N
N

N

HAL

open science

On the orbital stability of a family of traveling waves for
the cubic Schrodinger equation on the Heisenberg group

Louise Gassot

» To cite this version:

Louise Gassot. On the orbital stability of a family of traveling waves for the cubic Schrédinger equation
on the Heisenberg group. 2019. hal-02288854

HAL Id: hal-02288854
https://hal.science/hal-02288854

Preprint submitted on 16 Sep 2019

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-02288854
https://hal.archives-ouvertes.fr

On the orbital stability of a family of traveling waves for the
cubic Schrodinger equation on the Heisenberg group.

Louise Gassot

Abstract

We consider the focusing energy-critical Schrodinger equation on the Heisenberg group
in the radial case

1
i0pu — A = |u?u, Amp = 1(82 + )+ (z*+y*)0Z, (t,x,y,s) e RxH',

which is a model for non-dispersive evolution equations. For this equation, existence of
smooth global solutions and uniqueness of weak solutions in the energy space are open
problems. We are interested in a family of ground state traveling waves parametrized by
their speed 5 € (—1,1). We show that the traveling waves of speed close to 1 present some
orbital stability in the following sense. If the initial data is radial and close enough to one
traveling wave, then there exists a global weak solution which stays close to the orbit of this
traveling wave for all times. A similar result is proven for the limiting system associated to
this equation.
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1 Introduction

1.1 Motivation

We are interested in the Schrédinger equation on the Heisenberg group

. 7A _ 2
{z@tu mt = Ju*u . (t,z,y,s) € R x H. (1)

’Lb(t = 0) = Uo

The operator Ap: denotes the sub-Laplacian on the Heisenberg group. When the solution
is radial, in the sense that it only depends on ¢, |x 4 iy| and s, the sub-Laplacian writes

Agp = (08 +00) + (2 44702,

The Heisenberg group is a typical case of sub-Riemannian geometry where dispersive
properties of the Schrédinger equation disappear (see Bahouri, Gérard and Xu [3]). To take
it further, Del Hierro [9] proved sharp decay estimates for the Schrodinger equation on H-type
groups, depending on the dimension of the center of the group. More generally, Bahouri,
Fermanian and Gallagher [2] proved optimal dispersive estimates on stratified Lie groups of
step 2 under some property of the canonical skew-symmetric form. In contrast, they also
give a class of groups without this property displaying total lack of dispersion, which includes
the Heisenberg group.

Dispersion impacts the way one can address the Cauchy problem for the Schrédinger
equation. Indeed (see Burq, Gérard and Tzvetkov [0], remark 2.12), the existence of a
smooth local in time flow map on the Sobolev space H*(M) for the Schrédinger equation on
a Riemaniann manifold M with Laplace-Beltrami operator A

i0yu — Au = |u|?u
u(t=0) = ug

implies the following Strichartz estimate
1€%2 fll La(o,11x a0y < CllA N e (ary-

The argument also applies for the Heisenberg group with the homogeneous Sobolev spaces
H*(H"), for which the inequality holds if and only if s > 2 [12]. In particular, uniqueness of
weak solutions in the energy space H L(H') is an open problem, whereas without a conser-
vation law controlling the H2-norm, there is no existence existence result of smooth global
solutions. Constructing weak global solutions to the Schrédinger equation on the Heisenberg
group is still possible through a compactness argument, nevertheless, this method does not
ensure that these solutions are relevant. Indeed, the energy of the solution is only bounded
above by the initial energy. Therefore, the cancellation of the energy of the solution at some
time may not imply that the solution is identically zero, and we do not exclude the possibility
of non-uniqueness of weak solutions as in the 2D incompressible Euler equation [3].

The aim of this paper is to construct some weak global solutions with a prescribed
behaviour. More precisely, given an initial data close to some ground state traveling wave
solution for the Schrodinger equation on the Heisenberg group, we want to construct a weak
global solution which stays close to the orbit of the traveling wave for all times. Combined
with an uniqueness result, this would lead to the orbital stability of this ground state traveling
wave.

1.2 Main results

We consider a family of traveling waves with speed 8 € (—1, 1) under the form

uﬁ(t7x7y’8) =V 1- /BQB(ZUM%S + Bt)
The profile Q4 satisfies the following stationary hypoelliptic equation

7A]HI1 + 6Ds

5 Qs = Qs Q.



Because of the scaling invariance, it would have been equivalent in the rest of the study to
define Q3 as

it = (A,

VI-BVI-B 1-8
From [11], we know that as 8 tends to 1, the ground state solutions of speed 5 converge up
to symmetries in H!(H!) to some profile Q. Moreover, @ is solution to a limiting equation

D,Q =113 (|1QI*Q), (2)
for which the ground state solution is unique up to symmetries, equal to

iv2
s+i(z2+y?) +i

Qx,y,s) =

The operator II§ is an orthogonal projector onto a relevant space for our analysis denoted
by VO+. For more details, see the Notation part 2.

We first prove the conditional orbital stability of the ground state @ in the limiting
equation, and then focus on the conditional orbital stability of the ground states () in the
Schrédinger equation on the Heisenberg group as 3 is close to 1.

Definition 1.1. Fiz u € H(H') and X = (so,0,a) € R x T x R%. We denote by Txu the
element of H'(H') satisfying

Txu(z,y,s) = ePau(azr,ay,a®(s — s0)), (x,y,s) € H.

We also define

Al M) = _inf T = Qllis e,

as the distance of u to the orbit M of Q
M={TxQ| X e RxTxR}},

and

d(u,v/1— Q) = __ inf || Txu— ﬂQB”Hl(Hl)’

XGRxTij_

as the distance of ﬁ to the orbit Qg of Qs

Qs ={TxQp | X eRx T xR}

Our first result is that the profile @) is conditionally orbitally stable for the evolution
problem linked to the limiting equation

10 = H+ 2

u(t =0) = wug
Theorem 1.2 (Conditional orbital stability of Q). For some co > 0 and ro > 0 the following
holds. Let r < ro and ug € H*(H') N V," such that

o = Qll g1 ) < 2. (4)

Then, there exists a weak solution u € C(R, H'(H")) (with the weak topology) to equation (3)
such that for all t € R,
d(u(t), M) < cor.

Using the links between the limiting equation and the Schrédinger equation, we deduce
our second result : the conditional orbital stability of the profiles Qg for the Schrédinger
equation when g is close to 1 in the radial case.

Theorem 1.3 (Conditional orbital stability of Qg). For some ¢y > 0 and rg > 0 the
following holds. Let r € (0,7¢). Then there exists B. € (0,1) such that if B € (B«,1), and if
ug € HY(H') is radial and satisfies



o ifug € H'(H") NV, :
HUO -V 1 _ﬁQﬂ||H1(H1)< 1 —57‘2

e in the general case :

luo = V1= BQsl 1y < (1 = B)r, ()

then there exists a weak radial solution u € C(R, H'(H")) (with the weak topology) to the
Schrodinger equation on the Heisenberg group (1)

i0u — Apnu = |ul?u
u(t =0) = ug

such that for allt € R, \}‘% is close to the orbit of Qg :

d (u(t), V1= 5Q5) < cor/T— Br.

Note that, unlike the weak solutions discussed in the first part 1.1, the energy of the weak
solutions from Theorem 1.2 (resp. Theorem 1.3) is controlled, indeed, this energy is very close
to the one of the ground state @ (resp. /1 — BQg). Furthermore, these two theorems would
imply the orbital stability of  and Qg in the radial case in both situations if we had a
uniqueness result for the solutions.

The assumption required on a general initial condition for the Schrédinger equation (5)
is owing to the estimates on the component of the initial condition on the orthogonal of VE)JF.
In the assumptions of Theorem 1.2, this component is naturally zero, leading to a weaker
assumption (4) on the initial condition.

The key point in both proofs is the following local stability estimate for (), which comes
from the invertibility of the linearized operator around @ for the limiting equation (2) on a
subspace of V" of finite co-dimension.

