N
N

N

HAL

open science

QUANTITATIVE RATES OF CONVERGENCE TO
EQUILIBRIUM FOR THE DEGENERATE LINEAR
BOLTZMANN EQUATION ON THE TORUS

Josephine Evans, Ivin Moyano

» To cite this version:

Josephine Evans, Ivan Moyano. QUANTITATIVE RATES OF CONVERGENCE TO EQUILIB-
RIUM FOR THE DEGENERATE LINEAR BOLTZMANN EQUATION ON THE TORUS. 2019.

hal-02285239

HAL Id: hal-02285239
https://hal.science/hal-02285239

Preprint submitted on 12 Sep 2019

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-02285239
https://hal.archives-ouvertes.fr

arXiv:1907.12836v1 [math.AP] 30 Jul 2019

QUANTITATIVE RATES OF CONVERGENCE TO

EQUILIBRIUM FOR THE DEGENERATE LINEAR BOLTZMANN

EQUATION ON THE TORUS

JOSEPHINE EVANS AND IVAN MOYANO

ABSTRACT. We study the linear relaxation Boltzmann equation on the torus
with a spatially varying jump rate which can be zero on large sections of the
domain. In [5] Bernard and Salvarani showed that this equation converges
exponentially fast to equilibrium if and only if the jump rate satisfies the geo-
metric control condition of Bardos, Lebeau and Rauch [3]. In [22] Han-Kwan
and Léautaud showed a more general result for linear Boltzmann equations un-
der the action of potentials in different geometric contexts, including the case
of unbounded velocities. In this paper we obtain quantitative rates of conver-
gence to equilibrium when the geometric control condition is satisfied, using a
probabilistic approach based on Doeblin’s theorem from Markov chains.
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In this article, we study the linear Boltzmann equation in the phase space Q2 x V,

i.e., the system

1 Of+v-Vuf +V ,W(x) Vof =€(f), in(0,T)xQxV,
@) fli=o = fo, in QxV,

Key words and phrases. Convergence to equilibrium; Hypocoercivity; Linear Boltzmann Equa-

tion; Degenerate Hypocoercivity, Geometric Control Condition.
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where the density function, f = f(¢,x,v), undergoes the action of the potential
W = W (z) and the collision term

)= ola) [ @)1 =l 0)fw) '
for some o € L*°(2), assumed to be non-negative. Physically we can think of (1) as
a modeling a radiative transfer system where different parts of the space may have
different transparencies, according to the scattering function p = p(v,v’). When
o = o(z) is a positive constant, (1) is the linear relaxation equation, linear BGK
equation or linear Boltzmann equation.

In this work we set Q = T¢, the d-dimensional torus, with the usual identification

(2) T = R?/[0,1].

According to the nature of the space of velocities, V', the potential W and the
scattering function p, (1) has the following measure-valued equilibrium state

V= Vg Q Uy,

where

Uy = le_W(w) dz, Z :/ e W) dg,
Z 'H‘d

and

Lo |71| if W =0, p<”=vl):|71|7
VI M) W A0, plo,) = M),
where M (v) denotes the normalised Maxwellian, i.e.,
1 _M d
M) = e 2, v € R%.
()’

In the non-degenerate case ¢ > 0, the study of the trend to equilibrium of
solutions to system (1) has been the object of many publications, using techniques
as hypocoercivity (see Section 1.2 for details). In the degenerate case ¢ > 0,
the problem of characterising the trend to equilibrium is deeply connected to the
structure of the phase space T¢ x V and the geometry of the set {o > 0}, as (1)
reduces to a transport equation outside this region. In [6] Bernard and Salvarani
showed that exponential convergence towards equilibrium cannot hold in general.
On the other hand, the same authors proved in [5] that the solutions to (1) with
QxV =T¢x S and W = 0 converge to equilibrium exponentially in L' if and
only if the support of ¢ satisfies the geometric control condition (GCC for short),
inspired from [3,26] and characterized in the following way.

Definition 1. The function o satisfies the Geometric Control Condition (GCC) if
there exists T =T(o) > 0,k > 0 such that

T
(3) inf / o(z +vt)dt > k.
(z,0)ETIXV Jo

The case W # 0 and ¢ > 0 has been analysed by Han-Kwan and Léautaud
in [22], where the action of the potential may generate many different dynamics.
Considering the characteristic flow

4) Oy (z,v) = (‘b;x (z,v), @y(:zr, v)) , teR,
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where, for (z,v) € T x V given, (25, ®}) = (9" (z,v), ®} (x,v)) = solve the
characteristic equations
5) %@5 =d), OF =,

L) = -V, W (D)), ®f =,

the autors redifine the Geometric Control Condition in the following way.

Definition 2. There exists a T = T(o,W) > 0,k > 0 such that

T
i X
(6) (ww)lél'ﬂf:dxv/o 0((I)t (‘Tu U)) dt > K.

This definition is again inspired from the study of the controllability of the wave
equation in [3,26] (see Section 1.2 for more details). In this context, Han-Kwan
and Léautaud give in [22] conditions linking the collision kernel and the potential
which imply either convergence to a steady state or exponential convergence to a
steady state. Let us mention that the results in [22] are much more general (see
Section 1.2) than the setting presented here.

The methods developed in the works [5,6,22] do not yield constructive conver-
gence rates for the trend to equilibrium. The goal of the present work is to obtain
quantitaive rates using different methods, inspired in tools from Markov chains.

1.1. Main results. We shall consider the following three regimes

(R1): V is an open nonempty set of R%, the scattering is isotropic and the potential
is zero, i.e.,

(7) p(v,v') =p(',v)=1, VYu,o' €V  and W =0,

(R2): V =S%" and (7) holds,

(R3): V =R? the scattering function is given by a Maxwellian and the potential

is nonzero, i.e.,

(8)  pw,v')=M(v), Yo,/ €V  and W is a smooth function on T¢.

