SCALAR FLAT COMPACTIFICATIONS OF
POINCARE-EINSTEIN MANIFOLDS AND APPLICATIONS

SIMON RAULOT

ABSTRACT. We derive an integral inequality between the mean curva-
ture and the scalar curvature of the boundary of any scalar flat confor-
mal compactifications of Poincaré-Einstein manifolds. As a first conse-
quence, we obtain a sharp lower bound for the first eigenvalue of the
conformal half-Laplacian of the boundary of such manifolds. Secondly,
a new upper bound for the renormalized volume is given in the four
dimensional setting. Finally, some estimates on the first eigenvalues of
Dirac operators are also deduced.

1. INTRODUCTION

In the seminal work [GZ03], Graham and Zworski use scattering theory to
study a family of conformally covariant operators defined on the boundary at
infinity (0X, [g]) of a (n+1)-dimensional Poincaré-Einstein manifold (X, g4 ).
These operators denoted by Paa for g € [g] are usually called the fractional
conformal Laplacians and define pseudo-differential self-adjoint operators of
order 2« for suitable o € C. The simplest example of a Poincaré-Einstein
manifold is the hyperbolic space (H"*!, gr) whose boundary at infinity is the
Mébius sphere (S™, [gs]). Let us explain the construction of these operators
when we consider the upper half-space model of the hyperbolic space

(RE = {(@.y) € R" xR /y > 0}, 91 = 479z

where gr is the Euclidean metric. To avoid technical difficulties, we assume
that 0 < a < 1 and we refer to Section 3 for the general case. For a function
f:R"™ — R, the eigenvalue problem

~Agou—s(n—su=0 in H" (1)

where A, is the Laplacian on the hyperbolic space and s = § + «, admits
a solution of the form

u=Fy" "+ Gy’, F,GeC™X), F,=f
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If gr denotes the restriction to 81&1“ of gr, the maps

I'(a)

where S(s)f = G}, is the scattering operator, define a family of con-
formally covariant self-adjoint pseudo-differential operators of order 2a on
(an QR) :

A typical example of such an operator on R" is the fractional Laplacian.
This is a non local operator of order 2« which can be defined by the singular
integral (suitably regularized)

Pef= daS(g + a) £, dy =2

(=) — f(&)

(=Az)*f(z) = Cna o m

dg

where C), o is some normalization constant. In [CS07], Caffarelli and Sil-
vestre proved that this operator can be defined in an alternative way. More
precisely, for a function f : R™ — R, they consider the extension problem

AU+ 20,U + 9, U =0,  for (z,y) € R, (3)
U(z,0) = f(z), forxzeR"

where U : Rﬁ“ — R and a = 1 — 2« and they prove the remarkable result
that
(—A)f = da lim y*0,U
v a 20 y—)Oy Y

where the constant d,, is defined in (2). This operator can then be thought
as a generalized Dirichlet-to-Neumann operator since for o« = 1/2 this is
precisely the well-known Dirichlet-to-Neumann operator.

Noticing that a function u is a solution to the eigenvalue problem (1) if

and only if the function U := y* "u is a solution of the extension problem
(3), Chang and Gonzalez [CG11] make the fundamental observation that

« [ da : a
Pof=(-Ay)"f= %ilgéy o,U.

This is the key point which allows to generalize this construction in the
context of Poincaré-Einstein manifolds (see Section 2 for precise definitions).
In fact, fractional conformal Laplacians on the conformal infinity (90X, [g]) of
Poincaré-Einstein manifolds (X, g;) can be defined as generalized Dirichlet-
to-Neumann operators on compactifications of (X, g4 ).

On the other hand, in the context of Poincaré-Einstein manifolds, it is
natural to search for relations between the conformal structure of the bound-
ary at infinity and the Riemannian geometry of (X, g4 ). Recently with O.
Hijazi and S. Montiel [HMR19], we proved that the non negativity of the
Yamabe invariant V(90X [g]) (see Section 3) of the boundary at infinity is
equivalent to the fact that the linear isoperimetric

nVol(Q2) < Area(0f2)
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holds for all compact domains 2 contained in X where Vol(€2) and Area(0$2)
denote respectively the volume of  and the area of 92 with respect to
g+. An other characterization was previously obtained by Guillarmou and
Qing [GQ10] and state that Y(0X,[g]) > 0 if and only if the largest real
scattering pole of X is less than § — 1. In the same work, they also show
that the positivity of the Yamabe invariant implies the positivity of the first
eigenvalue of the operator P for all 0 < a <1 and g€ [g].

In this paper, we prove a sharp inequality between the first eigenvalue of
the half-conformal Laplacian Pgl /% and the first eigenvalue of the conformal

Laplacian Pal for any g € [g]. This result particularly fits well with the
last quoted result of Guillarmou and Qing since the positivity of the first
eigenvalue of P is equivalent to the positivity of the Yamabe invariant of
the boundary at infinity. Moreover this estimate is sharp since equality for
a metric in the conformal infinity occurs if and only if the Poincaré-Einstein
manifold is the hyperbolic space. The proof of this result relies on a new
integral inequality (see Theorem 2.1) involving the mean curvature and the
scalar curvature of the boundary of any scalar flat compactifications of the
Poincaré-Einstein manifold. The fact that scalar flat metrics appears nat-
urally in this proof comes from the mere observation that the generalized
Dirichlet-to-Neumann operator associated to the half-conformal Laplacian
via the previous construction has a nice geometric description. Indeed it
precisely deals with the existence, on a compact Riemannian manifold with
boundary which in our situation are the compactifications of (X, g4 ), of a
conformally related metric with zero scalar curvature and constant mean
curvature (see Section 3). As we will see this integral inequality has several
other direct applications. For example, it implies that the only Poincaré-
Einstein manifold which admits a Ricci-flat compactification has to be the
hyperbolic space. This generalizes a recent result of Chen, Wang and Zhang
[CWZ19] where a similar result is obtained under the additional assumption
that the mean curvature is constant. Moreover, in Section 4, we prove a
new upper bound for the renormalized volume of four dimensional Poincaré-
Einstein manifolds and the proof also relies on our main integral inequality.
Finally in the last section, we consider spin Poincaré-Einstein manifolds
and study more precisely the eigenvalue of the boundary Dirac operator
on the conformal infinity. In particular, when combined with a conformal
lower bound of Hijazi, Montiel and Zhang [HMZ02] and the Hijazi inequal-
ity [Hij86], we obtain a new proof of an uniqueness result of Hijazi and
Montiel [HM14] concerning Poincaré-Einstein manifolds whose conformal
infinity carries a twistor spinor (see Theorem 5.1.2). Although our assump-
tions here are in fact stronger than [HM14] it seems interesting to the author
to give an alternative proof of this result. Finally, our previous estimates
on the renormalized volume are used to bound from below the first non
negative eigenvalue of the boundary Dirac operator of four dimensional spin
Poincaré-Einstein manifolds (see Theorem 5.1.3).
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2. AN INTEGRAL FORMULA