Definition 1.4. Foru € H'(H') N V,", we define

(u) 1= [l gy~ Qs ey | + [l sy~ @M
= [P(u) ~ P(Q)|+E(w) — E@Q)]

Proposition 1.5. [11] There exist 5y > 0 and C > 0 such that for all u € H'(H") NV,
if 6(u) < &, then
d(u, M)? < CS(u).

In order to prove Theorem 1.2, we construct the weak solution for the limiting initial
value problem (3) as a limit of smooth functions. The approximating functions solve slightly
modified equations where we have cut frequencies, so that the Cauchy problem is globally
well-posed. We show that we can control their distance to the orbit of the ground state
Q using Proposition 1.5. Finally, we build modulation parameters which stay bounded on
finite time intervals for the approximate solutions, and through a compactness argument, we
control the distance of the weak solution to the orbit of ) when passing to the limit.

For Theorem 1.3, the idea for the construction is the same, however we only have at
our disposal the information on the limiting equation from Proposition 1.5. Therefore, we
need to take advantage of the fact that )s is close to () when 3 is close to 1. In this spirit,
in order to tackle Theorem 1.3 for the speed (3, we first introduce Cauchy problems for
the Schrédinger equation (1) with a parameter 7 increasing from S to 1. We display some
continuity between the Cauchy problems, therefore it is possible to show their convergence
to a Cauchy problem for the limiting equation as « tends to 1. In the proof, we combine this
strategy with the above method : we approximate by smooth functions the weak solutions
to the Cauchy problems with parameter v by cutting frequencies. Finally, we are able to
get back to the problem with speed 8 by continuity and conclude in the same way as the
proof of Theorem 1.2, by constructing bounded modulation parameters for the approximate
solutions.



1.3 Comparison with other equations

Concerning the focusing energy-critical Schrédinger equation on the Euclidean plane R

10 — Au = |ufPetu,

where N > 3 and p. = %— there exists an explicit stationary solution

1
|$|2 N-—-2"

Wiz
= (1+N(N 2)) 2

The orbit {z — CW(££22) | (C,z0,A) € R x R x R4} of W is the set of minimizers for
the Sobolev embedding Hl(RN) — LT (RY) (see the work of Talenti [L7] and Aubin [1]).
The energy E(W) = %HWHHl(RN)—ﬁ||W||ch+1(RN) and the H' norm Wl g1 mvy Play
an important role in the dynamical behaviour of the solutions. Kenig and Merle [10] proved
in the radial case that if N € {3,4,5} and the initial condition uy € Hl(RN) satisfies
E(uog) < E(W) and [uoll g1vy< Wl g1 gy, then the solution is global and scatters in
H'(RYN), whereas if E(ug) < E(W) and [woll g1 @vy> Wl g1 gav), then the solution must
blow up in finite time.

The situation is different for the Schrédinger equation on the Heisenberg group. Indeed,
from the equation satisfied ()g, one can see that the traveling waves

ug(t,z,y,s) = /11— BQs(z,y,s + pt)
have a vanishing energy as  tends to 1 :

1 2
B(ug(t) = 5llus (Ol ) ||uﬁ< sy~ (1= B8) % =0,

therefore there exists solutions that do not scatter with arbitrary small energy.
A Dbetter parallel would be the mass-critical focusing half-wave equation on the real line

i0pu + |Dlu = |u®u, (t,r) € R x R, (6)

where D = —i0,, |5|\f(§) = ¢ |f(§) The half-wave equation in one dimension also presents
some lack of dispersion, and admits traveling waves with speed 8 € (—1,1) (see Krieger,
Lenzmann and Raphaél [14])

x4+ Bty iy
ult,2) = Qs (5 ) e,
where the profile ()4 is a solution to

||5D

e Qs+ Qs = |Qp*Qp-

The profiles Qg in the half-wave equation converge [13] as 3 tends to 1 in H 3 (R) to a ground
state solution @ to some limiting equation

DQ+Q=11(Q*Q), D= —id,.
From @, we recover a traveling wave solution to the cubic Szegs equation
i0yu = I (|ulu) (7

by setting u(t, z) = Q(x —t) e~ . Moreover, the linearized operator around @ is coercive [10],
and in particular, the Szeg6 profile is orbitally stable in the relevant space for @

HE(R) = {ue H}(R) | Supp(@) C Ry }.



Theorem 1.6 (Orbital stability of @ for the Szegd equation). There exist e > 0 and C > 0
1
such that for all solution u of the Szegd equation (7) with initial condition ug € H3 (R), if

lito = @1l 3,5, < <o

then

inf e 2 c
S el Ul T 9) = Qg ) < Ol = QL o)

Gérard, Lenzmann, Pocovnicu and Raphagl [13] deduced the invertibility of the linearized
operator for the half-wave equation around the profiles ()3 when f is close enough to 1, and
their estimates imply the orbital stability of theses profiles.

Theorem 1.7 (Orbital stability of Qs for the half-wave equation). There exists B, € (0,1)
such that the following holds. Let 8 € (B«,1). Then there exist eo(8) > 0 and C(B8) > 0 such
that for all solution u of the half-wave equation (6) with initial condition ug € H%(R), if

10 = Q7= 5 < “0(9).

then

sup inf fle™ut, - —y) = Qa(7—3)II}, 5 < Clluo — Qs

teR (7,¥)€TXR 5 HER)™ —B)HH%(R)'

In higher dimensions d > 2, traveling waves for the half-wave equation on R?
0o+ vV—Au = [ulP"tu, (t,z) € R x RY,

are also orbitally stable in the radial case for mass—subcrltlcal non—hnearltles l<p<l1 —|— =
but orbitally unstable in the mass-supercritical regime 1+ 2 < p < 1+ -2 [7]. Moreover
in the energy-critical and subcritical case, Bellazzini, Georglev Lenzmann and Visciglia []
proved that there can be no small data scattering in the energy space because of the existence
of traveling waves with arbitrary small energy.

As we will see in this paper, one cannot directly adapt the proofs for the half-wave
equation because we lack information on the Cauchy problem. A second complication arising
in comparison to the half-wave equation is the fact that only two conservation laws are
available (energy and momentum), because the masses of the ground states may be infinite
(this fact is easy to check for @ for instance). The method both for the Schrédinger equation
on the Heisenberg group and for its limiting system is the construction of some weak solutions
as a limit of smooth functions, and show that we can pass to the limit on their stability
properties.

The paper is organized as follows. We first prove the orbital stability of @ for the limiting
equation in Section 3. Then, we assess how close the solutions are to the limiting equation
as [ tends to 1, in order to study the orbital stability of Q3 for the Schrédinger equation in
Section 4.

Acknowledgements The author is grateful to her PhD advisor P. Gérard for his gen-
erous advice and encouragement.

2 Notation

2.1 The Heisenberg group

Let us now recall some facts about the Heisenberg group. We use coordinates and identify
the Heisenberg group H' with R3. The group multiplication is given by

(v,y,8) - (2,9, 8) = (x+ 2",y +y, s+ +2"y —zv)).

The Lie algebra of left-invariant vector fields on H! is spanned by the vector fields X =
O +2y0s, Y =0y —220s and T = 0, = %[Y, X]. The sub-Laplacian is defined as

Loi= 1(X7 4 Y?) = (02 4+8) + (% + )02 + (v — 20,)0,.



When v is a radial function, the sub-Laplacian coincides with the operator
1
A = 7(07 +0;) + (2* +y)05.

