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A FULLY SPACE-TIME LEAST-SQUARES METHOD FOR THE UNSTEADY
NAVIER-STOKES SYSTEM

JEROME LEMOINE AND ARNAUD MUNCH

ABSTRACT. We introduce and analyze a space-time least-squares method associated to the
unsteady Navier-Stokes system. Weak solution in the two dimensional case and regular solution
in the three dimensional case are considered. From any initial guess, we construct a minimizing
sequence for the least-squares functional which converges strongly to a solution of the Navier-
Stokes system. After a finite number of iterates related to the value of the viscosity constant,
the convergence is quadratic. Numerical experiments within the two dimensional case support
our analysis. This globally convergent least-squares approach is related to the damped Newton
method when used to solve the Navier-Stokes system through a variational formulation.

Key Words. Unsteady Navier-Stokes system, Space-time Least-squares approach, Damped
Newton method.

1. INTRODUCTION

Let Q C R%, d = 2,3 be a bounded connected open set whose boundary 0 is Lipschitz. We
denote by V = {v € D(Q)¢,V - v = 0}, H the closure of V in L2(Q)? and V the closure of V in
H'(Q)4. Endowed with the norm ||v|ly = ||Vv]2 := ||Vv||(L2(Q))d2, V is an Hilbert space. The
dual V' of V', endowed with the dual norm

[ollv: =" sup  (v,w)yixy
weV, fuwllv=1

is also an Hilbert space. We denote (-, )y the scalar product associated to the norm || ||y-.
Let T > 0. We note Qr := Q x (0,T) and X1 := 09 x [0, T].
The Navier-Stokes system describes a viscous incompressible fluid flow in the bounded domain
) during the time interval (0,7’ submitted to the external force f. It reads as follows :

Yo —vAy+(y-V)y+Vp=f, V-y=0 in Qr,
(1.1) y=0 on Xr,
y(,0) =up, in €,
where y is the velocity of the fluid, p its pressure and v is the viscosity constant. We refer to
13, (19}, [21).
In the case d = 2, we recall (see [2I]) that for f € L%(0,T, V') and uy € H, there exists a
unique weak solution y € L2(0,T; V), 0yy € L?(0,T; V') of the system

i Jyywey [ 9w |
— cw+v | Vy-Vw+ -Vy-w={(f,w)yxy, YweV
(12) i )Y VY LV (fiw)vixv

y(+,0) =ugp, in Q.

This work is concerned with the approximation of solution for (1.2)), that is, the explicit
construction of a sequence (yi)ren converging to a solution y for a suitable norm. In most of
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2 JEROME LEMOINE AND ARNAUD MUNCH

the works devoted to this topic (we refer for instance to [8, [I6]), the approximation of is
addressed through a time marching method. Given {t,}n—o0.. N, N € N, a uniform discretization
of the time interval (0,T) and 0t = T'/N the corresponding time discretization step, we mention
for instance the unconditionally stable backward Euler scheme

(1.3)

n+l _ ,n
Q Q Q

y0(~,0):u0, in Q

with f* = & f:ﬂ”“ f(-,s)ds. The piecewise linear interpolation (in time) of {y"},cjo,n] Weakly
converges in L?(0,T, V') toward a solution y of as 0t goes to zero (we refer to [2I], chapter
3, section 4]). Moreover, it achieves a first order convergence with respect to 6t. For each n > 0,
the determination of y™*! from 3" requires the resolution of a steady Navier-Stokes equation,
parametrized by v and 0t. This can be done using Newton type methods (see for instance
[17, Section 10.3]) for the weak formulation of (L.3). Alternatively, this can be done using least-
squares method which consists roughly in minimizing (the square of) a norm of the state equation
with respect to y" 1. We refer to [2, [7] where a so-called H () least-squares method has been
introduced, and recently analyzed and extended in [12]. In [I2], the convergence of the method
is proved and leads in practice to the so-called damped Newton method, more robust and faster
than the usual one.

The main reason of this work is to explore if the analysis performed in [12] [I0] for the steady
Navier-Stokes system can be extended to a full space-time setting. More precisely, following
the terminology of [2], one may introduced the following L?(0,T; V') least-squares functional

E:(H0,T; V') L*(0,T; V)) — R*
~ 1
(1.4) E(y) = §Hyt +vBi(y) + B(y,y) = fl720.1:v)

where B; and B are defined in Lemmas and The real quantity E (y) measures how
the element y is close to the solution of . The minimization of this functional leads to a
so-called continuous weak least-squares type method. Least-squares methods to solve nonlinear
boundary value problems have been the subject of intensive developments in the last decades,
as they present several advantages, notably on computational and stability viewpoints. We
refer to the book [I] devoted to the analysis of least-squares methods to solve discrete finite
dimensional systems. We notably mention [3] where steady fluids flows are approximated in the
two dimensional case of the lid-driven cavity. We show in the present work that some minimizing
sequences for this so-called error functional E do actually converge strongly to the solution of
2.

This approach which consist in minimizing an appropriate norm of the solution is refereed
to in the literature as variational approach. We mention notably the work [I5] where strong
solution of are characterized in the two dimensional case in term of the critical points of a
quadratic functional, close to E. Similarly, the authors in [I4] show that the following functional

€ > — € v
r = [ [ e 0w iR+l + Lot

admits minimizers u® for all € > 0 and, up to subsequences, such minimizers converge weakly to
a Leray-Hopf solution of as € — 0.

The paper is organized as follows. We start in Section [2|in the two dimensional case with the
weak solution of associated to initial data uy in H and source term f € L%(0,T,V’). We
introduce our least-squares functional, quoted by FE, in term of a corrector variable v. We show
in two steps that any minimizing sequence for E strongly converges to the solution (see Theorem
. This is achieved in two steps: first, we obtain a coercivity type property which show that
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E(y) is an upper bound of the distance of y to a solution of . Then, we introduce a bounded
element Y] in along which the differential E’ of E is parallel to E (see (2.20)). The use of
the element —Y7] as a descent direction allows to define iteratively a minimizing sequence {yx } x>0
which converges with a quadratic rate (except for the first iterates) to the solution of . It
turns out that the underlying algorithm coincides with the one derived from the damped
Newton method when used to find solution of . In Section |3} in the three dimensional case,
we employ the same methodology to approximate regular solution of associated to ug € V.
and f € L*(Qr)3. We obtain similar results of convergence. Numerical experiments in Section
confirm the efficiency of the method based on the element Y7, in particular for small values of
the viscosity constant v. Section [p| concludes with some perspectives.

2. SPACE-TIME LEAST SQUARES METHOD: THE TWO DIMENSIONAL CASE

Adapting [12], we introduce and analyze a so-called weak least-squares functional allowing to
approximate the solution of the boundary value problem ([1.2).

2.1. Preliminary technical results. In the following, we repeatedly use the following classical
estimate.

Lemma 2.1. Let any uw € H, v,w € V. There exists a constant ¢ = ¢(§)) such that
(2.1) / w-Vu-w < cllullglvlviwlv.
Q

Proof. If u € H, v,w € V, denoting @, % and w their extension to 0 in R?, we have, see [4] and
[20]

[ vo] = | [ V6| < - Tolhoen lollavowe < clillal Vil ol
Q Q
< cllullalollallwl s @ < ellullz el oy

O

Lemma 2.2. Let any u € L°°(0,T; H) and v € L?(0,T;V). Then the function B(u,v) defined
by
(Bu(t), v(t)), w) = / w(t)-Volt)-w  VweV, aeinte0,T]
Q

belongs to L?(0,T; V') and

T 1
2
22 IBeleonyy <c( [ Tullol)” < oz lolzory
Moreover
(2.3) (B(u,v),v)y' v = 0.

Proof. Indeed, a.e in t € [0,7] we have (see (2.1)), Vw € V
[(B(u(t),v(t), w)| < cllu@)|[mllv@)]v]wlv
and thus,
T T
| 1B o < e [ el < dule o nm lony, <.

We also have a.e in ¢t € [0, 7] (see [21])

(B(ut), v(t)), v(t) )y ey = / u(t) - Volt) - v(t) = 0.

Q
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Lemma 2.3. Let any u € L?(0,T; V). Then the function Bi(u) defined by
(Bi(u(t)),w) = / Vu(t) - Vw YVweV, aeintel0,T)
Q
belong to L?(0,T; V') and
(2.4) 1B1(u)ll £2(0,m5v7) < ||U||%2(0,T,V) < +o0.
Proof. Indeed, a.e in t € [0,T] we have
|(Br(u(t), w)| < [[Vu(®)]l2][Vwllz = [[u®)]vlw]v
and thus, a.e in ¢ € [0, 7]
[ B1(w())[lv: < [lu(t)llv
which gives (2.4). O
We also have (see [21] [13]) :

Lemma 2.4. For ally € L?(0,T,V)N HY(0,T; V") we have y € C([0,T]; H) and in D'(0,T),
forallweV :

d
(25) <aty’w>v/><v = Aaty W = %/f;ywa <aty y V'xV — 2dt/ | |2
and
(2.6) 1912 0,75y < €llyllz2o,m) 1906yl 20,7071 -

We recall that along this section, we suppose that ug € H, f € L?>(0,T,V’) and Q is a
bounded lipschitz domain of R2. We also denote

A={ye L*0,T;V)NH'(0,T; V"), y(0) = uo}
and

Ay ={y € L2(0,T; V) N H'(0, T; V'), y(0) = 0}.
Endowed with the scalar product

<%A%=A<%@v+@%aav

and the associated norm

lylao = /912 0 20, + 196913 02

Ay is an Hilbert space.
We also recall and introduce several technical results. The first one is well-known (we refer to
[13] and [21]).

