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Abstract

In this paper, we give explicit rates in the central limit theorem and in the almost
sure invariance principle for general R%valued cocycles that appear in the study of the
left random walk on linear groups. Our method of proof lies on a suitable martingale
approximation and on a careful estimation of some coupling coefficients linked with the
underlying Markov structure. Concerning the martingale part, the available results in the
literature are not accurate enough to give almost optimal rates whether in the central limit
theorem for the Wasserstein distance, or in the strong approximation. A part of this paper
is devoted to circumvent this issue. We then exhibit near optimal rates both in the central
limit theorem in terms of Wasserstein distance and in the almost sure invariance principle
for R%valued martingales with stationary increments having moments of order p €]2, 3]
(the case of sequences of reversed martingale differences is also considered). Note also
that, as an application of our results for general R%-valued cocycles, a special attention is

paid to the Iwasawa cocycle and the Cartan projection for reductive Lie groups.
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1 Introduction

Let G = GL4(R) be the group of invertible real matrices of order d > 2. Denote by || - || the
operator norm on G associated with the euclidean norm on R?. Let i be a probability on the
Borel sets of G. Let (Y;,),>1 be independent identically distributed (iid) variables with law . It
is well-known that, if g admits a moment of order 1 and under some irreducibility assumption
on the support of , then the sequence (£log||Y;, -+ Yi||)a>1 converges almost surely to A, € R

(see for instance Furstenberg and Kesten [16]).

If p is further assumed to admit exponential moments and to satisfy a proximality property,
Le Page [25] and Guivarc’h and Raugi [18] proved a central limit theorem (CLT) with rate as
well as other probabilistic results, by spectral gap methods. The CLT has been obtained by Jan

[21] under a moment of order 2 + ¢, by mean of martingale approximation.

Very recently, Benoist and Quint [1] managed to prove the CLT under a moment of or-
der 2 thanks to an ingenious and explicit martingale-coboundary decomposition. Later, Cuny,
Dedecker and Jan [7] gave a different proof of Benoist-Quint’s result. Using precise controls of
some coupling coefficients of the underlying Markov chain and an explicit martingale approx-
imation, they derived more probabilistic results such as almost sure invariance principles with

rates. Next, Cuny, Dedecker and Merlevede [8] obtained different types of deviation results.

In all the above mentioned works, the first step of the proof consists in reducing the study
to a suitable cocycle on G x X, where X stands for the projective space of R%. Recall that
o :Gx X — Risacocycle if o(g9¢',2) = 0(g9,9' - x) + o(¢',x) for every ¢g,¢' € G and = € X,

where - denotes an action of G on X. For instance to deal with (log ||Y}, - - - Y1]|)n>1, one can use

the COCyCle J(Q’x) — 10g <H7’ . ﬁJH>
x

The central limit theorem for cocycles benefited from an active research in the last years.
Let us mention, beside [1], [7] and [8], the works of Bjorklund [5], Benoist and Quint [2] and
Horbez [19].

It happens that the arguments developped in [7] are somewhat general and apply equally
to any cocycle on 0 : G x X — R? (G a locally compact group acting on a compact metric
space X ) provided that the action is suitably contracting and that the cocycle is Lipschitz in the
second coordinate with Lipschitz norm oy,;,(g) satisfying integrability conditions with respect to

1, see Definition 3.3 and Section 3.2 for more details.

Hence a first goal of the paper is to extend results of [7] to general R%-valued cocycles. As a
main motivation we have in mind the Iwasawa cocycle to which our results apply and for which
the CLT has been obtained by Benoist and Quint [1] under a moment of order 2. Then, as in



[7] or [8] many probabilistic results follow: strong laws of large numbers with rate, the CLT
(and its functional form), deviation inequalities. For those results it is not an issue to treat
vector-valued processes. However, there are several results in probability theory that do not
extend easily from the one-dimensional case to the multivariate one. As a matter of fact, for
Re-valued martingales, no almost sure invariance principle (ASIP) with explicit rate is available
in the litterature. Indeed, the only known rates are of the form O(n'/27¢) for some £ > 0, see
for instance Morrow and Philipp [30], Monrad and Philipp [29] and Eberlein [15], while in the
one dimensional case, martingales with stationary increments in LP for some for 2 < p < 4,
satisfy an ASIP with rate o(n'/?y/logn). A similar rate also holds for p = 4 but no better rate
is available for p > 4.

A second goal of the paper is then to prove an ASIP with explicit rates for R%-valued mar-
tingales with stationary increments, which is the main technical result of the present work. Our
result hold when the martingales are in L” for some 2 < p < 3, so that the case 3 < p < 4
remains open, contrary to the one-dimensional case. The method of proof also allows to derive
rates of convergence in the CLT for R%valued martingales with stationary increment, in terms of
the Wasserstein distance W;. Using then a suitable martingale approximation, we derive ASIP

with explicit rates for general R%valued cocycles.

Let us mention that, to prove the ASIP for cocycles, a second way would be to apply a
multidimensional version of the strong approximation result of Berkes, Liu and Wu [4], as given
in Karmakar and Wu [22]. However, a direct application of this result would not give the good
rate of convergence with respect to the moment of p (see the introduction of [9] for more details).
Hence an adaptation of the result of [22], similar to what we did in [9] for real-valued cocycles,
would be necessary here, and it is not clear wether this adaptation is feasible or not. Let us also
mention that the ASIP for R?valued martingales is interesting in itself, and can be useful in

other situations.

The paper is organized as follows. In Section 2 we state our results for R?-valued martingales.
In section 3, we describe the type of weakly contractive actions that we shall deal with, and
obtain several preliminary results. Then, we describe the properties that the cocycles should
satisfy to implement the arguments used in [7], and we derive several probabilistic results for
those cocycles, emphasizing the consequences of our martingale results. We conclude Section
3 by an application to the Iwasawa cocycle and to the Cartan projection. The fact that the
Iwasawa cocycle does satisfy our conditions follows from the recent book by Benoist and Quint
[3]. Finally, Section 4 is devoted to the proofs and the appendix contains a useful Fuk-Nagaev

type inequality for martingales.



2 Rates of convergence in the ASIP and the CLT for R¢-

valued martingales

In this section we consider a stationary sequence of random variables with values in R? and de-
fined on a probability space (€2, A, P). Let (F,)nen be a stationary and non-decreasing sequence
of o-algebras (see e.g. page 10 in [27] for the definition of a stationary filtration). We suppose
that (d,)nen is a stationary sequence of martingale differences with respect to (F,)nen, i.e. for
each n, d, is integrable, F,-measurable and such that E(d,|F,-1) = 0 P-a.s.

For any random variable X with values in RY, we shall use the notation (X); to mean its
i-th coordinate. In addition | - |; means the euclidean norm on R%.

In this section we give, under projective conditions, rates of convergence in the almost sure
invariance principle for the partial sums associated with a stationary sequence of martingale
differences with values in R%.

Notation 2.1. For any p > 2, define the envelope norm || .||1.¢, by

1X 0y = / (V&1 — w/2))?Qx (u)du

where ® denotes the d.f. of the N(0,1) law, and Qx denotes the quantile function of | X, that
is the cadlag inverse of the tail function x — P(|X| > z).

Remark 2.1. Let a > 1 and p > 2. Applying Holder’s inequality, we see that there exists a
positive constant C'(p, a) such that || X |10, < C(p, a)|| X]||a.

Theorem 2.1. Let (d,)necz be a Ri-valued stationary sequence of martingale differences with
respect to (Fp)nez. Let My, =3 p_ dy. Let p €]2,3]. Assume that E|do|; < co and that for any
1,7 such that 1 < 1,7 <d,

o

) n% E((Ma)i (M) | Fo) — E((Ma)i(Ma);)]], 4, < 00 (2.1)
and o

> ﬁ“E((Mn)i(Mn)j\fo) — E((Ma)i(Ma);)]],,), < 00 (2.2)
Then,

1. For any ¢ > 0, enlarging ) if necessary, there exists a sequence (N;)i>1 of iid Ré-valued
centered gaussian random variables with Var(Ny) = E(dod}) such that
o(n'/"(log n) > %) if p €]2,3]

M, — N; = almost surely .
; { o(n'*(logn)"**) if p =3
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2. Enlarging Q0 if necessary, there exists a sequence (N;)i>1 of iid R%-valued centered gaussian
random variables with Var(Ny) = E(dodfy) such that

k l/p p—1 .
O(n"/*(logn) =) if p €]2,3]
My, — N; = .
‘ 1zlkltlg)n ‘ k Z |d”1 { O(n1/3(logn)2/3> pr =3

i=1

Remark 2.2. According to Remark 2.1, if p €]2, 3], condition (2.1) is implied by the condition:

for some a > 1,

o

3 B M) ) ~ B (08, ], < . 23)

n=1
Hence, both (2.1) and (2.2) hold as soon as

[e.o]

3 BT — B, < oo (2.4)

n=1
Let Lip(|-|4) be the set of Lipschitz functions g from R? to R such that |g(z)—g(y)| < |z —yla-
For two measures 1 and v on R?, let
Wip,v) = sup (u(g) —v(g)).
g€Lip(|]a)
Theorem 2.2. Let (d,)nez be a Ri*-valued stationary sequence of martingale differences with
respect to (Fn)nez satisfying the assumptions of Theorem 2.1. Let Gy, be a R%-valued centered

gaussian random variables with Var(Gy) = E(dodl) := X. Then
Cn® P2 irpel2,3]

Wi (P,-1/2 . P < ;
H 1( Mnp|Fo GZ)||1 {Cn—l/Qlogn pr:3

where C' is a positive constant depending on (p,d) but not on n.

Remark 2.3. It follows from Theorem 2.2 that, for any bounded JFy-measurable random variable
Z

Y

sup  (E(Zg (n™"*M,)) — E(Z2)E(g(Gx))) <

g€Lip(|-|a)

Cn(2r)/2 if p €]2,3]
Cn~%logn ifp=3 '
In particular, taking Z = 1, we obtain that

Wi (Pn—l/Qan PGz) <

Cn2p)/2 if p €]2,3]

Cn~Y?logn ifp=3 '
From the above result, proceeding as in [11], one can derive rates in the central limit theorem
with respect to Wj for the normalized partial sums of a large class of stationary sequence of

R valued dependent random variables satisfying some mixingale type conditions. For related

results under other types of dependence conditions, let us mention the paper by Pene [31].
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Remark 2.4 (Reversed martingale differences sequences). Let p €]2,3]. Assume that (d,)nez
is a R%valued stationary sequence of reversed martingale differences in IL” with respect to a
stationary and non-increasing sequence (G, ),ez of o-algebras. This means that for any integer
n, d,, is Gy,-adapted and E(d,,|Gn+1) = 0 a.s. Let M, = >")'_, di. We infer that the conclusions of
Theorem 2.1 and Theorem 2.2 hold for M,, (with G, in place of Fy in Theorem 2.2) provided
that the conditions (2.1) and (2.2) are replaced by the following ones:

[e.e]

) #\\E((Mn)i(%)j\gm) —E((Ma)i(My);)]], 5, < 00 (2.5)
and .
> ﬁHE((MnMMn» (Gus1) — E(M,)i(M);) ], < 00 (2.6)

See Section 4.1.5 for a short proof of this remark.