The space H' is endowed with a smooth left invariant measure, the Haar measure, which
in the coordinate system (z,y, s) is the Lebesgue measure dAs(z,y,s). Sobolev spaces of
positive order can then be constructed on H' from powers of the operator —Apg:, for example,
H'(H") is the completion of the Schwarz space .#(H") for the norm

1
HuHHl(Hl): [(=Am)2ul| L2 @)

2.2 Decomposition along the Hermite functions

In order to study radial functions valued on the Heisenberg group H!, it is convenient to
use their decomposition along Hermite-type functions (see for example [15], Chapters 12 and
13). The Hermite functions
1 z2 2
hm(x) = —4T—F——F(-1)"eZz 0 (e™™ ), z€RmeN,
w122 (m!)2

form an orthonormal basis of L?(R). In L?(R?), the family of products of two Hermite
functions (A, (x)hy(y))m.pen diagonalizes the two-dimensional harmonic oscillator : for all
m,p € N,

(—Agy + ® + yQ)hm(x)hP(y) =2(m +p+ Dhm(z)hy(y)-

Given u € .(H'), we will denote by @ its usual Fourier transform under the s variable,
with corresponding variable o

u(z,y,0) \/ﬁ/ e u(z,y,s)ds.

For m,p € N, set h;;,(:c,y,a) = hm(\/2|o]x)hy(y/2|o]y). Then the family (Ap p)m pen
diagonalizes the sub-Laplacian in the following sense :

Agihmp = —(m+ p+ 1)|o]im .

Let k € {~1,0,1}, and denote by H*(H") NV, the subspace of H*(H!) spanned by {f,, , |
m,p € Nym +p = n}. Some uf € H*(H') belongs to H*(H') NV, if there exists a family
(fi5 ))m+p=n such that

< L /\
I’ Y, 0 E fmp p(xayao—)]lazO'
m,p€EN;
m+P:n

For ur € H*(H') N V*, the H*-norm of u writes

[

/ ((n+ Do) / ik (2,9,0)|? dz dy do
Ry

+ 2d0'
S [ iR 5

m,pEN;
m4+p=n

:tHHk Hl)

Any function u € H* (H') admits a decomposmon along the orthogonal sum of the subspaces

HFMEYNVE. Let us write w = Y, 3"y u; where u;f € H*(H')NV,* for all (n,£). Then

el ey = Do Dl W -

+ neN

For k = 0, we get an orthogonal decomposition of the space L2(H'), and denote by IT*
the associated orthogonal projectors.



The particular space H*(H') N Vi is spanned by a unique radial function h{, satisfying
/:L 1 —(@2+y?)o
hy (z,y,0) = =¢ Y9 o >0.

Set u € H*(H') N V;", then there exists f such that

W@, y,5) = F(0)hg (2,9, 0),

and
do

2 _ 2
Il gey= [, 15 515

3 Conditional orbital stability of the ground state () in
the limiting equation

In this section, we prove Theorem 1.2 on the conditional orbital stability of the ground state
@ in the limiting equation (3)

{i@tu =TI (|u|?u)

. . (t,z,y,s) € R x HL.
u(t = 0) = up € H'(H) NV (2, 9)

For convenience, we replace in this part the elements u € Hk(Hl) NVyh, k€ {-1,0,1} with

the corresponding holomorphic function on the complex upper half-plane F, € H g((CJr) N
Hol(C, ), defined as
Fu(s +i(@® + %)) == u(z,y,s),

which transforms the Cauchy problem for u in a Cauchy problem for F,, written as

{i@tu = Py(|ul?u) (t,z) € R x C, (8)

u(t =0) =ug € H2(Cy)NHol(Cy)

Py being a Bergman projector. We recall such a correspondence in part 3.1. Then we
construct some smooth functions approximating a weak solution of equation (8) in part 3.2,
prove their weak convergence in part 3.3, and deduce from their distance to the orbit of @
an upper bound on the distance of the weak limit to this orbit in part 3.4.

3.1 Weighted Bergman spaces

Recall that if u € H*(H') N V,", then F, € H%(C,) NHol(C,), and the Fourier transform
of u along the s variable corresponds to a function in L?(R,,c* !'do) : for some f €
L*(R,, 0" 1 do),

1 [t
F,(z) = —= e”*? f(o)do
@=—z [ o
where

1

+o0o
2 _ 2 _ g \E 2 _ 2 k-1
Il = Il = TN i8S Pulle= 5 [ (@)oo

For k < 1, F,, belongs to the weighted Bergman space A%_k.

Definition 3.1 (Weighted Bergman spaces). Given k < 1, the weighted Bergman space
A2 is the subspace of L? , := L*(C4,Im(2)"%d\(2)) composed of holomorphic functions
of the complex upper half-plane C, :

teo dt
A2, = {F € Hol(Cy) | HF||iik_::/0 /R|F(s+it)|2dsﬁ < +oo}.

Indeed, recall the Paley-Wiener theorem for Bergman spaces [7].



Theorem 3.2 (Paley-Wiener). Let k < 1. Then for every f € L*(Ry, 0"t do), the follow-
ing integral is absolutely convergent on C

“+oo
Plz) = \/% /0 6% f() do, )

and defines a function F € A3_, which satisfies

D(1—k) [T -
IFIE: =~ [ £ o (10)

Conversely, for every F € A2_,, there exists f € L*(Ry, 0" 1 do) such that (9) and (10)
hold.

For k = 1, F, belongs to the Hardy space H2(C).

Definition 3.3. The Hardy space H?(C.) space of holomorphic functions of the upper half-
plane C4 such that the following norm is finite :

HF||3{2(C+):: Sup/|F(s—|—it)|2 ds < +oo.
>0 JRr

Theorem 3.4 (Paley-Wiener). For every f € L*(R,), the following integral is absolutely
convergent on C,

+oo
Pz) = \/% /0 ¢*7 f(0) do, (11)

and defines a function F in the Hardy space H?(C,) which satisfies

+oo
1P, )= / F(0)? do (12)

Conversely, for every F € H?(C,), there exists f € L*(Ry) such that (11) and (12) hold.

In the following, we will work with the holomorphic representations, the solutions being
valued in the Hardy space #2(C,) = Hz(C,) N Hol(C,).
3.2 Construction of approximate solutions
Given an initial data ug € H2(Cy) = H2(C,) N Hol(C,) close enough to the ground state

V2
z+i’

Q(z) =

we want to construct a global solution to the Cauchy problem (8)

i0u = Py(|ul*u), (t,2) ERxCy
u(t =0) = ug

which stays close to @ (up to symmetries) for all times. The Bergman projection Py from
L?(Cy) to A? writes (see eg [7])

1 1 .
Po(u)(z) = —W/R+AWWU(S+Zt) dsdt, A (C+

We approximate u by functions with higher regularity, satisfying equations for which we
can use a classical global well-posedness result.



Construction of smoothing projectors ]55, M ¢ Fore, M > 0, we define the projec-
tor P. 5 as follows. Write u € H*(C1)NHol(Cy), k < & (or u € H*(C4)NHol(C4), k > 0)

as
u(z) = \/% /0+ e*? f(o) do,

M
Pot(u)(z) = \/% / €% f(o) do.

This projector cuts the high and low frequencies of u, in order to add some regularity on the
solutions. It defines a bounded projector from H*(C,) N Hol(C) to itself for k < 1, and
from H*(C,)NHol(Cy) to itself for k > 0.

then

Construction of a sequence of approximate solutions (uy), : We consider
f € L?(Ry) such that for all z € C,

1 oo izZo
up(z) = E/o e*? f(o)do,

which satisfies
2
L1

ol .=

1
§||f||%2(u@+)-

Let us fix a sequence of positive numbers (g,,),, going to zero, and consider the following
initial data belonging to H?(C, ) N Hol(C, )

~ 1 1/en
W)= P sl = o= [ e (o) do

We denote by H2(C)NHol(C, ) the space of functions u € H?(C)NHol(C, ) satisfying
P_ 1 (u) = u. On this space, the HF*-norms, k > 0, are equivalent :

E’E

1M 1
e ulliz(c, )< ”uHi]k(C”: 5/8 o f(o)P do < éﬂllulliz(c”'

Define the projection P§ as

Pl=D. .1 oP,.

En,

We consider the following Cauchy problem

{iatun = P (Jun|*un) (13)

U (t =0) = uf

which is globally well-posed in H? (C,) N Hol(Cy).

Proposition 3.5. Let ugy € HZ (C4) NHol(C,). Then there exists a unique solution u, €
C>=(R, H2 (C4) NHol(Cy)) of (13) in the distribution sense.