Let X be the interior of a (n + 1)-dimensional connected and compact
manifold X with (possibly disconnected) boundary X. Recall that (X, g4 )
is a conformally compact manifold of order C"™* with m > 3 and « €
10,1[ if g4 is a Riemannian metric on X such that the conformally related
metric § = p%g; extends to a C"™“ Riemannian metric on X for a defining
function p of the boundary dX. A defining function is a smooth function
p : X — R which is positive on X, zero on dX and such that dpiox # 0.
There exists actually plenty of defining functions so that a canonical choice
of the metric on the boundary is not possible. However, it is clear that
such compactifications of gy induce a well-defined conformal structure on
the boundary 9X denoted by [g] where § := gjyx. The conformal manifold
(0X, [g]) will be refer to the conformal infinity or to the boundary at infinity
of the conformally compact manifold (X, g;). Moreover, it is a well-known
fact (see [GLI1, Lee95]) for example) that a metric g € [g] on X determines
a unique defining function 7 in a neighborhood of 9.X such that the metric
g = r2g, satisfies Jox = @ and |Vr|? = 1. Here Vr denotes the gradient
of the function r with respect to the metric g whose norm is also taken
with respect to g. Such a function is called the geodesic defining function
associated to g since the integral curves of the vector field Vr are geodesics
orthogonal to the boundary 90X so that the metric g4 takes the form

gy = r2 (dr2 + ﬁr) (4)
in a neighborhood of 0X. Here g, is a one-parameter family of metrics on
0X with 50 = a

If now we assume that g is at least C? and satisfies the Einstein equation

Ricyg, = —ngy

we say that (X, gy) is a Poincaré-Einstein manifold. Note that in this sit-
uation if the boundary at infinity admits a smooth representative then it
follows from [CDLS05] that for any smooth defining function, the metric
G = p’gs is at least of class C*® on X. We will always assume that these
assumptions are fulfilled unless otherwise stated.

In the following, we will denote by g, g or ¢ metrics on the compact
manifold with boundary X = X U0X and by g, g and g their corresponding
restrictions to the boundary 0.X.

Now we prove our main inequality (see Theorem 2.1) which will be of
constant use in this paper. For this, we generalize the arguments used in
[CLW19, GH17, Raul9] largely inspired by Obata [Oba72| in his work on
the uniqueness of Yamabe metrics for Einstein closed manifolds. First, we
remark that if § = p?g, for p a smooth defining function, the formula which
gives the Ricci curvatures of two conformally related metrics (see [Bes08] for
example) leads to

Ricg = —(n—1)p~ V% + (n,o—2(|§p|2 —1) - p—lﬁp)@ (5)
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Here %, V2 and A denote respectively the gradient, the hessian and the
Laplace operator on (X, 7). Taking the trace of the previous identity with
respect to the metric g implies that the scalar curvature Rg of (X, g) is given
by

R; = —an_lﬁp +n(n+ 1)(|§P|2 —-1). (6)

From (5) and (6), we can compute that if the defining function p is a geodesic
one, the boundary 0X of X is totally geodesic with respect to g. This is due
to the fact that the first order term in the asymptotic expansion of g, in (4),
which is precisely twice the second fundamental form of X in (X, g), is zero
by [FG85]. In particular, for any metric g € [g], 90X is a totally umbilical
hypersurface in X with respect to g since this property only depends on
the conformal class of §g. As we will see, this is of great importance in the
following. Now denote by

Ej; := Ricj — nflg

the trace free part of the Ricci tensor which from (5) and (6) can be written
as

o~

E;=—-(n—-1) (@2/) — 71A—p§> (7)

Then for £ > 0 sufficiently small and z € X x [0,e[C X, we let y(z) =
distz(x, 0X) in such a way that the metric takes the form

g=dy’ +7, (8)

where g, is a one-parameter family of metrics on 0X. Moreover, in this
coordinate system, the defining function p has the following expansion

p=y+ 0. (9)
Now we consider

X = {xeX/y(a:) 25},

and we compute using (7) that

co  Ap
/XE plEg[dvg = —(n— 1)/6((V2p— n+1g>,E§>d’U§

= —(n—l)/ (§2p,Eg>dvg

since Fj is trace-free. An integration by parts gives

/X p|E5% dvg = —(n — 1)/ (Vp, gEg) dvg — (n —1) /aX Eg(%p, Ng) dsg
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where & denotes the divergence of a tensor field, dvg (resp. dsg) is the Rie-

mannian volume element of (X,§) (resp. of (0X,§)) and N, is the outward
unit normal to 0X.. From the second Bianchi identity, we deduce that

n—1 =~
2(n+1)VR§

and this implies by letting € — 0 the following general formula

0E; = —

n-1?2 [ o o NP
/X,o|E§|2 dvg = m/){(vp, VR;) dv§+(n—1)/aX E;(N,N) ds;.

