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High-resolution elastic analysis of thin-ply composite laminates

Introduction

Nowadays, in many engineering applications a compromise between high stiness and lightweight design is searched. For this reason, in many engineering elds (aerospace, naval and automotive industries, among others) polymer composite laminates are being extensively used because they are viewed as key technology to develop energy ecient, cost-eective, lightweight, high-strength and stiness parts.

Laminate made of thinner plies started to attract more attention in industrial applications because of its apparent performance enhancement while keeping constant the structural weight. Thus thin-ply laminates are commercially available, with thicknesses of about 20µm or even lower depending of the type of bers [START_REF] Amacher | Thin ply composites: Experimental characterization and modeling of size-eects[END_REF]. Many researches were carried out to characterize the resulting materials and structural parts. Many studies pointed out the fact that thin-ply composite laminates exhibit 10% higher ultimate strength resistance compared to their counterpart with thicker plies (other things being equal) [START_REF] Sihn | Experimental studies of thin-ply laminated composites[END_REF][START_REF] Yokozeki | Damage characterization in thin-ply composite laminates under out-of-plane transverse loadings[END_REF]. In [START_REF] Saito | Eect of ply-thickness on impact damage morphology in CFRP laminates[END_REF] authors showed that thin laminate composites have about 23% higher strength when they are subjected to compression after impact tests.

Most of these works focused on damage while considering dierent loading and stacking conditions [START_REF] Yokozeki | Damage characterization in thin-ply composite laminates under out-of-plane transverse loadings[END_REF][START_REF] Saito | Eect of ply-thickness on impact damage morphology in CFRP laminates[END_REF][START_REF] Evcil | Simulation of three dimensional progressive damage in composite laminates[END_REF][START_REF] Chen | Numerical and experimental failure analysis of composite laminates with bolted joints under bending loads[END_REF][START_REF] Sanchez-Saez | Compression after impact of thin composite laminates[END_REF] where signicant dierences with respect to usual laminates making use of thicker plies were reported, and some damage mechanisms were advanced. While damage is likely to occur outside the elastic range, the present work only addresses the purely elastic response of composite laminates in order to check if the use of thin plies has an impact of the laminate stiness and clarify the origin of this improved mechanical performance: does it come from the stress and strain connement or is it due to a simple structural eect?

The nite element solution of elastic problems in a composite laminate does not seem challenging, however, a ne enough resolution requires using many nodes along the thickness direction able to capture all the solution details across the dierent plies of the laminate. Thus, one can face a strong limitation in the mesh renement when using 3D discretization. High-resolution 3D simulation in composite laminates are quite rare in the literature and in our knowledge there are not detailed analyses when the plies-thickness becomes very thin because 3D mesh-based discretization techniques fail to compute the accurate solution of the mechanical problem. To alleviate this issue we proceed by using an in-plane-out-of-plane separated representation of the dierent mechanical elds involved in the elastic problem (displacements, strains and stresses) within the Proper Generalized Decomposition PGD framework (revisited in the next section) that computes the 3D solution as a series of 2D problems for calculating the in-plane contributions and 1D problems for computing the out-of-plane contribution. Thus, even if thousands of nodes are employed for discretizing the laminate thickness, the numerical complexity remains the one related to the solution of the 2D problems and consequently the one related to the in-plane mesh. This decomposition allows zooming the solution evolution through the thickness by using an extremely ne mesh along the laminate thickness with an aordable computational cost.

The paper is structured as follows: the main ingredients of the in-plane-out-of-plane PGD representation is revisited in the next section. Section 3 dened the structural systems and the modeling hypotheses. Then, Section 4 presents the simulation results for the dierent ply arrangements and thicknesses. Finally, Section 5 focusses on two arrangements [45/0/ -45/90] 1S and [45 8 /0 8 / -45 8 /90 8 ] 1S , having the same total thickness, the same global orientation through the thickness but dierent arrangements. The comparison of elastic solution for both arrangements allows to conclude on the origin of stiness performance enhancement when using thin-ply composite laminates.

Revisiting the in-plane-out-of-plane separated representations

A new discretization technique, the so-called Proper Generalized Decomposition PGD , based on the use of separated representations was proposed some years ago for addressing multidimensional models suering the so-called curse of dimensionality, where standard mesh-based techniques fail [START_REF] Ammar | A new family of solvers for some classes of multidimensional partial dierential equations encountered in kinetic theory modeling of complex uids[END_REF][START_REF] Ammar | A new family of solvers for some classes of multidimensional partial dierential equations encountered in kinetic theory modeling of complex uids. Part II: transient simulation using space-time separated representations[END_REF]. The curse of dimensionality was circumvented thanks to those separated representations that transformed the solution of a multidimensional problem into a sequence of lower dimensional problems. The interested reader can refer to the recent reviews [START_REF] Chinesta | Recent advances and new challenges in the use of the Proper Generalized Decomposition for solving multidimensional models[END_REF][START_REF] Chinesta | An overview of the Proper Generalized Decomposition with applications in computational rheology[END_REF][START_REF] Chinesta | A short review in model order reduction based on Proper Generalized Decomposition[END_REF] and the references therein.