Proof. The local existence comes from the Cauchy-Lipschitz theory for PDEs. Indeed,
H%(C,)NHol(C,) is an algebra as soon as k > 1, and in this case, Py extends to a bounded
projector from H*(C,) NHol(C..) to itself preserving H¥ (C)NHol(Cy ), therefore Py ex-
tends to a bounded projector from H*(C) N Hol(C,) onto H¥ (C;) NHol(C,.). Moreover,
the time of existence of the solution only depends on the norm of the initial data in H?(C,.).
In order to prove that local solutions extend globally in time, it is now enough to show that
the H2-norm of the solution stays bounded. Thanks to the equivalence of the H*-norms in
H? (C4)NHol(Cy), this lies in the fact that equation (13) has conserved momentum

P(u) = (u, —iuz)p2cyy = ||u\|i_{%((c+).

10



The energy E(u) = Hu||‘i4(c+) is also conserved.

We now show that u,(t) is close to the orbit M of the ground state ). Thanks to
Proposition 1.5, it is enough to focus on d(u,(t)). But using the conservation laws, we know
that for all t € R,

d(un(t)) = 6(up)-
Moreover, by construction of uf}, we know that |luf — UOHH%(C tends to 0 as n tends to

+00, therefore §(uf}) tends to 0(ugp). Assume that d(ug) < o, then d(uf) < do after some
rank N. Thanks to Proposition 1.5, we deduce that for all n > N and t € R,

d(un(t), M)* < Co(u). (14)

3.3 Weak convergence

In this part, we show that u,, has a weak limit u, which is a weak solution to equation (8).
In order to do so, we first prove that t — dyu,(t) is uniformly bounded in H~2(C,), then
use Ascoli’s theorem.

Because of the conservation of the momentum and the fact that P(uf) < P(ug) for all
n € N, we know that for all n € N and ¢t € R,

Using the equation satisfied by u,,, we also know that

[0un ()]l

abenS 125" (1t [P ) (1)

H2(Cy)

By the dual Sobolev embedding L%((CQ — H_%((CJF) and the fact that Py extends to a
bounded projector from LP(C.) to itself as soon as 1 < p < +oo (see for example [7]), we
can estimate

15" (e 2 (1) | Po(Jun[*un) (1)

ihc,) S| A3(Cy)
< ClPo(lunPun) )l 4 e,
< CllunPun®ll g ¢,

< C'un(®)Zac,)-

Since u,, (t) is uniformly bounded in Hz(C,) and therefore in L4(C..), we conclude that the

term || gy, (t)HH‘%«m) is also uniformly bounded.

We now prove that that up to a subsequence, (u,), converges in C([—T,T], Hz(C,) N
Hol(C,)) (with the weak topology) to a function u for all T' > 0.

We know that 2 (C4)NHol(C, ) is separable, since it is isometric to L2(R.). Moreover,
by cutting the Fourier function f at infinity, one can see that H~2(C,)NHz (C,)NHol(Cy)
is dense in H~2(C,) N Hol(C,). We can therefore consider a countable sequence (@) in
H~2(C,) N Hz2(C.) N Hol(Cy) such that every function in H~2(C,) N Hol(C,) can be
approximated by a subsequence of (@) for the H~2-norm.

Fix k € N. Since (t — dyun(t))n and (¢ — uy(t)), are uniformly bounded in H~2 (Cy.)
and in Hz(C.) respectively, the sequence £y, (-, 1) : t € [=T,T] = (un(t), k) is equicontin-
uous and equibounded : for all n and ¢,

B0t 01) = | @rtin (8), 001 < 100un (] o 0] 3

and

10a(t, 9001 = (0, 90 Nun Ol 3 e ooy e

Applying Ascoli’s theorem, for every k € N, there is a subsequence (n,), such that
(€n, (-, ¢r))p converges in C([-T,T],C) to some continuous function £(-,x) as p tends to
400. By a diagonal argument, we can use the same subsequence for all ¥ € N. Using a
second diagonal argument on a sequence of times (7},),, going to +00, we can assume that

11



for all k, there exists £(-,¢r) € C(R,C) such that for all 7' > 0, the sequence (£y, (-, ¥x))p
converges in C([-T,T],C) to £(-, ox)||—1,1]-

By density, ¢ extends to a bounded linear map ¢ € C(R, (H~2(C,) N Hol(C,))*) (with
the weak topology). Now, by duality, £ can be represented by u € C(R, Hz (C,)NHol(C,)) :
for all ¢ € H~2(C,) NHol(C,),

To conclude, by construction, for all T > 0, the sequence (¢n,|—7,1])p converges weakly to
|i=7,) in the space C([-T,T], (H~2(C,) N Hol(C4))*), therefore (uy), converges weakly
to u in C([-T,T), Hz(C,) N Hol(C,)). Passing to the limit, we conclude that u is a global

solution to the original equation (8) in the distribution sense.
We deduce that

2 _ . _ 2
d(u(t), M) _Xeml%xk* u(t) = TxQl A3 (Cy)
<
XeRIS%xR* Eglinf”u”() TXQ”H 2(Cy)

Since X is not compact, this inequality is not sufficient if we want to apply inequality (14)
to estimate d(u(t), M). In the following part, we construct a map t — X,,(t), such that for
all t € R, uy(t) is close to Tx, )@ and (X, (t))nen stays bounded, then use a compactness
argument.

3.4 Modulation

Recall the notation. Fix u € H2(Cy) = Hz(C,)NHol(C,), X = (s,0,0) € R x T x RY, we
denote by Txu the element of H?(C) satisfying

Txu(z) := eau(a®(z —s)), z€Cy.
We write X ! = (—s,—0,a" 1) and
| X[:= |s|+0]+[log(a)].
We have also defined

d(u, M) =

inf Txu — .
x:(s,o,al)neRxTxm xu Q||H%(<c+)’
as the distance of u to the orbit of @

M={TxQ| X e RxTxR}}.

We choose 0 < r < 1, and assume that ||ug — < r2. For n > N large enough

Qll 1
H2(Cy)

and K > 0, the regularized initial data u? satisfies d(uf) < Kr?. Applying Proposition 1.5,

there exist ¢y > 0 and ¢ > 0 such that if 0 < r < rg, then d(u,(t), M) < cor for all t € R.
We start from the observation that around time ¢ = 0, one can choose X,,(t) = (0,0,1)

for all n > N since ||uf _Q||H%(<c+)< cor. By continuity, we know that |ju, (t) — Q||H%(C+)S

(1+ &)cor on some small time interval, which can be taken independently of n. Indeed,

lun(®) = QI% 3 o = lun @Iy . HIQI 2(un(t), Q)

B3 (Cy) H3(Cy) H3(Cy) H3(Cy)
2 2 .
= lulyy o, HIQN g ¢, ~2(un(t), —iQ2)12cy),

therefore the derivative of |lu,(t) — QH?’{l(C ) is bounded by
2(Cy

d
() = QI

3 (Cy) = 2(0kun(t), =iQ:) L2 (c.)|

< 2|8y ()] Q||

il 7@ i e,y

12



But we have already seen that ||0suy,(t) is bounded independently of ¢ and n,

I e,
therefore there exists K > 0 such that for n > N and t € R

_ 2 L < n _ 2 |
lun(®) = Qg o,y < et = @l y o TET
< (cor)? + K[t].