Here we used the facts that Vp = 8% + O(y) and that N = _8% is the

outward unit normal along 0X in (X,g) because of (8). If now we assume
that Rj is constant, the previous equality reads as

/_pyE§y2du§ = (n-— 1)/ E;(N,N) ds;. (10)
X X
On the other hand, if Ry denotes the scalar curvature of (0X,g), the Gauss
formula gives

Rg = Ry — 2Ricz(N, N) + n(n — 1)HZ (11)
since 0X is totally umbilical so that the integrand in the right-hand side of
(10) can be expressed as
n—1
n+1

Eg(ﬁaﬁ)zl(

5 Ry — Ry +n(n— 1)H§2>. (12)

Here Hy = %Trg(Lg) is the (inner) mean curvature of 9X in (X,g) defined by
taking the normalized trace of the second fundamental form Lz. Combining
(10) and (12) implies that
n fe—
n+

1 ~

- Ry Vol(0X, §) + /a . (n(n ~1)HZ - fzﬁ) dsg > 0 (13)
for all compactified metrics § with constant scalar curvature. Moreover
equality occurs if and only if the metric g is Einstein. From this observation,

we deduce the main result of this section:

Theorem 2.1. Let (X,g+) be a Poincaré-Einstein manifold which has a
smooth representative in its conformal infinity (0X,[g]). Then for any defin-
ing function p of X such that the scalar curvature Rg of the compactified
manifold (X,q) is zero where § = p>gy, we have

n(n—1) /ax Hg dsg > /aX Ry ds;. (14)

Moreover, there exists a compactification of (X, g ) for which (14) is an
equality if and only if (X, g4) is isometric to the hyperbolic space (H" 1, gi).
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Proof. The integral inequality (14) follows directly using (13) for any scalar
flat compactification (X, ) of the Poincaré-Einstein space (X, g1 ). If equal-
ity occurs, it follows from (10) and (12) that Ej; vanishes on X and since §
is scalar flat it has to be Ricci-flat. In particular, we have

n(n—1)Hz = Ry. (15)
From (7), we also deduce that p satisfies the boundary value problem
/\2 . l/\ —
{ Vp—nﬂ:q\ on X (16)
plox =0, N(p)ax =—1 on 09X

where the boundary conditions follow from (9) and the fact that on 0.X, it
holds that N = —a%. Now from the Ricci identity and the first equation in
(16) we compute that

n -~ ~

n+1V(Ap) =0

and then ﬁp is constant on X. We claim that Hyj is a non zero constant.
For this, it is enough to recall that for all f € C?(X) it holds on 0X that

Af=Kf+V2f(N,N)+nH;N(f)

where Z& denotes the Laplacian on (0X,g). With the help of (16), the
previous formula for f = p yields

N Ap
— — nH-
p n+1 nHg
that is
Ap=—(n+1)H; (17)

at all points of dX. Since ﬁp is a constant, the mean curvature has to
be constant. If this constant is zero, the defining function is a harmonic
function which vanishes on the boundary and so it has to vanish on the
whole of X. This gives a contradiction and then Hj is a non zero constant
as well as Ry because of (15). Now using the Stokes formula in (17) and

since N(p) = —1 on 80X, we deduce that
-~ 1 Vol(0X,9)
Y7 n+1 Vol(X,g)

Since (X,9g) is also Ricci-flat, it follows from [Xia97, Lemma 1] that this
compactification is isometric to a Euclidean ball. The Poincaré-Einstein
manifold (X, g¢4) has to be the hyperbolic space. Conversely it is obvious
to check that the unit Euclidean ball (B"*!, gg) is a compactification of the
hyperbolic space (H"*!, gi) for which inequality (14) is an equality. q.e.d.
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Remark 2.1. [t is easy to see from (13) that Theorem 2.1 also holds if we
only assume that the compactifications of the Poincaré-FEinstein space have
non positive constant scalar curvature.

Remark 2.2. We can also note that the only compactifications of the hy-
perbolic space for which (14) is an equality are the metrics homothetic to
the Euclidean metric on the unit ball. Indeed, it follows from the proof of
the equality case of Theorem 2.1 that such a compactified metric has zero
scalar curvature and positive constant mean curvature. From [Esc90, The-
orem 2.1], we conclude that this metric is a constant multiple of the flat
metric on the unit ball.

As a direct consequence, we obtain the following rigidity result for the
hyperbolic space which generalize a recent result of [CWZ19, Theorem 3.2].
It is interesting to note that no restriction is made on the conformal infinity.

Corollary 2.1. The only Poincaré-FEinstein manifold which has a smooth
representative in its conformal infinity and which admits a Ricci-flat con-
formal compactification is the hyperbolic space.

Proof. Note that if g is a Ricci-flat compactification it is scalar flat so that
Inequality (14) holds. On the other hand, the Gauss formula (11) implies
that this inequality is in fact an equality and then the rigidity part of The-
orem 2.1 allows to conclude. q.e.d.

It is important to remark that if we allow the Poincaré-Einstein manifold
(X, g+) to have singularities such as cusps one can easily produce examples
with Ricci-flat compactifications (also with singularities) which are not iso-
metric to the hyperbolic space. Indeed, it is well known that the hyperbolic
cusps defined by the warped products

(X =R x P, g, = ds* + €*°g)

where (P, §) is a n-dimensional compact non-flat Ricci-flat Riemannian man-
ifold are Einstein manifolds with scalar curvature equals to —n(n+1). Then
defining a new variable t € RT as t = €%, we obtain

g=e g =dt’ +3
so that the Ricci-flat metric dt? +g extends to [0, +o00[x P. We conclude that
a hyperbolic cusp is a Poincaré-Einstein manifold with (P, [g]) as conformal
infinity and a cusp singularity at s = +00 which has a Ricci-flat compactifi-

cation with one cylindrical end and which is not isometric to the hyperbolic
space.

3. SHARP LOWER BOUND FOR THE FIRST EIGENVALUE OF THE
CONFORMAL HALF-LAPLACIAN

In this section, we apply Theorem 2.1 to prove a sharp inequality relating
the squared of the first eigenvalue of the conformal half-Laplacian and the
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first eigenvalue of the conformal Laplacian of the boundary at infinity of a
Poincaré-Einstein manifold.

Let first recall the relation between the conformal half-Laplacian and
the generalized Dirichlet-to-Neumann operator which was studied by Es-
cobar [Esc92a]. This correspondence was established by Guillarmou and
Guillopé [GGO7] in this situation and largely generalized in Chang and
Gonzalez[CG11].

From the work of Graham and Zworski [GZ03], it is well-known that for f
a smooth function on 9X and s € C, there exists a solution to the problem

—Ag u—s(n—s)u=0in X (18)
such that
w=Fr""+Gr’, F,GeC®X), Fo_o="1, (19)
for all s € C with
Re(s) > g, s(n—s)¢op(—Ay,), s¢ g +N.