Proposition 2.5. There ezists a unique § € A solution in D'(0,T) of . This solution
satisfies the following estimates :

_ _ 1
131 (0,2;0) + VTN 22020 < NwollEz + Sl F 172000,

_ C
10:9| 22 0,73v 7y < VVlluoller + 21| fllz2(0,7v7) + 7%(”||U0||3q + £ 1220, 7:v)-

We also introduce the following result :
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Proposition 2.6. For all y € L2(0,T,V)N HY(0,T; V'), there exists a unique v € Ag solution
in D'(0,T) of

d d
= . VoV fad . Vy-V
i s [ v

Q
v(0) = 0.
Moreover, for all t € [0,T],
lo(@)IF + 1017200y < I = B(y,y) = vBry — eyl 720 vy

and
0] L2 0,7v7y < vllzzrvy + 1 = By, y) — vBiy — Oyl L20,7:v7)
<2||f = B(y,y) —vB1y — 0wyll20,7;v7)-

The proof of this proposition is a consequence of the following standard result (see [20, [13]).

Proposition 2.7. Forallzg € H and all F € L?(0,T; V"), there exists a unique z € L*(0,T, V)N
HY(0,T;V") solution in D'(0,T) of

d/ /

— | z-w+ | Vz-Vw=<F,w>ywy, YweV

(2.8) dt Jo Q v
z(0) = 2.

Moreover, for all t € [0,T],

(2.9) Iz + 12172 0.0v) < IFIZ2004v7) + 20/l
and
(2.10) 102l L20,75v7) < N2ll22(0,7,v) + 1 FllL2 0,759y < 20 F (|2 0,v7) + 20| 2

Proof. (of Proposition Let y € L*(0,T,V) N HY(0,T; V). Then the functions B(y,y) and
Bi(y) defined in D'(0,T) by

<B(y,y),w>=/ﬂy'Vy~w and <Bl(y),w>:/QVy~Vw7 Yw eV

belong to L2(0,T; V") (see Lemma and .
Moreover, since y € L2(0,T, V)N H(0,T, V') then, in view of (2.5, in D'(0,T), for allw € V'
we have :

d
at QZ/ W= <6ty7w>V’><V~

Then (2.7) may be rewritten as

a
dt
v(0) =0,

/v~w+/Vv-Vw:<F,w>V/Xv, YweV
Q Q

where F' = f — B(y,y) — vBiy — 0y € L*(0,T,V"); Proposition is therefore a consequence
of Proposition O
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2.2. The least-squares functional. We now introduce our least-squares functional E : H*(0,7,V')N
L?(0,T,V) — R* by putting

1 T 2 1 4 2 1 2
(211) Ew) =3 [ Il +5 [ lowld = 5l
0 0

where the corrector v is the unique solution of (2.7). The infimum of F is equal to zero and
is reached by a solution of ([1.2)). In this sense, the functional E is a so-called error functional
which measures, through the corrector variable v, the deviation of y from being a solution of the

underlying equation .

Beyond this statement, we would like to argue why we believe it is a good idea to use a
(minimization) least-squares approach to approximate the solution of by minimizing the
functional £. Our main result of this section is a follows:

Theorem 2.8. Let {yr}ren be a sequence of A bounded in L*(0,T,V) N HY0,T;V"). If
E'(yr) — 0 as k — oo, then the whole sequence {yi}tren converges strongly as k — oo in
L2(0,T,V)NHY0,T; V') to the solution i of (1.2).

As in [12], we divide the proof in two main steps.

(1) First, we use a typical a priori bound to show that leading the error functional E down
to zero implies strong convergence to the unique solution of (|1.2)).
(2) Next, we show that taking the derivative E’ to zero actually suffices to take E to zero.

Before to prove this result, we mention the following equivalence which justifies the least-
squares terminology we have used in the following sense: the minimization of the functional F is
equivalent to the minimization of the L2(0, T, V’)-norm of the main equation of the Navier-Stokes
system.

Lemma 2.9. There exists ¢ > 0 and co > 0 such that

aB(y) <llys +vBi(y) + B(y,y) — flliz07.vr) < 2E(y)
for ally € L*(0,T,V)N HY(0,T; V").
Proof. From Proposition 2.6 we deduce that

2E(y) = [|vl%, < 5llye +vBi(y) + By, y) — flliz0.1:v7)-
On the other hand, from the definition of v,

ly: +vB1(y) + By, y) — fllL20,03v7) = lve + B1(v) || z2(0,75v7)
< vellz2o.0:vry + 1BL) | 20,757 < V20llay = 2V/E(y)-
O

We start with the following proposition which establishes that as we take down the error E to
zero, we get closer, in the norm L?(0,T; V) and H'(0,T;V"’), to the solution ¢ of the problem
, and so, it justifies why a promising strategy to find good approximations of the solution
of problem is to look for global minimizers of .

Proposition 2.10. Let § € A be the solution of , M € R such that ||0:y|r20,7,v) < M
and \/V||Villr2@rys < M and let y € A If 10wyl r20,m,v) < M and V|| Vy|r2(qrys < M,
then there exists a constant ¢(M) such that

(2.12) ly — 9l oo, 7;m) + Vlly — Ul z20,13vy + 10ey — Ol L2 0,1,y < (M) E(y).
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Proof. Let Y =y — 3. The functions B(Y,y), B(7,Y) and B;(v) defined in D’(0,T) by

(B(Y,y),w) = [ Y-Vyw, (B(g,Y),w) = / 7-VY -w and (By(v),w) = | Vu-Vw YweV
Q Q Q

belong to L2(0,T; V') (see Lemma and , and from , (2.7) and (2.5) we deduce that
d
%/ Y w+ V/ VY - Vw=—{(0w+ B1(v) + B(Y,y)+ B(5,Y),w)y'xv, YweV
Q Q
Y (0) =0,
and from (2.9)), (2.10), (2.2)), (2.3) and (2.4) we deduce that for all ¢ € [0, T

1 t
/ Y0P + v / wyp<l! / 100 + Bu(v) + B(Y.9) 3
Q Q+ Vo

4 t
< S0l + 00w < [ IVIEIIR)

4
<

I

(2B(y) + ¢ / IVI2113)-

Gronwall’s lemma then implies that for all ¢ € [0, 7

8 c [t 8
/ Y0+ / wYP < 2B e (C / i) <2
Q Qt 12 0 14

c
- E —M?
) (4) exp( 5 M)
which gives

432 c
1Y | oo 0,738) + VVIY || L20,75v) < Wv E(y) eXP(ﬁMQ) < C(M)v/ E(y).

Now
10:Y (| L20,1,v7) < 10w + Bi(v) +vB1(Y) + B(Y,y) + B(7, Y )l 220.1:v7)
<vl[Yllz20,7,v) + 100l 20,7, v) + [Vl L2(0,7,v)
+ Y| oo 0,050 19l L2 0,75v) + €llFll Lo 0,760 1Y | 22 (0,7, v)
44/2
<VE(y) (2\/§exp(;2M2) +2V2 + CMT\[ exp(VCQMQ))
and thus

10:Y || 20,7, vy < (M) E(y).
|

We now proceed with the second part of the proof and would like to show that the only critical
points for E correspond to solutions of . In such a case, the search for an element y solution
of is reduced to the minimization of E.

For any y € A, we now look for an element Y; € Ay solution of the following formulation

d
—/Y1~w+1//VY1-Vw—|—/y-VY1-w
dt Jo Q Q

d
(2.13) +/y1.vy.w:ﬁ
Q

v«w—/Vv~Vw, Yw eV

Y1(0) =0,
where v € Ay is the corrector (associated to y) solution of (2.7). Y7 enjoys the following property:

Proposition 2.11. For ally € A, there exists a unique Y1 € Ay solution of . Moreover if
for some M € R, [|0y||L2(0,7,v) < M and \/v||Vyl|L2(0r)s < M, then this solution satisfies

10:Y1 ]| 20,0, vy + VIVYil L2(Qry < ¢(M)V/E(y)
for some constant ¢(M) > 0.
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Proof. As in Proposition (2.13)) can be written as
(2.14)

d

—/wa—ﬁ—u/VYl'Vw—l—/y-VY1'w—l—/Y1-Vy~w:—<8tv+Bl(v),w>V/XV, Yw eV
dt Jo Q Q Q

Y1(0) =

(2.14) admits a unique solution Y; € Ag. Indeed, let y; € L2(0,7,V)NC([0,T]; H). Moreover,
there exists (see [21]) a unique z; € Ajg solution of
(2.15)

d
f/zl~w+1//Vzl'Ver/szl'er/y1~Vy~w:f(ﬁtv+31(v),w>wv, Yw eV
dt Jo Q Q Q

Let T :y; = z1. Then if 20 = T (y2), 21 — 22 is solution of

d
dt/(21_22) w—f—z//Vzl—zz) Vw+/y V(z1 — 22) - w+/(y1—y2) Vy-w=0, YweV

(21 — 22)(0) =0,
and thus, for w = z;1 — 2
/ |21*2’2|2+V/ |V (21 — 22))| :*/(ylfw)'vy‘(zlfb)-
2dt Q
But
14
| [ =391 =) < el =pallallyv 9 e =2l < clin = Bl + 519 (=213

so that
d
G e =l v [ 1961 - 20 < el - walBlul
tJa Q

and for all t € [0,7]
t t
2 2 2 2
121 — 22l o) + ¥ / / V(e — ) < ellin — 1 o pn / s