Proceeding, as in [10], this type of result for reversed martingale differences sequences allows
to derive rates in the strong invariance principle for R%valued observables of a large class of
dynamical systems (see also [23] where reversed martingale approximations in R¢ are provided
that could be used to verify conditions such as (2.5) and (2.6)). This reversed martingale
approximation method allows to derive rates up to n'/3 (up to additional logarithm terms)
which improves, in case of R%-valued bounded Hélder observables, the rates obtained in [26]
which depend on the dimension d (in particular, when d is large, the rates in [26] are close to
1/2). Note that, for a class of processes with exponential decay of correlations, the rate n'/4+¢

for some £ > 0 can be reached for R%-valued observables, by using the method developed in [17].

3 Weakly contracting actions

3.1 Definitions and properties

We shall work in the general situation described in section 11 of [3]. At first reading one may
assume that the group F below is trivial (i.e. reduced to its neutral element). In our applications,

F will be trivial as soon as G is connected (see Remark 3.2).
Let G be a locally compact second countable group. Let s : G — F be a continuous
homomorphism onto a finite group F'.

Let u be a probability on the Borel sets B(G) of G. Let s(pu) := pos™!, and A, the support
of s(p).



Definition 3.1. We say that p is F-adapted if A, spans F' as a subgroup. We say that p is
F-strictly aperiodic if it is F-adapted and if the smallest normal subgroup of F' a class of which

contains A, is F'.

Remark 3.1. Our terminology is different from [3]. Our definition of F-strict aperiodicity
corresponds to their definition of aperiodicity (see Derriennic-Lin [14, Prop. 1.6] for a proof of

the equivalence of the definitions).

Remark 3.2. When F is trivial, p is automatically F-adapted and F-strictly aperiodic. If G
is connected then s(G) = {er} (er is the neutral element of F'). In particular, in that case, if p

is F-adapted, F' must be trivial.

Let X be a compact and second countable metric space on which G acts continuously (we
denote that action by ¢ - z). Assume that X is fibered over F', meaning that there exists

a G-equivariant continuous mapping f : X — F. Recall that G-equivariance means that

flg-x)=s(g)f(x) for every (g,z) € G x X.
Notice that when X is fibered over F then the sets (Xj)iep := (f ' ({f}))jer are compact

and open and obviously form a partition of F'. Those sets are called the fibers.

Before going further, to motivate our definitions, let us describe some situations to which our
results will apply. Take G = G L4(R). Then, it is well known that we have an homeomorphism
G = KN where K = O4(R) is the group of orthogonal matrices of size d and N is the group of
upper triangular matrices of size d with positive entries on the diagonal. We take X := G/N
which is homeomorphic to K (hence compact). Then, if z = kN € X, we set f(z) = sgndet(k),
the sign of the determinant of k. Similarly, for ¢ € G we set s(g) = sgndet(g). The fact that
the conditions imposed below may be satisfied will be explained in Section 3.4.

One may also take G := SL4(R). Then, K = SO4(R) and f and s become trivial.

When G = GL4(R) or SLy(R), one may also take for X the projective space of R%. This
special case has been handled in [7] and [8].

Definition 3.2. We say that a probability v on the Borel sets B(X) of X is p-invariant if
| bl wntdgwtdn) = [ hwpian),
GxX X
for every bounded Borel function h on X.

For every g € G, set

. d(g-=,9-y)
Lip(g) := sup = ———, (3.1)
vty f@=f)  A,Y)

where the supremum is over all z,y € X such that = # y and f(z) = f(y).



Definition 3.3. Let p > 1. We say that the action of G on (X, d) is weakly (p, p)-contracting if

/G (log*(Lip(g)))" u(dg) < oo, (3.2)

where log™ (z) = log(max(1,z)), and if there exists ny € N, such that

sup / log <—> p(dg) < 0. (3.3)
vy f@)=1) S d(z,y)

When p = 1 we shall just say that the action is weakly p-contracting.

Remark 3.3. Notice that the left-hand side in (3.3) may be —oo. Benoist and Quint [3,
Definition 11.1] called an action (u,y)-contracting for some v > 0, if

/G (Lip(g))” u(dg) < oo, (3.4)

and

d(g-2,9-y)\" .
sup / ———=—=2) u"(dg) <1. (3.5)
z£y,f(2)=f(y) /G < d(z,y) )

Using Jensen’s inequality, one can see that (3.4) implies (3.2) and that (3.5) implies (3.3).

Remark 3.4. Let « € (0, 1], then d,(z,y) := (d(z,y))* defines another metric on X. Let p > 1.
For every a € (0, 1], the action of G on (X,d) is weakly (u,p)-contracting, for some p > 1 if
only if the action of G on (X, d,) is.

Benoist and Quint [3] proved (see their Lemma 11.5 p. 171) that if the action is (u,7)-

contracting, for some v > 0, then there exists a unique p-invariant probability on B(X).

We shall prove that their result remains true under the weaker assumption that the action is

weakly p-contracting. As in [3], the proof makes use of the left (and right) random walk on X.

Let (92, F,P) be a probability space. Assume that there exists (Y},),>1 iid random variables
on (Q, F,P) taking values in G with common law p. Define A, :=Y, ---Y; and B, =Y;---Y,

for every n > 1 and Ay = e, where e stands for the neutral element of G.

Proposition 3.1. Assume that the action is weakly p-contracting and that p is F-adapted.

Then, there ezists a unique p-invariant probability on B(X).

The proof is based on the following two lemmas. The proofs of the proposition and of the

lemmas below are postponed to Section 4.2.



Lemma 3.2. Assume that p is F-adapted. Let v be a p-invariant probability on B(X). Then,
v(Xy) = |—}w| for every f € F.

Lemma 3.3. Assume that the action is weakly p-contracting. Then, there exists ¢ > 0 such that

d(Byn - . Bon -
sup P <10g ( Bor 2, 5, y)) > —2"6) < 0. (3.6)
o el (2)=F ) d(x,y)

Remark 3.5. Of course, since (A4, ),>1 has the same law as (B,,),>1, the lemma holds with As»

in place of By». However, we shall need the above form in the proof of Proposition 3.1.

We shall see now that for weakly-contracting actions, the trajectories (starting from a same
fiber) of the left random walk on X are almost surely arbitrary close. The next lemma is a

version of Lemma 6 in [7].

Lemma 3.4. Let p > 1. Assume that the action is weakly (u, p)-contracting. Then, there exists
¢ >0, such that

Z kP2 max sup  P(log(d(Aj—1-x,Aj1-y)) > —lk) < oo. (3.7)

k>1 k<j<2k I#Z!yf(i):f(y)
Moreover, there exists 6 > 0 such that for every x,y € X, with f(x) = f(y),
d(A, -z, A, -y) = 0™ P-a.s. (3.8)

3.2 Cocycles over weakly contracting actions

Our goal is to obtain limit theorems for cocyles associated with a weakly p-contracting G-action
on a compact metric space X that is fibered over F', as in the previous section. We shall be
concerned with cocycles taking values in a finite dimensional R-vector space F, equipped with

an euclidean norm | - |p.

Definition 3.4. We say that ¢ : G x X — FE is a cocycle if for every g, ¢’ € G and every u € X,
o(gg',u) =0(g,9 -u) +0(g u). (3.9)

Of course we need some regularity assumptions on the considered cocycles. In order to state

the needed assumptions we shall introduce some notations.

Given a cocycle 0 : G x X — FE, define, for every g € G,

Usup(g) = Sup |U(ga x)|E7 (310)
zeX
|0-(ga :L‘) — O-(ga y)|E
oLip(g) :=  sup (3.11)
’ a7y, f(@)=f(y) d(z,y)
and ko(g) == max (osup(9), log(oLip(g)) - (3.12)

9



Definition 3.5. We say that a cocycle ¢ : G x X — FE has a polynomial moment of order
p>1if

| o) ) < . (3.13)

Remark 3.6. Let 0 : G x X — E be a cocycle. Let (e;)1<i<q be an orthonormal basis of E.
Then, for every 1 <i <d, (g,z) — 0;(g,x) := (e;,0(g,x)) is an R-valued cocycle and it is not
hard to see that ¢ has a polynomial moment of order p > 1 if and only if ¢; has a polynomial
moment of order p > 1 for every 1 < ¢ < d. Because of this it will be sufficient to deal with

R-valued cocycles.

Hence, due to the remark above, we assume that the dimension d = 1 in the remaining of

this subsection.

We first recall the strong law of large numbers for cocyles. This follows here from Theorem

3.9 of [3], using Proposition 3.1.
Proposition 3.5. Assume that the action is weakly p-contracting and that p is F-adapted.

Assume moreover that og,, € L*(1). Then, for every xz € X,

A
cAn) [ g ) uldg)v(dn) = A,
n n—oo GXX

P-a.s. and in L'(P). Moreover, the convergence in L*(P) is uniform over x € X.
For every ¢ > 0, define a non decreasing, concave function H, on [0,1] by H,(0) = 0 and for
every z € (0,1], Hy(z) = |log(ze™47")| "

The next result is a version of Lemma 5 of [7]. The proof being identical, it is therefore

omitted.

Lemma 3.6. For everyr > 1, there exists C, > 0 such that for every g € G and every x,y € X,
with f(z) = f(y),
0(g,2) — (g, y)| < Cr(1 + ko(g))" Hr-1(d(z,y)). (3.14)

Lemma 3.6 allows us to prove that the almost sure behaviour of the cocycle along the random

walk does not depend on the starting point of a given fiber.

Lemma 3.7. Let p > 1. Assume that the action is weakly (u, p)-contracting, that u is F-adapted
and that o admits a moment of order p. Then, for every x,y € X such that f(x) = f(y),

lo(Ap,z) —o(An,y)| = O(1) P-a.s.

10



Proof. Since o admits a moment of order p, it is a well-known consequence of the Borel-Cantelli
lemma that ro(Yy) = o(k¥/P) P-a.s. Let x,y € X be such that f(z) = f(y). Let r > 2p/(p — 1).
Using the cocycle property, (3.14) and (3.8), we have, P-a.s.

|0(An, ) = 0 (A, )| < o (Ye, Apr - ) — 0(Ve, A1 - )
k=1
i Er/p
< Cr(L4 koY) D Heoa(d(Apey - 2, Ay - ) < 7 < Z 5 - < 00,

k=1 k=1

and the result follows.