A direct consequence was separating the physical space. Thus in plate domains an inplane-out-of-plane decomposition was proposed for solving 3D ows occurring in RTM Resin Transfer Moulding processes [START_REF] Chinesta | An overview of the Proper Generalized Decomposition with applications in computational rheology[END_REF], then for solving elasticity problems in plates [START_REF] Bognet | Advanced simulation of models dened in plate geometries: 3D solutions with 2D computational complexity[END_REF][START_REF] Giner | The proper generalized decomposition (PGD) as a numerical procedure to solve 3D cracked plates in linear elastic fracture mechanics[END_REF] and shells [START_REF] Bognet | Separated representations of 3D elastic solutions in shell geometries[END_REF] and ows problems [START_REF] Ch | The Squeeze Flow of Composite Laminates[END_REF][START_REF] Ch | 3D modeling of squeeze ow of multiaxial laminates[END_REF]. In those cases the 3D solution was obtained from the solution of a sequence of 2D problems (the ones involving the in-plane coordinates) and 1D problems (the ones involving the coordinate related to the plate thickness). The most outstanding advantage is that 3D solutions can be obtained with a computational cost characteristic of standard 2D solutions.

In [START_REF] Bognet | Advanced simulation of models dened in plate geometries: 3D solutions with 2D computational complexity[END_REF] we considered the in-plane-out-of-plane decomposition for solving 3D elastic problems in plate geometries. The elastic problem was dened in a plate domain

Ξ = Ω × I with (x, y) ∈ Ω, Ω ⊂ R 2 and z ∈ I, I = [0, H] ⊂ R, being H the plate thickness. The separated representation of the displacement eld u = (u 1 , u 2 , u 3 ) reads: u(x, y, z) =   u 1 (x, y, z) u 2 (x, y, z) u 3 (x, y, z)   ≈ N i=1   P i 1 (x, y) • T i 1 (z) P i 2 (x, y) • T i 2 (z) P i 3 (x, y) • T i 3 (z)   , (1) 
where P i k , k = 1, 2, 3, are functions of the in-plane coordinates (x, y) whereas T i k , k = 1, 2, 3, are functions involving the thickness coordinate z. In [START_REF] Bognet | Advanced simulation of models dened in plate geometries: 3D solutions with 2D computational complexity[END_REF] we compared the rst modes of such separated representations with the kinematic hypotheses usually considered in plate theories.

Expression (1) can be written in a more compact form by using the Hadamard (componentto-component) product:

u(x, y, z) ≈ N i=1 P i (x, y) • T i (z), (2) 
where vectors P i and T i contain functions P i k and T i k respectively. Because neither the number of terms in the separated representation of the displacement eld nor the dependence on x 3 of functions T i k are assumed a priori, the approximation is exible enough for representing the fully 3D solution, being obviously more general than theories assuming particular a priori evolutions in the thickness direction z.

Let's consider a linear elasticity problem on a plate domain Ξ = Ω × I. The weak form using the so-called Voigt notation, reads:

Ξ (u * ) T • (K • (u)) dx = Ξ u * • f d dx + Γ N u * • F d dx, ∀u * , ( 3 
)
where K is the generalized 6 × 6 Hooke's stiness tensor, f d represents the volumetric body forces while F d represents the traction applied on the boundary Γ N . The separation of variables introduced in Eq. ( 1) yields the following expression for the derivatives of the displacement components u i , i = 1, 2, 3:

∂u i ∂x ≈ k=N k=1 ∂P k i ∂x • T k i , (4) 
∂u i ∂y ≈ k=N k=1 ∂P k i ∂y • T k i , (5) 
and

∂u i ∂z ≈ k=N k=1 P k i • ∂T k i ∂z , (6) 
from which we the separated vector form of the strain tensor is obtained:

(u(x, y, z)) ≈ N k=1            ∂P k 1 ∂x • T k 1 ∂P k 2 ∂y • T k 2 P k 3 • ∂T k 3 ∂z ∂P k 1 ∂y • T k 1 + ∂P k 2 ∂x • T k 2 ∂P k 3 ∂x • T k 3 + P k 1 • ∂T k 1 ∂z ∂P k 3 ∂y • T k 3 + P k 2 • ∂T k 2 ∂z            . (7) 
The separated representation construction proceeds by computing a term of the sum at each iteration. Assuming that the rst n -1 modes (terms of the nite sum) of the solution were already computed, u n-1 (x, y, z) with n ≥ 1, the solution enrichment reads:

u n (x, y, z) = u n-1 (x, y, z) + P n (x, y) • T n (z), (8) 
where both vectors P n and T n containing functions P n i and T n i (i = 1, 2, 3) depending on (x, y) and z respectively, are unknown at the present iteration. The test function u * reads u * = P * • T n + P n • T * .