Here o,(—Ay, ) denotes the pure point spectrum of the Laplace operator
—Agy, on (X,g4+) and 7 the geodesic defining function corresponding to a
boundary metric g € [g]. The scattering operator acts on C*(0X) by

S(S)f = G\T’:O

and defines a meromorphic family of pseudo-differential operators for Re (s) >
n/2 with simple poles of finite rank at s = n/2 4+ k, k € N. The operators

P = da5<g + a), (20)

where the constant d,, is given in (2), are conformally covariant self-adjoint
operators of order 2o with principal symbols (—Ag)®. They are usually
referred to as fractional conformal Laplacians. When « € N is an integer, it
can be shown that

Res /210 S(5) = CaPS, o = (—1)*(2%%l(a — 1))

are the GJMS operators constructed in [GIMS92].
For a = 1 we recover the classical conformal Laplacian given by

S n—2 .

By=F = A+ i(n = 1)}29.
This operator appears in the famous Yamabe problem which consists to
prove that, on a closed Riemannian manifold the metric can be conformally
deformed to a metric with constant scalar curvature. This problem has a
long and fruitful history and we refer the interested reader to [LP87]. Its
resolution relies on a deep study of the Yamabe invariant, which in our
situation, is defined by

Jox Radsg

n—2"°
n

Y(0X,[g]) := inf

| (21)
5eld Vol(0.X, 5)
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This number is a conformal invariant of (0X,g) and so is its sign. As re-
called in the introduction, we remark that the non-negativity of the Yamabe
invariant has deep consequences on the topology and the Riemannian struc-
tures of the associated Poincaré-Einstein manifold. It is also important to
notice that this sign is precisely given by the one of any of the first eigen-
value of P for @ € [g]. Moreover, it satisfies the following inequality due to
Aubin [Aub76]

2

V(OX, [§l) < V(S lgs]) = n(n — i (22)
and if Y(0X,[g]) > 0 it holds that
yox.fg) = = int (n(pvoox.§)?). (23)

For a = 1/2, we obtain the so-called conformal half-Laplacian which for
obvious reasons will be denoted by \/ﬁﬁ. As noticed by Guillarmou and
Guillopé [GGOT7], this operator is tightly related to a generalized Dirichlet-
to-Neumann operator defined using the conformal Laplacian of any com-
pactification (X, ) of the Poincaré-Einstein manifold (X, g, ). Indeed first
note that the existence of a solution u of the eigenvalue problem (18) for

s = (n+1)/2 is equivalent to the fact that U = p_%u satisfies

n—1
1 R;U =0,

n

~AU +

for § = p%g.. On the other hand, if r denotes the geodesic defining function
associated to g, we can compute that

p=r— Hz?+0(r?).
Combining with (19) yields to

v=f+ (st

and then since d;/, = —1 we conclude from (20) that

VES) = (R(U) + " HU)

where N is the unit outward normal to 9X for g. In particular u is an
eigenfunction associated to the first eigenvalue \;(/P;) of \/P; if and only
if the associated U satisfies

{ :ﬁU—l—Z—;LleU:O on X

)f+ n;1H§f>r+O(r2)

24
NU)+ 5 U = M (JT)U  on OX. @)
It is important to note here that as noticed in [Esc94] this eigenvalue can
be —oco. However if we assume that the boundary has non negative Yamabe
invariant then A;(y/P;5) is also non negative by [HM14, Corollary 5]. In the
following, we will always assume that this assumption is fulfilled although
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we could only assume the finiteness of this eigenvalue for our results to hold.
Anyway thanks to this characterization, we are now able to prove:

Theorem 3.1. Let (X,gy+) be a Poincaré-FEinstein manifold which has a
smooth representative in its conformal infinity (0X, [g]). Then if the Yamabe
invariant Y(0X,[g]) is non negative, the first eigenvalue of the conformal
half-Laplacian satisfies

n—1)2
Ny Fy)? = %M(Pg) (25)
forn >3 and

MG 2 e gy YY) (26)

for n =2 and for any g € [g]. Moreover, there exists a compactification of
(X, g4) for which equality occurs in one of these inequalities if and only if
(X, gy) is isometric to the hyperbolic space (H" 1, gy).

Remark 3.1. Here x(0X) denotes the Euler characteristic of the surface
0X. In this situation, the non negativity of the Yamabe invariant Y(0X, [g])
reduces to the topological assumption x(0X) > 0 by the Gauss-Bonnet for-
mula.

Proof. Let g be a conformal compactification of (X, g+). Then consider a
smooth positive eigenfunction U € C*°(X) associated with A;(,/F;) which
therefore satisfies (24). From the relations between the scalar and the mean
curvatures of two conformally related metrics (see [Esc92a] for example),
4
the metric g := Un-17 satisfies
2

Rg =0 and Hg = m
so that we can apply Theorem 2.1. Then the inequality (14) and the second
equality in (27) give

4n 2 on=2
2. n— ~ > _ o
xRy /BXU g > /é)XRgdsg (28)

since dsz = U = dsg. Inequality (26) follows from the Gauss-Bonnet for-
mula if n = 2. For n > 3, we write g = ﬁ%’g\ with U = Uz_j and then

e — 4(n—1)

so that Inequality (28) finally reads

My PU (27)

U 2P
n—2 9

~ _ 1)2 ~  ~
)2 2 d6 > L/ ). -
A1 (4 /Pg) - Udsg > nn—2) Jox UPRU dsg

We conclude the proof with the Rayleigh characterization of the first eigen-
value A\1(P;). If equality occurs the metric g is such that (14) is an equality
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so that the rigidity part of Theorem 2.1 applies. Conversely, it is straight-
forward to see that on the round sphere (S™,gs), the non zero constant
functions are eigenfunctions for Py and \/P_QS associated respectively to
n(n —2)/4 and to (n — 1)/2. This implies that the unit Euclidean ball is
a scalar flat compactification of the hyperbolic space for which (25) is an
equality for n > 3. On the other hand, since x(S?) = 2, equality also holds
for (B3, gg) in (26) and then the same conclusion is true for n = 2.  q.e.d.

Now recall that the eigenvalue problem (24) is tightly related to a Yamabe-
type problem on manifolds with boundary and first addressed by Escobar
in [Esc92al. This problem asks for, given a smooth compact Riemannian
manifold with boundary, the existence of a conformally related metric with
zero scalar curvature and constant mean curvature. This is a deep and very
difficult problem which is now completely solved and we refer to [MN17]
where the interested reader will be able to find a complete bibliography on
this problem. As in the closed case, its resolution needs the deep study of
a conformal invariant similar to the Yamabe invariant (21) which is defined

by
— . H;ds;
E(X,[g]) == inf faX—gAé (29)
9€(gst VOI(@X,Q) n

where

[9lst == {9 € [9]/ R = 0}.