For fixed € > 0, we conclude that ||u,, (t)— Q”Hz((c )< < (1+€)cor as long as [t|< %(corﬂ

Set e > 0 and ¢ := %(cm‘)? Assume that at time tp, there exists a bounded
sequence (X)), in R x T x RY such that for all n, [Jun(to) — TxoQl| ;3 ()< Cor By the
H2((C )= (1 + E)C()T on [to — tl,to + tl]

Indeed, let vy, := T(xo0)-1u,. The equation satisfied by u, is not invariant by scaling, but
one can explicit which equation is satisfied by v,. Recall that if

1 oo 120
u(z) = \/—2?/0 e’ f(o)do

above method, one can show that |u,(t) — Txo Q||

then

Pg Mu

m /M 5 b

Write (X0) =: (s,6° a%) and Py := P_-, 1o Py, then v, = T(xo)-1u, satisfies

b bl
S Un (@2 e (a9)?

i(vn)e = P61(|vn|2vn),

moreover |lv,(to) — < cor. But we have the same inequalities as above

10e0n )]l -3 .y < [Polvnlva)(®)

li-3cy)
< C||Po([vn[vn)(t)

< C'|[[on]vn(t)

I8y

HL%(CH
< C'on®))134c,)-

Since [|vn (t)[| 21, y= un(t)|L1(c,) is uniformly bounded by conservation of the L*-norm, we
conclude that ||v, (t) — QHH2 €= = |lun () = T'xo QHH2 €= < (1+4¢)cor as long as [t —to|< t;.

We construct X, as a piecewise C! functional on R as follows. For k € Z, X,, is constant
on [kty, (k + 1)t1], equal to some X% € R x T x R% to be chosen. We first set X' =
X9 = (0,0,1). Then, at time t; = kt1, k > 1, we use the fact that d(u,(tx), M) < r

and choose XF such that |lu,(t;) — TXkQ” ()< Cor Then from the above paragraph,

||wn (t) — Tku”Hz €= < (1+¢)cor on [tg, t —I—t1] We do a similar construction for negative
times. The map X, satisfies
|un(t) — Tx, t)QHHQ((C < (1+¢e)cr, teER.

It remains to show that X,, is bounded independently of n on bounded intervals. In order
to do so, it is enough to control the gap between X*~1 and Xk. By construction, at time ¢y,

() = Txr-1Qll 3 (S (L €)cor
and
||'Utn(tk) - TXV%QHH%(C_{_)< CcoT,

therefore
[Txr-1Q — Txr Q)

Using the following Lemma, we conclude that if r is chosen small enough, then there exists
a constant ¢; > 0 such that for alln > N and k € Z,

by S 2o

X HXE) T

13



Lemma 3.6. For some constants c1,r1 > 0, the following holds. Let X € R x T x R} such
that

||TXQ - Q”H%(CJr)S T1.

Then
|X|§ Cy.

Proof. Thanks to the invariance of the H 2-norm by symmetries, one can assume that X =
(5,0, ) with o > 1 up to exchanging X and X ~!. We develop

2 _ 2 2
ITxQ = QI s o, = ITxQIy o IRy o ~2TxQ.Q) e
—27T—2(TxQ Q)H2(C )

Now, recall that

+oo
o= = [T

with
f(o) = —=2iy/me 7,
and
2 1ofre 2
||QHH2((C - 5/0 |f(o)]*do = .
With this notation, the function corresponding to TxQ is g(o) = —2iy/mePe "% %é,
therefore

—+oo
. . o 1
= 27 — 4mwRe / e %73 —_e 7 do
H?2 (C ) 0 Oé2

ITxQ — QI ,
¢i0
— 97 —47Re | ——S
ToAmRe o? (zs—i— —|—1)

Set « =1+ 5 with 8 > 0. We want to bound s and 8. By assumption,

( eze )

Re 1
R 52

6

Denote z := m. The fact |Re(z) — 1|< §; implies that |z|> Re(z) > 1 — 4y,

and if ; < 1, that

1
_1—61

2
L. is(l—i—m +1+5+é
|| 2

On the one hand, taking the real part,

g _ 1
1+5+ 5 _1—61

Since e Ry — 1+ 8+ %2 is strictly increasing and going to +oo as  goes to 400, there
exists some constant ¢ > 0 such that 8 < ¢, or in other terms 0 < loga < log(1 +¢). On the
other hand, since 8 > 0, the bound on the imaginary part implies that

2

< .
|S|_ 1-6;

O

Using the Lemma, assume that 3cor < 71 and fix t € R. We now know that (X, (¢)),
takes values in a compact set : up to extraction, one can assume that ( n(t))n converges to
some X (t). Moreover, forallt € Rand n € N, [lun(t)—Tx, @Il ;3 )= < (14-€)cor, therefore

passing to the weak limit n — +o0o we conclude that [u(t) — T'x Q||H2 . < (14 ¢€)cor.

Since € > 0 can be taken arbitrarily small, we have proven the following reformulation of
Theorem 1.2.

14



Theorem 3.7. For some co > 0 and 1o > 0, the following holds. Let r < ro and ug €
Hz(Cy)NHol(Cy) such that |ug — Q”H%(«: )< r2. Then there exists a weak solution u €
+

C(R, H2(C4) NHol(Cy)) (with the weak topology) to equation (8)

9. 2
i0yu = Po(|ul*u) . (t2)EeRXCy
u(t =0) = ug

such that for allt € R,
d(u(t), M) < cor.

4 Conditional orbital stability of the ground states ()3 in
the Schrodinger equation

We now consider the Schrodinger equation on the Heisenberg group (1)

10w — Agnu = |ul?
{l v v = [ulfu . (t,x,y,s) € R x H.

u(t =0) = ug
For f8 € ($.,1), we are interested in solutions with initial data w € H'(H') satisfying

[uo = /1 = BQsll g1y < (1 = B)r-

Let u be an eventual solution, and set

u(ta‘T,yas) =V 1- ﬁU((l - B)tax7y>s + Bt)a
so that U is a solution to
AHl —|—ﬁD3

00 ~ =

U=|UPU, (tz,y,s)€RxH. (15)

The initial data Uy satisfies

100 — Qall gy < V1 = Br
There are two relevant conserved quantities for this equation : the energy

1. Am + 6D, 1
T o\ T B ViV)r2@n) - Z||V“i4(H1)a

and the momentum

P(V):=(DsV,V)rz@m), V€ HY(HY).

Theorem 1.3 is equivalent to prove that if § is large, then one can construct a weak global
solution U to equation (15) which stays close to the orbit of Qg for all times, which leads to
the following reformulation.

Theorem 4.1. For some constants ¢co € R and ro € RY, for all v € (0,79), there exists
B*(r) € (0,1) such that the following holds. Let B € (8*(r),1) and Uy € H*(H') satisfying
o ifUye H (HY) NV, :
1Uo — Qsll g1 g1y < 72
e in the general case :

100 = Qsll g1 sy < V1 — B

Then there exists a global weak solution Uz € C(R, H'(H')) (with the weak topology) to
equation (15)
. Apy1+8Ds
10U — =H=5—Us = |Up|*Us
Us(t =0) = Uo
such that for all t € R, Ug(t) is close to the orbit Qs = {TxQp | X e Rx T x Ri} of Qp :

d(Us(t), Qp) < cor-
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Comparing to the strategy deployed for the half-wave equation, the gap
35(V) = 1€5(V) = £5(Qp)| + [P(V) = P(Qp)l, V€ H'(H'),

does not here directly control the distance of V to Qg. Indeed, even the fact that dg(V) =0
does not imply that V' belongs to Qg. This is due to the fact that we can only use two
conservation laws (energy and momentum) here, whereas an additional conservation laws
was available for the half-wave equation : the mass of the solution.

However, using that Qg tends to @) as 3 tends to 1, one can instead show that the
component of the solution along the space VO+ is close to @ and control the rest separately.

More precisely, decompose
Ut)=U*(t) + W(t),

where Ut (t) € H'(H") N V" and W(t) € D o)204) H'(H") N V. If we know that
W (t) is small enough, then dg(U(t)) ~ §(U™(t)). This enables us to estimate the distance
d(U*(t), M) of UT(t) to the orbit of @, and therefore the distance of U(t) to the orbit of
Qg for 3 close to 1.

The plan of the proof is is as follows. Fix 5 € (0,1). We approximate the initial data
and the equation by smooth global functions (U, n)e[8,1),nen valued in H?(H') in part 4.1.