In what follows we consider measure-valued solutions to (1) and we refer to
Section 2 for details. We denote by .# (T¢ x V) the space of measures on T? x V,
which is a Banach space endowed with the total variation norm, denoted |.||7v
(see (19) for details). We denote Z(T? x V') the space of probability measures on
T¢ x V. Finally, (T});>0 denotes the semigroup generated by the free transport
operator on measures (see Definition 4).

Our first result corresponds to the situation described in (R1).
Theorem 1. Assume that V C R% is an open set satisfying that there exists T\, < oo
and B € (0,1) such that for all t > T, we have

(9) inf T (02, @ vy) dv > Buy.
xQGTd 1%
Let o € C°(T?) such that Definition 1 holds. If (u;)i>0 is a measure solution to
(1) with initial datum po € P(T¢ x V), then
(10) e = vlizy < e 2T lug — vz, VE2t,

with the quantitative rate

(11) A= log (1 . gﬁ2e—<2T+T*>||a||m) '

1
2T + T
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The lower bound in (9) is a crucial hypothesis intimately linked to Doeblin’s
theorem and is key to obtain the exponential rate (11), as can be seen in Section
4.2. In order to refine the quantitative bound in (11), we give in Lemma 1 some
sufficient conditions on V' so that (9) holds with concrete choices of 8 and T.

Our next result concerns the situation described by (R2).

Theorem 2. Let V = S 1 and assume that there exist Tix, Bix > 0 so that if
t,s > Tyy then

(12) / T (/ Ts (0201 yesa—1) (- u)du]lvesd1> dv > Br,.
\% ueSd—1

Let o € C°(T?) such that Definition 1 holds. Then, if (j1)¢>0 is a measure solution
to (1) with initial datum g € P(T? x V), then

(13) e — vy < e ME72TT)

po — v|rv, vt > T,

with the quantitative rate

3
(14) A= 1 “_%ewﬂm*)wu) .

1
.
3T + 21, Og( 2

Condition (12) replaces (9) as T is not finite when V' = S?~!. Loosely speaking,
this set cannot be spread out to the whole of T? by the transport operator (T});>0
since its dimension is too small. The new condition (12) essentially says that we
need three jumps to spread out the initial measure.

Our last result concerns the regime (R3), with non-zero potentials.

Theorem 3. Let V =R gnd W € CQ(Td;Rd). Assume that there exist Bisx €
(0,1) and Tysr > 0, depending on W, such that for all t € [Tyws, Tess + T we have

(15) / T, (6ry ® ) (2, 0) A0 > Braatty.

Suppose that o € CO(T?) satisfies the geometric control condition (2) with W # 0.
Then, if (1ut)e>0 is a measure-valued solution to (1) with initial datum pg € 2 (T% x
V), then

(16) e — vllry < e 22T g — v gy,

with the quantitative rate

(17) A= log (1 _ 5***K267<2T+Tm>nonm) ,

1
Remark. Observe that Theorems 1, 2 and 3 contain quantitative rates in terms of B
and T'. We will give in Section 3 precise results with explicit rates and assumptions
in section 3.

Remark. Observe that we are assuming that o € €°(T?) instead of just bounded
and measurable. This is a technical assumption due to the fact that we are working
with measured-valued solutions. See Section 2 for details.

1.2. Previous works: Hypocoercivity, Doeblin’s theorem and the geo-
metric control condition.
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1.2.1. Hypocoercivity results when o is strictly positive. Finding quantitative rates
of convergence to equilibrium is a longstanding problem in kinetic theory. In the
context of spatially inhomogeneous kinetic equations this is usually done using the
tools of hypocoercivity, a name given by Villani in [30] to equations exhibiting con-
vergence like Ce™** where C' > 1. In the context of kinetic equations, hypocoercive
behaviour is typically found when considering spatially inhomogeneous equations
where the dissipation of natural entropies vanishes on a large class of functions, the
local equilibria, making it impossible to prove entropy-entropy production inequal-
ities. Techniques to prove convergence for such equations based on hypoellipticity
methods were developed in [24,28,30] as well as in many other works.

When o is constant, equation (1) is a key example of a hypocoercive equation,
shown to converge faster than any power of ¢ in H! norm in [13] using the framework
of [16]. Tt was then shown to converge exponentially fast to equilibrium in H*
weighted against the equilibrium in [25] and in L? weighted against the equilibrium
in [23]. The convergence in weighted L? can also be seen as a result of the general
theorem in [18]. There are several other works showing exponential convergence in
various norms or for various more complex versions of this equation we mention in
particular [11] since this work uses Doeblin/Harris’s theorem, which is also the tool
we will apply to the spatially degenerate case.

1.2.2. Hypocoercivity results when o can vanish. The case where 0 = o(x) is non
constant and can vanish on areas of the spatial domain was first studied in [1] al-
though it is mentioned somewhat indirectly. This paper deals with non-equilibrium
steady states for scattering operators and is a pioneering example of the use of
probabilistic tools in statistical physics, but without quantitative rates.

The more recent works on these spatially degenerate models was begun in [15]
where the authors study a model where o vanishes at a discrete set of points. In [0]
Bernard and Salvarani showed that there are situations where the velocity space
and form of o together mean that there is no exponential convergence towards
equilibrium. On the other hand, Bernard and Salvarani proved in [6] that the
solutions to (1) with Q@ x V = T¢ x §9=! and W = 0 convergence to equilibrium
exponentially in L! if and only if the support of o satisfies the geometric control
condition of Definition 1. This work is then extended in [27] to give a more delicate
sense of when exponential convergence to equilibrium will occur. The approaches
followed in [6,27], based on semigroup theory and abstract functional analysis, do
not allow one to obtain a quantitative rate of the convergence.

An equation related to (1), the 1d Goldstein-Taylor type model, has been studied
in [7] where the authors do get explicit rates via comparing this equation to a
damped wave equation for which explicit rates were obtained by Lebeau in [26].