It is useful for our purpose to recall that this invariant satisfies
1

E(X,[9) < EB™, [g8]) = wi (30)

by Escobar [Esc92al.

As a direct application of Theorem 2.1, we also obtain a sharp inequal-
ity which relates the conformal invariants Y(9X,[g]) and &£(X,[g]). This
result was already proved by the author in [Raul9] and by [CLW19] under
additional assumptions.

Corollary 3.1. Let (X, g4) be a Poincaré-Einstein manifold with a smooth
representative in its conformal infinity and such that Y(0X,[g]) > 0. Then
if the dimension n > 3, we have

n(n—1)E(X, [g))* > Y(0X, [g)) (31)
and if n = 2,
E(X.[g)* > 2mx(0X). (32)

Equality occurs if and only if the boundary at infinity is the Mdbius sphere
(S™, [gs]). In any case, (X, gy ) is isometric to the hyperbolic space (H" ', g).

Proof. From the previous discussion, there exists a metric g € [g] such that

R;=0, Hg=&(X,[g) and Vol(9X,3) =1
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for which Inequality (14) gives immediately (31) and (32). The result follows
directly from the expression (21) of the Yamabe invariant Y(0X,[g]). If
equality occurs, the equality is also achieved in (14) for the metric g and
thus the rigidity part of Theorem 2.1 allows to conclude. Conversely if the
boundary at infinity is the Mdbius sphere (S”, [gs]) it follows from (22) and
(30) that equality holds in (31) and (32) and so equality is also achieved in

(14) for a compactified metric on X. We conclude that (X, g ) has to be
the hyperbolic space by Theorem 2.1. q.e.d.

Note that this corollary contains the well-known uniqueness of the hy-
perbolic space as the unique Poincaré-Finstein manifold whose boundary at
infinity is the MGbius sphere.

4. UPPER BOUNDS FOR THE RENORMALIZED VOLUME IN DIMENSION 4

In this section, we will see that our main integral inequality (14) allows
to obtain a new upper bound for the renormalized volume in term of the
Yamabe-type invariant €(X, [g]).

The volume of a Poincaré-Einstein manifold being infinite, it has been
suggested by several works that an appropriate normalization should lead
to the definition of an adapted notion of volume. This has been achieved
by Henningson and Skenderis [HS98] and Graham [Gra00] as follows. Here
we only consider the four dimensional case. It appears that if » denotes
the geodesic defining function relative to g € [g], then for ¢ > 0 sufficiently
small, we can compute that

Volg, ({r > e}) = coe™® + coe™ ' + V(X, 94) + o(1).

The coefficients c;, j = 1,2, are integrals over 0X of local curvature expres-
sions of the metric g and the constant term V(X g, ) is called the renormal-
ized volume of the Poincaré-Einstein manifold (X, g+ ) and does not depend
of the choice of g. An important observation by Anderson [And01] is that
this renormalized volume appears in the Chern-Gauss-Bonnet formula in
the four dimensional case. This is in fact true in the n-dimensional case
with n odd by the work of Chang, Qing and Yang [CQYO06]. Let us sketch
the proof of their result in the four dimensional case. First recall that the
Chern-Gauss-Bonnet formula on a four dimensional compact Riemannian
manifold with boundary (X,g) can be written for g € [g] as

- 1
87r2x(X):Z/_]Wg\zdvg—k/_divg—FQ/ (L + T;)dsg
X X 0X

where W5 is the Weyl tensor and Q5 and Tj are respectively the Q-curvature
and the T-curvature of the metric g which are defined by

1 . ~
Qg = §(BF—3|Rics|” — ARy)
1 ~ 1 1 ~
Ty = N(By) + SRgHy — (Fy, Lg) + 3H3 — gng(Lg) — AH;.
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Here Fj is the covariant symmetric tensor field of order two on 0.X defined
by

F5(Y, Z) = Riemg(X, N, Y, N)

for all Y, Z tangent vector fields to 0X and where Riemj is the Riemann
tensor of (X, g). Moreover the function £ is a pointwise conformal invariant
which vanishes when the boundary is totally umbilical. Since this property
is fulfilled for any compactification of a Poincaré-Einstein manifold, we can
assume without loss in generality that £; = 0. For the same reason, the
T-curvature reduces to

1 ~ 1 PN -
Ty = 5 N(Rg) + 3 Hy(Ry — 2Ricg(N,N)) +2H} — KHz,  (33)
and the Chern-Gauss-Bonnet formula then reads
1 .
sr2x(X) = 4 /Y (W2 dvg + Q(X. ), (34)
where

Q(Y, g) = /_Q§d1)§+2/ ngS/g\
X 0X

is the total Q-curvature of (X,g). Note that from the topological invariance
of the Euler characteristic and the conformal invariance of the Weyl tensor,
we immediately deduce the conformal covariance of the total @-curvature
that’s why it will be denoted by Q(X, [g]) from now.

On the other hand, Feffermann and Graham [FG02] proved that there
exists a unique function v € C*°(X) such that

—Ag v=3
and with the asymptotic
v=logr+ A+ Br?

where A, B € C*(X), even in r such that Ajyx = 0. Here r denotes the
defining function associated to the metric g in the conformal infinity. Then
they related the value of B on the boundary with the renormalized volume
by the very nice formula

V(X.g0) = [ Boxdss (35)
0X
In addition to this, it can be computed that for the compactified metric
g = e?Yg, it holds that
Qg =0 and Tg = 3B|8X
so that the formula (34) for g and (35) give

— 1
30 (X) = 1 [ Wyl dug +6V(X.g0). (36)
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Moreover, since the L?-norm of the Weyl tensor is conformally invariant, we
obtain the following formula by comparing (34) and (36):

Proposition 4.1. Let (X,g+) be a four dimensional Poincaré-Einstein
manifold then we have

V(X.g5) = sQ(X. [5). (37)

Note that this formula was already known for totally geodesic compact-
ifications in relation with the og-scalar curvature (see [CQYO06]). Here we
just observed that it holds for any compactifications of a Poincaré-Einstein
manifold. It was also noticed in [And01] that when this formula is compared

o (34), it implies the following upper bound for the renormalized volume

472
V(X,94) < TX(X)

with equality if and only if (X, g4 ) is hyperbolic. Note that for the four
dimensional hyperbolic space, it is not difficult to compute that
472
V(H, gu) = 3 (38)
In this section, we first prove an upper bound for the renormalized volume
in term of the Yamabe-type invariant introduced by Escobar in [Esc92b].
This result is probably well-know but I didn’t find it explicitly in the liter-
ature that’s why a proof is included here. The Yamabe-type invariant we
consider is defined by

- — R~ duv~
EX )= mp JxfaM
[ }mf Vol(X g) 7L+1
where

[9)me = {9 € [9] / Hz = 0}.