Proposition 3.8. Let p > 1. Assume that the action is weakly (u,p)-contracting, that u is
F-adapted and that o admits a moment of order p. Then, for q € [1,p),

ka U sup  E(|lo(Ye, Apot - ) — 0(Yi, Ap_y - 9)]9) < 00 , (3.15)
1 f@)=f(y)

and for q € (0,1],

ka 2 sup E(lo(Ye, Ap_y-2) — 0 (Yi, Apy - y)|9) < o0 . (3.16)
= J@=iw
The proof of the proposition may be done as the proof of Proposition 3 of [7], using Lemmas
3.4 et 3.6.
Proposition 3.8 gives us a control along trajectories starting from a same fiber. To deal with

trajectories starting from arbitrary fibers we shall need the following lemma (see for instance [3,
Lemma 11.6b)).

Lemma 3.9. Assume that p is F-strictly aperiodic. There exist C' > 0 and 0 < p < 1 such that

for every bounded function @ on F,

sup (E(p(s(Ay ‘Zso <Optswplef)l - YneN.

feF ey

Proposition 3.10. Let p > 1. Assume that the action is weakly (u, p)-contracting, that p is

F-strictly aperiodic and that o admits a moment of order p. Then,

D k2 sup [B(o(Yi, A1 - ) — Au| < 00 (3.17)

E>1 zeX

11



Proof. One easily sees that (supzeX |E(O’(Yk, Ap_1-x)) — )\M|)k>1 is non increasing. Hence, it

is enough to prove that

Z kP~ sup |E(o (Yo, Agk—1 - 7)) — A < 00.

1 zeX

We shall make use of the following identity based on Lemma 3.2

o (Vap Asp 1 - ) \F|Z/ o (Voo Asp1 ) L (A1 - ).
feF
Notice that Ax_1 -2 € X; if and only if s(A;_1)"'f = f(z). Using Lemma 3.9 and independence,

we infer that

[E(o (Yo, Agk—1 - 7)) = Ayl

(‘F\ Z/ o(Yor, Agg—1 - w) — o (Yor, Yop1... Vi - y)) 1x;(Ar—1 ~x)y(dy)>

feF

+|F|Z/ o (Yar, Yor1 - Yi - y) v (dy) ( (Lgray (s(Ar-1) ') —,—;0'

feF
< sup  E(lo(Vi Aps - @) — o(Vi, Axr - y)]) + CpF- wfwjpamp u(dg) .
y: fy)=f(x)
Then, the result follows from (3.15) with ¢ = 1. O

It is also possible to prove the following version of Proposition 4 of [7]. Define for every
integer 7 and every x € X, Xj(x) =o0(Y}, A1 - x) — A\,

Proposition 3.11. Let p > 2. Assume that the action is weakly (i, p)-contracting, that p is
F-adapted and that o admits a moment of order p. Then

S R sup E (‘XQ Xg(y)() <0, (3.18)
k>1 f@)=f(y

and for every v <p—3+1/p,

Z /’{:7 sup sup E (‘X,(x)f(](x) - Xz(y)f(g(y)‘) < 00. (3.19)
E>1 y) k<j<i<2k
Proposition 3.12. Let p > 2. Assume that the action is weakly (u, p)-contracting, that p is

F-strictly aperiodic and that o admits a moment of order p. Then,

Z kP~3 sup (3.20)

1 zeX

E@mm—émﬁwwwu<m
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and for every v <p—3+1/p,

<00, (3.21)

g k7 sup sup
1S]  TEX k<j<i<2k

B (%) %,0) - [ B (%)) vidy

The proof is similar to that of Proposition 3.10, hence is omitted.

Finally, we state without proof the following version of Lemma 13 of [7].

Lemma 3.13. Let p > 2. Assume that the action is weakly (u,p)-contracting, that u is F-

adapted and that o admits a moment of order p. Then

Sup ||0-(An7x) - O-(Anvy)Hl = 0(1)
f@)=f(y)

forr e (1,2],

o(1) ifr<p-—1
sup |lo(A,,x) —o(An,y)ll, = . .
f@)=f(y) O (nr+1=Pm) ifr > p—1,

and forp € [2,3],
sup |[o(An, 2) = o(An, ), = O (n"7) .
f@)=f(y)
Remark 3.7. If F'is trivial, in particular (see Remark 3.2) if G is connected, then the proposition

holds with sup, ,cx rather than sup s, -

3.3 Rates of convergence in the CLT and the ASIP

Thanks to the results of the previous section we can obtain many probabilistic results, as in [7]
or [8].

Let p > 1. With the notations and definitions of the previous section, assume that the action
of G on X is weakly (u,p)-contracting, that p is F-strictly aperiodic and that o is a R-valued
cocycle admitting a moment of order p. Then, the conclusion of Theorems 1 and 2 of [7] hold

provided that S,z is replaced with (A4, ).

If we consider an R%-valued cocycle, d > 2, only the items (i) and (i) of Theorem 1 of [7]
holds without any change. To extend their item (iii) to an R%valued cocycle, an application of

our Theorem 2.1 gives the following.
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Theorem 3.14. Let p €]2,3|. Assume that the action is weakly (u, p)-contracting and that p is
F-strictly aperiodic. Let Wy be a random variable, with law v, independent from (Y, )n>1. Let o

be an Re-valued cocycle admitting a moment of order p. Then the series of matrices

¥ = Var(o(Yy, Wy)) + 2 f: Cov(o(Y1, Wy), 0(Yi, Ax—1Wp)) (3.22)

k=2
converges absolutely. Moreover,

1. For any ¢ > 0, enlarging ) if necessary, there exists a sequence (N;)i>1 of #id R%-valued

centered gaussian random variables with variance Y such that

o(An, Wo) —nX, — g N; = o(n(logn) ) i p 23] almost surely.
i=1 o(nl/?’(log ”)Ha) ifp=3

2. Enlarging Q0 if necessary, there exists a sequence (N;)i>1 of #id R%-valued centered gaussian

random variables with variance 2 such that

‘ ” B {O(nl/p(logn)pmvl) if p €]2, 3]
alli

sup
O(n'?(ogn)??) if p =3
Moreover an application of our Theorem 2.2 (see Remark 2.3) gives the following result

1<k<n

k
O'(Ak, W()) - ]{J)\M - Z Nz
i=1

concerning rates in the CLT in terms of Wasserstein distance of order 1.

Theorem 3.15. Let p €]2,3|. Assume that the action is weakly (u, p)-contracting and that u
is F-strictly aperiodic. Let Wy be a random variable, with law v, independent from (Y,)n>1-
Let o be an Re-valued cocyle admitting a moment of order p. Let v, be the distribution of
n~Y2 (o (A, Wo) —n),), and let 3 be defined by (3.22). Then

WI(VTHPGz;) <

C'n(2-p)/2 if p €]2,3]
Cn~?logn ifp=3 7

where C' is a positive constant depending on (p,d) but not on n.
It is unclear, and probably not true in general, whether the above results hold for (0(A,, ))n>1
(for every x € X) rather than (c(A,, Wy))n>1. However, when F is the trivial group, using Lem-

mas 3.7 or 3.13, one sees that the above results hold true for (o(A,, x))n>1, for every z € X (the

same normal variables being used for all z).
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3.4 Applications to the Iwasawa cocycle for reductive Lie groups

In this section, we shall give a general situation to which the previous sections apply.

Our presentation will borrow notations as well as results from the monograph by Benoist and
Quint [3]. We refer to [3] for any complements on the topic discussed in that section. However,
for the sake of clarity, we shall not cover the generality treated in [3]. In particular, we shall
only condider algebraic groups over the field of real numbers, while the results presented here

extend to local fields modulo several technical issues.

We give the definition of the Iwasawa cocycle in a general setting and we will make explicit

all the objects in the particular case of the d-dimensional linear group.

Let G be a reductive algebraic real Lie group with lie algebra g. Recall that G is said to be
reductive if its unipotent radical, that is the greatest connected normal subgroup of G whose
elements are unipotent, is reduced to {e}, where e stands for the neutral element of G. Recall
also that G is algebraic if it is the set of solutions of a (finite) system of polynomial equations
(over R).

Define the killing form on g x g by

killing(z, y) := tr(ad x ad y) Ve, y€g.

Let K be a maximal compact subgroup of G with Lie algebra €. Let s be the orthogonal space
of ¢ for the killing form and let a be a Cartan subspace of s, that is a is a commutative subalgebra
of s whose elements are diagonalizable over R and which is maximal with those properties. Let
A :=expa be the corresponding connected lie subgroup of G.

Let U be a maximal unipotent subgroup of G that is normalized by A. Let P := Ng(U) be

the normalizer of U in G.

Denote by G., K. and P, the respective connected components of G, K and P.
We have the Iwasawa decomposition (the proof is sketched page 130 of [3])

G=KP =KAU. (3.23)

The compact space P := G/P. is known as the flag variety of G. Given n = kP, with k € K
and g € G, there exists a unique element z of a such that gk € KexpzU. We denote by o(g,n)
that unique element.

Then, ¢ is a continuous cocycle known as the Iwasawa cocycle. It is related to the Cartan

projection that we shall introduce now.

Let X be the set of roots associated with a, that is, denoting by a* the dual vector space of
a,
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YVi={aea’ —{0} : " #{0}},
where
g ={yeg:Vrea adz(y) = a(z)y}.

Let X7 be the set of positive roots associated with U, that is, if u stands for the lie algebra of
U, " is characterized by

U= @a62+ga .

Define then a® := {z € a : Va € ¥, a(z) > 0}. We have the Cartan decomposition (see
also page 130 of [3])

G = Kexpa® K,.

Finally, define the Cartan projection as follows: for every g € G, let k(g) be the unique
z € at such that g € Kexpz K,.

For people not familiar with Lie groups we consider now the case where G = Gly(R), d > 2,

and describe the different spaces introduced above.

In that case, one may take K = O4(R) the orthogonal group, A the group of invertible
diagonal matrices of size d with positive entries, U the group of upper triangular matrices whose
diagonal terms are all 1 and P the subgroup of invertible upper triangular matrices.

Let us describe the corresponding Lie algebras are. We have g = M,;(R), the set of matrices
of size d. Then, the Killing form is given by killing(M, N) = 2dtr(MN) — 2trMtrN for every
M,N € g. Then, ¢t = {M € g : M = —M"} the set of antisymmetric matrices; s is the
set of symmetric matrices of size d and a the set of diagonal real matrices of size d. Then,
G.={M € G : det M > 0}, K. = SO4(R) and P, is the group of upper triangular matrices

with non-negative entries on the diagonal.

Finally, the set of positive roots is given by ¥* = {a;; : 1 < i < j < d} where for
M = diag(am)i<m<d, @i;j(M) = a; — a; and u is the set of upper triangular matrices with
vanishing diagonal. In particular, a® consists of the set of diagonal matrices with entries in

non-increasing order.