The case where V' is unbounded is treated in [22] by Han-Kwan and Léautaud,
where the authors study linear Boltzmann type equations for a general class of
collision operators and external confining potential terms on a closed, smooth,
connected and compact Riemannian manifold M (and in particular the torus). In
this context, the authors indentify geometric control conditions in the natural phase
space T*M (similar to Definition 2 in the case M = T%) allowing to completely
characterise the convergence to equilibrium and exponentially fast convergence to
equilibrium for the corresponding linear Boltzmann equation. On the other hand,
the techniques developed in [22], using phase-space and microlocal tools inspired
from [3,26] do not give explicit rates of convergence.
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In [17] the kinetic Fokker-Planck case is studied and here it is shown that the
GCC is not equivalent to exponential convergence to equilibrium.

1.2.3. Doeblin’s theorem. We use techniques which are inspired from Doeblin’s the-
orem from Markov process theory (see [20] for a detailed exposition of this theorem).
This theorem was used to show convergence to equilibrium for scattering equations
in [4]. It has been used several times to study convergence to equilibrium for kinetic
equations in the context of Non-Equilibrium Steady States [14] and is currently be-
ing used for studying the convergence to equilibrium for solutions of PDEs from
mathematical biology. We mention in particular the works on the renewal equa-
tion [19], and the neuron population model [12]. This last paper contains a similar
type of degeneracy to that studied in this work. In this context Doeblin’s theorem
and Harris’s theorem have been extended to PDEs which do not conserve mass
and/or have time-periodic limiting solutions rather than steady states, as in [1,2].

1.2.4. The geometric control condition in control theory. . The geometric control
condition mentioned in the previous section plays a fundamental role in the study
of controllability and stabilisation properties of some linear PDEs, typically of hy-
perbolic type. The GCC condition was introduced in the seminal works [29,3,25] in
order to prove that the linear wave equation and the Schrédinger equation in a do-
main Q C R?, possibly with boundary, are exactly controllable from an open subset
w (or a subset of the boundary) as long as w satisfies the geometric control condi-
tion. In [9] the GCC condition is proved to be necessary for the exact controllability
of the wave equation. As for the stabilisation properties, the works [3,26,10] prove
that under the GCC condition one can expect an exponential trend to equilibrium
for the wave equation with a localised damping, which is a crucial inspiration for
the works [6,22] on the linear Boltzmann equation.

1.3. Strategy and Outline. We first prove Theorems 1 and 3. As stated above
the proof is based around Doeblin’s theorem for Markov processes. The key ele-
ment to executing a Doeblin argument is to find a time ¢, such that we can prove a
lower bound on the solution of the equation at time ¢, which is independent of the
initial condition. We give a detailed proof of this fact based on using Duhamel’s
formula. We then explain how this implies exponential convergence to equilibrium
via Doeblin’s theorem. We then give a more stochastic flavored proof of the same
lower bound. This section is intended mainly to be illustrate the intuition behind
the first proof so we are a bit briefer with the calculations. The argument written in
terms of conditional probabilities is more clearly linked to the aspects of the trajec-
tories of the stochastic process which allow us to prove convergence to equilibrium.
Finally we prove Theorem 2. Here the proof is very similar to that of the other
theorems. However we have to use a strategy involving 3 jumps. This means it is
much simpler to write in the stochastic formulation. Lastly we have a concluding
section which includes possible extensions of this project and a discussion of the
rates.

Acknowledgements. W would like to thank many people for some useful discussion.
In particularly José Canizo for help with the deterministic version of the proof of
Theorem 1. We had useful discussions with Francesco Salvarani, Havva Yoldas,
Chugqi Cao, Helge Dietert and Clément Mouhot. The first author was supported by



DEGENERATE HYPOCOERCIVITY ON THE TORUS 7

FSPM postdoctoral fellowship (since October 2018) and the grant ANR-17-CE40-
0030. Much of this was written while the first author was visiting the Hausdorff
Research Institute for Mathematics on a Junior Trimester fellowship. We would
like to thank them for their hospitality. The second author was supported by the
ERC grant MAFRAN.

2. MEASURED-VALUED SOLUTIONS TO THE LINEAR BOLTZMANN EQUATION

Let us first define some notation in order to state our results. Given (X,X)
a measurable space, we denote by .Z(X) the set of Radon measures on X. We
denote by Z(X) the set of probability measures on X, i.e., all measures y € #(X)
satisfying p(X) = 1 and p(A) > 0 for every measurable A. As usual the space P(X)
is endowed with the weak topology, denoted w — £(X), induced by the family of
semi-norms

o s /X b2)du(z), Yo e Oy(X),

i.e., we are using test functions which are continuous and bounded on X. Recall
that u € .#(X) is said to be non-negative whenever

(18) /X o@)u(dz) >0, Vo e ChAiR,).

The total variation distance in .# (X) is defined as usual as

(19) lallzy = sup { [ otom(azy o cbm}.

Consider next a phase space of the form X = Q x V, where Q = T¢ or R?. If
Yaxy is the Borel g-algebra on Q2 x V', we denote by Zn«v the Lebesgue measure
on O x V. If A€ Yoy, we simply denote by |A| the Lebesgue measure of A if no
confusion arises.

2.1. Measure-valued solutions. With the notation of the previous section, given
T >0 and po € Z(X x V), we consider the transport equation

{ Opp+v -V — VoW -Vou=0, in (0,T)xQxV,

20 .
(20) im0 = 1o, in Qx V.

Definition 3. A measure solution to (20) is an element of C°([0, T]; w— 2 (2xV)),
denoted p; = py(dz, dv), satisfying that for every ¢ € CH([0,T) x Q x V),

T
/ // (Opp —v -V + VW - Vo) uy(dadv) dt = / @(0, 2, v)po(da dv).
0 QxV QxV

We can write any weak solution to (20) using the transport semigroup.