It is naturally associated to the problem of proving, given a smooth Rie-
mannian manifold with boundary, the existence of a conformally related
metric with constant scalar curvature and zero mean curvature. This ques-
tion was first addressed in [Esc92b] and has recently been settled in [MN] (in
which the interested reader will be able to find a complete bibliography on
the subject). In our context, that is the four dimensional case with totally
umbilical boundary it has been completely solved by Escobar in [Esc92b,
Theorem 4.1]. We then prove:

Theorem 4.1. Let (X, g+) be a four dimensional Poincaré-FEinstein man-

ifold which has a smooth representative in its conformal infinity. Then the
renormalized volume satisfies

V(X.g1) < & 2 39

(X,9:) < TE(%.[9)) (39)

and equality occurs if and only if (X, g4) is isometric to the hyperbolic space

(H*, gmr).
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Proof. From the formula (37) in Proposition 4.1, we have

V(X,9+) = %/

()

2479

since Lz = 0 for any g € [g]m¢. In particular for such metrics it holds that

1
V(X91) < 17 [ Rbavg (40)

with equality if and only if the metric g is Einstein. Now as explained in
the beginning of this section, it follows from the work of Escobar that one
can find g € [g] such that

R;=E&(X,[g]), H;=0 and Vol(X,g)=1.

Since the boundary of any compactification of a Poincaré-Einstein manifold
is totally umbilical, it is totally geodesic for g since g € [g]ms. Then we
can apply (40) to g and (39) follows directly. If equality holds, the manifold
(X, 9) is a compactification of a Poincaré-Einstein manifold which is Einstein
with totally geodesic boundary, it follows form [CWZ19, Theorem 3.1] that
(X, g+) is the hyperbolic space. On the other hand, since from [Esc92b], it
holds that

E(SY [gs]) = 8v/3m,

it is obvious from (38) that the round hemisphere is a compactification of
the hyperbolic space for which the inequality (39) is an equality. q.e.d.

Remark 4.1. It is also a well-known result of Escobar [Esc92b] that
E(X,[g) < &S, [gs]) = 8V3m

with equality if and only if (X, [g]) is the four dimensional round hemisphere
(S4,[gs]). In particular the inequality (39) gives an alternative proof of the
well-known inequality [CQY04]

472

with equality if and only if (X, g+ ) is isometric to the hyperbolic space.
As a direct consequence, we easily deduce:

Corollary 4.1. Let (X, g+) be a four dimensional Poincaré-FEinstein mani-

fold which has a smooth representative in. its conformal infinity. If €(X,[g]) =
0 then the renormalized volume of (X, gy) satisfies V(X,g4) < 0.

It is then a natural question to ask if one can relate the renormalized
volume with the Yamabe-type invariant £(X, [g]) defined by (29). We will
see that this is indeed possible but the proof is much more involved since
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it relies on the integral inequality (14). First note that the Gauss formula
(11) in the expression (33) gives

L= N(RA) + HA< 5 — 6HA) +2H2 — AH;.
Then if g € [g]s, Proposition 4.1 implies that
2
V(X,9+) / |Ricg|* dvg + / g(ﬁﬁ - 6H§2> dsg + —/ Hg’ dsg
3 Jox
that is
2 3 1 2
5 Hdsz VX +g | 1 (612 — R5) dsp. (42)

with equality if and only if g is a Ricci-flat metric. Now it follows from
[Esc92a, Theorem 6.1] that there exists g € [g] such that

R; =0, H;=¢&(X,[g]) and Vol(0X,g) =1,
and for which the inequality (42) reads as

SEE)° = V(Xog)+ g8l [ (61— Rg) s

Since g € [glsr, the inequality (14) applies so that the second term in
the right-hand side of the previous inequality is non-negative as soon as
E(X,[g]) > 0. We then finally obtain:

Theorem 4.2. Let (X, gy) be a four dimensional Poincaré-Einstein man-
ifold which has a smooth representative in its conformal infinity. Then if
Y(0X,[g]) > 0 it holds that

V(X,g:) < SE(X, [g))" (13)

Moreover equality occurs if and only if (X, g+ ) is isometric to the hyperbolic
space (H*, gr).

Proof. The previous discussion holds since, as explained in Section 3, the
non negativity of Y(0X, [g]) implies the non negativity of £(X, [g]). On the
other hand, if equality holds in (43) we conclude that (X,3) is a Ricci-flat
conformal compactification of the Poincaré-Einstein manifold (X, g, ) and
so Corollary 2.1 implies that it has to be the hyperbolic space. Finally, since
from (30) we have

E(BY, [g8])° = 2n°,
it follows from (38) that the unit Euclidean ball is a compactification of the
hyperbolic space for which the inequality (43) is an equality. q.e.d.

Note that combining (30) with (43) gives an alternative proof of the in-
equality (41).
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5. LOWER BOUNDS FOR THE FIRST EIGENVALUE OF DIRAC OPERATORS

In this section, we prove new lower bounds for the first non negative
eigenvalue of Dirac operators in the context of Poincaré-Einstein manifolds.