In this case, the Iwasawa decomposition may be seen as a by-product the Gram-Schmidt
orthonormalization algorithm. Indeed, if M € G then M sends the canonical basis to a non nec-
essarily orthonormal basis. Orthonormalizing the latter thanks to the Gram-Schmidt algorithm
one sees that there exists an upper triangular matrix 7" with positive diagonal coefficients such
that MT sends the canonical basis to an orthonormal basis, i.e. MT € O4(R).

16



The Cartan projection also has a nice interpretation in this case. It may be seen as a by-
product of the polar decomposition. In particular, for every M € G there exist unique matrices
K, K" € O4(R) and A € G such that det K’ = 1, A is diagonal with positive diagonal coefficients
in non decreasing order. The coefficients ()\;)1<;<4 of A are the square roots of the eigenvalues
of M*M. Hence, k(M) = diag (log \;)1<i<a-

Let us come back to the general case. It follows from section 13.1 of [3] that P may be
endowed with a metric d compatible with the quotient topology on P. The metric is defined by
(13.3) (notice that in our situation, i.e. GG is a real algebraic Lie group, © = II, where II is the
set of simple roots, that is the roots of ¥* that are not the sum of two roots of ¥1). Moreover,
P is fibered over F' where F':= G/G, (see page 142 of [3]. The group F is finite by Lemma 6.21
of [3].

It follows from (13.4) of [3] that there exists C, D > 0 such that
d(g-w,9-y) < Ce”rIld(z,y)  Vge G, Vr,yeP,
where | - | is an euclidean norm on a. In particular, for every g € G,

Definition 3.6. Following [3, Section 9], we say that a Borel probability measure on G is Zariski

dense if the subsemigroup I',, spanned by the support of p is G.

If 11 is a Zariski dense Borel probability measure on G, then (13.10) of [3] holds, which means
exactly that (3.3) is satisfied. In particular, for a Zariski dense Borel probability measure p on

G, the actions of G on P is weakly (u, p)-contracting for some p > 1, as soon as

/G Ik (9)[2 u(dg) < oo. (3.24)

In order to apply our results, it remains to control the Iwasawa cocycle. It follows from (8.16)
and (13.5) of [3], that there exist C, D > 0 such that

lo(g, e < Clr(g)la  VYVgeG,neP
oLip(g) < CePlrle vy e @

In particular, o admits a moment of order p, for some p > 1 as soon as (3.24) holds and our
results apply.
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Theorem 3.16. Let G be a reductive algebraic Lie group. Let p be a Zariski dense Borel
probability measure on G that is F'-strictly aperiodic. Let o be the Twasawa cocycle and k be the
Cartan projection as above. Assume that (3.24) holds for some p € (2,3], and let ¥ be defined
by (3.22). Then,

1. For any € > 0, enlarging S if necessary, there ezists a sequence (N;);>1 of iid a-valued

centered gaussian random variables with variance Y such that
nYP(logn)'% *¢) if p €
ZN‘ (logn)= ™) if p €]2,3] almost surely,
o(n*¥(log )"+ if p = 3
where (V,)n>1 is either of the processes (o(An, Wo) — nA)n>1), (K(An) — nA,)n>1 or
(0(An, ) —nAy)n>1 for a given x € P.

2. Enlarging Q if necessary, there exists a sequence (N;)i>1 of iid R?-valued centered gaussian

random variables with variance 2 such that

{O( n"P(logn)'s ) if p €]2, 3]
O(n"(logn)??) ifp=3

sup ‘Vk —
1<k<n

where (V;,)n>1 is either of the processes (o(A,, Wo) — nA,)n>1) or (k(An) — nAy)n>1. If
moreover G is connected or G = GLg(R), then we also have

_ {O( /p(logn) o ) if p €]2, 3[
O(

k
sup H sup [o(Ay, ) — kA, — a n'3(logn)*?) if p=3

zeX 1<k<n

Remark 3.8. The almost sure set in Item 1. above depends on x when V,, = o(A,,, ).

Theorem 3.17. Let G be a reductive algebraic Lie group. Let p be a Zariski dense Borel
probability measure on G that is F-strictly aperiodic. Let o be the Twasawa cocycle and K be the
Cartan projection as above. Assume that (3.24) holds for some p € (2,3], and let ¥ be defined

by (3.22). Let Gy be an a-valued centered gaussian random variables with variance ¥. Then
Cn(2-P)/2 if p €]2, 3]

Wl(Pnfl/Qan PG'Z) < _1/9 . 3
Cn~'?logn ifp=3

where C' is a positive constant depending on (p,d) but not on n and (V,),>1 is either of the
processes (o (An, Wo) —n\)n>1), (K(An) —nAu)n>1. If moreover G is connected or G = GL4(R),

then we also have

o b Cn2—p)/2 if p €]2,3]
S - ’ - ’
SUD Wa(Posr2(oaa-nn Fom) <4 1o logn  ifp=3
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4 Proofs

All along the proofs we denote by C' a numerical constant which may vary from line to line
and which may depend on d and p but not on n. We shall also denote sometimes by E; the

conditional expectation with respect to F;.

4.1 Proofs of the results of Section 2
4.1.1 Preliminaries

Let 3 = E(dod})). Suppose that 3 is nonnull (otherwise there is nothing to prove since the dj’s
are all almost surely equal to zero). Since ¥ is symmetric and positive-semidefinite, it follows

that there exists a d-dimensional orthogonal matrix P such that
Y. = PDP?,

with D = Diag(Ay, ..., A\q) where the \;’s are the eigenvalues of 3 ranking in the non-increasing
order. All these eigenvalues are reals and non-negative. Let m € {1,...,d} be the number
of eigenvalues that are positive and A = Diag(A1, ..., Ay, A, - -+, Am) (i.e. the d-dimensional
diagonal matrix such that the first m diagonal elements are equal to the first m diagonal elements
of D and the others to \,,). Denote by J,, the d-dimensional diagonal matrix such that the first

m diagonal elements are equal to 1 and the others to 0. Since D = AY2],,AY/?
Y = PAY?],,AY?P",

Setting I' = Diag()\flﬂ, ce )\;11/27)\;11/2’ o ,)\;11/2) (i.e. the inverse of AY?) and A = TP, it
follows that
AVA Y =T,

since PP! = P'P = I; where as usual I; denotes the identity matrix on R?. Note that A is
invertible and A~' = PA'Y2. For any integer k, let now

Note that (m,)nen is a R%-valued stationary sequence of martingale differences with respect to
(Fn)nen such that E|lmg|5 < oo and satisfying E(moemf) = J,,. Hence, clearly, (mg); = 0 a.s.
for any i = m+1,...,d. For any integer k, let now d; be the R™-valued random vector whose

components are equal to the m-first components of my, that is
t
d;c = ((mk)l, ey (mk)m) .
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Clearly, (d))nen is a R™-valued stationary sequence of martingale differences with respect to
(Fn)nen such that E|df|?, < co and satisfying E(dy(d)") = IL,. Let M) =3"" | d..

A common key result for the proofs of Theorems 2.1 and 2.2 is the following lemma: Let
Lip(] - |m, Fo) be the set of measurable functions g : R™ x Q — R with respect to the o-fields
B(R™) ® Fy and B(R), such that g(-,w) € Lip(] - |;») and ¢g(0,w) = 0 for any w € Q. For the

sake of brevity, we shall write g(x) in place of g(z,w).

Lemma 4.1. Under the assumptions of Theorem 2.1, setting T,, =Y ., N; where (N;);>1 is a
sequence of iid R™-valued centered gaussian random variables with Var(Ny) = 1,,,, we have

CnBP2 ifp €]2, 3]

sup  E(g(M))) —E(g(Tn)) < ;
9€Lip(||m . Fo) (9(M)) (9(T2)) { Clogn ifp=3

where C' is a positive constant depending on (p,m) but not on n.

4.1.2 Proof of Theorem 2.1

The construction of the approximating sequence of Gaussian random variables uses the ideas
developed in the proof of Theorem 2.1 in Merlevede and Rio [28].

Let (m(L))Len be a sequence of non-negative integers that will be specified later but such
that m(L) < L. Let

Lo =]2" + (k — 12" 28 + k2" NN and Uy, = Y df, ke {1,--- 280}

ie[k,L

Let PUk,L|]:2 be the conditional law of Uy 1, given .7-"2L+(k_1)2m@> and Nymz) denote the

L _ m(L)
N(0, 2m(L)ImJS(—klal)V;. The probability space is assumed to be large enough to contain a sequence
(0;)iez of iid random variables uniformly distributed on [0, 1], independent of the sequence (d;);ez
(otherwise we enlarge it). According to Riischendorf [32] (see also Theorem 2 in [13]), there exists
a R™-valued random variable V. ; with law Nom(z), measurable with respect to o(dyz Lram(n)) V

0(Uk,L) V For i (k-1)am), independent of Fyr ,(j_1)em) and such that

E(|Ukr = Virl,) = EWi(Puiz,, , m Now) (4.1)
= E s (E(fU)lForronn) — E(f (Vi)

feLip(||m)
where we recall that Lip(] - |,,) is the set of functions from R™ into R that are 1-Lipschitz with
respect to the euclidian norm |- |, on R™. From Point 2 of Theorem 1 in [13], the following

inequality holds:

E(W:(Py, 17, Nomw)) = sup  E(g(Urr)) —E(9(Viz))-

Ly (k—1)2m(L)? .
(k=) 9€Lp(||m . Fy1)
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Hence, using Lemma 4.1, we have that for any L € N and any k € {1,--- 2"}

C2B-PIm)/2if p €]2, 3]

Cm(L) ifp=3 "~ (4.2)

E(|UkL = Vir|,,) < {
where C'is a positive constant depending on (p,m) but not on (k, L).

By induction on &, the random variables (Vi.r)g—1,  or-m) are mutually independent, inde-
pendent of For and with law Nymw) . Hence we have constructed Gaussian random variables
(Ve,£)Len k=1, ot-m) that are mutually independent. Now we construct a sequence (Z;);>1 of
iid standard Gaussian random vectors in R™. For any L € N and any k € {1,---, 2™} the

random variables
<Z2L+(k:—1)2m(L>+17 R Z2L+k2m(L>)

are defined in the following way. If m(L) = 0, then Zyv_jomay = Vi . If m(L) > 0, then by the

(L)
2™ such

Skorohod lemma [33], there exists a measurable function g from R™ x [0, 1] in (R™)®
that, for any pair (V. ) of independent random variables with respective laws ANymrz) and the
uniform distribution over [0,1], g(V,0) = (N{, ..., Ni,,) is a Gaussian random vector with iid

components such that V.= N; +--- + Nom@w) a.s. Next we set

t t .
(Z2L+(k71)27n(L)+17 RN Z2L+k2m(L)) = g(VhL, 62L+(k—1)2m(L)+1) .

We have then constructed a sequence (Z;);>2 of iid standard Gaussian random vectors in R™
such that, for any L € N and any k € {1,--- 2"}

Vk,L = Z Zl a.s.