Definition 4. The transport semigroup on P (2 x V), noted (T})i>0, is defined by
(To)9) = [ o(@-i(w0) dua(de, dv). 6 € Cux V)
QxV

for any po € L(Q x V) and t > 0. In particular, pu; = Tipuo(de, dv) is a measure
solution to (20).
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In this article we work with the linear Boltzmann equation (1) in the sense of
measures. Given u € Z(Q x V) we set

(21)  mep(dz, dv) := o(z)u(dz, dv), LT p(dx) := /Vp(v,v/)u(d:r, dv’),

which are respectively the multiplication by o and the average in the variablev € V.
Given pg € Z( x V) we set

O +v -V —V W(x) Vop=me (LT —p), in (0,7)xQxV,
(22) :
ftle=0 = Ho, in QxV.

which is a version of (1) for measured-valued solutions.

Definition 5. A measure solution to (22) is an element of C°([0, T]; w— P (QxV)),
denoted p; = pi(dx, dv), satisfying that for every ¢ € CL([0,T) x Q x V),

T
/ // (3t¢—v-Vm¢+VmW~VUu+mg(¢—L+¢)) pe(da do) de
0 QxV

:/ (0,2, v) o (dz dv).
QxV

Proposition 1. Given T > 0 and given py € P2 x V), there exists a unique
measure-valued solution to (22), namely puy = pi(dz, dv). Moreover, this solution
admits the representation

(23)  pe(dz, dv) = exp (—/O o (DX (z,v)) ds) (Tipo)(da, dv) + Si[pe](dz, dv)

where (T})t>o0 is given by Definition 4 and

(24) Sy[uw](da, dv) = /0 t exp <_ / ta(@if (x,v))dr) (Ts—smo Lt 1) (dz, dv)ds.

Denoting

(25) we(dx, dv) = Pyuo, t>0,

the family (Pi)i>o is a semigroup on (2 x V) enjoying the following properties
(26)  |Pepollrv =1, Vo € 2 x V),

(27) [ Pepo — Pefiollrv < |10 — Tollrv, Vo, Tio € P (2 x V).

We can equivalently treat (22) as a random system in the following way. We can
write this equation as a stochastic process in integral form in the case W =0, V is
compact and p = 1.

(28)

t t llolloo
X = Xo +/ Veds, Vi=W +/ / / lp<o(x,) (w — Vi-) II(ds, dw, df).
0 o JvJo

Here II is a Poisson random measure with intensity being A ® A ® U where A is
Lebesgue measure and U is the uniform measure. This is to say that the velocity
process ‘jumps’ at random times 73,75, ... where T;1 — T; are exponentially dis-
tributed with rate A. Then the jump 7 is accepted with probability o(Xr,) and
if the jump is accepted the velocity variable will jump to a new velocity chosen
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uniformly at random from V and if the jump is not accepted then the velocity
remains the same. When we work in this formulation we write Py, 4, (A) for the
probability of an event A happening when we begin this process with deterministic
initial conditions Xg = x¢, Vo = vg.

3. GEOMETRIC ASSUMPTIONS ON THE PHASE SPACE

In this section we introduce some hypothesis on the phase space {2 x V' connecting
the geometry of 2 x V with the transport operator acting on it. We essentially
require that the phase space spreads out in a quantitative way any punctual mass
in space after thermalisation in all directions in velocity. This property ensures
that the Doeblin type argument of the next section can be applied. We also prove
that some usual choices of phase spaces, such as V containing an annulus or V a
sphere, satisfy the mentioned hypothesis with quantitative rates.

Lemmal. IfW =0 and V contains a set like {r1 < |v] < 1o} for some 0 <11 <19
then we can find such a Ty, 8. In this case we can choose

T, = max {8\/Ed|B(O, D ({51 ,\/E/rl}

and
i <ol <)
2|V

We begin by proving lemma 1 for the case of theorem 1

B

Proof of Lemma 1. Assume that there exist 0 < r1 < ry such that
{fveR: r < |v| <} CV.
Let us fix 29 € T¢. Then, changing variables and using the identification (2),

1 Q
|V| r1<|v|<ra td|Vv|7

1
Oz (x — vt) dv = v /55(17' = zomod 1)dz’ >

where
S = {2’ e R try < |2’ —xo| < tro}
and @ is the union of all the cubes with volume one and integer vertices contained
inside S.
Now, observe that the difference between S and @ is only along the perimeter of
S. The parts of S that are not in @ are contained in the annuli {¢r; — V2 < o] <
try + 2} and {try — v/2 < |v| < try + /2}. Therefore

151 = 1QI <IBO, DI ((tr2 + V) + (b1 + VI = (trs = V2)* = (tr1 = V2)?)
<|B(0,1)|t42d (rg—lx/ifl + T;H\/ifl) = O(d,ry, )t 2.
In this last inequality we write

(tr+V2)" — (tr — V2)* = (tr)" ((1 + \/i/tr)d - (1- \/i/tr)d> .

Then we use the fact that for z < 1 the derivatives of (1 + z)¢ and (1 — z)? are
bounded by 2d. With this and Taylor’s theorem we conclude that if ¢ > \/5/7"1
then we have that

(tr +V2) — (tr — V2)? < 2d(tr)?1V2.
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As a result, we get
1

|V| r1<|v|<rs

8y (x —vt)dv > (1 — %C(d, T1,72)) >

)

N | =

as long as t is taken large enough.
Now if the set V' contains but is not equal to the anulus {r; < |v| < r3} then

the argument above yields the result with
5 Hr <l <)l
2|v|

Lemma 2. IfV = S?1 gnd W = 0 then we can find such a Ty and Byx with
and f=1/2.

Proof of lemma 2. Lets look at this against a test function.

//Tt (/ Ts (0201 pegi-1) (-,u)dulvesd1> dvo(z)dx
yeSd—1

= / // Ts (020 lpesa—1) (z,u)dul,cga-1¢(x — vt)dvdz
ueSd—1

= // / Ozo (2)(x — vt — us)dudvda
ueSi—1 Jyesd-1

:/q&(;v') (/Sdl /SGH O (@' 4+ vt + us)dudv) dz’.