Let us briefly recall some standard facts on spin manifolds. For more
details on this subject, we refer to [BHM™ 15, Fri00, Gin09, LM89]. On a
(n + 1)-dimensional compact Riemannian spin manifold (X, g) with bound-
ary, there exists a smooth Hermitian vector bundle over X called the spinor
bundle which will be denoted by X X. The sections of this bundle are called
spinors. Moreover, the tangent bundle TX acts on X by Clifford multi-
plication Y ® ¢ — (Y )¢ for any tangent vector fields Y and any spinor
fields . On the other hand, the Riemannian Levi-Civita connection v lifts
to the so-called spin Levi-Civita connection (also denoted by @) and defines
a metric connection on ¥ X that preserves the Clifford multiplication. The
Dirac operator is then the first order elliptic differential operator acting on
the spinor bundle XX given by Dy = 70§. Moreover, the spin structure on
X induces (via the unit normal field to 9X) a spin structure on its boundary
which allows to define the extrinsic spinor bundle § := EY@ x over 0X on

which there exists a Clifford multiplication 4 and a metric connection V.
Similarly, the extrinsic Dirac operator is defined by taking the Clifford trace
of the covariant derivative Y that is [0z := 7oY. From the spin structure on
0X, one can also construct an intrinsic spinor bundle for the induced metric
g denoted by ¥0X and endowed with a Clifford multiplication 79X and a
spin Levi-Civita connection V?X. Note that the (intrinsic) Dirac operator

on (0X,g) is obviously defined by lAD = 79X o VX, In fact, we have an

isomorphism
(5 % ;;) _f (zox, @aX,‘y\ax) if n is even
P (20X, VX 9N ¢ (R0X, VOX, 39X if nis odd

so that the restriction of a spinor field on X to X and the extension of a
spinor field on X to X are well-defined. These identifications also imply in
particular that the spectrum of the extrinsic Dirac operator is an intrinsic
invariant of the boundary which means that it only depends on the spin and
Riemannian structures of X and not on how it is embedded in X.

As noticed in [AD98, HM14], it is important to pay attention to the
involved spin structures. Since a Poincaré-Einstein manifold is topologically
given by the interior of a compact and connected manifold with boundary,
we will say that X is spin if the manifold with boundary X = X U 0X is
spin and then 0X will always be endowed with the induced spin structure.

5.1. The boundary Dirac operator. In this part, we apply our results
to the first non negative eigenvalue of the boundary Dirac operator [g. In
view of the previous discussion, all the next results also hold for the absolute
value of the first non zero eigenvalue of the intrinsic Dirac operator. For this,
we need an inequality proved by Hijazi, Montiel and Zhang in [HMZ02] in
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the context of compact Riemannian spin manifolds with boundary which
relates this eigenvalue, denoted by A1([)g), and the first eigenvalue of the
problem (24). In our setting, we can refine the equality case and state their
result as follow:

Theorem 5.1.1. Let (X, g4) be a spin Poincaré-Einstein manifold which
has a smooth representative in its conformal infinity (0X,[g]). Then if the
Yamabe invariant Y(0X, [g]) is non negative, the first eigenvalue \1(Dg) of
the boundary Dirac operator satisfies

N(Pg) = ——=Ni(y/Fy) (44)

n—1

for any g € [g] with g = p*gs and p is a smooth defining function. Moreover,
there exists a compactification of (X, g4) for which (44) is an equality if and
only if (X, gy+) is isometric to the hyperbolic space (H" 1, gy).

Proof. The inequality is exactly the one obtained in [HMZ02, Theorem 9]
(the constant is different because of our choice of normalization). Moreover,
if the equality occurs in (44) it is proved in the same result that the man-
ifold (X,g) has a Ricci-flat metric in its conformal class. In this situation,
Corollary 2.1 applies and the conclusion follows immediately. Conversely,
it is well-known that \i(/Dg;) = n/2 on the unit round sphere as well as
M (y/Py;) = (n—1)/2, so that equality occurs in (44) for the unit Euclidean
ball. In this situation, the associated Poincaré-Einstein is the hyperbolic
space. q.e.d.

Remark 5.1.1. In [CWZ19], the authors note that the main inequality in
[HMZ02] was proved for manifolds with boundary whose boundary is an in-
ternal hypersurface. This is due to the fact that it relies on the unique
continuation property which is well-known to hold in this situation. How-
ever, from [BBLO09, Section 1.2] this property also hold if we assume that the
hypersurface is the “true” boundary of the manifold so that Inequality (44)
holds in our situation (and in fact for all compact manifolds with boundary
as soon as the other assumptions in [HMZ02, Theorem 9] are fulfilled).

Now if we assume that the Yamabe invariant Y(9X, [g]) of the boundary
at infinity is non negative, which implies that £(X, [g]) > 0 as discussed in
Section 3, we can apply for g € [g] the inequalities (25) and (26) to get

M) = o M(Fy) (45)

n
for n > 3 and

2
V2> 2t
M(Pg)” = Area(aX,ﬁ)X

for n = 2. Moreover equality occurs if and only if (0X,g) carries a real
Killing spinor. These inequalities are in fact well-known in the context of
closed spin manifolds, the first one due to Hijazi [Hij86] and known as the

(0X) (46)
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Hijazi inequality and the second one due to Bér [Bar92] and Hijazi [Hij91].
Note that Inequality (45) differs from the original one from a constant since
we take an other normalization in the definition of the conformal Laplacian
P;. Recall also that manifolds carrying real Killing spinors are Einstein
and that, in the simply connected case, they have been classified by Béar
[Bar93]. They are round spheres, Einstein-Sasaki manifolds, 3-Sasaki man-
ifolds, nearly-Kéahler non-Kéhler 6-manifolds and 7-manifolds carrying nice
3-forms. The novelty in our approach is that when this type of manifolds
arises as the boundary of a spin conformal compactification of a Poincaré-
Einstein manifold then the inequality (25) (resp. (26)) is always sharper
than the inequality (45) (resp. (46)). In particular, assume that (X, g4 ) is a
Poincaré-Einstein manifold whose boundary at infinity carries a real Killing
spinor that is there exists a metric g € [g] for which such a spinor field exists.
Then it follows that equality occurs in (45) and, from Theorem 3.1, equality
also holds in (25). This implies that (X, g+ ) has to be the hyperbolic space
and (0X, [g]) is the Mobius sphere. We thus have proved that the only spin
Poincaré-Einstein manifold with a real Killing spinor in its conformal infin-
ity is the hyperbolic space. In particular, non spherical manifolds with a real
Killing spinor cannot be the conformal infinity of a spin Poincaré-Einstein
manifold. In fact, with a little more effort, we can say more. Indeed assume
that the boundary at infinity carries a twistor-spinor ¢ € I'(X0X) that is a
section of the spinor bundle over (9X,g) such that

_ 1. ~
Ve + A () Pe =0

for all Y € I'(T0X). Note that this property only depends on the conformal
structure of the underlying manifold so that it is a natural assumption to
impose on the boundary at infinity. It can be seen as a supersymmetric
version of the symmetric condition which assume the existence of a con-
formal Killing vector on (90X, [g]). Moreover, if a twistor spinor is also an
eigenspinor for the Dirac operator it is a Killing spinor. In particular, this
situation contains the previous case where real Killing spinors were consid-
ered. For more details on the subject, we refer to [BFGK90] for example.
Let us now state the result which follows directly from our reasoning. As
pointed out in the introduction, this result was allready known and proved
under weaker assumptions by Hijazi and Montiel [HM14] but it seems inter-
esting to the author to give an alternative proof.