We then decompose

Uy n(t) = UL (t) + Wan(t),
where U, (t) € HY(H") N V" and W, ,(t) € D) 20.4) H'(H") N VE. In part 4.2, we fix
n € N, and study the limit v — 1. We prove by using the conservation laws that W, ,(¢)

stays small and that the gap d(U,,(t)) is controlled as §(U, (t)) < r? for v > 5*(n, 1),
which leads to an upper bound

d(Uyn(t), M) < cor, t€R,y € [max(8*(n,t),5),1). (16)

Then, we show that the lower bound 8*(n,t) can be taken independently of n and ¢. Finally,
in part 4.3, we fix > [, and use the same method as for the limiting equation to find
an upper bound on the modulation parameters (Xg ,(t))nen in order to pass to the limit
n — 400 in the above inequality (16).

4.1 Construction of approximate solutions

Construction of a sequence of smoothing projectors ™ : We define a se-
quence of projectors II(™ close to identity, mapping elements of H*(H") (s = 1) to smoother
functions, by cutting frequencies in the decomposition

M) = PP H H) NV,
keN £

Using these projectors, we consider a sequence of equations approximating (15) for which
the Cauchy problem is globally well-posed. .
Let u € H*(H'), s = +1, which we decompose as a series of elements of H*(H') NV

for (k,£) € (N,£). Write
+oo
U = Z ZHki(u)’
k=0 £
where for all (k,+) € (N, +), Iy +(u) € H*(H') N V;*. Then
el = ZZ/ ((k+Dlol)’ /2|Hk,:t(u)(frvyag)|2d$ dy do.
kEN =+ R4 R

Let n € N, we define 1™ (u) as follows. We take the n-th partial sum and cut off the
frequencies |o|— 0 and |o|— +o0 :

—

H(n)(u)(w7 Y, U) = Z Z Hk,i(u)(mv Y, 0)1%§|U|§n'
k=0 £
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Consequently,

n
I ) = 303
k=0 + 71

converges to |lu H

(k= Dlo)* [ a0 dody do

ceRy IN{L<|o|<n}

s(r) 25 T 8oes to +o0.

Moreover, if u € H'(H'), then II(™ (u) belongs to H2(H"). Indeed,

T () e /
( ZOZ {o€Rs}N{L<o]<n}

k= n —

(14 b+ 1P1o) [ Mo, 9,0) dedy o
R

but on the set {1 < [o|< n},
(L + (k+1)%o*) < n(n+2)(k +1)]o],

therefore ||TI(™) (u)|| g2 ey is finite.

Construction of a sequence of approximate solutions (U, ) ¢[3,1)nen ¢ Fix
B e (0,1), 7> 0and Uy € H'(H') such that

100 = Qpll g1y < V1 = Br

We want to construct a global solution to (15)

i0,Up — 25 2EP2 Uy = |Us[2U
Uﬁ(t =0)= Uo
such that for all ¢t € R,
d(Uﬂ(t), Qﬂ) S CoT.

By approximation, the idea would be to consider a sequence of equations

, neN, (17)

iatUB,n - MU{J n — =11 (|U67n|2Uﬁ7n)
Upn(t =0) = Uﬁ " =TI (Uy)

for which one can show that for all n large, there exists 8*(n) such that if 5 > 5*(n), then
d(Ugn(t),Qp) <cor, teR.
In order to get a lower bound *(n) independent of n, we rather construct a set of initial

data (Ug™" ) e[s,1),nen and equations

0,U., , — 2Py I (UL 12U
{Zt ¥m -y “m (1Uynl*Uy ) . neNnels ), (18)

Uyn(t=0)=Ug" =T (U7)
then use a continuity argument.
For v € [3,1), the initial data U] is defined as follows :

1 — _
’YU0+7 b

Ug:il—ﬁ 15

Q.

IfU, e H YHY) N VJ, we choose U constant equal to Up. However, in the general case, we
cannot use this choice because we need the initial data Uy to go to H*(H') NV, as v tends
to 1.

Lemma 4.2. For some constants Co > 0, B.(r) € (0,1) and N(r) € N the following holds.
Assume that 8 € (B«(r),1). Then for alln > N(r) and v € [B,1),

[€,(U5") = E@)] + [P(UG"™) = P(Q)] < Cor®.
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Proof. We use the following convergence rate of (Qg)s to @ as S tends to 1 (proved in

Appendix 5) :
1@s — Qllj oy = 0o(v/T— B).

If Uy € H'(HY) NV, and ||Uy — Qpll g )< r?, we have chosen U] constant equal to
Up and it is enough to use that ||TI™ (Uy) — Uoll 1 g2y = 0 as n — +o0.

We now treat the case |Uy — QBHHI(H1)< /1= Br. By convergence of Qs to Q, there
exists . = B«(r) € (0,1) such that for all 5 € (B4, 1),

Qs — Qll 1y < V1 —Br.
We decompose
Qs = QE + Rg
and
Up = Uy + Wo

where QF, U™ € H'(H") NV,  and R, W, € D o)20.+) H'(H') N V;E. In the same way,
we decompose U] as
Ug = (Ug)" + Wy
and U)™ = IM(U) as
U™ = (Ug™) T + W™,

where (UJ)*, (U™ T € HY(H") N V" and W, W)" € D120+ HY(H") N VE.
Since

IWo — Rl oy < 100 — @l sy < /I — B,
then Wy satisfies

Woll g any < IWo — Rgll g2 gy HI Rl g2

< 24y/1-—pr.
Therefore, W = i:—gWO satisfies
L—n
||W3||H1(H1)§ 2 1= B’V
which implies that for all n € N,
n 1- Y
W g gy < 2 =3

In particular,

_AlHll +’YDS
I—x

:;7“2 + 4(11_75)27"2

< 12r°2.

1
( W™, W™ 2y | + ’(DSWO "W m)Lz(H])‘ <8

Given the form of the energy

1 _AHI + ")/DS

E(U™) = 5 ( T—~

n n 1 n N
5 Wg’ ,WO’ )Lz(H1)+§(DS(U(’)Y )""(Uv(’)Y )+)L2(H1)

1 n n
- ZH(Ug’ )F W 1Ly

it is now enough to estimate ||(Ug"™")* — Q|| g1 (). But,

n 1= vY=B=n
1T = (U)  Mgramy < mllﬂ( )((Uo)™) — UJllquﬁmHH( Q) - Qll gy )

I (U0) ) — Uy ey HIT(@Q) = Qs

IA
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which converges to zero as n goes to +o0o independently of v. Moreover,

1 -~
H(U(’)Y)-i_ - QHHI(Hl) = WHUJ — QHHl(Hl)
1 -y
= m(HUo = Qsll gy HIWoll gy ey H1Q8 — @l )
1—
S ﬁﬁl\/lfr
< 472

for § > B.(r) large enough.
To conclude, there exists Cy > 0, 19 > 0 and N € N such that for all n > N, r € (0,7)

and v € [8,1),
[&(U") = E@)] + [P(UG™) = P(Q)] < Cor®.

O

From now on, we assume that 5 > S,.(r) and n > N(r).
As in Proposition 3.5 for the limiting equation, equation (18) admits a unique global
solution in HZ2(H') := I (H?(H")).

Proposition 4.3. Let UJ" € H2(H'). Then there exists a unique U, , € C*(R, H2(H"))
such that (18) is satisfied in the distribution sense.

Here again, in order to show that the local maximal solutions are global, we use the
conservation of the momentum

P(V) = (DsV,V) 2y,
and the following inequality valid for V € HZ2(H!) :
DV, V) 2y < IV 12y < n(n® + 20+ 2)(DsV, V) 2y

4.2 Limit v — 1 for the n-th partial sum

In this part, we use the conservation of energy and momentum to recover an upper bound
on d(Uy 5 (t), M) for v > 5*(n,t) close to 1. Then, we prove that the lower bound for v can
be chosen independently of n and t.

For t € R, we decompose U, ,(t) as

Uyin(t) = U, (t) + Wy n(1).