Since y € L2(0,T; V), there exists t’ €]0,T] such that fo llyll3, < o=. We then have

2c

t’
1
o1 =l oanan + [ [ 1961 = 20 < Sl = el onrn

and the map 7 is a contraction mapping on X = C([0,#']; H) N L?(0,#; V). So T admits a
unique fixed point Y; € X. Moreover, from we deduce that 9;Y; € L?(0,#', V'). Since the
map t — fot [Vyl|3 is a uniformly continuous function, we can take ¢’ = T

For this solution we have, for all ¢ € [0, T], since th y-VY1 - Y1 =0

1 t
5 [P +v [ [WHP == [(BLg) + a0+ Bi) Yy ey
Q Q: 0
Moreover, as in the proof of Proposition [2.10} we have
8 c [*
(216) [ mop+y [ 19vie < SewesE [ i)
Q Q+ v vV Jo
and thus

Vil oy < S2VEG en( [ i) < 22 VEG el M) < ) VED
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and
(2.17)

c [T 9 2v/2 c
||5'tY1||L2(o,T,V/)SvE(y)(QﬁeXp(; ; ”y”V)JFQﬁJrC”yHLQ(OTV)f xp(— Hyllv)

+C||y|\L°°(0TH)£eXP(C / lWl2)) < c(M)v/E(y)

<VE ()<2\fexp( M2)+2f+cMi (VCQMQ)> < ¢(M)\/E(y).
0

Proposition 2.12. For all y € A, the map Y — E(y +Y) is a differentiable function on the
Hilbert space Ay and for any Y € Agy, we have

T T
E'y) Y = (0,V) 4 = /0 (0, Vv + /0 (00, OV )y

where V- € Ay is the unique solution in D'(0,T) of

CZ/Vw+/VVVer—/YerV/VYVer/yVYw

(218) +/Y~Vy~w:0, Yw eV
Q
V(0)=0.

Proof. Let y € Aand Y € Ag. We have E(y +Y) = 3|[V|%, where V € Ap is the unique
solution of

d
/V w+/VV Vw + — /(y—i—Y)-w—i—v V(y+Y)~Vw—|—/(y—|—Y)~V(y+Y)-w
dt Q dt Q Q
- <f7 >V'><V *03 Yw € Vv

V(0) = 0.
If v € Ap is the solution of (2.7) associated to y, v' € Ag is the unique solution of

i/v'-w—k/Vv’-Vw—i—/Y—VY-w:O, YweV

dt Jo Q Q

v'(0) =0

and V' € Ay is the unique solution of (2.18)), then it is straightforward to check that V—v—v'—V €
Ag is solution of

d [ — _
—/(V—v—v’—V)~w+/V(V—v—v'—V)-Vw:O, YweV
(V—-v—2v =V)(0)=0
and therefore V. — v — v’ — V = 0. Thus
1 1 1 1
Ely+Y)=glv+o + Vllio = 5ol + 51015, + 51V I, + (Vi) ag + (Viv)a + (0,0) 4,
We deduce from ([2.18)) and . ) that
||V||L2(0,T,V) < C(HatY”L?(o,T,V')"‘V | B1(Y )H%?(O,T,V')"‘”B(yvY)||2L2(0,T,V')+||B(Yvy)H%?(o,T,V'))
and from ([2.4), (2.2) and (2.6) that
IVIIZ20,7v) < €lY 1%,
Similarly, we deduce from (2.10)) that

10:V (1720, 7v7) < ellY 1%,
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Thus
VI, < elY iz, = o(lYla0)-
From , and , we also deduce that
||v/||%2(O,T,V) < ||B(Y7Y)H%2(O,T,V’) < C”Y”%N(O,T,H)||Y||%2(O,T,V) < c||YHil40
and
”atU/”%Z(O,T,V’) < CHY||2L°°(O,T,H)”YH%?(O,T,V) < cHYHjO,
thus we also have
1011, < elY 1, = oY [l40)-

From the previous estimates, we then obtain
(Vo) o] S IV 101140 < €llY 115, = o([[Y]].40)

and

{0, 0) 40| < M0llao [0 40 < N EWNY (24, = oY ]].40);
thus

Ey+Y) =E(y) + (v, V)a, +o([Yl.,)-

Eventually, the estimate

{0, V) o] < vl g [V ]lag < eV E@) Y]]

gives the continuity of the linear map Y +— (v, V) 4,- O

0
We are now in position to prove the following result.

Proposition 2.13. If {yx }xen is a sequence of A bounded in L*(0,T, V)NH(0,T; V') satisfying
E'(yr) — 0 as k — oo, then E(yx) — 0 as k — oo.

Proof. For any y € A and Y € Ay, we have

T T
EW)Y =0 Va = [ @Viv+ [ @wo)y
0 0
where V' € Ap is the unique solution in D’'(0,T) of (2.18)). In particular, taking Y = Y7 defined
by (2.13)), we define an element V; solution of

d d
—/V1~w+/VVl-Vw—F—/Yl-w-i-V/VYwa—i—/y~VY1-w
dt Jo Q dt Jo Q Q

(2.19) +/Y1~Vy-w:0, YweV
Q
Vi(0) = 0.

Summing (2.19) and the (2.13]), we obtain that V3 — v solves (2.8) with ' =0 and zp = 0. This
implies that V; and v coincide, and then

T T
(2.20) E(y)-Y: = / loll?, + / l0wl3 = 2E(y), Vy e A.
0 0

Let now, for any k € N, Y7 ;, be the solution of (2.13) associated to y,. The previous equality
writes E'(yx) - Y1, = 2E(yx) and implies our statement, since from Proposition Y1 is
uniformly bounded in Aj. O
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2.3. Minimizing sequence for F - Link with the damped Newton method. Very inter-
estingly, equality shows that —Y; given by the solution of is a descent direction for
the functional E. Remark also, in view of (2.13)), that the corrector V associated to Y1, given by
(2.18) with Y = Y7, is nothing else than the corrector v itself. Therefore, we can define, for any
m > 1, a minimizing sequence {y } ey for £ as follows:

Yo € A7
(221) Yk+1 = Yk — )\le’k, k> 0,
E(yk — )\kYI,k) = min E(yk - /\Yl,k)
A€[0,m]

with Y7 € Ao the solution of the formulation

d
*/Y1,k-w+v/VYl,k-Vw+/yk-VY17k-w
dt Jo Q Q

d
+/Y1,k~Vyk-w=——/vk-w—/Vvk~Vw, Yw eV
Q dt Jo Q

(2.22)

}/1,]{)(0) = 07

where vy, € Ay is the corrector (associated to yy) solution of (2.7) leading (see (2.20)) to E’(yx) -
Y1.x = 2E(yx). For any k > 0, the direction Y7 j, vanishes when E(y) vanishes.

Lemma 2.14. Let {yi}ren the sequence of A defined by . Then {yr}tren s a bounded
sequence of HY(0,T; V') N L%(0,T;V) and {E(yk)}ken is a decreasing sequence.

Proof. From ([2.21]) we deduce that, for all k € N :

E(yry1) = E(yr — Y1) = Agl[glrln] E(yx — A\Y1x) < E(y)

and thus the sequence {E(yx)}ren decreases and, for all k € N: E(y) < E(yo). Moreover, from
the construction of the corrector vy € Ag associated to yx € A given by (2.7), we deduce from
Proposition [2.5] that yi € A is the unique solution of

d
*/yk'w-#l//Vyk'Vw+/yk'Vyk'w=<f7w>V'xv
dt Jo Q Q

d

- — vkow—/Vvk~Vw, Yw eV
Yk (0) = Uo,
and, using (2.4) and (2.2))

1
Hyk”%OO(O,T;H) < ||U0||%1 + ;Hf — Opvg — Bl(”k)”%z(omv')

2 2 2
< luollzr + ;”f”zLQ(O,T;V’) + ;Hatvk”zL?(O,T;V’) + ;Hvk”%Z(O,T;V)

(2.23) oy i
< luollzr + ;”f”L?(O,T;V’) + ;E(yk)
2 22 4
< luollzr + ;||f||L2(0,T;V’) + ;E(CUO)
2 2 1 2
( ) V||yk||L2(o,T;V) < luolle + ;”f — Opup, — Bl(vk)HH(o,T;V')
2.24

2 4
< ol + 211320200 + - E (o)
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and
19yl L20,75v7y < IIf = Osvr — Bi(vk) — By, yr) — vBi(yw) 2 0,7:v7)
<\ fllez0,75v 7y + 10wkl L20,7:v 7y + vkl L20,7:v)
+ cllykll oo o, 1m0 |kl 200,73y + Vlykll 220, 173v)

< flle2 vy + 2V Ew) + Vlluol e + V20 £l 20,r5v0) + 2V E(y0)
+ (ol + 21 B0y + 5 B )
<3| fllz20.m5vy + 4v/E(yo) + V|uol
+e(lluolle + 21510 v + 2B 0) )
O

Lemma 2.15. Let {yi}ren the sequence of A defined by . Then for all X € [0,m], the
following estimate holds

c c [T 2
2.2 E(yy — \Y14) < E 1- P —\/E = v -
225) Bl - Wi < B (11 A+ VBT el S [ )
Proof. Let V}, be the corrector associated to y; — AY7 ;. It is easy to check that Vj, is given by
(1 — XN)vg + A?D), where vy, € Ag solves

d [ - _
—/§k~w+ Vo - Vw + Yipg- VYip-w=0, YweV
(2.26) dt Jo Q o ’

vx(0) =0,
and thus
2E(y — Y1) = [VilZ, = 11 = Mve + N[,
(2.27) < (11 = Mllorllag + X [Tkl 4,)?
< (V201 = AWVE(yr) + N|[okl|4,)?,

which gives

(2.28) E(yr — A1) < <1 —AMVE(yr) + \)};kaAO) =g\ yk).