Theorem 5.1.2. A spin Poincaré-Einstein manifold (X, g4 ) whose confor-
mal infinity (0X, [g]) has a smooth representative and which carries a twistor
spinor is isometric to the hyperbolic space (H" ', g).

Proof. From the solution of the Yamabe problem [Sch84], we can choose a
metric g € [g] with constant scalar curvature R and whose sign is precisely
given by the sign of its Yamabe invariant (90X, [g]). Moreover, from the
variational characterization of the first eigenvalue of the conformal Laplacian
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we deduce that

_ Jox <|Vf|2 + 1o Rgf2> dsg n—2
Ai(P;) =  inf > Rs.  (47)
feC>(8X) faX f2dsg 4(n—1)
On the other hand, there exists on the spinor bundle over 0X endowed
with the metric g a twistor spinor and it follows from [Lic87] that it is

an eigenspinor for the squared of the Dirac operator I associated to the

- ~2
eigenvalue T Rg) Note that since X is compact and the operator [P

non negative, the scalar curvature with respect to the metric g is a non
negative constant so that Y(0X, [g]) > 0. For n > 3, we can then apply (25)
in Theorem 3.1, the Hijazi inequality (45) and (47) to get

nRg n? n nRs
_ - — MG /P)? > AN(P) > —12
n—1) = (Pg)” 2 (n—1)2 1y Fe)” 2 2=l g)_4(n—1)
so that the equality holds in (25) and (X, g+ ) is isometric to the hyperbolic

space as claimed. The same arguments hold for n = 2 using (26) in Theorem
3.1. q.e.d.

This result also prevents the existence of spin Poincaré-Einstein manifold
whose boundary at infinity carries a parallel spinor field. These manifolds in-
clude Calabi-Yau manifolds, hyper-Kahler manifolds, Gy 7-manifolds, Spin;
8-manifolds in the simply connected case [Wan89] as well as the flat tori
equipped with the trivial spin structure.

To conclude this section, we combine the estimate of Hijazi, Montiel and
Zhang and the upper bound (43) to obtain a lower bound of the first non neg-
ative eigenvalue of the boundary Dirac operator in term of the renormalized
volume of (X, g;+). We first need to remark that from the variational char-
acterizations of the eigenvalue A;(,/P;), the conformal invariant (X, [g])
and the Holder inequality, we immediately deduce [HMZ02, Corollary 11]
that

M (Pg)Vol(9X, §)n > 5( )

for any g € [g]. Then it is straightforward to deduce from Theorem 4.2 that
in the four dimensional case we get:

Theorem 5.1.3. Let (X, gy) be a four dimensional spin Poincaré-Einstein
manifold such that the boundary at infinity has a smooth representative and
non negative Yamabe invariant. Then the first non negative eigenvalue
A1(Dg) of the boundary Dirac operator satisfies

M (D) Vol (X, 8) = TV (X, 1) (48)

for any g € [g]. Moreover, there exists a compactification of (X, gy) for
which (48) is an equality if and only if (X, g4) is isometric to the hyperbolic
space (H", gy).
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It is maybe interesting to note that this bound on the renormalized vol-
ume only depends on the geometry of the boundary at infinity while the
renormalized volume depends, a priori, on the global geometry of the bulk
manifold (X, g4). This inequality suggests the definition of the following
spin conformal invariant

P(X,[g) = inf (M(Pg)Vol(X,8)7 ),
g9€ld]
where (X, [g]) is a (n+1)-dimensional conformal spin compact manifold with
boundary. It can be seen as an extrinsic analogue of the invariant studied by
Ammann [AmmO03] (see also the references therein) which is tightly related
to the existence of periodic constant mean curvature immersions of surfaces
[AmmO09]. We leave the study of this invariant for further investigations.

5.2. The condition associated to a chirality operator. In this section,
we assume that there exists a chirality operator G on X that is an unitary
and parallel involution of the spinor bundle ¥X which anticommutes with
the action of a tangent vector field on X. Note that such a map always
exists when n is odd. It is then well-known [HMRO2] that the projection
Pg = 3(Id — ?(]V )G) defines a local elliptic boundary condition for the
Dirac operator for which the spectrum is a discrete unbounded sequence of
real eigenvalues with finite dimensional eigenspaces. If A\{(Dj) denotes this
first positive eigenvalue, it is proved in [Rau06] by the author that

"LER g

and so we can combine this estimate with Theorem 4.1 to deduce:

M (D5)2Vol(X, §) o1 >

Theorem 5.2.1. Let (X, gy) be a four dimensional spin Poincaré-Einstein
manifold which has a smooth representative in its conformal infinity. Then
the first eigenvalue A\i(Dg) of the Dirac operator under the condition asso-
ctated to a chirality operator satisfies

M (D5)*Vol(X,9)? > 16V (X, g) (49)

for any g € [g]. Moreover, there exists a compactification of (X, gy) for
which (49) is an equality if and only if (X, g4+ ) is isometric to the hyperbolic
space (H" gy).

Finally, it is interesting to remark that one can formulate all these esti-
mates in a more conformal way, meaning that all the data involved depend
only on the conformal structure of the compactification of the Poincaré-
Einstein manifold unlike the left-hand side of Inequality (49). This formu-
lation needs the introduction of a spin conformal invariant defined by the
author in [Rau09] whose expression for four dimensional manifolds is

DX, [g]) := inf (M(Dy)Vol(X,9)t).

This finally leads to:
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Corollary 5.2.1. Under the assumptions of Theorem 5.2.1, it holds that:

16V (X, 94+) < 9€(X,[9)? < DX, [g])* < %.

Proof. The last inequality, which is the only thing left to prove, follows from
[Rau09, Theorem 9. q.e.d.
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