At this point the calculations become a bit technical. Firstly since we are looking
at an integral which is symmetrical in s,t we can assume w.l.o.g. that s <t. Lets
introduce some notation. First lets write Ay(A) for the d-dimensional Lebesgue
measure of a set A. Lets also write S9~1(z,7) to be the d — 1 dimensional sphere
of radius r around point z. Now we introduce some notations for sets depending
on a set of parameters, s,¢ being positive numbers and 2/, z” points in R%.

(29) Agpo={zeR|t—s<|z—2/|<t+s},
(30) B tarar ={y € ST b) | |2 —y| = s}.
Here A; ;. is an annulus in R and By ¢ 4 o is a d—2 dimensional sphere of radius

s around the point z” provided that the point 2" is in A, ¢, and is empty if 2’ is
not in As+ . We then look at the integral

/ / 0z (2" + vt + us)dudv.
gd-1 Jgd—1

We then reparametrize in terms of "/ = 2’ + vt + us,y = 2’ + vt. Using this we
can rewrite this integral as
8o (2" dydx”

(St)f(d71)|Sd71|72/ /
As,t,a:/ Bs,t,z @

:(St)*(dfl) |Sd71|72 / 510 (I//)/\d72(Bs,t,z’,z“)dx//
A

s,t,x!
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:Sfltf(dfl)|Sd72||Sd71|72/ 5zo($//)d$”

s,t,x!

=51 UDIS2ISIY P lagea,
=5 DS P ey,

We can see that if s and ¢ are big enough we will cover enough of the torus
several times so we can repeat the argument of lemma 1. We look at Qs ¢, being
the union of all the cubes with integral points contained inside Ag 4 4,. As in lemma
1 the set difference between A, ; ., is contained in two small annuluses containing
the perimiter of A;; ., specifically the annuluses

{x|t—s—\/E§|x—x0|§t—s+x/ﬁ},{x|t+s—\/ﬁg|a:—x0|§t+s+x/E}.

Emmulating the calculations in lemma 1 we can bound the area of these annuluses
by
2v2d ((t+s) ! + (t —5)71).

Going back to our original calculation we have

//Tt </ Ts (0501 pegi-—1) (~,u)du1v6§d1) dvg(x)dx
uesd—1

> / p(a')s~ @S2 §AY 2y
> / p(a)s @ D|SI2 S92 o da

> [ p(a)da’s7 @D IST2) ST 72|Qy |
Td

|Qs t m0|
= o(z')da’ ( b )
Td ( ) |A5,t7ro|

Now we can compute that

|Qs,t,zo|
|AS¢,10|

(t 4+ 5)3= 1 4 (t — 5)41
>1-2v2|B(0,1 .
> 1= 2RO DI
We have that

(t+5)4 — (t —5)d > dt? s,

and
(t+s) 4 (t—s)?7t <2(d — 1)t
Therefore
Qs .20 2(d — 1)t
—— >1-2v2|B(0,1)| ———5—
o] = 7 2V AP0 G
So our lemma holds with B,. = 1/2 and T, = 8V/d|B(0,1)|d/(d — 1). Therefore, if
t, s are sufficiently large then this will be greater than 1/2. ([

Lemma 3. For V' smooth, periodic and positive we can find such (Biwsx, Tass). With
Thissx = 1/2 and

5= ( / ew@dx) exp (—(T + 1) (1 + || Hess(W) o))
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Proof of Lemma 3. The first thing to note is that since the x space is compact we
have that |V, V(z)| < G for some G. This means that we move from very high to
other high velocities. We can see that we have for any xg if ¢ < T then

T, ({LL‘Q} X {Rl < |’U| < Rg}) D {Rl +GT < |’U| < Ry — GT} X S’l(v),

with S1(v) = {z |z = ®X(x0,u) for some u with ¢} (zg,u) = v} which is non-
empty for any v in the anulus on the right hand side. This is since

/Tt (510 & 1R1S"U|§R2) ¢($, ’U)d.’L'd’U :/5101R1§\1}|§R2¢(T—t(x7’U))dxdva

and T_; moves the v variable by a distance of at most GT since ®) (v,v) = v —
tV. W (®X(z,v)) for some s € [0,1].

Now in a similar way we have that ®; (z,v) = z + vt + 2>V, W (9 (z,v)) for
some s € [0,¢] this means we can approximate T; by free transport for ¢ small
enough. Using this we want to show that if we take R large enough then for
t € [1/2,1] we have

T ({,To} X {Rl < |’U| < RQ}) D) {2R1 +G < |$0 - £L'| < R2/2 — G} X SQ(U),
with Sa(v) = {v|v = ®)(wg,u) for some u with ®} (x¢,u) = v} which is non-

empty for any v in the anulus on RHS. Therefore if ¢ € [1/2,T + 1] then we have

/Tt (020 1R, <|oj<rs) AV > alog, 12GTG< n0—o|<Rs/2—GT/2—G-

Here « is ming , [Jac(T_¢(x,v))| > exp(—t(1 + ||Hess(W)||o)) where the last in-
equality follows from the lioville formula. So provided we choose Ri, Rs such that

Ry/2 — 2Ry — 5GT/2 - 2G > 1,

then this anulus will contain at least one square with integral vertices. Hence, we
have

/Tf (0zo LRy <joi<ry) dv > a.

Now since e~ () /Z is bounded above we have some # = Za such that

/Tt (5$01R1§|U\SRZ) dv > ﬂe*W(m)/Z.

4. PROOF OF THEOREMS 1 AND 3 (DUHAMEL VERSION)

4.1. Some key lemmas. The strategy of this section is to prove the two theorems
1 and 3 in an entirely deterministic way, based on the strategy of Doeblin’s theorem.
The proofs of the two theorems are identical except for the crucial lemmas 1 and
3. First we will prove both these lemmas and then write the remainder of the
argument in a general framework which covers both cases.