1€l 1,

To complete the construction of the sequence (Z;);>1, it suffices to consider a R™-valued standard
Gaussian random vector Z; independent of (d;,d;)icz which is always possible by enlarging
enough the underlying probability space.

Let us now complete the proof of Theorem 2.1. First, for any k > 1, we set
Yy = A7 Z, where Z, = (Z;,04 )",

04_,» denoting the row vector of dimension d — m whose all components are equal to 0. Since
Var(Z},) = J.n, we get that
Var(Yy) = A M, (A =X,

So, (Y;)i>1 is a sequence of iid centered Gaussian random vectors in R¢ with covariance matrix
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Y. Note that

k k

sup |V -y, =sup A7 (D _mi =3 Z)],

i=1 i=1 i=1
k k k k
< |A7Y|2sup | Zmi — ZZ{‘d = /Ay sup | ng - ZZi|m’
ksno oy i=1 ksno oy i=1
where for the last inequality we have used the fact that

|47l = V(AT AT) = \fp(A1 2P PAY2) = \/p(B) = Vs

Above and in the rest of the paper, for any B € M,,(C), the notation p(B) means the spectral

radius of B. To prove the theorem, it suffices then to show that

Sup } Zd' Z Z; | n'/?(logn)®), almost surely (4.3)

for a suitable a. With this aim, set S; = d; and Tj = S, Z; and let

zlz

2Ll yp
Dy:=sup| Y (di—Z)|m. (4.4)
<2t 1=2L 41

Let N € N* and k €]1,2¥+1]. We first notice that Dy > [(Sgrt1 — Tor1) — (Sor — Tor)|m, S0
that, if K is the integer such that 25X < k < 28+ |8, — Tyl < |d\ — Z1|m + Do+ D1+ -+ Dy.

Consequently since K < N,

sup |Sk_Tk:|mS |d/1—Zl|m+D0+D1+"'+DN. (45)

1<k<2N+1

In addition, the following decomposition is valid:

Dy < Dpi+ Dy, (4.6)

k ¢
Dpi:= sup ZUM—VM)‘ and Dpo:= sup sup Z (d: — Z;)

k<ab-m(L) =7 k<2b—m(L) £ely, 1,

. . m
i=inf Ik,L

End of the proof of Item 1. Let ¢ > 0 and

1+1—|— if p€j2,3[and a3 =1+
= — -— €1 a a E.
p 92 92 P 3

22



From (4.4) and (4.5), it follows that the proof of Item 1 will be complete if we can show that,
for any L € N,
Dpi=O0@2Y?PL%) and Dp, = O02YPL%) as. (4.7)

As we shall see below, this will be achieved by selecting the sequence (m(L))r>o as follows in
the construction of the iid gaussian vectors (Y;);>; as described above: set b, = % if p €]2,3[ and
b3 =1 and

m(L) = % + by log, L| , so that %QQL/”LZ’P < omib) < 92/ by (4.8)

square brackets designating as usual the integer part and log,(z) = (logx)/(log 2).

To prove the first part of (4.7), note that, by (4.2) and the selection of m(L), we get that,
for any ¢ > 0,

oL—m(L)

Z E(}UZ,L—Vé,LLn) <C

(=1

P(Dpy > 2"7PL%) <

c —p)m
< v PR (1 41, ym(L))

9L/p [ ap

= Lovr+(p—1)bp/2 (L+1p=sL).

Hence, for any ¢ > 0,

P(Dp, > 2"PL) < Lig :

which together with the Borel-Cantelli lemma implies the first part of (4.7).
We turn now to the proof of the second part of (4.7). With this aim, we set

xp = k2PL% for some k > 0,
and first notice that, by stationarity, for any y > 0,

P(Dys > 2y) < 2L—m<L>P< sup  |Selm > y> i 2L—m<L>P< sup [Tl > y> . (49)

e<2m(L) <2m(L)
By Lévy’s inequality (see for instance Proposition 2.3 in [24]),

2

m T
IP( sup | Tyl > ) < ]P’( sup (7)) > m—/%x ) < 9mex (——L) 410
[Tz 02) <3 B s (02 < meo(— i) (410

On the other hand, using Proposition 5.1 of the appendix, we get that, for any integer i € [1,d],
there exist two positive constants ¢; and ¢, such that, for any z > 0,
72
P(sup |(My);| > x) < exp(——) + conx P . (4.11)

I<n Comn
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Now note that
sup [Selm = sup [AMlg < [|All2 sup [Mfq.

e<2m (L) £<2m(L) ¢<2m(L)
But ||Alls = v/p(PT?P?) = Am'/?. Therefore, applying inequality (4.11), we get
P( sup [ Selm > xL) < P( sup |(Mg)s| = (m_l/Q)\vlr{%L))
g<2m(L) g<2m(L)

2

T Am (2+p)/2\—p/20m(L) ,.—P
Scymexp(—m) + com P )\mp 2 Zr . (412)

Starting from (4.9) and considering the upper bounds (4.10) and (4.12), it follows that

2
7 Am

P(Dyy > 271) < 2)2L-m(®) (——
(D = 2x1) < m(cr + 2) eXp c(m)2m(@)

) + cymEP2)\ P29l P (4.13)

where

c(m) = mmax(2, A0

For any choice of k, by the selection of z;, and since pa, > 1, it follows that >_, ., 2Fz;? < co.

On another hand,
2
L

27 2ap—bp _ 27142
2m(L)2/~€LPP—/<;L .

It follows that for any x > 0,
L 21 A
22 exp( )2m(L)> < 00.
L>1
So, overall, starting from (4.13) and using the Borel-Cantelli lemma, we can conclude that the
second part of (4.7) holds. This ends the proof of Item 1.

End of the proof of Item 2. Let ¢ > 0 and

1 1.
a =3 = o if p €]2,3] and a3 = 2/3.
Starting again from, (4.4) and (4.5), it follows that the proof of Item 2 will be complete if we
can show that, for any L € N,

HDL,IHI = O(?L/pLap) and ||DL72||1 = O(QL/pLap) . (414)

As we shall see below, this will be achieved by selecting the sequence (m(L))r>o as follows in
the construction of the iid gaussian vectors (Y;);>1 as described previously: set b, = % if p €]2, 3|
and b3 = —1/3 and

2L 1
m(L) = | = —bylog, L|, so that =22L/P[=br < om(L) < 92L/p[=bs (4.15)
D 2
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The first part of (4.14) follows by using (4.2) together with the above selection of m(L). To
show the second part of (4.14), we set y; = rm”>(log 2)/22mD/2LV/2 where kK, = Ay /c(m).
Hence, using (4.13), write that

|Dralli < ye +/ P(Dpy > t)dt

yL

yL

iy .
< C{yL+2LyL ”+2Lexp( o (LL)>} < Clyp +2"y; "}

Taking into account the selection of y; and (4.15), Item 2 follows.
4.1.3 Proof of Theorem 2.2
Recall the notations A~! = PA'Y2 and m;, = Adj. Hence, we have

W1<PMn|fov PG,@) < ”A71”2W1(PZZ:1 my|Fo» PGnlm) =V >\1W1(PZZ:1 mg|Fo> PGnJm) a.s

Moreover, since E(mom}) = J,,,, we have (mg); = 0 a.s. for any i =m+1,...,d. Hence, setting

di = ((m)1, - -+, (my)m) t and M = Zd

and noticing that E(dy(dy)t) = I,,, we have
Wi(Psp_, mul7o P, ) = Wi(Payir, Fa,,, ) a8

From Point 2 of Theorem 1 in [13], the following inequality then holds:
Wi (Par, 70, Pl < VA sup E(g(My)) — E(9(T5))
gELip(|“m7-7'—0)

where T,, = > 1" | N; with (N;);>1 a sequence of iid R™-valued centered gaussian random variables
with Var(N;) = I,,,. To end the proof of the theorem, it suffices to use Lemma 4.1.

4.1.4 Proof of Lemma 4.1

Note first that we can assume the sequence (N;);>; independent of (d;);ez. Let us now consider
a m-dimensional standard Gaussian random vector G independent of (V;);>1 and (d;);ez. Note
that
sup  E(g(M,,)) —E(g(T,)) < sup  E(g9(M, +G)) —E(g(T, + G)) + 2E|G|,,
g€Lip(|-|m,Fo) g€Lip(|-|m,Fo)

< sup E(@M, +Q))—-E(g(T,+Q))+2¢ym.

g€Lip(|-|m,Fo)
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The lemma is then reduced to prove that

CnB=P/2 if p €]2, 3]

. (4.16)
Clogn ifp=3

sup  E(g(M;, + @) —E(g(T. + G)) < {

g€Lip(|-|m,Fo)
We now use the Lindeberg method to prove (4.16). With this aim, we introduce the following

notation:

Notation 4.1. Let ¢, be the density of a m-dimensional centered Gaussian random vector with

covariance matrix a?l,, and let for x € R™,

g * a(r,w) = /9(1’ + 1, w)ea(y)dy .

For the sake of brevity, we shall write g * p,(x) instead of g * p,(x,w) (the partial derivatives

will be taken with respect to x) and set g;(7) = g * s, Where @;, = © /=77

Let
Ninlg)=g(M_, +dj+ Y Nj+G) —g(M_,+N;+ Y N;j+G).
j=it+1 j=it+1
We have

Hence, noticing that My = 0, the following decomposition is valid:
E(g(M, + G)) —E(g(T, + G)) = > _E(Ain(9)) - (4.17)
i=1

Below we shall also use the following notations.

Notation 4.2. For two positive integers m and n, let M,,, ,(R) be the set of real matrices with
m lines and n columns. The Kronecker product (or Tensor product) of A = [a; ;] € M, .(R)
and B = [b; ;] € M, 4(R) is denoted by A ® B and is defined to be the block matrix

al,lB e al,nB
A@B=| ] € Mpng(R).

am,lB s am,nB

For any positive integer k, the k-th Kronecker power A®* is defined inductively by: A®! = A
and A®F = A @ A®Kk-1),

If V denotes the differentiation operator given by V = (8—961, cee %)t acting on the differ-
entiable functions f : R™ — R, we define

V@Vz(a v, 0 ov)t,

— O
8951
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and V& by V&' =V and V® =V @ V®E-D_If f: R™ — R is k-times differentiable, for any
r € R™, let D¥f(x) = V¥ f(z), and for any vector A of R™, we define D* f(x).A®* as the usual

scalar product in R™" between D f(z) and A%
For any i € {1,...,n}, let
1
Al,i,n(g) = Gin (Mi,—l + d;) — Gin (Mi,—l) - §D29z’,n (M{—1)-Ni®2 )

and
1 !
ANoin(9) = gin(M]_y + Ni) — gim (M) — §D2gi,n(Mifl)‘Ni®2'

With this notation,
E(Azn<g)) = E(Al,i,n<g)> - E(AQ,i,n(g)) . (4.18)

By the Taylor integral formula, noticing that E(N®*) = 0, we get
1 1
E(Asin(9))]| < E‘E / Digin (M, +tNi).Ni®4dt‘.
0

But, according to Lemma 5.6 in [12], for any y € R™ and any integer k& > 1, there exists a

positive constant ¢, depending only on £ such that

ak n
‘%(y)‘ < cp(n—i+ 1)(1*16)/2 ) (4.19)
(i1,yin)E{1,...;m}m szl Oy,

Therefore
[E(As,n(9))] < 27 mbes(n — i+ 1)72.
Therefore . )
D [E(Arin(9))] < 27tmtes Y (=it )7 < mam? (4.20)
=1 i=1
Let now

1

Riin(9) = gin (M + i) = gin (M) = Dgin (M )d; — 5

DQ.gi,n (Mllfl) 'd'/£®2 )

and
Roin(9) = Dgin(Mi_y) ot 3 D0 (ML) — L D%, (ML_,) E(NE).