From (2.26)), (2.9), (2.10) and (2.2) we deduce that

1Tkl L200,75v) < 1 B(Y1,k5 Y1) I 2200, 13v7) < ellY1 k]l Loe 0,060 Y10 220, 13v)

and
10k 20,757y < || = B1(0k) — B(Y1k, Y1) |l20,75v7)

< |Okllz2(0,m5vy + Vi kll Lo 0,780 Y1,k | 22 0,750

< Y1kl zoe 0,760 [1Y1 k| 220,750y -

On the other hand, from (2.16) we deduce that

16 c [T
220 Wil Tl < B e ([ ).

Thus
c

T
_ c

7 vy < E - 2
||Uk||L2(0,T,V) =0 (yk)exp<y/0 |yk||V>

and

T
— C C
0 vy < ——F = 2
100kl L2 0,mvr) < o (yk)exp(y/o yk||v>
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which gives

T
Tl ay = /IITx ]2 0, |2 < p < 2.
[0k [l.40 \/”vk”L?(o,T;V) + t”k||L2(o,T;V) NG, (yr) exp v/ llyrlly

From (2.28) we then deduce ([2.25|). O

Lemma 2.16. Let {yx}ren the sequence of A defined by . Then E(yx) — 0 as k — oo.
Moreover, there exists a ko € N such that the sequence {E(yx)}k>k, decays quadratically.

Proof. We deduce from (2.25)), using (2.24) that, for all A € [0,m] and k € N* :

(2.30) VEG) < VEG (|1 P \/E<yk>)

where €y = <= exp<,f2||uo||%{ + 51 1 2 0wy + V%E(yo)> does not depend on .
Let us denote the polynomial py by pr(\) = |1 — A + A2C1\/E(yx) for all A € [0,m]. If
C1v/E(yo) <1 (and thus C1+1/E(yr) < 1 for all k¥ € N) then

min pr(A) < pr(1) = Civ/ E(yx)
A€[0,m]

and thus

(2.31) CiVE(i) < (C1VE(wr))

implying that C1+/E(yx) — 0 as k — oo with a quadratic rate.

Suppose now that C14/E(yo) > 1 and denote I = {k € N, C1y/E(yx) > 1}. Let us prove
that I is a finite subset of N. For all k € I, since C1/E(yx) > 1,

1 1 1
min A) = min AN =pp|—— ) =1-— <1l- <1
adin Pe(0) = o, pr(2) pk(?Cm/E(yk)) 10,/Eyn) 401+/E(yo)

and thus, for all k € I,

Pl < (1= 15 )WEm < (1= 15— VE)

401 E(yo) 401 E

k+1
Since (1 - %> — 0 as k — 400, there exists kg € N such that for all & > ko,
4C14/ E(yo)

C1vE(yk+1) < 1. Thus I is a finite subset of N. Arguing as in the first case, it follows that
Civ/E(yr) — 0 as k — oo.
O

Remark 2.17. In view of the estimate above of the constant Cy, the number of iterates ki
necessary to achieve the quadratic regime (from which the convergence is very fast) is of the order

—3/2 eXp(}fQHuOHQH + V%Hf||2L2(0 rovny T 35 EWo) |, and therefore increases rapidly as v — 0.

In order to reduce the effect of the term v=3E(yy), it is thus relevant, for small values of v,
to couple the algorithm with a continuation approach with respect to v (i.e. start the sequence
{ur} >0y with an element yo solution of associated to U > v so that v 3E(yo) be at most
of the order O(v=2)).

Lemma 2.18. Let {yx}ren the sequence of A defined by . Then A\, — 1 as k — oo.
Proof. We have

2E(yrs1) = 2E(yr — MeY1e) = (1= ) [lvelZy, + 2281 — M) (vk, Ti) o + Ail1Tk 1,
=2(1 = Xe)*E(ys) 4+ 2A7 (1 — M) vk, Uk) 4o + AilTe s, »
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and thus, as long as E(y) # 0,

</Uk775k>./40 4 ||%k‘|%40

E(yk+1) _
E(yx) *2B(yx)

=M= )

— A2 (1= M)

Since

T
_ C C
v < ——E(yg) exp(= 2
Bellan < 5 —=Elwe) exp(; / lull¥).

we then have

(0 T o | NokllaolPllay e c /T 2
< < E(yk) exp(— Yklly) =0
S Hw B = oy ¥ PO ORG )
and
[Okll%, _ c [t
<A< p - :
0< Fo e < S en(C [ lnly) 0
as k — +oo. Consequently, since Ay € [0, m] and Egzz;:)l) — 0, we deduce that (1 — \;)% — 0,
that is A\, — 1 as k& — oo. O

From Lemmas [2.14] 2.16] and Proposition [2.10] we can deduce that :

Proposition 2.19. Let {yx }ren the sequence of A defined by . Thenyx — 3 in HY(0,T; V)N
L?(0,T;V) where y € A is the unique solution of given in Proposition .

Remark 2.20. The strong convergence of the sequence {yx }r>o0 i a consequence of the coercivity
inequality , which is itself a consequence of the uniqueness of the solution y of .
Actually, we can directly prove that {yg}r>0 s a convergent sequence in the Hilbert space A as
follows; from and the previous proposition, we deduce that the serie Zkzo A Y1 converges
in HY(0,T; VYNL2(0,T; V) and § = yo+ 310 M Yir. Moreover 3 Ag||Yix| 12 0,73V converges
and, if we denote by ko one k € N such that C1\/E(yr) < 1 (see Lemma , then for all
k > ko, using (2.29), (2.24) and (2.81]) (since we can choose Cy > 1), we have

“+o0 “+oo
17 = vellzorovy = | D AVaillezorvy < D XllYillzzomv)
i=k+1 i=k+1
—+00 “+o00
<m Z VC1E(y;) <m Z Civ/ E(y;)
i=k+1 i=k+1
(2.32) = 5i—ko = QiR t1—ko
<m Y (CiVE,)? " <m D (CrVE(,))
i=k+1 =0
ok+1-kq = 9i
<m(C1VE(Yk,)) > (C1VE(yk,))
i=0
< em(C1v/E(ye,)? .
From we deduce that
c [T 9 2v/2 c [T 9
10:Y1 k|l 20, vy < \/E(yk)(Q\/ieXP(; lyelly) +2\/§+C”iWﬂHL%O,T;V)WeXp(; lyxllv)
0 0

2V/2 c [T
el o exp(S [ lnl)
0
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which gives, using and
T
l0¥iallaorvy < VEG@VEexp(S [ lnli) +2vE+
0

(2.33)

T
C &
+ S Wl +Va e + 2B esaS [ )

< Ca/ E(yr)
where
c c c 1
Co = coxp( ol 5 1 o0+ 5 E) ) (14 = (Va4 VB 12020+ 20 B )
Arguing as in the proof of Lemma[2.16}, there exists ky € N such that, for all k > ky

Cov/Elyrr1) < (Cov/E(yr))?

thus

(2.34)
+oo too

1045 = Orellzzorivy = | D MidViillzzorvy < D NilloYaill2orv
=kt 1 i=k+1
= oF+1—k1 = o
<m Y VO:E(y) < m(CavV/Elyr,)) > (CeVE(y))

i=k+1 i=0

< me(Coy/Elyr,)?

Remark 2.21. Lemmas [2.14, [2.15, [2.16) and Proposition [2.19 remain true if we replace the
minimization of A over [0, m] by the minimization over Ry. However, the sequence {\i}r>0 may
not be bounded in Ry (the fourth order polynomial A\ — E(yx — \Yy) may admit a critical point

far from 1. In that case, and may not hold for some m > 0.

Sitmilarly, Lemmas and Proposition remain true for the sequence {yi}tr>o0
defined as follows

Yo S -Aa
(2.35) Y1 = Yk — A Y1, k>0,
A = min g(\
(ks Yi) fnin 9\ Yk)

leading to A\ €]0,1] for all k > 0 and limg_y0o X — 1. The fourth order polynomial g is defined
in (2.28).

Remark 2.22. [t seems surprising that the algorithm achieves a quadratic rate for k large.
Let us consider the application F : A — L?(0,T, V") defined as F(y) = ys +vB1(y)+ B(y,y) — f.
The sequence {yi } k>0 associated to the Newton method to find the zero of F is defined as follows:

Yo S Aa
F'(yr) - (Yrr1 —ur) = —F(yr), k>0.

We check that this sequence coincides with the sequence obtained from if A is fized equal to
one. The algorithm which consists to optimize the parameter Ay, € [0, m], m > 1, in order
to minimize E(yx), equivalently ||F(yx)||L2(0,r,v) corresponds therefore to the so-called damped
Newton method for the application F (see [B]). As the iterates increase, the optimal parameter
Ak converges to one (according to Lemma , this globally convergent method behaves like the
standard Newton method (for which A is fized equal to one): this explains the quadratic rate
after a finite number of iterates. Among the few works devoted to the damped Newton method
for partial differential equations, we mention [I8] for computing viscoplastic fluid flows.
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3. THE THREE DIMENSIONAL CASE

Let Q C R3 be a bounded connected open set whose boundary 012 is C? and let P be the
orthogonal projector in L2(2)? onto H

We recall (see for instance [21]) that for f € L?(Q7)? and ug € V, there exists T* > 0 and a
unique solution y € L>(0,7*; V)N L*(0,T*; H*(Q)3), 6,y € L*(0,T*; H) of the equation

AR
— [y w+v Vy-Vw—l—/y-Vy-w:/f-w, YweV
(3.1) dt Jo Q Q Q

y(-,0) =up, in Q.