Lemma 4. Assume that V satisfies Assumption 9 and o satisfies the geometric
control condition 2 or we are in the situation where V.= R® with the Mazwellian
measure and we have a confining potential W # 0 and o satisfies the GCC. Let
e = pe(dx, dv) be the solution to (1) with initial datum

(31) Ho = 5:60 oy 51)07
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for (xo,v0) € T¢xV giwen. Let Ty be as in lemma 1 or Tyys as in lemma 3 and and
T given as in (3, 2). Then, for t = 2T + T, in the case W =0 or T = 2T + Thus
in the case W # 0 we have

(32) pe(dz, dv) > Bre ol in M(QXV).

Proof. Using Duhamel’s formula (23) we have that, for every ¢ > 0,

(33)  pe(dz, dv) = exp (—/0 o(®X (x,v)) ds) (Tipo)(da, dv) + Si[pe](dz, dv)

2 exp (— /Ota(‘l’f(%v))ds) (Tipo)(da, dv)

> e~ tlole (Ty o) (dez, d),
as, according to (24),
Se[pe](da, dv) >0 in A(QxV).
Injecting (33) in (23) we get

pe(dz, dv) > /Ot exp <— /: a(cpf(x,v))dT) (Ty_sme LT ps)(dz, dv)ds

t
2/ e~ W=lelloo (T, g L) (dae, dv) ds
0

t
> e_tHU”""/ (Ty—smy LT Typio)(dz, dv)ds.
0
Now we can substitute this in a second time to get
t s
(34)  pe(dz, dv) > e tlolle / / (Ty—smo LTy rmo LT Trpio) (da, dv) dr ds.
0o Jo

Now using (31) we may write
To—rmo LT Ty pio = To—rmo LT (00 (20,00) © 00V (20,00))
=Ts_ Mgy (Vv(dv)(Sq)i((mo)vo)(dx))
=T, . (U(I)5<1>§(zo,vo)(dﬂf)%(dv))
= U(@f_( (20,v0))Ts—r (5¢§(I07v0)(dx)uv(dv)) .

Now assuming that s — 7 > T, the definition of T, in Assumption 9 implies
LYl omo LT Trpo = uvo(fbf (xo,vo))/ T, (5¢§(m07v0)uv) dv > ﬁo(@ff (20,v0))V.
v

Therefore

thsmoLJrTszmoLjLTTfO = ﬂo’((l)i( (.Io, UO))U((I)t)is(Ia 1}))]/,
Now, taking ¢ = 2T + T} as in the statement and integrating (34) with respect to
T7€[0,T),s € [T+ T, 2T + T.] we get

2T+T. T
pe(dz, dv) > e GTHT) ol / (B (x,v))o (DX (20, v0))pr dr ds
T+T. Jo
> Br2e=CT+Tlol

whence (32) follows. O
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The next result is an extension of Lemma 4, valid for Dirac masses, to any initial
data that is a probability measure.

Lemma 5. Under the same hypothesis of Lemma 4, let ug € P(Q x V) and let u;
be the associated solution to (22). Then, for t = 2T 4+ Ty, 2T + Thss we have

(35) pe(da, dv) > BrZe ol in A QxV).

Proof. Let pp € Z(2 x V) and let p be given as in the statement. According to
(25), we can write p; = Pruo. We claim that it suffices to prove that

(36) e = / / (Pig.00) 0o, du).
QxV

If (36) holds, Lemma 4 implies

Pip = // (Pt0sg,v0) po( dao, dvg) > Br2e ol // vio(dxg, dvg) = Br2e tholleoy,
QxV

QxV
In order to prove (36), we observe that it is sufficient to check that

vy = /(’Ptémmvo)uo(dxo,dvo)

is indeed a measure-valued solution to (22) with initial datum pug, as uniqueness of
solutions (Proposition 1) would imply v; = u¢ and a fortiori (36) .

According to Definition 5, let ¢ € CL((0,T] x Q x V). As ¢ and V;,¢ are
bounded and compactly supported, then

Pp=01p+v-Vep—0(¢p—¢) €CLH(0,T] x 2 x V).

Then, using Fubini’s theorem,

/oT //WXV (00 +v -V =0 (6 —¢)) vi(de,dv)

[y oL Pt s
— //dev </OT //devpgb (Pibo,v0) (dx,dv)) pio(dag, dvg)

= _// QZS(O,ZEo,UO),UJ(d.Io,d’Uo).
TdxV

This ends the proof.
O

4.2. Doeblin type argument and exponential decay. Now we want to make
a Doeblin type argument.

Proof of Theorem 1. Let t, = 2T + T, in the case W = 0 and V is compact, or
t = 2T + Tyss in the case W £ 0 as in Lemma 5 and set.

a = Bre tlolle,

Step 1: Estimate for positive disjoint probability measures. Assume that are such
that

(37) p1, p2 € P(Qx V) supp py Nsupp pg = 0.
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This implies that
(38) w1 = p2llrv =2.

Using the conservation of mass and Lemma 5, we can write
Prpn —av = (1 —a) fi, Pz —av = (1 — a) fa,
for some f1, fo € Z(Q2 x V). Hence,
[P pt1 — Pepzllry < [|[Pepn — avl|lry + [P — av||rv
< (A =a)llfillry + (A = &)l f2llrv
<2(1-a)
= (1= a)llpr — p2|lzv,
as a consequence of (38). Iterating this estimate and using that (P:):>0 is a semi-
group, we obtain
(39)
V1, pe satisfying (37) Vk € N, Pt pt1 — Preepizllrv < (1 — a)*|| 1 — pa| 7y
Step 2: Estimate for positive measures with the same mass. Assume now that
H1, o € A () x V) are such that
(40) supppi Nsupppe =0  and (2 x V) = pua(Q x V) > 0.