We show that U, (t) € H'(H") NV, is the main part for which we control S(Ut,.(t)), and
Won(t) € B )04 H'(H') NV is a remainder term which vanishes in the limit  — 1.

First, since P(Uy 1, (t)) = (DsUy n(t), Uy n(t)) L2y is conserved, bounded by Cor?+P(Q)
for all v € [3,1) and equivalent to HU%n(t)Hi-p(Hl) in H2(H'), there exists some constant

C(n) > 0 such that for all t € R and v € [3, 1),
10y n @)l g1y < C ().

But such a bound on [|Uyn(t)|/ 1) and the conservation of energy imply that W, . (t)
must vanish as 7y tends to 1.

Lemma 4.4. For some constant C1 > 0 the following holds. Assume that there exists C > 0
(possibly depending onn), t € R and v € [8,1) such that [[Uyn ()| g1qq0)< C. Then

W ,n(t)Hffl(Hl)S Ci(1+ CQ)M.
Proof. We use the conservation of energy

1 AHl + ’)/Ds

1
LW (0. W Oz + 5 (DU (0. U () o

1
- ZHU’Y,n(t)H%HHl)
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and the fact that
£,(Ug™) — E(Q)|< Cor?.

Thanks to the embedding H'(H') < L*(H'), we know that
U5 (O sy < KU ()12 g0y = KO
Moreover, recall the equivalence of norms
Hw”Hl(Hl) ( (AHl +’YD )w w)L2(H1 < 2||wHH1(H1)7 w e @ Hl(Hl) n Vki'
(k,£)#(0,+)

We conclude that

1

o 14
m” o O gy < €(Q) + Cor +KC

This Lemma implies that for all ¢ € R and v € [§, 1),

W) )< C1 1+ C(n))y/T— 7,

which vanishes as - tends to 1.
Fix t € R. Since v € [8,1) — W,, »(¢) is continuous, we can define By(n,t) > B as the
minimal element in [3,1) such that for all v € [By(n,1), 1),

W5 O] g1 ey < 7
Lemma 4.5. Fort € R, v € [3,1) = W, ,.(t) € H'(H') is continuous.

Proof. Fix t € R. We show that v € [8,1) ~ U, (t) € H'(H') is continuous. Let 71,72 €
[8,1) and set R :=U,, n — Uy, »n. Then R is a solution to

10y R —
! 1-m 1—-m 1—

— H(n)(|Uv1,n|2Uv1,n) - H(n)(‘Uw,nFUw’”)'

Agn + 71 D; Am +mnDs  Am +72D;
——R- - Y2,

We bound ||0¢ R(t)|| g1 g1, which is equivalent to controlling [0y R(t)| ;-1 1) since O, R(t) €

I (H'(H')). We treat each term in the equation separately.
First,

AHl —|— ")/1D

-5

IN

2
RO -1 ) ﬂH—AHlR()HH (H1)

— N R@)|| g1 .
= IRl ey

Then,

H(AHl +71Ds A +72D

T U Ol

|’72 —’Y1|
> m (H—AHIUvz,n( )HH 1(H1)+HD Y2,m n(t )”H*l(Hl))

Iv2 — 7 "
T (l-m)d- ’)’2)20( )

Finally, there exists C’(n) > 0 such that

I (U 02U (8)) = T (U PV () 5y < C RO 1 .
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We define f(t) := ||R(t)|)?
such that
F(#) < 2[00 R g gy [ RO o o
< C" (|0 R | gr—1 ey 1RO 1 e

< ) (12 + ) 1RO gy 2ROl

1" 2 ’ 172 — 7] n |72 — 7] n
<00 (725 + 000+ (e o RO oy L g O

Therefore, f(t) satisfies a Gronwall-type inequality

gy for ¢ € R. Then there exists some constant C”'(n) > 0

|72 — 1l

F(t) < Ki(n)f(t) +K2(n)m

with

Ky (n) = C"(n) ( L Oy + 2ol )C(n)> :

L—m (1=7)(1 =7

and

Ks(n) = C"(n)C(n).
This inequality implies that for all ¢t € R,

Ks(n Y2 M n
f(8) < FO) N+ K1E”; (1-7)(1 —|72)(6K1( -1
with
F0) = [TOWF* ~ U3 By
Fix t € R and 71 € [8, 1), we see that if v, tends to 71, then f(t) tends to 0. O

Assume now that 8 < fy(n,t) =: By. We find an upper bound for 3y in [, 1) independent
on n and ¢. The continuity of v — W, ,,(¢) implies that

W81y = 72
The component of Ug ,,(t) along V' is bounded by
1 s ) < PUsin(0)
< P(Q) + COTZa

therefore 1
1Usom ()l 1.y < 7 + (P(Q) + Cor?)2,

where C := 12+ (P(Q)+ Cor?)z does not depend on n or ¢ anymore. Lemma 4.4 now implies

W (Ol g1y < C1(1 + C?)\/1 = Bo.

We conclude that
r? < C1(1+ C?*)\/1 - Bo,

which means

r2

2
<l— | ————+ =: B*
to<1-(garem) =80,
therefore § < 8*(r). Taking the converse, we have proven that if 8 > 8*(r), then 8y = .

Lemma 4.6. There exists some constant *(r) € (0,1) such that if B > B*(r), then the
solution Ug ,, to equation (17)

ZatUﬁn_LﬂDsU ,n_H (|U5n| UBTL)
Usn(t =0)=Up =1 ()
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satisfies for allt € R
IWan @)l g1y < 7
and
U )l 72 ) < (P(Q) + Cor?).
We now show that Ug ,(¢) is close to the orbit M of @ for ¢t € R and g > g*(r).

Proposition 4.7. There exist ro > 0 and cg > 0 such that if r < r¢ and 8 > 5*(r), then
for allt € R,
d(Uﬁvn(t),M) < cor.

Proof. Fix t € R. It only remains to estimate 5(U5+m (t)) and apply Proposition 1.5.
On the one hand, since (DsWp (1), W n(t)) 2y < [[Wpn(t) 72, the conser-

vation of momentum leads to
[(DUS,(6), U () 2y — (D@, Q) L2y | < (Co + 1)r. (19)

On the other hand, we estimate |”U;n(t)||i4(Hl)*||Q||L};4(H1)| via the conservation of en-
ergy. We know that

U0 (O 2 ) =105 (DN Ly < IW i (8)]| 2 ey (10 (8) | 2 ey + UG (D) o))
Since [|Ug,n(t)| 1 (g1 is bounded thanks to Lemma 4.6, there exists C1 > 0 such that

2 gy <

U8, O 730y =105 0 O] 73y | < CrlWa,n ()] 1 gy < Crr. (20)
Therefore, from (19) and (20), we get
Es(Upn (1))
1. Awi + 8D, 1 1
= 5(‘%”@,71@)’ W n(t)) L2 + g(DsUE,n(t)a Ug () L2 — ZHU,B,n(t)Hiqﬂw
1 1 Co+1 4
> =(DsQ, Q)2 — ZIUZ (O sy —(—5— + —)r*.
2 4 2 4
However,
1 1
E(Usn(t)) = E3(U0) < 5(DsQ, Q)2 — ZHQ”%“(Hl)_’_COrQ?
therefore

1 1 3Co+1 4
Z||U+,n(t)||i4(H1)2 Z”QH%‘l(Hl)_(T + I)’“z~
For the reverse inequality, recall the link between () and the best constant in the embed-
ding H(HY) N V" — LAMH?) : if
‘o (Dsuau)%Q(Hl) 7
. 4 — 44
ueHl(Hl)nV0+ HUHL“(IHP)
then
(DsQ, Q) 2y = 1Q pagy= I+ = 7°.
This leads to

1
1 (D] ey < Z(DSU;n(t), Ug ()72

1
< 7 ((DsQ Q) 2y + (Co + D)r?)?
+
1
Iy
1
HQH%“(Hl)J’_Z(QLr(CO + 1)+ (Co + 1)*r?)r2.
In the end, we have proven that if r < 1, then for some constant Cy > 0,
S(UF,(0)) < Cor?,
and Proposition 1.5 immediately implies that for r small enough,

AU, (), M)* < CCor®.