Following the methodology of the previous section, we introduce a least-squares method al-
lowing to approximate the solution of (3.1)). Arguments are similar so that details are omitted.

3.1. Preliminary results. In the following, we repeatedly use the following classical estimates.
The first one is (see [20]) :

Lemma 3.1. Let any u € H?(Q)3. Then u € L>(Q) and there exists a constant ¢ = c(Q?) such
that

(3.2) ulloo < ellully/ | Auly.
We also have (see [19]):

Lemma 3.2. Let any u € H?(Q)3. There exists a constant ¢ = ¢({2) such that
(3.3) [Aull2 < c[P(Au)|2.

and

Lemma 3.3. Let g € WHH0,T) and k € L'(0,T), ||k||10,7) < ko satisfying

d
d—i < F(g9)+k in[0,T], ¢(0)<go

where F' is bounded on bounded sets from R into R, that is
Va >0, 3A > 0 such that |z| < a = |F(z)| < A.
Then, for every € > ko, there exists Ty = T7 (F, go, ko) > 0 independent of g such that
g(t) <go+e Vt<TIY.

Proof. The proof is an adaptation of the proof given in [19, Lemma 6].

First, since g € W11(0,7T), g is continuous. Let ¢ > ko, let m be the smallest real value such
that g(m) = go + ¢ (if m does not exist, we can take T;" = T') and let n be the largest real value
lower than m such that g(n) = go. On [n, m] there holds F(g) < A where A = sup{|F(z)|: go <
x < go + €} > 0. Then integrating by part we have

m

e=g(m)—g(n) < / A+ E(t)dt <mA+ kg

n

thus m > £ > 0 and we can take T} = min(£52, 7). O
We also denote, for all 0 <t <T
A(t) ={y € L*(0,t; H*(Q)’ N V)N H'(0,t; H), y(0) = uo}

and
Ao(t) = {y € L*(0,t; H*(Q)* N V)N H*(0,t; H), y(0) = 0}.

Endowed with the scalar product

(2 2) dott) = / (P(Ay), P(A2))r + (Ory.002) 11
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and the associated norm

9l aoor = /1P 15e0 + 1959113 0,110

Ao (t) is a Hilbert space.
We now recall and introduce several technical results. The first one is well-known (we refer
o [13, 21).

Proposition 3.4. There exists T* = T*(Q,v,ug, f), 0 < T* < T and a unique § € A(T*)
solution in D'(0,T*) of (1.9).

We also introduce the following result :

Proposition 3.5. For all y € A(T*), there exists a unique v € Ag(T*) solution in D'(0,T*) of
d d
v w + VU Vw+ — y-w—|—1/ Vy - Vw
dt dt Q
(3-4) +/y-Vy~w=/f~w, YweV
Q Q
v(0) = 0.
The proof of this proposition is a consequence of the following standard result (see [21], [13]).

Proposition 3.6. For all 29 € V, all vy > 0 and all F € L*(Qr+)3, there exists a unique
2z € L20,T*; H*(Q)* N V)N HY(0,T*; H) solution in D'(0,T*) of

d/zw—l—ul/Vsz—/Fw Yw eV
(3.5) dt Q
2(0) = 2p.

Moreover, for all t € [0,T%],

1
(3.6) 1215 + il P(A2) 1720, 101 < ;1||P(F)||%2<Qt)s + |20l
and
(3.7) 2% + 10:2l17 20,480 < IPE)Z2(008 + villzolly-

Proof. (of Proposition Let y € A(T*). Then y - Vy, Ay and 9,y belong to L?(Qr-)?. Then
(3.4) may be rewriten as

d/var/Vvaf/Fw YweV
dt Q

v(0) =0,

where F' = f —y - Vy + vAy — dyy € L?>(Q7~)3, Proposition is therefore a consequence of
Proposition [3.6] with vy = 1.
Moreover, for all ¢ € [0,T%],

oI35 + 1PAV) T2 0,000 < 1P(f =y - Vy+vAy — 0iy)l|720,)5
and

OV + 10wl L2048y < 1P =y Vy+vAy = 0w)|12q,)s-
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3.2. The least-squares functional. We now introduce our least-squares functional F : A(T*) —
R* by putting

1

” 2 1 ” 2 1 2
(35) B =3 [ 1P+ [ 10wl = 5ol

where the corrector v is the unique solution of (3.4)). The infimum of F is equal to zero and is
reached by a solution of ([3.1)).

Theorem 3.7. Let {yy }ren be a sequence of A(T*) bounded in L*(0,T*; H*(Q)*NV)NH(0,T*; H).
If E'(yx) — 0 as k — oo, then the whole sequence {y}tren converges strongly as k — oo in
L2(0,T*; H*(Q)* N V)N HY(0,T*; H) to the solution § of (3.1)).

As in the previous section, we first check that leading the error functional F down to zero
implies strong convergence to the unique solution of (3.1)).

Proposition 3.8. Let § € A(T*) be the solution of , M € R such that |01y 2(Qpeys < M
and \/V||P(AG)|| 1207 ys < M andlety € A(T*). If 0wyl 12(Qpe)s < M and \/V||P(Ay)
M, then there exists a constant ¢(M) such that

ly — ll Lo 0,7 v) + VVIIP(Ay) — P(AG) || 2(Qp-)) + 106y — 04l L2(Qpe)3) < (M) E(y).

This proposition establishes that as we take down the error F to zero, we get closer, in the
norm of Ay(T*) to the solution § of the problem (3.1)), and so, it justifies to look for global

minimizers of ([3.8)).
Proof. Let Y = y—1%. Then Y -Vy, ij- VY, ;v and Av belong to L?(Q7«)3, and from (3.1) and
(3.4) we deduce that

4 Y~w+1//VY-Vw:—/(@v—i—Av—i—Y-Vy—i—ﬂ-VY)-w, YweV
dt Jo Q Q

Y(0)=0
and from ([3.6) we deduce that for all ¢ € [0, 7]

L2(Qr=)® =

1 t
||Y(t)||%,+y/ |P(AY)]? < ;/0 10w+ Av+Y - Vy+§- VY3
t
1

v

< = (181172 ()3 + 1AV[172(00s + 1Y - VullZ2i0ne + 117 - VY [172(0,))

c

<£(Bw+ [ avnz+ i)

Cc

< V(E<y> + [upawig+ ||P<Ay>|§>||Y||2V).

Gronwall’s lemma then implies that for all ¢ € [0, T%]

YO +v [ PAYIE < SB@ e / |PAY)IE+ IPADI3) < ~E(y) exp(—5M?)

t

which gives

C C
Vo + [ IPAYIE < VBl exp(5 M) < COD) V)

T*

Similarly, using (3.7)) instead of (3.6)), we also obtain

C C
Y o+ [ 10V < VBT exp( 5 M) < CONVET)

Qr
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For any y € A(T*), we now look for an element Y; € Ao(T*) solution of the following
formulation

d
—/Yl-w+V/V5/1-Vw+/y~VY1-w
dt Jo Q Q

(39) +/Y1.Vy.w:7£ U»wf/VQWVw, YweV
Q Q
Y1(0) =0,

where v € Ag(T™*) is the corrector (associated to y) solution of (3.4). Y7 enjoys the following
property.

Proposition 3.9. For all y € A(T*), there exists an unique Y1 € Ao(T*) solution of @)
Moreover if for some M € R, [0ty 12(Q7 )2 < M, |YllLoe0,7+v) < M and /V||P(AY) | 12(Qr)s <
M, then this solution satisfies
10Y1ll 2 ()2 + [VillLoe 0,7+v) + VVIIP(AYL) [ L2(Qype )z < (M) E(y).

Proof. For all t € [0,T*], X(t) = C([0,]; V)N L2(0,t; H*(Q)?) endowed with the norm ||z||x ) =
\/HZH%OO(O,t,V) +v||P(A(= ))||L2(OtH is a Banach space. Let y3 € X(T™). Then y; - Vy €
L?(Qr-)3. As in Proposition [3.6] there exists a unique z; € Ao(T*) C X (T™) solution of
(3.10)

d

dt/zl w—l—u/Vzl Vw—l—/y Vyi - w—I—/yl Vy - w-—/(@w—&—Av)-w, YweV

Q

21(0) = 0.

Let T :y; — z1. Then if 2o = T (y2), 21 — 22 is solution of

d
dt/(zl_zz) w+V/VZ1—22) Vw+/y V(yr —y2) - w+/(yl—y2) Vy-w=0, VweV

(21 — 22)(0) = 0,
and thus, for all ¢ € [0,T*]
d
Zllz1 = 2l + VIIP(A( = 22))l1H < *||y Viy1 —y2) + (y1 — y2) - V3.
But
-V (y1=y2)+(y1=y2)-Vyl3 < clllyllv PO Elyi—yelli+IyI =y lv IIP(A1—y2) | )
so that
d c
T2l v PAGE =) 7 < —(lyllvIIPAY) ey =I5+l 91 —y2llv 1P (A —y2)) L)
and for all ¢ € [0, 7]

21 — Z2||2Loo(o,t,V) +v[|P(A(z1 — Z2))||2L2(0,t;H)

t t
C
< Sllzmoemllvn — w2l o) / 1PAY) e + 1912 00 91 — 92l 2~ 0w / 1P(A (s — 1))
C 1
< ; t2 Hy||L<>o 0,t;V) (||P(Ay)||L2 0,t;H) ||yl y2||2Loo(o,t:V) + Hyl - y2||L°°(O,t:V)||P(A(yl - y2))||L2(o,t;H)>
C
< Syl 0,03 (L4 IP(A) 07580 — 923 0y + IP(AG —92)) o ean).