Then, setting
— K1 —_— 2

M1 = ‘ul(va)a M2 = ,UQ(QXV)7
we readily have that

suppiy Nsuppiz =0 and 7y, 1z € Z(Q x V).
Hence, using (39),

1 . 1 _
Prex 1 — Pre- pi2llrv = Hmpkt*,ul — mpkt*lh .
1
= mﬂpkt*m — PreTi2l| v
(1—a)F

< m”ﬁ —n2lrv,
for any k£ € N. Hence,
(41)
V1, p2 satisfying (40) vk € N, (| Pre 1 — Pre prallrv < (1 — @) ||p1 — pal|7v.
Step 8: Estimate for general measures probability measures. Consider i, o €

P(Q x V). Using the Jordan’s decomposition (cf. [3, Eq. (32.3), p. 421]), we can
write

pa — p2 = (1 — p2)+ — (p2 — pa)+,
which satisfy
supp(p1 —p2)+Osupp(pe—p)+ =0 and  (u1—p2)+ (V) = (poa—p1)+(2xV),

for (u1 — p2)(Q x V) = 0. As a consequence, we can use (41) and this gives
(42)
Vi, pe € (2 x V), Vk €N, [ Prie i1 — Pree izl mv < (1= a)*[lpn — pallzv.

Step 4: Conclusion and quantitative exponential bound.
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We observe that the equilibrium distribution satisfies
(43) Pw=v, Vt>0 and ve 2(QxV).
Let t > ¢, and set k € N be such that
t
— <k+1.
te — +
Then, using (43), (42) and (27),
[Peso = vllrv = [[Pepo — Pevllrv
< || Prt.tto — Pre.v|lTv

< (1= a)¥uo — vllrv

t—t,
< oxp (5 01 - 0)) o — vl

where we have used that, thansk to the choice of k,
t
(k+1)log(l —a) < - log(1 — a).

This gives (10) with the rate (11).

5. PROOF OF THEOREM 1 (STOCHASTIC VERSION)

We now look at a more stochastic proof of Theorem 1 as similar proof would also
work in the case of Theorem 3. We split this into two Lemmas. Here we only prove
the lower bound on P as afterwards we would argue exactly as in the previous
section. We want to look at paths where the velocity process jumps exactly once
in [0,T1], no times in [T,T 4 T.] and exactly once in [T + Ty, 2T + T\]. Here T is
from the GCC and T, is from above.

Lemma 6. Given an arbitrary set S we want to have for the following probability
conditional on starting at (xo,vo) for our process (28)

Puo.vo (Xi, Vi) € S|jump exactly once in [0,T], no times in [T,T + T],
and ezactly once in [T + Ty, t]) > pv(9).
Here (B is as before and v is the steady state which in this case is the uniform

measure on T4 x V.

Remark. This is essentially the same as computing a lower bound on the integrand
in the Duhamel’s formula in the previous section. We repeat the computations
briefly since it is technically a different quantity.

Proof. Suppose the process jumps once at time r in [0,7] and again at time s in
[T + T.,t]. and we start with law 0, ® 0,,. Immediately before the first jump we
have only undergone pure transport so the law is

T, (510 ® 6110) = 5wo+voT ® 51}0'

Now after the first jump we thermalise the velocity so they become uniform over
V. The operator L™ acts on measures by

(L' p) (Az x Ay) = p(Az x V)A(Ay),
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where A is the uniform measure on V. Then immediately after the first jump we
have the law being

L+(6wo+vor ® 6110) = 6wo+vor ® A

Now from our conditions on s and r we know that s —r > T,. So this means that
immediately after the second jump we have from our earlier calculation

1 1 8
LJFTS*T 5m voT A)=— Tsfr 51 VoT Ty T dv > —.
Grotr @) =157 [ T (Bovr iy 202 1

The transport semigroup preserves the uniform measure. So we have shown that
after a jump at exactly on point in [0, 7], exactly one point in [T + T, t] and no
other jumps then we are uniformly distributed. Therefore,
Py, (X1, Vi) € S|jump exactly once in [0, T, no times in [T, T + T.],
and exactly once in [T + T, t]) > Sv(S).

O

So now we need to calculate the probability of jumping exactly once in [0, 7] no
times in [T, T + T,] and exactly once in [T 4 T, t].

Lemma 7. For our process (28) we have for any (zo,vo).
Pyo.v0 (ezactly one jump in [0,T], none in [T, T + Ty]
and once in [T + Ty, 2T + T,]) > C?e~lolle @THT)
Proof. First lets look at the probability of jumping exactly once in [T + Tk, t] con-
ditional on having jumped exactly once in [0,T] and zero times in [T, T + T}]. By
our earlier calculation we can see that after the process has jumped once in [0, T]

and then transported to time T4 T then the x marginal of the law will be uniform.
That is to say we want to study the probability

P00 (Jump exactly once in [T + Tk, t]|jumped exactly once in [0, T, never in [T, T + Ty]).

Using the GCC and the fact that the number of jumps in time T is a Poisson
random variable with mean fOT o(X¢(z,v))dt we have

T T
P,. ». (jump exactly once in time [0, 7T]) :/ exp <—/ o(zs + ms)ds) o(zs + vit)dt
0 0

T
ZefHUHK’T/ o(xy + vit)dt > e llollT .
0

This is uniform over all starting points so for any distribution p
P(jump exactly once in [T + T, 2T + T]| (X741, , Vgt ) ~ p) > Celloll=T,
So if we set t = 2T = T, then we have
P00 (jump exactly once in [T+ Ty, t]|jumped exactly once in [0, T,
never in [T, T + T.]) > Ce~loll=T,
Similarly, we can look at

Py .00 (No jumps in [T, T + T]|exactly one jump in [0, 7).
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Like before we have that
T
P,. v, (jump no times in [0, T.]) =exp (—/ o(zs — U*t)dt> > e llolleo T
0

Again this is uniform over starting points so we have that
P(jump no times in [T, T + T, | (X7, Vi) ~ p) > e llole=Tx,
Furthermore we have
P00 (exactly one jump in [0,7]) > Ce~loll=T,
Therefore, putting all these together we have
P00, (exactly one jump in [0, 7], none in [T, T + T],
and one in [T 4 T, 2T + T.]) > C?e~llolle @THT)

Finally we conclude by Bayes’s Theorem.
Lemma 8. For the stochastic process (28) we have that if t = 2T + T, then
Pooo(Xi, Vi) € S) > BC2elloll=ty(5),
Proof. We want to use the fact that
P(A) = P(A|B)P(B) + P(A|B°)P(B¢) > P(A|B)P(B).
We apply this with A = {(X;,V;) € S} and B being the event of jumping exactly
once in [0, 7], no times in [T, T + T,] and exactly once in [T + T, 2T + T]. O

Remark. This gives a more stochastic flavored proof of Lemma 4. We can then
pick up at that point and conclude the same way as the previous section.