< —(I+ + (Co+ 1)r?)?

A

Since [|[Wa,n ()|l g1 g1y < r?, we get the Proposition. O
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4.3 Weak convergence
We now know that if § > 5.(r), then for all n > N and t € R,
d(Ugpn(t), M) < cor. (21)

The aim is now to pass to the limit n — +o00 in equation (17)

i04Up — S22 = T (U 12U )
Up,n(t=0) = Uy =TI (V)

and in inequality (21) in order to get a weak solution Ug to equation (15)

i0,Ug — 2222 U5 = |Us[2Uj
Us(t =0) =Uo
which satisfies
d(Ugs(t), M) < ¢cor, teR.

The method is identical to parts 3.3 and 3.4 for the limiting equation : we use a uniform
bound on [|0;Us,n(t)| zr-1(z1)- Thanks to Ascoli’s theorem, the sequence (Ug,n)nen admits
a weak limit Ug which is a weak solution to (15). Then, we construct bounded modulation
parameters Xg ,,(t) in order to control the distance between Ug and M.

Lemma 4.8. There exists cg > 0 such that for alln > N, t € R and X € R x T x R%,
10:(Tx Upn ) ()l g1y < €5

Proof. We know from Lemma 4.6 that there exists some constant C; > 0 such that for all
n> N andt € R,

HUﬁ,n(t)”Hl(Hl)S Ch.
Set Vs, :=TxUg,,. By symmetry invariance, V3 ,, satisfies that for alln > N and ¢ € R,
HV&ﬂ@)HHl(]}{l)ﬁ Ch.
Moreover, Vg 5, is a solution to some equation
Van(t=0)=V = H(")(UO)

The projector II™ is defined as follows. Write X = (s,0,). For u € H*I(Hl), we decom-

pose
U = Z Z Hki(u)

keN =+
with Ty, 1 (u) € H-Y(H") N V;F for (k,+) € N x {£}. Then

— n

) (u)(z, y, 0 ZZH’“i(u)(x’y’g)ﬂ‘ﬁ—fg\ﬂga?n'

k=0

~ Thanks to the fact that I1(" is a projector and the embeddings L3 (H') < H~!(H') and
H'(H') < LY(HY),

10:Ven Ol -1y < T3 ||_(AH1 T (Ve Ve g1 e
< 17||_AH1VﬂnHH
ST ||Vﬂn||H1<H1 +E [Vl VﬁnllLB(Hl
< 17||V,37n||H1(H1)+K2HV,3,N||H1(H1)
< 12016 + K,C5.

23



We deduce the weak convergence of (Ug ,)nen, for which the proof is identical to part
3.3 and based on Ascoli’s theorem.

Lemma 4.9. Up to a subsequence, (Ug ), converges weakly to a solution Uz € C(R, H'(H'))
(with the weak topology) to (15)

i0yUs — 2EEP2 Uy = |UR[2U
Upg(t=0) = Uo

Moreover, one can see that for all X € RxT xR% and tg,t € R, setting Vg ,, := Tx-1Up n,

<100 = T QU

d
|10 0 - QU

= [2(0:V,n(t), DsQ) 2y |
< 2100V Ol gr-1 ) |1 DsQll g s »

which implies that for some constant cg > 0, for all ¢y,t € R,
HUﬁ,n(t) - TXQH?L’p(Hl)S ”Uﬁ’ﬂ(to) - TXQ”?L’p(Hl)"’_Cﬁ't - t0|'

Set £ € (0,1) and define ¢, := %(cm’)z. Note that #; may depend on 3, but this
is not important because in this part the varying parameter is n whereas 3 is fixed. The
construction of Xz, as a piecewise constant functional is now the same as for the limiting
system. For k € Z, Xp p is constant on [kty, (k+ 1)t1[, equal to some X = € R x T x R} to

be chosen. We first set XB_}L = Xg,n = (0,0,1). Then, at time t; = kt;, k¥ > 1, we use the
fact that d(Upn(tx), M) < cor and choose X}, such that ||Ug n(tx) — Ty Qll g2y < cor
By definition of ¢1, for all k > 0 ad t € [ty, tx + t1], |Us,n(t) — Txk QHHl(Hl)_ (1+¢&)cor.
We do a similar construction for negative times. The map Xg,, batlsﬁes

1Us.n(t) = Txs 0@l i1 gy < (L +€)cor,  t €R. (22)

It remains to show that Xg, is bounded independently of n on bounded intervals. In
order to do so, it is enough to control the gap between ngnl and X gn By construction, at
time g,

1Usn(tk) — TXA 1Q||H1(H1) (1+¢)cor
and
1Upn(tr) — TxgynQ||H1(H1)< o,
therefore
[T x-1Q = T Qll gy < (2 + €)cor

Using Lemma 3.6, we conclude that if 7 < rg is small enough (for example if 3corg < /7r1),
then
Xyt < e

Now, for fixed t € R, the sequence (Xg,,(t))nen is bounded, therefore up to extraction,
this sequence converges to some Xg(t) € R x T x R*, and passing to the weak limit in (22),

HUB( ) TX/a(t)QHHl H!) ( +E)COT

5 Appendix : Rate of convergence of ()3 to ()

In order to conclude the proof of Theorem 4.1, it only remains to make precise

05(Q) = [€3(Qp) — E(Q)+P(Qp) — P(Q)],

which vanishes as § tends to 1.
Decompose

Qs = QF + Rp,

where QF € H'(H') N V" and Ry € Dk +)£0.1) H'(H") N VE. We improve the bound
from [11]

3(QF) + |1 Rall gy = O((1 = B)7).
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Proposition 5.1. Let € > 0. Then as 8 tends to 1,

3(Q4) + 1 Bsll g gy = O((1 = B)*79),
which implies that
1Qs — Qll 1 = O((1 - B E).

Proof. Assume that we have proven that
3(Q%) + 1 Rsll g1y = O((1 = B)”)

for some exponent v > 0 (for example we already know that it is true for v = %), and
therefore

1Qs — Qll 1 ry= O((1 - B)?).
We increase the exponent v by showing that actually

~

3(@Q5) + 1Rl 1.y = O((1 = B)' ).
Indeed, since Rg € D, 1)0,1) H'(H") N V¥, the norms 1Rs| 1 gy and [[—(Am +
BDs)Rp|| -1y are equivalent
IRsll groary < 2[1—(Amr + BDs)Rall g1 1)
Projecting the equation satisfied by Qs

B 46D,
1-p
on @(k +£)#(0,4) H'(H") N V,C , we deduce that

1Rs |l 1 gy < 201 = B)II(Td = To 4 ) (1@ @)l -1 ez

Since |Q>Q = D,Q € H~'(H") NV, one can make this term appear inside the right term
of the inequality :

1Rl s sy < 201 = B)II(1d — o 1) (1Q52Q5 — 1QPQ) 1
< 2K(1- B)(1d — T, )(1Qs Qs — 1QPQ)I, &

=1Qs°Qs

L3 (H)

Now, since (Id — IIy ;) defines a bounded operator on L3 (HY), there exist Cy,Cy > 0 such
that

IRl sy < (1= B)11Q5 Qs — QP o
< Co(1 = B)1Qs — Qll gy oy (1@l 71 (rany N QU g )
But since (Q3)s is bounded in H'(H'), we get that for some C3 > 0,
[Rsll gy < C3(1 = B)1Qs — Qll g s
=0((1-p)'*2).
Therefore,
Q3 125y~ 1@ s ey | < 2Rl (Rl s oy 193 )
=0((1-H)*?)
and
NQE N4y —1Qal 2agay | S IRsll sy (1Rsll pa ) +1Qpll s @n))?
=0((1-8)'*2),
which means that
3(QF) =0(1—p)'*=).

It now remains to consider the sequence v,41 =1+ 2, v = %, which is convergent to 2.
O
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