Let now t' €]0,T*] such that f(t’)%Hy||Lm(07T*;V)(l + |P(AY)| 20,7+ 7)) < min(3,%). We
then have

1
121 =220 0,0,1) HVIIP(A (1 =22)) 1 20,000y < 5 (W1 =02l e (0,00, ) FV I P(AW=92)) 1 20,0, 0))



20 JEROME LEMOINE AND ARNAUD MUNCH

and the map 7T is a contraction mapping on X (¢'). We deduce that 7 admits a unique fixed point
Y € X(t'). Moreover, from we deduce that 9;,Y; € L?(0,t, H) and thus Y; € Ay(t).
Since the map ¢ > t2 is a uniformly continuous function on [0, 7], we can take ¢’ = T*.

For this solution we have, for all ¢ € [0, 7],

d
SIMlR +vP

—~

AVY)[F < *||Z/ VY1 + Y1 - Vy — 0w + P(Av)|3

<

(yIvIPAYIEIYT + 1Yl IPAY)IEIYIT + 10:0]E + 1P(A)|13)

<

NN AN N I

c 1
|P(AYY)||3 + ;(Ilyllvllp(Ay)llHHYlII%/ + ;\IYlll%/Hyll‘%/ + 10013 + [|1P(Av)[|3)
thus
d c 1
%HYIH%/ +v|P(AY)|3 < ;(Hyllvllp(Ay)llHIIHII% + ;\\Ylllﬁzllyll‘%/ + 10017 + |1 P(AV)[|3)-

Gronwall’s lemma then implies that for all ¢ € [0, 7] :

MO+ [ IP@YI < SE@en ([ QulvIP@ol + oY)

(3.11)
< c(M)E(y)
Similar arguments give
(3.12) VIVl (1) / |0i 12 < o(M)E(y).

O

Proposition 3.10. For all y € A(T*), the map Y — E(y+Y) is a differentiable function on
the Hilbert space Ao(T*) and for any Y € Ao(T™), we have

T T
E/(y) Y = <’U7 V>.A0(T*) = /0 <P<AU>,P(AV)>H + /0 <8t’l), atV>H

where V- € Aog(T™*) is the unique solution in D'(0,T*) of

(Z/Vw—f—/VVVw—i— /Yw—i—u/VYVw—i—/yVYw

(3.13) +/Y~Vy-w:0, VweV
Q
V(0) = 0.

Proof. Let y € A(T*) and Y € Ag(T*). We have E(y+Y) = %”VH?AO(T*) where V € Ao(T™) is
the unique solution of

d d
dt/v w+/vv Vw—l—dt/(y—i-Y)-w—i-u/V(y+Y)-Vw+/(y+Y)~V(y+Y)~w
Q Q
frw=0, YweV
Q
V(0) = 0.
If v € Ap(T™) is the solution of (3.4]) associated to y, v' € Ao(T™*) is the unique solution of
i/v’~w+/Vv'~Vw+/Y—VY-w:O, YweV
dt Jo Q Q
v'(0) =0
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and V € Ay(T*) is the unique solution of (3.13)), it is easy to check that V —v —v' —V € Ao(T*)
is solution of

dt
(V—v—2" —V)0)
and therefore V. — v — v — V = 0. Thus

d/(V—v—U’—V)~w+/V(V—v—v’—V)~Vw:0, Vw eV
Q Q
=0

1
Ely+Y)= 5||v + 0+ Vo ey

= %HUH?%(T*) + %HU/H?%(T*) + %”V”ilo(T*) + (V,0") ooy + (V0) 4o () + (0,0") a0 (1)
We deduce from and that
IVIIZoe0.10v) + IPAV)Z2 0121y eIV 20,1+, + 2 IPAY ) T2 0, 70181)
Y- VY 72y + 1Y - VUl Z20,09))

and, since

-
ly - VY |[22(qp s S/O IVY 1§53 < cllylZoe 0,255 @ IPAY) 122 (0 7011

< llyl%y (r-)

Y% o)

and

1Y - VyllZ2 0,8y < ellyllZag ey 1Y g e

we deduce that
VI 0.1y + IPAV)IZ20 1 p1y < ellY 14 (209
In the same way, we deduce from (3.7)) that
||6tV||2L2(0,T*;H) < C”YHi\O(T*)-
Thus
IVIEg ey < el 127y = oY ]| ag ()
From (3.6)) and , we also deduce that
||U/||%°o(o,T*;v) + ||P(AU/)H%2(0,T*;H) <y VYH%2(QT*)3 < C||Y||j140(T*)
and
100" 122 0,760y < Y g (79
thus we also have
11y < €Y gy = oY Lagerey)-
From the previous estimates, we then obtain
(V") ao @) S MV Loz 1| ag(z) < €Y g ey = oY a0 (2+))

and

(00" ag ()| < N0llag )10 4oy < VEGIY g ey = o(IY L ag(r+))s
thus
E(y+Y)=E(@y)+ (v,V)a,r) + o([[Y | .4o(1+))-

Eventually, the estimate

Vllaogrsy < cEWIY | ao(r+)

gives the continuity of the linear map Y+ (v, V') 4, (1+)- O

(v, V) a0 ()| < N1Vl 4o (1)

We are now in position to prove the following result :
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Proposition 3.11. If {yx}ren is a sequence of A(T*) bounded in L?(0,T*; H?(2)> N V) N
HY(0,T*; H) satisfying E'(yx) — 0 as k — oo, then E(yx) — 0 as k — oc.

Proof. For any y € A(T*) and Y € Ay(T*), we have

T+

™
E'(y)-Y = (0, V) a(r) = /0 (P(Av), P(AV))ur +/0 (O, 0V ) i

where V' € Ao(T*) is the unique solution in D’(0,7%) of (3.13). In particular, taking ¥ = Y
defined by (3.9), we define an element V; solution of

d d
—/ Vl'w+/ VV1~Vw+—/Y1~w+I// VY1~Vw+/y~VY1~w
dt Jo Q dt Jo Q Q

4+ | Y1 - Vy-w=0, YweV
Q

(3.14)

V1(0) = 0.

Summing (3.14) and the (3.9)), we obtain that V3 — v solves (3.5)) with F' = 0 and zp = 0. This
implies that V; and v coincide, and then

T T
(3.15) E'(y)- V1= /0 1P (Av)|I7 +/O 10vll7r = 2E(y), Yy € A(T™).

Let now, for any k& € N, Y7, be the solution of (3.9)) associated to y,. The previous equality
writes E'(yx) - Y1 = 2E(yi) and implies our statement, since from Proposition Yy is
uniformly bounded in Aq(T™*). O

3.3. Minimizing sequence for E. Equality (3.15) shows that —Y; given by the solution of
(13.9) is a descent direction for the functional E. Remark also, in view of (3.9)), that the corrector
V associated to Y7, given by (3.13) with ¥ = Y7, is nothing else than the corrector v itself.
Therefore, we can define, for any m > 1, a minimizing sequence ¥, as follows:

Yo € A(T*)a
(3.16) Yk+1 =Yk — MYk, k>0,

E(yr — \Y1r) = min E(yg — AY1 %)

A€[0,m]

where Y7 i in Ag(T™*) solves the formulation

d
—/YM-uH—V/VYl,k-Vw+/yk-VY1,k-w
dt Jo Q Q

d
(317) _;'_/Yl’kVykw:——/vkw—/vvkvw, VU}EV
Q Q Q

dt
Y1.5(0) =0,
and vy in Ap(T™) is the corrector (associated to yg) solution of leading (see (3.15)) to
E'(yx) - Y16 = 2E(yx)-
It is easy to check that the corrector Vj associated to yi — AY1 g is given by (1 — A)vy + AT,
where Ty, € Ao(T™) solves

d — _
—/@k~w+/V@k~Vw+/Y17k~VY17kow:0, YweV
(3.18) dt Jo Q Q
and thus
2B (yr — AY15) = Vil rey = 101 = Nvk + N0 )% (7
= (1= N [lorlPag 7y + 2N (1 = ) {0k, Tn) ag(7+) + ATk g (74



SPACE-TIME LEAST-SQUARES METHODS FOR NAVIER-STOKES 23

It is then easy to see that if vy # 0, E(yr — AY1,x) = +00 as A — 400 and thus there exists
Ar € Ry such that E(yk - /\k}/Lk) = minycr+ E(yk — )\}/17k)

Lemma 3.12. Let {yx}ren the sequence of A defined by . Then {yk}ren is a bounded
sequence of HY(0,T*; H) N L*(0,T*; H*(Q) N'V) and {E(yk) }ren is a decreasing sequence.
Proof. From (3.16) we deduce that, for all £k € N :

E(ye1) = E(yr — MeYip) = min By, — AVig) < Eys)

and thus the sequence {E(yx)}ren decreases and, for all k € N, E(yx) < E(yo).
From the construction of the corrector vy € Ag(T™) associated to y, € A(T*) given by (3.4),
we deduce from Proposition that yx € A(T*) is the unique solution of

d
—/yk~w+1//Vyk-Vw—i-/yk-Vyk-w:/f-w
dt Jo Q Q Q

d
- — vk~w—/Vvk~Vw, Yw eV

Yk (0) = UgQ.