The introduction of Eq. ( 8) into (3) results in a non-linear problem. We proceed by considering the simplest linearization strategy, an alternated directions xed point algorithm, that proceeds by calculating P n,k from T n,k-1 and then by updating T n,k from the just calculated P n,k where k refers to the step of the non-linear solver. The iteration procedure continues until convergence, that is, until reaching the xed point P n,k • T n,k -P n,k-1 • T n,k-1 < , that results in the searched functions P n,k → P n and T n,k → T n . Then, the enrichment step continues by looking for the next mode P n+1 • T n+1 . The enrichment stops when the model residual becomes small enough.

When T n is assumed known, we consider the test function u given by P • T n . By introducing the trial and test functions into the weak form and then integrating in I because all the functions depending on the thickness coordinate are known, we obtain a 2D weak formulation dened in Ω whose discretization (by using a standard discretization strategy, e.g. nite elements) allows computing P n . Analogously, when P n is assumed known, the test function u is given by P n • T . By introducing the trial and test functions into the weak form and then integrating in Ω because all the functions depending on the in-plane coordinates (x, y) are at present known, we obtain a 1D weak formulation dened in I whose discretization (using any technique for solving standard ODE equations) allows computing T n .

As discussed in [START_REF] Bognet | Advanced simulation of models dened in plate geometries: 3D solutions with 2D computational complexity[END_REF] this separated representation allows computing 3D solutions while keeping a computational complexity characteristic of 2D solution procedures. If we consider a hexahedral domain discretized using a regular structured grid with N x , N y and N z nodes in the x, y and z directions respectively, usual mesh-based discretization strategies imply a challenging issue because the number of nodes involved in the model scales with N x • N y • N z , however, by using the separated representation and assuming that the solution involves N modes, one must solve about N • 2D problems related to the functions involving the in-plane coordinates (x, y) and the same number of 1D problems related to the functions involving the thickness coordinate z. The computing time related to the solution of the one-dimensional problems can be neglected with respect to the one required for solving the two-dimensional ones. Thus, the resulting complexity scales as N •N x •N y . By comparing both complexities we can notice that as soon as N z N the use of separated representations leads to impressive computing time savings, making possible the solution of models never until now solved, and even using light computing platforms. In Fig. 1 PGD and fully 3D solutions are compared from the point of view of the computational eorts.

Figure 1: CPU time for solving a elastic problelm dened in a plate using the 2D/1D PGD separated representation and the fully 3D FEM (credits [START_REF] Giner | The proper generalized decomposition (PGD) as a numerical procedure to solve 3D cracked plates in linear elastic fracture mechanics[END_REF]) When addressing laminates the only dierence is the necessity of performing an in-planeout-of-plane decomposition of the Hooke's tensor K. Assuming the laminate is made of P plies each one characterized by an elastic tensor K p , and denoting by χ p (z) the characteristic function taking a unit value for the z-coordinate related to the p-ply, vanishing elsewhere, the laminate Hooke tensor can be written as

K = P p=1 χ p (z)K p . ( 9 
)
he PGD framework, and particularly its in-plane-out-of-plane separated representation just described, allows resolving the mechanical elds beyond the usual discretization techniques capabilities. Thus, the simulation performed and discussed below, cannot be accomplished using more experienced simulation techniques. The PGD becomes a sort of numerical microscope able to access to scales out of reach for other numerical strategies, allowing for a ne enough analysis of stresses and strains existing in thin-ply composites.

Materials

In order to model the composite laminate as accurately as possible a cross section of it was analyzed. It was observed that interfaces between plies are richer in polymer than in the unidirectional plies as depicted in Fig. 2. Based on those observations each ply is represented by a core layer with the orientation of bers inside denoted by the angle θ covered on both faces by two thin layers of pure matrix, as depicted in Fig. 3. The skin layers represents 1% of the total ply thickness, denoted t ply . Simulations carried out in this study concern high modulus carbon epoxy composite laminates widely encountered in aerospace applications. The mechanical properties of the carbon-epoxy prepreg and the epoxy matrix are given in Tables 1 and2 respectively, where indexes • l denote the bers direction and • t its transverse direction. 
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Numerical analysis

We consider dierent stacking arrangements, all of them having the same total thickness: The resulting 3D plates are clamped at their edges and a concentrated force (F=1kN) is applied at the center of the upper surfaces as illustrated in Fig. 4. Simulations were performed by considering a ne enough mesh, especially along the laminate thickness, in order to capture all the details related to the through-thickness evolution of the dierent mechanical elds: displacement, strain and stresses and the inter-ply interface conditions. For that purpose the in-plane mesh consisted of 12500 elements whereas in the thickness direction 4 elements were considered in each epoxy layer and 20 in each prepreg layer, leading to 24 elements per ply. 