With this notation,
E(A1in(9)) = E(R1in(9)) + E(R2,0(9)) - (4.21)

By the Taylor integral formula at order two,
A=t 2 2
[E(R1in(9))] < ‘]E/ T(D Gin(M;_y +td;) = D gz‘,n(M{_J)-d;@ dt’-
0
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But, by taking into account (4.19), we infer that, for any ¢ € [0, 1],
|D2gi (ML, +td}) — D2gi (ML) )™
<mleaVes)(n — i+ 1)72 (min (252, tm 2 — i+ 1) d) ) )
<2mP(cy Ves)(n— i+ 1)V — i+ 1)~ @22 p

since p €]2,3]. Therefore, since |d}|m = |Adi|q < ||All2|di]a = /p(PT2P)|di]g = Am"?|du]a, it
follows that

|E(R17i,n(g))‘ < 2_1)\;1p/2mp/2(02 Ves)(n—i+ 1)_(p_1)/2E(\d1|§) )

Hence there exists a positive constant ko such that, for any positive integer n,
D |E(R1in(9))] < s X PmPPE(|dy[5)n® P2 (1 4 1,-51ogn) . (4.22)
i=1

Starting from the decomposition (4.18) and taking into account (4.20), (4.21) and (4.22), it
follows that for any g € Lip(] - |m, Fo),

‘ iE(Ai,n(Q))‘ < ‘ i(E(R2,i,n(g>>‘ +CnB P21+ 1,_3logn). (4.23)

We handle now the term Y | E(Ry;,(g)). With this aim, let us first write n in basis 2. Let

r be the unique non-negative integer such that 2" < n < 2"*!. Then, writing n in basis 2, we

have .
n= Zbk(nﬂk where b.(n) =1 and bg(n) € {0,1} for k=0,...,7—1.
k=0
Let also i
Nk :ij(n)Qj fork=0,...,r—1landn_1 =0.
=0
It follows that
n r ng r ok
D E(Rain(9) = bi(n) Y E(Rain(g) =Y be(n) > E(Ain(g)). (4.24)
i=1 k=0 i=ng_1+1 k=0 i=1

where A; ,(9) = Roitn,_,n(g9) (note that the last inequality above holds because, when bg(n) = 1,
then necessarily n, = 2% + nj,_;). Let i € {1,...,2¥}. Notice now that, since (d});cz is a
martingale differences sequence with respect to (F;)icz and such that E(d/*?) = E(N®?), we
have, by setting (k) =i + ng_1,

1
E(Azn<g)) = §E(D2gi(k),n (M{(k)q)'(dg% - E(d%)) :
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To continue the computations, as in the proof of Proposition 5.1 in [11], we introduce again a

dyadic scheme. With this aim, we introduce the following notations.

Notation 4.3. Set iy =i — 1 and write i in basis 2 (recall that 7 € {1,...,2*}): i = S2F  a;2°
with a; = 0 or a; = 1 (note that a; = 0). Set i; = Zl JazQZ so that 7, = 0, and set
ij(k) = i; + np_1. Let Ij, =)(27,(C+ 1)2] NN (note that [y =|2%, 2441, U9 = ¥, d,
Uj(ek) = ZZGI i Uje) = Zlel N; and U](ek) = Zie] , Niyy. For the sake of brevity, let

v =y, andUO) U;. Set also Z” Eeos (UL)22) — Egi (UL7)%2).

J J

Since 7 = 0, the following elementary identity is valid

E(Ain(9))

N
—_

E<<D2gij(k)+1’”(MZ{f(’f)) = D?giy sty (M 09)) - (i — E(d;%f))»

N | —
<

Il

=)

E( D9, (M;, ) (453 — E(d2)) )

=: E(B;n(9)) + ;]E<D vt (My, ) (455 — (d;%;f))). (4.25)

1
2

Since D%gy, ,11m (M;lk—l) is a random vector which is F,,, | measurable, we have

E<D2g”k71+1’” (Mr/zk 1) (d;(?k? ]E(di?;)))) - E(ngnkfﬁl:” (M;lk—l)'Enkfl (d;?lf) B EMZ%)))) :
But, by the martingale property,

ok

ZEnkld@Q E(di)) = nm((ZdM) - (Zd§<k>>®2)-

i=1
Taking into account (4.19) and stationarity, we get

2k

> E(D20 10 (M, ) (455~ E(E32) )|

a3 ((S0),(S0),) (54, (54))

a=1 b=1

Since (d}), = (Ad;), for 1 < a <m and (Ad;), =0 for m+1 < a <d,

5 S a(fa((320), (354),) - =((0),(04))

a=1 b=1

2k

< dE‘A@ (Bo (M32) — (M) | < dll A% [Eo (M52) — E(MS?)

p .
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But [[A®?]]; < ||A|l3 < AL So, from the above considerations,

2k

> E(Dn 10 (M, ) (455~ E(32) )|

i=1

< i\ — 1) 2E| B (M32) — B(M5?)

2k

p .

Since n > ng_1 + 2% if by(n) = 1, we get

r 2k
k=0 =1

< Cibkm)?"““E(Eo(MS??) ~E(7)

k=0

d

< Coer2 3" o (- 8)vg g (M) — B(MP)
k=0

J .

But, by the subadditivity of the sequence (E|EO (M ,;8)2) — E(M,?z) ‘ d) condition (2.1) implies

E>1
that
> 2(2’2’)’“1@‘1@0(1\43;2) ~E(MS?)| <oo.
£>0 d
(See for instance Remark 2.6 in [11]). Hence,
T ok
Z bk (TL)‘ Z E(DQan71+1,n (Mrlzk71) : (d;((glf) o E<d;%§2))>) ‘ < Cn(3—p)/2 : (426)
k=0 i=1

Starting from (4.23) and taking into account (4.24), (4.25) and (4.26), the proof of the lemma
will be complete if we can prove that for any g € Lip(| + |, Fo),

T 2k
> () D E(Biag))| < Cnl*P(1 4+ 1,510g ). (4.27)
k=0 i=1

Let 7 € {1,...,2%} and note that i; # ;41 only if a; = 1, then in this case i; = 27 with ¢ odd.
It follows that

2k k-1
2> E(Bin(9) =) >, E((ngfzunkfﬁl,n( (2 tnp 1)
=1 j=0 C€l_j o

£ odd

- D2g(£_1)2j+”k—1+17n (M(/zq)zunk,l))- Z (d;%f) - ]E(d;%)))) .

{irij=027}
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Note that {i : i; = (27} = I;,. Now by the martingale property,
¢ ¢ ¢
Eeyines ( D (4 ~EWE)) = Berene (U10,_)™) B, )7 =23, ..
’L'EIJ',[

Consequently

2k k—1
QZE(BZJZ(Q)) = Z Z E((DQ.ngj—&-nk,l—i-l,n(MéQJ_H—Lk 1)
=1

§=0 €€l;_; 0
£ odd

14
- D29(871)2j+nk,1+1,n (M(/€—1)2j+nk_1 ) ) 'ZJ(',T)LkA)

k—1
:Z Z ]E<<D2ggzj+nk,1+1,n(M221+nk 1)

7=0 Zelk—j,o

¢ odd
029
2 (0)
— _D 952j+nk—1+17n (M(le—l)2j+nk,1 + Z NU"Fnk—l)) Z] Mg 1) )
=(l— 1)2J+1

since (d;);eny and (IV;);en are independent. Note that Z]( T)lk is a m?-dimensional random vector.

Let then introduce the following notation: (Z) ., is the (a — 1)m + b-th coordinate of the

IMk—1

vector Z ;Qkil. By using this notation and (4.19), it follows that

2k
2‘ ZE(B,n(g) ‘ < max(2cy, c3) X Z Z n— 29 —ny_y)"V?
i=1

7j=0 €€, _ 3,0
£ odd

m
X ZE( Jnk 1 “b|min (1’(n_€2j_nk 1/2Z| Jink— 1_Uj(€:kl—)1>c‘)>.
a,b=1
But, since p €]2, 3],
E(|(Z0, ., Jaslmin (1, (n = 127 = 1/2Z| =)

. ~(p p—2
< (n—€2" —ngp_1)” v 2)/2E< Jnk 1 Jab |<Z| ]gnkl)l Uﬂ(l;"bkl—)l)CD )

. 2
S(n—EZJ—nk - 2/2ZE< ]nk 1 ab| Jenkl)1 Uj(l;“bkll ‘p >’
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which together with stationarity implies that

20 (n) i_kjE(Bi,n@))\ <

k—12k—i—1

< max(2¢, c3) bi(n)(n — (29 — ny,_y)~070/2 %" E(|(z§”)a,b||(Uj - Uj)c\p‘2> .
=0 (=1 a,b,c=1
Let .
Q; = Z E(‘(Zj(l))a,bH(Uj — Uj)c|p72> )
a,b,c=1

Since n > ny_1 + 2% if by(n) = 1, we get, in case where p €]2, 3|,
2k k-1
)| SE(BLu(9)| < 0 a0k,
i=1 =0

Consider now the case p = 3. Note that, since by(n) = 1 implies that nj, = n;_; + 2%, we have

2k—i_1 279 (n—np_1)—1
be(n) Y (n—12 =) =27(n) Y !
=1 {=2"J(n—ng)+1

27 (n—np—1)-1

<2pm) Y ()T <27 ) {log (FE) —log (P 4 1)}

2 2
=273 (n—n)+1

So, overall,

ok thl 27]'(;;71)/22(3710(kfj)/2Q, if p 6]27 3[
bk(n)’ ZE(BZ’R(.Q))‘ <C { - j
i=1

bi(n) Zf;é 2*3{ log(n — ng—1 + 1) — log(n — ny + 1)}Qj ifp=3
According to inequality (5.32) in [11], we infer that under conditions (2.1) and (2.2),
E(1(Z)all(0; = T5)el ") < €222 )00 + C2P2INZ o 1,0

J

Hence, if p €]2, 3],

> o) iE(Bi,n@))\

r m k—1 k—1
<O 2k o NN a2 (20l + D 22 ) gl o (4.28)
k=0 ab=1 j=0 j=0
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and if p = 3,

T 2k
Zbk(n)‘ ZE(BM ‘ < C’Zbk {log n—ng_1+1)—log(n —ng + 1)}
k=0 i=1

0 0
XZ{Z22”3|\Z Dl + 329 ZMaslhos} - (4.29)
7=0

a,b=1 j=0

77777

m d
ST IEZVasllorz = IEo((AMy))a((AMas )y — E((AMy) )a((AMa: )y |2
a,b:l (l,b:l
d d
< Z Z }(A)a,k(A)b,E‘HEO((Mm‘)k((sz)e — E((Ma)e((Mai)e|lp/2
a,b=1 k(=1
d
<d Z (A>Z,ka2ﬁd = d°|| Al g0 q -
a,k=1

Now, since P is orthogonal

m—1
1A s = IT1s = D AT+ (d—m+ 1A < dxt
=1
So,
ST EZ)asllp < AN s a.
a,b=1

Similarly, setting Bos ¢ = max seq1,... ay [[Eo((Mas)r((Mas)e — E((Mas )i ((Mas )ell1,0,p, We get

ST IEZapllon < d*X; By

Note now that due to the martingale property conditions (2.1) and (2.2) are respectively equiv-

alent to
ZZj(p/Q_Q)ﬁzjd < 0o and 22_2]‘/7’0[2% < 00.

