

1 n—1 1 N N,At N,At
7 ( j ) % ano N Zi:l ‘Uiﬂ‘,n - Ui,n

29
_ 2
1 —7a—1 1 N N,At N,At
n E N Zui=1 ‘U‘ - U; ‘ )

itjn = Yin

Here, IAJ,IX At is the discrete Fourier transform of UY-A*  which we computed using an FFT algorithm from the Python
library numpy.fft (v1.17). In both experiments, we have taken N = 256, At = 1073, and 7 = 10000.

The result of Proposition 5.1 seems recovered as the slope of the energy spectrum tends to behave like k=2 in some
sub-interval of [0,1]. As regards the flatness, for intermediate scales, a decay rate varying from the order —3/2 to the

order —1 is observed.
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APPENDIX A. PROOFS

Proof of Lemma 2.1. Let m = 0. Let p € [1, +0c0) and let u € RY be as in the statement. We have

P 1 1
D(O) - i p _ i p
H Nup Nuz>:o|u| +Nuz<:0|u|
<L > Jui —ug Py = > fus = ui, [P
1 N 1 N
Sy Nl m w5 D ONTT Y fug —wl?
u; >0 j=1 u; <0 j=1
1 N P
1
= <= ) IN(uj1 — )| = HDEV)U ;
N & »

where we used the Jensen inequality passing from the third to the fourth line. We just have proved the wanted inequality
when m = 0 but the case m = 1 is proved in the same way. O

Proof of Lemma 2.2. For u € R} and p € 2N*, we have

(D80 Dw) = N3 (5 40 (s =0

=N(p-1) Z (wip1 — uy) /uui+1 (|Z‘P/271)2d2

1 i

N Wit 2
>N(p-1) Z (/ z|p/2_1dz> (by Jensen’s inequality)

_ ‘“V(;’Q‘” i ([+ % (sign (=)=l dz>2

N
2
-T2 Z (Sign (wig1) i |P/* — sign (u;) |Ui|p/2) .

p i=1
We can now apply Lemma 2.1 to the vector (sign (u;) [u;|” / *)N| and eventually, we obtain
N
1 e 1 Alp—1) . 2\2_4(p—1)
(DI (0™, Dy w) > =0 3 (simn () [uil ™) = =2 ul, 0
i=1

Proof of Lemma 2.3. Let u € R} and ¢ € 2N*. Summing by parts and using (12) and (13), we have

N N
Dol (Alwiy i) = Ao, u5)) = =y (U‘fﬁl - Ug_l) A(ui, uirr)
=1 =1
N wi— 1
i+l _
:—Z/ . A(ui,ui_,_l)dz
i=1 7]
Noopuin
> —Z/ i (21/<q—1>’21/<q—1>) 1s
i=1 ug71
N wiTt
[y
i=1 “371
Nl



where A, denotes a function defined on R such that Aj(z) = A2V (a1, O

Proof of Lemma 2.4. (i) Let u,v € R)Y. From the definition of b, we write

N
(sign(u —v),b(u) — b(v)) = — Z sign(u; — v;) (A(us, uit1) — A(wi—1, ui) — A(vi, vig1) + A(vie1,v:))

N
+vN Z sign(u; — v;)(wig1 — 2u; + wi—1 — vigp1 + 205 — vi_1).
=1

By periodicity, both terms of the right-hand side can be summed by parts, which leads to

N
(sign(u —v),b(u) — b(v)) = Z (sign(uit1 — vig1) — sign(u; — v;)) (A(ws, wip1) — A(vi, vig1))
i=1
N
— Z/NZ (Sign(uiJrl — Ui+1) — sign(ui — Uz)) ((ui+1 — ’Ui+1) — (’LLz — 1}1>) .

Observe that since the function sign : R — R is non-decreasing, each term of the second sum is non-negative. As for the
first sum, it follows from the monotonicity property of A that each term is non-positive. Let us address for instance the
case where u; 11 > v;11 and u; < v;. Then, on the one hand, we have sign(u;+1 — v;41) — sign(u; — v;) = 2. On the other
hand, we have

A(Ui7ui+1) - A('Uiavi+1) = (A(Ui7ui+1) - A(Uz‘,viﬂ)) + (A(Ui7vi+1) - A(Ui, Ui+1))

Uiq1 B 4 B
= / 02 A(u;, z)dz — / 01A(z,vi41)dz <0.
Vit1 Usg

The case where u;41 < v;41 and u; > v; is treated symmetrically.
(ii) Let u € RY. We have

N N
(u,b(u)> = — Zul (A(ui,u”l) — /_l(ui,l,ui)) + VNZW(WH —2u; + uifl).

i=1

Lemma 2.3 with ¢ = 2 shows that the first term of the above decomposition is non-positive. Summing by parts the second
term yields the result. O

Proof of Lemma 3.1. (i) The wanted equality follows from standard computations.
(ii) Let us start with the first inequality. We have

H\Ilg\})v — \Pg\?)v‘

im B / (i o ( ) if_vl> Hesta] ) iN ( v ) Lt )@ = i”ﬂmm“)fdm

=1 =1 =1
i/;v v;IN x—i_l +v,_1N|—=—z]—w Qdm
- s 71_\[1 i N i—1 N [
N i
_ _ 2 [V a2
= (vi—vi—1)° | (Nz—i)*dx
=1 117VI
N
1 9 1 1) 2
S S e R



As for the second inequality, we have

2
H\IJE\?)V— \Ilg\(;)VH

L3(T)

2

N ﬁ )
:Z/ (;vm(Nx—i)(Nx—(i—l))—vi(Nx—(i—l))(Nx—(iJrl))Jr1vi1(N:c—z‘)(N:c—(z‘+1))—vi> dz

Noorx o 1 _ o 1 o 1 N\’
Z . §Ui+1(N.’L‘—7,) +§vi+1(Nx—z)—vi(Nx—z) +§vi_1(Nx—z) —§vi_1(Nw—z)

N i 1 1 o 2
32/1_71 (<2vi+1vi+2vi_1> (Nz — 1) > dz

=1 N
N i 1 1 2
+ 3;/iNl ((21)1-“ — 21;1-) (Nz — z)) dz
N i 1 1 2
+3;[}_Vl ((2% - 2vi_1> (Nz — z)) dx
3 2 ¥ N4 3 o 2 ¥ 2
ZZ(”M —2u; +vi_1) / (Nz —1) dx+§ (Vi1 — Vi) / (Nz —i)°dx
i=1 e i=1 e
v [0+ s 8]
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