6. PROOF IN THE CASE THAT V =S¢~ 1,

Here we emulate the stochastic proof as in the previous section since it is better
adapted when we have more jumps. First we need to prove our control on the
transport semigroup.

Proof of Theorem 2. Lets fix t = 3T + 2T, We emulate the probabilistic proof we
want to look at paths with one jump in [0, T] another jump in [T + Tis, 2T + Tis]
another in [2T 4 2T, 3T + 2T..] and no other jumps. The probability of such a
sequence is given by the same calcualtions as in lemma 7

O3 e—lloll(BT+2T0).

Lets call J; the event that the process jumps exactly once in [0,T], J2 the event
that the process jumps no times in [T,T + Ti.], J3 the even the process jumps
exactly once in [T + Ty, 2T + Ty, J4 the even that the process jumps no times in
[2T 4 Ty, 2T + 2T..] and finally Jy the event that the process jumps exactly once
in [2T + 2T, 3T + 2T..]. Then by our calculations in Lemma 7 we know that

P(exactly one jump in [0, 7] (Xo, Vo)) > Celoll=T
for every probablity p. Furthermore by similar calculations to in Lemma 7 we have

P(no jumps in [0, Ti] | (Xo, Vo)fi) > eIl
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for every probability p. Consequently we have

Pagwo (J1:J2, I3, Ja) =Pag,0q (J2, T3, Ja | J1) Pag g (J1)
:]P)CE(),'U()(Jga J4|J2a Jl)]P)Io,'Uo(Jﬂ‘]l)
:]P)I(),U()(J4|J37 J27 Jl)]P)I(),U()PLE(),’U() (J3|J27 Jl )PI(),’U() (J2|J1)]P)10,U0(J1)

:]P)IO,UO(J4|J3)]P)$0,U0(J3|J2)]P)10,U0 (J2|J1)PI07U0 (Jl)
2036—||a||m(3T+2T**)'

In this calculations we can replace conditioning by Jo,.J; by just conditioning by
Jo by the Markov property and similarly in the later lines only conditioning by the
most recent event.

Lets write J = {J1, J2, J3, J4} then we want to show that

1
Pagu0 (Xe, V2) € S|J) 2 5v(5).

Lets look at the law conditional on jumping at times ¢, r, s lying in the right sets.
Immediately before the jump at time ¢ the law will be

Tq (6:60 6110 ) = 510 +qvo 51}0 .

Then after the first jump the law becomes

6I0+QU0 1v€Sd*1 .

We procede like this to see that immediately before the third jump we have

TS,T </Sd1 TT,q (5I0+qv01veSd*1) (-, u)dulvesdl) .

Since s — r, 7 — ¢ > Ty, we have that the z marginal of this is greater than

11 1
2T~ 2"
Now immediately after the third jump we have that the measure is bounded bellow
by
1
—.

2
Then since the transport part does not change the uniform measure this shows that

v(S).

DN | =

Pyg.vo ((Xi, Vi) € S|jumps at times q,r,s) >

Since this result is uniform over the even J we have that

1
Pag,v0 (X, Vi) € SJ) = S0(9).

Now putting this together gives that
1
P$07v0((Xta W) es) > 50367”0”“’%/(‘9)_

We can now repeat the arguments for the proofs of Theorems 1 and 3 starting from
the end of Lemma 4 O
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7. COMMENTS ON THE RATES
Lastly we comment on the rates we get. For the main model our rate is

log (1 — C2e~lloll=@T+T.) /)
- T+ T, :

This is almost definitely not optimal. To the best of our knowledge the rate should
vary quite strongly depending on the geometry. We can give a little bit of infor-
mation about a bound on the spectral gap and examples of situations where the
spectral gap is well below this bound. In [21] the authors prove some results on the
spectrum of this operator. Defining the constants

A:

1 /7 T
C> = sup inf —/ o(®X (z,v))dt, CL = inf sup/ o (0¥ (z,v))dt,
T>0zv T 0 >0 2,0 Jo

it is proven in [21] that the essential spectrum of the linear Boltzmann operator
lies in the strip {z : C3 < Re(z) < CL}. They also show that the spectrum is
contained in a strip of the form {0 < Re(z) < Lo}, where Lo, is related to the
supremum of the collision kernel. We can give an upper bound on the spectral gap
in total variation using a simple probabilistic argument.

Lemma 9. If there exists A > 0, A > 0 such that for all initial data
1£(t) = vlrv < Ae™,
then X < CL wusing the notation above.

Proof. If we initally start with a delta function we get no closer in total variation
until we have jumped at least once, then we have that

t
I () = v||lry > P(jumped no times in time t) = exp (—/ o(®X (x, v))ds) .
0

Fixing e there exists T'(¢) such that

T(e)
sup/ < (CL + )T (e).
0

z,v

Therefore,
nT(€)
lf(nT(€)) — v|lTv > exp <_/o U(@f(x,@)ds) > exp (—nT(e)(C’:O + e)) ,

for every n. Therefore A < CL + € and ¢ is arbitrary which gives the result. O

The consideration of optimal rates raises several natural further questions. The
first is to investigate the optimal rates. Secondly it would be interesting to char-
acterize which possible choices of ¢ lead to the fasted and slowest rates. This is
especially interesting since it is not obvious that having constant o gives the fasted
rates, particularly in the presence of a confining potential. If it is possible to choose
a degenerate o so that the convergence to equilibrium was much faster than the
optimal choice of constant ¢ then this could have implications for Hamiltonian
Markov chain Monte-Carlo simulation.
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