For this solution we have the classical estimates

d c 2
G [19n 4w [ P@u)P < SIVnlg+ 212 - doe + Au)
t [¢) Q v 14

c 4 4
;Ilvykllg + ;I\P(f)||§ + ;(H@twfll% + [|P(Avg)13)

IA

Let us remark that

x
4 4 8
| SIPGIIE + 0wl + 1IP0I < S sy + 5 Ew)

[ R

8
2 E
< V||fHL2(QT*)3 + y (yo) = ko

thus we deduce from Lemma [3.3] that there exists T = T} (Q, v, uo, E(yo), f), 0 < T} < T* such
that, for all ¢ € [0, T}]
2 ' Avn)?2 < 2 8 e 16
Vol @) v s [P(Ay)|” < lluolly + ~llflIz2(@pye + — E o).

Then it suffices to take T* = T} in Proposition
We then have

8 16
(3.19) ||Z/k||2L°o(o,T*;V) < luolly + ;Hf”%z(QT*)S + 7E(y0),
8 16
(3.20) VI|P(Ayk)l|7e 0,750y < lluolly + ;”fH%Q(QT*)L" +— E(yo)
and

10cyrll 20,7+ 1) < IIP(f — Qv + Avg — yn - Viyr + vAyk) | 20,7+ 1)
< ||f||L2(QT*)3 + ||3t’Uk||L2(o,T*;H) + HP(Avk)”L"’(O,T*;H)

3 1
+ cllyell oo 0,0 ) IPAYR) Z2 0 2 1y + VIP(Aui) | L2 (0,711

c 9 c 9 c
< 1 flle2(@re) + 2V E(yr) + mHUOHV + m”fHLz(QT*)s + WE(Z/O)

1 2v/2 4
+ WHUOHV + T”JCHL?(QT*)?" +oV E(yo)

4 c 9 c 9 c
< fllz2@pey +(2+ ;) E(yo) + W”UOHV + m”f”m(QT*)s + WE(ZJO)

1 22

+WHUO”VJr I fllL2(Qpe)s-

v
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O

Lemma 3.13. Let {yi}ren be the sequence of A(T*) defined by (3.16). Then for all X > 0, the
following estimate holds

(3.21)

*

c c 1 2
B~ Wi < B (1A 02 S VB ew ([ vl Pl + )
Proof. Since

2B (yr — AY1%) = Vil iy ey = (1= N[0kl () + 202 (1 = X) (0 Tr) g ey + X0 2 (709
it follows that
2B (yr — AY1%) < (1= X2 [og% ooy + 2231 = Alllvg [l ao )
< (11 = Mllokllagrey + A2 11Tkl 4o (2+))”

S \/7|1_)‘|\/?_|_A HkaAo(T* ) )

Tkl ao ey + ATk (2

which gives
2
(3.22) E(yx = AY1,k) < (11 = AV E(yr) + \f”kaAo(T* )

From (3.18)), and we deduce that
Il -0 + IPAT s 010y < [P (- T¥0) ot
< AV kl 2 0,050 I P(AYL ) || 22 0,7+ 1)
and
1000k 20,71y < | P(AVL — Y1k - VY1) 2200, 7% )
< [|P(AD)|| L2 (0,7 1) +C||Y1,k||%oo(o,T*;v)||P(AY1,k)||%2(o,T*;H)
< oY1l E 0.1 v IPAYLO E 0.2 10

On the other hand, we deduce from (3.11)) that

(3.23)
9 c c [T 1 4
PV aoran €SB exp ([ Tanllv 1P lr5 )
Thus
= c c [T 1 4
| P(ADk) | 20,7+ 1) < mE(yk)eXp (;/0 lyxllv | P(Ayw) ||z + ﬁ”yknv)
and

-
c c 1

10kl 20,71y < —577 E(yk) exp (*/ lyellv I P(Aye) o + — ||Z/kH%/)
1% 14 0 1%

which gives

Bellaocrey =3/ I3 0,117y + 101220 1)
< ¢ c [T A 1 4
< aaBwen (3 | lulvI Pl + Sl ).

From (3.22) we then deduce (3.21)).
O

Lemma 3.14. Let {yi}ren the sequence of A(T*) defined by (3.16). Then E(yy) — 0 ask — oo.
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Proof. Denoting Cy = |jugl3, + %Hf”%?(QT*)S + L E(yy), we deduce from lb using {i
and (3.20) that, for all A € R, :

VEG) < VEG) (|1 EPTEpCres \/E<yk>)

v2 v2

Let us denote, for all A € Ry, pr(A) = |1 — A + N2C1v/E(yx). If C1v/E(yo) < 1 (and thus
C1v/E(yx) <1 for all k € N) then

min pr(\) < pi(1) = C1v/E(yx)

AeR,
and thus \/E(yg+1) < C1E(yx). This gives
(3.24) C1v/Elyeen) < (C1/Elye)*

and then C1v/E(yr) — 0 as k — co.

Suppose now that C11/E(yo) > 1 and denote I = {k € N, C1+/E(yx) > 1}. Let us prove
that I is a finite subset of N.

For all k € I, since C1v/E(yx) > 1,

where C) = —£7 exp (C(C2 + (02)2)> does not depend on yg, k € N*.

min pg(A) = min pg(N) !

1 1
— - ) =1- <1-— <1
S PRV IR P ’“(201\/E(yk)) 1CE() — 4C1E(y)

and thus, for all k € T

]_ 1 k+1
orvEn) VEw < (1= o) V).

k41
Since (1 - %) — 0 as k — +o0, there exists kg € N such that for all & > kg,

4C1+/ E(yo)
Civ/E(yg+1) < 1. Thus I is a finite subset of N. Arguing as in the first case, it follows that

Civ/E(yr) — 0 as k — oo. O

From Lemmas and Proposition we can deduce that :

E(yrs1) < (1 -

Proposition 3.15. Let {yi}ren the sequence of A(T*) defined by . Then yr, — 7 in
HY0, 7%, H) N L*0,T*; H*(Q)> N V) where § € A(T*) is the unique solution of given in
Proposition [37).

From and Proposition we deduce that the serie Y_ A\ Y1 converges in H (0, 7*; H)N
L2(0,T* H*(Q)> N V) and § = yo + >.1-5 AYir. Moreover > Akl Yik|l 4o (1+) converges and, if
we denote kg one k € N such that C1v/E(yx) < 1 (see Lemma , then for all k > kg, using
(3.23)), (3.20) and (2.31)) (since we can choose Cy > 1)

400 Foo =
17 = ukllLeorv) = | Y AYiilleerv) < Y. AilVaillzeorvy <m > V/C1E(y:)
i=k+1 i=k+1 i=k+1
<m Z CivVE(y:) <m Z VE@i))? <mz VEr))?
1=k+1 1=k+1

—+o0

< m(C V) Y (CVEw) = me(C/ Bl

=0
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and
1, ¥ 1
I1P(AY = yr) 20,7+ H) = ;H Z N P(AY13) || 20,750y < » Z Al P(A(Y1a)ll 22 0,7+ )
i=k-+1 1=k+1
C kt1—k
Sf Z VOE@W) < —(CiVE(W))*
i=k+1

A similar estimate can be obtained for ||0;5 — Oy ||L2(0,7+;m) (We refer to (2.34)) for the 2D
case).

Remark 3.16. All the results of this section remain true in the 2D case with T* =T; in other
words, results of Section [3 are valid to approzimate regular solution associated to ug € V and

f € L3(Qr)3 and E defined by (3.8).

Remark 3.17. In a different functional framework, a similar approach is considered in [15];
more precisely, the author introduces the functional E : V — R defined E(y) = %”V””%Z‘(QT)
with V == yo + Vo, yo € HY(Qr) and Vo := {u € H'(Qr;R?),u(t,-) € V'Vt € (0,7),u(0,-) = 0}
where v(t,-) solves for allt € (0,T), the steady Navier-Stokes equation with source term equal to
ye(t, ) —vAy(t, )+ (y(t,-) - V)y(t,-) — f(t,-). Strong solutions are therefore considered assuming
ug € V and f € (L*(Qr))?. Bound of E(y) implies bound of y in L*(0,T;V) but not in
HY(0,T,L?(2)%). This prevents to get the convergence of minimizing sequences in V.

4. NUMERICAL ILLUSTRATIONS

4.1. Algorithm - Approximation. We detail the main steps of the iterative algorithm ([2.21).
First, we define the initial term yo of the sequence {yx } x>0y as the solution of the Stokes problem,
solved by the backward Euler scheme:

n+1
/% w+u/vyn+1 Vw=<f”,w>wxv, Vw eV, ¥n > 0.
Q

y8(~,0)=u0, in Q.

(4.1)

for some 7 > 0. The incompressibility constraint is taken into account through a lagrange
multiplier A € L?(Q) leading to the mixed formulation
(4.2)

n+l
/ % w+l// Vyn+1 Vw—f—/ ALy = ™ whyrxy, Yw e (H&(QT))2, Vn > 0,
& Q

/uv yott =0, Yu € L*(Q), Vn >0,
Yo =g, in Q.