Evaluating the composite laminates stiness

To evaluate the eect of the ply thickness on the laminate stiness we compute the deection (f) at the center of the plate for the same applied force. Results are depicted in Figs. 5, 6 and7. A decrease of the deection is clearly noticed for all the stacking arrangements when increasing N , revealing the stiness increasing with the plies thickness decreasing, that reaches the value of 10% for the stacking [45/0/ -45/90] N S , in agreement with the experimental ndings reported in [START_REF] Sihn | Experimental studies of thin-ply laminated composites[END_REF][START_REF] Yokozeki | Damage characterization in thin-ply composite laminates under out-of-plane transverse loadings[END_REF]. In can be also noticed in those gures that the deection (and consequently the stiness) reaches an asymptotic constant value, that reveals the existence of an homogenized behavior for small enough ply thickness. In order to conclude on the physical mechanisms leading to the stiness increase we consider two particular laminates: [45/0/ -45/90] 1S and [45 8 /0 8 / -45 8 /90 8 ] 1S , denoted by "cong.1S" and "cong.8/1S" respectively. We performed similar simulations that previously, reporting the deection for the same applied load and similar meshes. These two congurations have the same amount of bers along each direction, the same total thickness, the only dierence being the ply thickness. Each ply in the rst conguration is split into 8 thinner plies with the same orientation and total thickness. Fig. 8, 9, 10 and 11 show the through-thickness evolution at position (x, y) = (1, 1) of the dierent components of the stress tensor. Assuming the performance enhancement is due to mechanical connement and consequently to the ply-thickness itself, these stresses should be dierent in both congurations. However, these gures reveal that stresses are almost identical, which provides evidence that the stiness increase is not intrinsically due to the ply-thickness eect.

Thus, it results from the above that the stiness increase is a purely structural consequence. When using thinner plies with alternating orientations, in the space occupied by a thicker ply with a unique orientation direction, the laminate is made of many thinner plies with many orientation directions, increasing the global laminate stiness. 

Conclusions

This paper investigates the performance enhancement noticed in thin-ply composite laminates. The analysis is restricted to purely elastic behavior and does not consider irreversible behavior involving damage and fracture. The objective was to quantify the potential increase of the apparent laminate stiness when decreasing the ply thickness. For computing a ne enough solution while circumventing the diculties related to the excessive degrees of freedom of fully 3D mesh-based discretizations, we took advantage of in-plane-out-of-plane separated representations within the PGD framework that allowed capturing extremely ne details of the mechanical elds along the laminate thickness.

For the dierent stacking arrangements studied the apparent laminate stiness showed an asymptotic increase as the ply thickness decreased. The second objective of this study was to elucidate the physical origin of this performance increase. A rst explanation was proposed, related to the connement eects. However, when analyzing equivalent laminates where each thick ply was split into many thinner plies (while keeping the same total thickness and reinforcement orientation) results were identical, which proves that the noticed stiness increase is not inherently due to the ply thickness. Thus, the mechanical improvement has its origin in a purely structural eects induced by the stacking arrangement as discussed in the above section.

The case of inelastic regimes should be addressed to provide a more comprehensive analysis of some experimental ndings.

Figure 2 :Figure 3 :

 23 Figure 2: Composite laminate cross section (credits from [15])
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  45/0/ -45/90] N S , with N = 1, • • • , 10 & 20; considered as reference in the following simulations [90/ -45/0/45] N S , with N = 1, 4 & 8; [0/90] N S , with N = 1, 5, 10 & 20.
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 4 Figure 4: Simulated plate, loading case and applied boundary conditions
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 5 Figure 5: Deection (f) versus ply thickness (t ply ): [45/0/ -45/90] N S stacking (N = 1, • • • , 10 & 20)
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 6 Figure 6: Deection (f) versus number of plies: [45/0/-45/90] N S stacking (N = 1, • • • , 10 & 20)
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 7 Figure 7: Deection (f) evolution versus ply thickness (t ply ) for two dierent arrangements
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 891011 Figure 8: Evolution of σ xx through the laminate thickness

  

Table 1 :

 1 Mechanical properties of homogenized carbon-epoxy prepreg for a 60% of ber volume fraction[START_REF] Gay | Matériaux composites[END_REF] 
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Table 2 :

 2 Mechanical properties of epoxy[START_REF] Gay | Matériaux composites[END_REF]