J=0 Jj=0

(See Remark 2.6 in [11]). Moreover

Zbk {log n— ng_ 1+1)—log(n—nk+1)} =log(n+1)
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and if p €]2, 3],
Z 2B3-pk/2 < Oy (3-1)/2
k=0
Starting from (4.28) and (4.29) and considering the above computations, the upper bound (4.27)

follows. This ends the proof of the lemma. ¢

4.1.5 Proof of Remark 2.4

To simplify, assume that (d;);cz is a vector-valued stationary sequence of reversed martingale
differences such that E(dyd) = I (otherwise we transform the r.v.’s to go back to this case as
done in Section 4.1.1). Let us then prove that if (2.5) and (2.6) are satisfied for some p €]2, 3], the
conclusions of Theorem 2.1 hold for M,,. With this aim, we need to construct the approximating
Brownian motion. As in the proof of Theorem 2.1, for L € N, let m(L) € N be such that
m(L) < L, and define

Ly =128 + (k— 12" 28 4 k2P NN and Uy, = di, ke {1,--- 207}
i€T.1

Let PUk7L|g2L+k2m(L>H be the conditional law of Uy, 1, given Gyr , jom(z) 41 and Nymr) be the AV(0, 2]
law. Assume that the probability space is assumed to be large enough to contain a sequence
(07)iez of iid random variables uniformly distributed on [0, 1], independent of the sequence (d;);ez.
As in the proof of Theorem 2.1, we infer that there exists a R%-valued random variable V}, ;, with
law Noymry, measurable with respect to o (dgrpomr)) V 0(Uk,) V Gorypomr) 41, independent of
Gor pxom) 1 and such that

E(|Ukz — Vir|,) = sup E(g(U,1)) —E(g(Vi,L)) -

9€Lip(|la:9,1  ym(L) 1)

As, in the proof of Theorem 2.1, by induction on k, we have then constructed Gaussian random
variables (Vi.L)reng=1, ot-m) that are mutually independent, and using the Skorohod lemma,
we can construct a sequence (Z;);>; of iid standard Gaussian random vectors in R? such that,
for any L € N and any k € {1, ,2b-mD} Y, | = Dier,

completed if one can prove that, in the case of reversed martingale differences, Lemma 4.1 still

Z; a.s. The proof can be then

holds. In this case, it reads as follows:

Lemma 4.2. Let T,, = Y 1| N; where (N;);>1 be a sequence of iid R%-valued centered gaussian
random variables with Var(Ny) = 1. Let p €]2,3] and assume that (2.5) and (2.6) are satisfied.

Then, there exists a positive constant C' such that, for any positive integer n,

Cn®P12 jif p €]2, 3]
sup E(Q(Mn)) - ]E(g(Tn)) < . ’
9€Lip(|la,Gn+1) Clogn if p = 3.
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The proof of this lemma can be easily deduced from the one of Lemma 4.1 by writing
M, = E?Zl d;, where d;, = d,_j11 for any j € Z and by noticing that, for any integer
n, (djn)jez is a stationary sequence of martingale differences with respect to (Fj,);jez where

~F'j,n = gn—j+1-
To end the proof of Remark 2.4, it remains to notice that, as in the proof of Theorem 2.2,
Lemma 4.2 immediately leads to the conclusion of Theorem 2.2 for the reversed martingale M,

with G, 1 replacing Fy. ¢

4.2 Proof of the results of Section 3
4.2.1 Proof of Proposition 3.1.

The existence of a p-invariant probability on B(X) is a well-known fact based on the compactness

of X, see for instance Lemma 2.16 of [3]. Hence, we shall only prove uniqueness.

By Lemma 3.3 and the Borel-Cantelli lemma we see that for every z,y € X such that

f(@) = fly),
d(Bgn - x,Bon - y) — 0 P-a.s. (4.30)

n—oo
Let v be a p-invariant probability on X. By Lemma 2.17 of [3], for P-almost every w € €2,
there exists a probability v, on X such that for every continuous function ¢ on X, we have

/Xgp(Bn(oJ) cx)v(der) — o(x)y,(dx) . (4.31)

n—oo X

Let ¢ be a continuous function on X. For every f € F, pick y; € X;. Using (4.30), combined
with Fubini’s theorem for P® v and the uniform continuity of ¢, we infer that for P-almost every
w € ) we have

|o(Bon (w) - yj) — @(Bon(w) - )| — 0 for v-almost every z € Xj.

n—oo

Recall that (Xj)jep forms a partition of X and that, by Lemma 3.2, v(Xj) = ‘F‘

Hence, by Lebesgue dominated convergence theorem, using (4.31), we infer that, for P-almost

for every f € F'

every w € €,
g ©(Ban (w o(x)v,(dr) . 4.32

feF
Let w be such that (4.32) holds. Since X is compact, there exist (ny)r>1 and (Zj(w))jer such
that Boni (w) - 45 = Zi(w).
—00
From the previous considerations, we conclude that for every continuous ¢ on X,

/XsO( ) (de) |ZM

fer
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Then, we infer that v, = ﬁ Zfe # 07;(w), hence does not depend on v.

The uniqueness of v then follows from the fact that for every continuous ¢ on X,

| ctowian) = [ ([ clomtin)aw),

see Lemma 2.19 of [3]. O

4.2.2 Proof of Lemma 3.2.

Let v be a p-invariant probability on B(X). Let ¢ : FF — R. We have

b(f(g - 2)u(dg)v(dz) = /X B (2))r(dz)

GxX

Hence
/ (Z @w(s(g)f)v(Xf)) uldg) =Y (r(x;).
G \jeF feF
Hence, } ;. v(Xj)d; is an s(u)-invariant probability measure on F. Since s(u) is adapted it
follows from the Choquet-Deny theorem for compact groups, see for instance [20], (notice that

for finite groups the proof is quite direct) that the latter measure is the Haar measure on F. [J

4.2.3 Proof of Lemma 3.3.

Of course, it is enough to prove (3.6) with Ag» in place of Ban. Let ng be the integer appearing
in Definition 3.3.

Set Nn = SUP,2y f(2)=f(y) Jlog <%) 1 (dg). Then for every integers k > 1 and ¢ €
10,120 — 1], Nkngre < kNng + M < KNy + MaXo<im<ng - Since 0,, < 0, it follows that n, < 0 for

every n large enough. Hence we may assume that ny = 2.

Using that Ay = e, we have

d(A2n+r0 . 3:', A2n+7‘0 . y) > d(AQ”'Ok * f]:, AZ"'Ok * y)
1 = 1
08 ( d(.T, y) ) kz:; 8 <d(A2T0(k1) - T, AQTo(kfl) . y>>

As mentionned in Remark 3.3 the right-hand side of (3.3) may be —oo. To take care of that

technical matter let us introduce some R > 0 (that clearly exists) such that

d(g-7,9-9)\\ | o
sup / max (—R, log | ———————=) ) u™ (dg) <O0.
st f@)=1) JG < d(z,y) )

36



Let o := pu*?™. For every z,y € X and g € G, set

dla - )
vr(g,x,y) := max <—R, log <M>> : (4.33)
d(x,y)
Set also Vi, := Yorop - - Yoro (k—1)41-

Then, we have

d<A2n+r0 - A2n+ro . y) 2"
1 ( ! >< Vie, Agro 1) - 22, Agro i1y -
0g d(z,9) _;S@R( ky 270 (k—1) * T, A270(k—1) Y)

2”1
= Z <SOR(V/¢, AQTO(kfl) 'vaQTO(kfl) y) — / SOR(Q, AQTO(kfl) * T, Azro(kq) : y) Mo(d9)>
G

k=1

271
+ Z PR (9, Agro(k—1) - T, Agro(l—1) - y) to(dg)
k=1"C

2n 2n
= Z Dri(z,y) + Z Eri(z,y)
k=1 k=1

= MR,Q”(xa y) + QR,2n (33, y) .

Notice that (Mg, (2,y))nen 1S a (Faron)nen-martingale. In order to prove (3.6) it is enough
to prove that for every € > 0,

sup  P(|Mpan(z,y)| > 2"%) < 00, (4.34)
n>0 a#y,f(z)=f(y)

and that there exists £ > 0 such that

sup P (QR,Qn(:c,y) > —2”[7) < 00. (4.35)
n>0 z#y, f(2)=F(y)

We first prove (4.35). Set
. d(a - : .
- = sup / max (—R,lOg (M)) M*Q (dg) <0.
W JG

vy, f()=f d(z,y)

Since Qroan(x,y) < —ontlg, P( (QRQn (x,y) > —2”?) = 0 and the result follows.
Let us prove (4.34) (for every € > 0). Define a function A on G by setting A(g) :=
max(R,log"* Lip(g)) for every g € G.

Let T, := U2 {A(V}) > 2"} and

D;%,k<$7 y) = DR,k(xa y>1{A(Vk)§52"}
D%,k(% y) = D;%,k:(xa y) — E(Dﬁ,k(% y)‘}—ro(kq)) .
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Notice that |Dg | < A(Vi)+E(A(Vp)) and since Dgy, is such that E(Dg (2, y)| Faro(k-1)) = 0,
E(Dg (@, y)|Faror-1)) = ~B(Dri(2, ¥)Liams)se2ny [Foro 1)) -
Hence, using independence,
[E(D i (2, )| Farob-1) | < E(AVi) Liaiy>e2n [ Foro o)) + E(AMVO))E(Liaqv)eomy [ Faro 1))
= E(A(Vo)Liaqp)>ezny) + E(A(V0))P(A(V) > €2") = 3E(A(Vo) Lia(vp)>e2n}) -
Since A € L'(pg), it follows

[E(Dfg (2, y)|Faroe—1))| < 3/ A(g)Lia(g)><2ny Ho(dg) — 0. (4.36)
G n—oo
Now we have
P(|Mpan(z,y)| > 2"%) < P(T,) + P(] ZDRk z,y)| > 2"¢)
2”
< 2'P(A(Vo) > 2") + P(| Y Dl y)| = 2" e)
k=1

2’71
P(| 3 E(Dlue,y)| Foron)] > 2'7'<).
k=1

Using (4.36), we see that for n large enough, P(| 3% E(Dg 1. (z,y)| Faror-1))| > 2" 'e) = 0.

Hence, for n large enough

1
P(|Mpan(z,y)| > 2") < 2"P(A(Vp) > 2"¢) + 8QQﬁE(A(VO) Lia(vp)<ane}) -

Then, (4.34) follows from standard computations and the fact that E(A(V})) < oc. O

4.2.4 Proof of Lemma 3.4.

Let ng be as in Definition 3.3.

Using that (Y,),>1 is iid we see that for every k < j < 2k

sup P(log(d(A;—1-x,Aj1-y)) > —lk) < sup P(log(d(Ak—1-x,Ax_1-y)) > —Lk) .

z,yeX, x#y z,YEX,x#Y
Similarly, for every mng < k < (m + 1)ng, for some m > 3, we have (notice that mng — 1 >
(m—1)ng and m+1<2(m —1))
sup P (log(d(Ag-1-x, A1 -vy)) > —Llk)
z,yeX, x#y

< sup P (log (d(Awm—1yny - T, Am—t1yno - ¥)) = —2L(m — 1)ny)

z,yeX, £y
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Let & > 1. Proceeding as in the proof of Lemma 3.3, we see that, setting Wy, := Yy, - - Yie—1)no+1
and using the notation (4.33),

log (d(Agng - T, Agny - y)) — log (d(z, y))

<> (SOR(WJa A=ty * T, AG-1yne  Y) — /G@R(g s A=y - 2, A=y - y)p™ (dg)

j=1

k
+3 | er(g, AGyne - T AG-tymo - 9)i°(dg)
j=1"C

= Mk + Rk .
Clearly, Ry < —vk where v := —Sup, ,ex .2y Jo 0r(9, AG—1)no = T, AGG—1ymo - Y)*™(dg) > 0.
Hence, (3.7) will hold, say with ¢ = ~/(4ng), if we can prove prove that for every € > 0,
3 kp‘2P< max | M| > 5k:) <. (4.37)
k>1 I=isk

Now, the fact that (4.37) holds for every € > 0 may be proved as Theorem 4.1 of [8], where

a more general result is obtained.

Hence, the proof of (3.7) is completed and it remains to prove (3.8).

Taking p = 1 in (4.37) and using that, for 2° < k < 2! — 1, P(max;<jcqe [ M| > €2°) <
P(max;<j<i | M;| > €k/2), we infer that

ZIP’( max |M;| > 52’“) < 00,
k>1

1<j<2k

for every € > 0 and (3.8) follows from the Borel-Cantelli lemma, since Ry < —~vk. O

4.2.5 Proof of Theorems 3.14 and 3.15.

Let n > 1. We have

T i= (A Wo) = ndy = 3 (0 (¥i Ay - Wo) = 4, (4:38)

k=1
where all the summands have the same law.

We start by noticing that, by Proposition 3.10 (and Remark 3.6), using that p > 2,

S0 (Y Aucs - Wo lo{TW0}) = Ally < 307 2B (0 (Y, Aucs - Wo o {TW0}) — Aully

n>1 n>1
< E nP=?2 sup |E(o(Y,, Ap_1x) — A\, < oo. (4.39
e~ Do ’ ( ( 1 ) u| ( )
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Hence, by Gordin’s LP-criteria, we infer that o(Y,, A,—1 - Wo) — A\, = D, + R,, — R,_, where
(Dy)n>1 1s a stationary sequence of martingale differences in L? and (R,,) is a stationary process
in LP. Write M,, :=>"}_, Dy, and (M,,); := (M, e;) for 1 <i <d.

Then, it is clearly sufficient to prove the theorems for (M, ),>1 instead of (7},),>1. Since we
are back to the study of a martingale with stationary increments, we only have to check the

conditions of Theorems 2.1 and 2.2. In particular, it suffices to check that

oo

1
Z W“E((Mn)i(Mn)j‘]:O) —E((My)i(M,);) ||p/2 < 00. (4.40)
n=1
Clearly, using the basic equality (a + b)* — a® — b* = 2ab, the latter holds provided that one

can prove that
oo

1 172 172
Z n3—p/2 ||]E(Mn"7:0) N ]E(Mn) Hp/2 < 0,
n=1
for any M, € {(M,); : 1<i< dyU{(M,);+(M,); : 1 <i < j <d}. In particular, we are back
to prove that (4.40) holds in the case of an R-valued cocycle. As in the proof of Propositions 8
and 9 of [7], taking into account (4.39), it is enough to prove that

o

1 2 2
Z n3—p/2 [E(T3]Fo) — E(T3) Hp/Z < 00. (4.41)
n=1
Then, proceeding as in the proof of Proposition 12 of [7] (based on Proposition 11 there),
making use of (3.17), (3.18) and (3.19), we infer that (4.41) holds. O

4.2.6 Proof of Theorems 3.16 and 3.17.

The case where V,, = o(A,, Wy) follows directly from Theorems 3.14 and 3.15. It remains to
prove them for the other possible values of V,,. We shall only complete the proof of Theorem
3.16 since the proof of Theorem 3.17 may be done as the proof of item 2. of Theorem 3.16. The

proofs make use of results from [3].
Let us start by proving Item 1 of Theorem 3.16. It follows from item (d) of Theorem 10.9 of

[3] that P-almost surely
sup |o(An, Wo) — k(An)]e < 00.

n>1
Hence Item 1 for the Cartan projection follows from the result for (o(A,, Wo)—nA,),>1. Similary,
Theorem 10.9 of [3] implies that for every z € P,

sup |o(Ap, z) — k(Ap)|a < 00.

n>1
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Hence Item 1 for (o(A,,x) — nA,)n>1, for every € P, follows from the result for (x(4,) —
nAL)n>1-

Let us prove Item 2 of Theorem 3.16. By (13.31) of [3], there exist M > 0 and 7y, ...,n, € P,
such that, for every g € G there exists ¢ € {1,...,r} such that

|o(g, i) = K(g)la < M. (4.42)

Let (I';)1<i<» be a partition of I', such that for every g € I'; (4.42) holds. Let (N,),>1 be the
sequence of iid normal variables appearing in Item 2 and approximating (o(A,, Wo))n,>1. Set
W, :==>7_, Ni. We have

|K(An) = W] =D > |K(An) — Wyl 11, (Ay)

feF 1€{1,...,r},:mEX;

S M + Z Z ‘O-(Ana 771) - Wn|a1Fi(An) .

feF i€{l,...,m},: ;M EX;

For n; € X write

o(Ap,m) — W, = % [/Xf (o(Ap,m) — 0(Ap, z))v(dz) +/

; (o(An,z) — Wn)V(dl’)] :

Combining the above estimates and using Proposition 3.13, we infer that there exists K > 0
| [#(AD) = Wal ||, < 7K + 7l o(An, Wo) = Wala 1.

and the desired result follows.

The case where G is connected follows from Lemma 3.13 (see the remark after the lemma).

The case where G = GL4(R) follows also from Lemma 3.13 once one has noticed that if

-1 0 ... ... 0

o 1 0 ... 0
£ =

: . -0

0O ... ... 0 1

then f(kP.) = —f(keP.) and o(g, kP.) = o(g, ke P.) for every g € GL4(R) and every kP, € G/P..
0J
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5 Appendix

The following result is a Fuk-Nagaev type inequality for martingales with moments of order
p €]2,3].

Proposition 5.1. Let (d;);ez be a real stationary martingale differences sequence with respect to
(Fi)icz- Let o denote the standard deviation of dy. Let p €]2,3]. Assume that E|do|P < oo and
that the conditions (2.1) and (2.2) are fulfilled. Let M} = maxi<r<, Mg. Then for any positive

real x,
2\ pt1/2

2
P(M: > z) <7 x 2220—1/2(”12) ’
xXr

8no?
where C,, is a positive constant depending only on p, E|dy|P and on the two series (2.1) and (2.2)

exp ( — ) +Cpna™?

but not on n.

Proof of Proposition 5.1. The proof uses similar arguments as in the proof of Proposition
5.2 in [28].
Let z be a positive real and ¢ be the function from R to R defined by
(t—a/2),
plp—1)

p(t) =

Since ¢ is nonnegative and convex, ¢(M,) is a submartingale. Consequently Doob’s maximal

inequality entails that

E(p(Ma)

P(M;, = ) = P(p(M;) = ¢(v)) < ()

Let now Y be a standard gaussian random variable independent of (d;);cz. Then

PO > o) < 222D (B0 /Y ) + E(p(M,)) - E(p(oy/aY))). (5.1)

xP

Since ¢"(t) = (t — x/2)""2, it follows that ¢ is (p — 2) Hélder. Then,

E(p(My)) — E(p(ovnY)) < sup E(f(M,) — f(ov/nY)),

Fehp

where (recall that p €]2,3]) A, is the class of real functions f which are 2-times continuously
differentiable and such that

[/ (@) = f () < |z =y~ for any (z,y) €R x R,
Now denoting by Py, the law of M, and by G,,,2 the normal distribution N(0,no?) we have

;élf E(f(Mn) - f(o'\/EY)) = CP(PMn7 Gn02) )
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that is the Zolotarev distance of order p between Py, and G,,2. Applying Theorem 2.1 in [11],
we derive that, under (2.1) and (2.2), there exists a positive constant K, depending only on p,
E|do|P and on the two series (2.1) and (2.2), but not on n, such that

E(p(M,)) — E(p(ovnY)) < Kpn. (5.2)

On an other hand, using the fact that (u + z/2)* > ux + z?/4, we get that

—x2/(8no?) 00
E(p(oy/nY)) < e—/ e_x“/(Q""Q)u—pdu.
pip—1) Jo ov?anm

With the change of variables v = zu/(2nc?) and since p €]2, 3], we derive that

2no?

+1 ] &
— DE(p(ocv/nY < 6_362/(8”02)( )p / vPe " dv
p(p — DE(p(cv/nY)) < . e ),

Z (2n0-2)p+1/2 —z2/(8no?)
- 2 xp+1 ’

(5.3)
Starting from (5.1) and using (5.2) and (5.3) we get the result.

Acknowledgements We would like to thank Cagri Sert for useful discussions and references

on the Iwasawa cocycle.
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