A conformal approximation in space is used for (Hg(£2))? x L?(Q) based on the inf-sup stable
P /Py Taylor-Hood finite element. Then, assuming that (an approximation {yj ; }{n.n} of) Yk
has been obtained for some k > 0, yx41 is obtained as follows.

() From yg, computation of (an approximation of) the corrector vy through the backward
Euler scheme

(4.3)

Un+1 ’Un yn+1 —y
/k7~w+/Vv,?+l'Vw+/k7k w+u/Vy"+1 Vw

+/ Pyt w =< M Syigy, Yw €V, Y >0,
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(42) Then, in order to compute the term |jv ¢ z2(0,7;v) of E(yx), introduction of the function
wy € L2(V) solution of

T
(4.4) / Vwy, - Vw + vg - w = 0, Yw € L*(V)
0Jo

so that [lvk¢||z2(vry = [[Vwk|lL2(0r)- An approximation of wy is obtained through the scheme

n+1 n
— oy

(4.5) /VwZ'Vw+%7~w:O,VwEV,VnEN.
Q

ot
(i47) Computation of an approximation of Y7 j solution of (2.22)) through the scheme

Y7L+1_Yn
/71”“ 1”“-w+u/VY1"k“-Vw+/yZ“-VYl";?l-er/Yflzjl-VyZ“'w
Q at Q ’ Q ’ Q

4.6 P —op

(46) :—/u~w—/Vv£+l~Vw,Vw€V,Vnz().
Q Q

Ylo’k.:O.

(iv) Computation of the corrector function vy solution of (2.26)) through the scheme

=n-+1 =n

/u-m V%Z“-Vw+/Y1";1-VY1",jl-w:o, VweV, n>0,
Q ot Q Q ’

T (0) = 0.

(v) Computation of [[vg[|%,, (v, Tr)a, and [|[Tx]|%, appearing in E(yx — AY 1) (see (2.27)).
The computation of ||Ux[|.4, requires the computation of ||[Ux||z2(v+), i.e. the introduction of Wy,

(4.7)

solution of
T —
// Vg - Vw+vge-w =0, Yw € Lz(V)
0.Ja

so that |[Tx¢| L2(vry = [|VWk| L2(@,) through the scheme

=n+1 =n
(4.8) / Vi, - Vw + Uk
Q

5 cw=0,YVweV, VneN.

(vi) Determination of the minimum X, € (0, m] of
A= E(ye — AY1x) = (1= 22 [|ol%, + 237 (1 = X) vk, Ur) 4, + X [Tk]1%,

through a Newton-Raphson method starting from 0 and finally update of the sequence yx41 =
Yk — A Y1 k-

As a summary, the determination of y41 from g involves the resolution of four Stokes types
formulations, namely ,, and plus the resolution of the linearized Navier-Stokes
formulation . This latter concentrates most of the computational times ressources since the
operator (to be inverted) varies with the indexe n.

Instead of minimizing exactly the fourth order polynomial A — E(y; — AY7 ) in step (vi),
we may simpler minimize w.r.t. A € (0,1] the right hand side of the estimate

9 2
(g — \Yig) < (1 AVEm) + jimnm)

(appearing in the proof of Lemma [2.15|) leading to Xk = min <1, \/§|E('Ti> (see remark [2.21)).
Vi 0

This avoids the computation of the scalar product (vg, D)4, and one resolution of Stokes type
formulations.
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Remark 4.1. Similarly, we may also consider the equivalent functional E defined in . This
avoids the introduction of the auzillary corrector function v and reduces to three (instead of four)
the number of Stokes type formulations to be solved. Precisely, using the initialization defined in
, the algorithm is as follows :

(i) Computation of E(y;) = Pkl 2(vy = | VRe| L2(Qr) where by solves

T
//th~Vw+(yk7t7VAyk+yk-Vykff)-w:0, Yw € L*(V)
0Ja

through the scheme
(4.9)
n+1

/ Vhy - Vw + % cw+vVyp T Vw +yp T vyt =< 7w >y vy, VweV,VneN
Q

(i) Computation of an approzimation of Y1 i from yi through the scheme
(4.10)

Yo - Y
/

— .w+y/QVY;j,jl.Vw+/Qy,g+1.vylﬁ,jl.w+/ﬂy,€"+l.vyﬁ;1 ‘W

Yt =y
:/u.w_,_,//vyzﬂ.vw
Q ot o

+/ y,?“ : Vy,?Jrl cw— < ffow >vyiky, Yw eV, Vn >0,
Q

(#i3) Computation of | B(Y1x, Y1,k)l20,15v7) = 1Ml 2(vy = [Vl L2(Qr) where hy. solves

T
//th-Vw—i—YLk-VYl,k-w:O, Vw € L2(V)
0JQ

and similarly of the term (yr,s + vBi(yx) + Bk, yx), B(Y1,, Y1,1)) £2(0,175v7) -
(iv) Determination of the minimum X\, € (0,m] of

A= By, — AYix) =(1 = N2E(yx) + AN2(1 = N {yr + vBi(yr) + By, ye) — f, Bk, Yik))r20,15v7)

)\4
+ ? ||B(Y1,k; Yl,k) ||%2(0,T;V’)

through a Newton-Raphson method starting from 0 and finally update of the sequence yr+1 =
Y — A\ Y1 5 until E(yk) is small enough.

We emphasize one more time that the case A\, coincides with the standard Newton algorithm
to find zeros of the functional F : A — L?(0,T; V") defined by F(y) = y: +vBi(y) + B(y,y) — f.
In term of computational time ressources, the determination of the optimal descent step Ay is
negligible with respect to the resolution in the step (it).

4.2. 2D semi-circular driven cavity. We illustrate our theoreticals results for the 2D semi-
circular cavity discussed in [6]. The geometry is a semi-disk Q = {(x1,72) € R% 22 + 23 <
1/4, 22 < 0} depicted on Figure [1l The velocity is imposed to y = (g,0) on I'y = {(x1,0) €
R? |z1] < 1/2} with g vanishing at x; = +1/2 and close to one elsewhere: we take g(z1) =
(1—e'00(@1=1/2)) (1 —=100(1+1/2)y - On the complementary 'y = {(z1,22) € R?, x5 < 0,23 +23 =
1/4} of the boundary the velocity is fixed to zero.

This example has been used in [12] to solve the corresponding steady problem (for which
the weak solution is not unique), using again an iterative least-squares strategy. There, the
method proved to be robust enough for small values of v of the order 10~4, while standard
Newton method failed. Figures [2| depicts the streamlines of steady state solutions corresponding
tor~! =500 and to v~ =i x 102 fori = 1,--- ,7. The figures are in very good agreements with
those depicted in [6]. When the Reynolds number (here equal to v~ 1) is small, the final steady
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(—L,0) Loy =(1,0) (L,0)
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FIGURE 1. Semi-disk geometry.

state consists of one vortex. As the Reynolds number increases, first a secondary vortex then a
tertiary vortex arises, whose size depends on the Reynolds number too. Moreover, according to
[6], when the Reynolds number exceeds approximatively 6 650, an Hopf bifurcation phenomenon
occurs in the sense that the unsteady solution does not reach a steady state anymore (at time
evolves) but shows an oscillatory behavior. We mention that the Navier-Stokes system is solved
in [6] using an operator-splitting/finite elements based methodology. In particular, concerning
the time discretization, the forward Euler scheme is employed.

4.3. Experiments. We report some numerical results performed with the FreeFem++ package
developed at Sorbonne university (see [9]). Regular triangular meshes are used together with
the Py /Py Taylor-Hood finite element, satisfying the Ladyzenskaia-Babushka-Brezzi condition of
stability. An example of mesh composed of 9 063 triangles is displayed in Figure

In order to deeply emphasize the influence of the value of v on the behavior of the algorithm
described in Section we consider an initial guess yo of the sequence {yx} >0y independent
of v. Precisely, we define yo as the solution of the unsteady Stokes system with viscosity equal
to one (i.e. 7=11in ) and source term f = 0. The initial condition ug € H is defined as the
solution of —Aug + Vp =0,V - ug =0 in 2 and boundary conditions ug = g on I'g and ug = 0
on I'1. ug belongs actually to V.

Tableandreport numerical values of the sequences {\/2E(yx) } k>0, { M }r>0) and {[Jyx —
Yr—1llz2ovy/IlykllL2(v) } (k>0) associated to v = 1/500 and v = 1/1000 respectively and 7' = 10.,
f = 0. The tables also display (on the right part) the values obtained when the parameter Ay is
fixed constant equal to one, corresponding to the standard Newton method. The algorithms are
stopped when /2F(y) < 1078, The triangular mesh of Figure |3| for which the discretization
parameter h is equal to 1.62 x 1072 is employed. The number of degrees of freedom is 23 315.
Moreover, the time discretization parameter in dt is taken equal to 1072,

For v = 1/500, the optimal A;, are close to one (maxy, |1—Ag| < 1/5), so that the two algorithms
produce very similar behaviors. The convergence is observed after 6 iterations. For v = 1/1000,
we observe that the optimal A\, are far from one during the first iterates. The optimization of
the parameter allows a faster convergence (after 9 iterates) than the usual Newton method. For
instance, after 8 iterates, \/2E(yx) ~ 9.931 x 107! in the first case and \/2E(yx) ~ 5.669 x 10>
in the second one. In agreement with the theoretical results, we also check that A\; goes to one.
Moreover, the decrease of \/2F(y;) is first linear, then (when A, becomes close to one) quadratic.

At time T = 10, the unsteady state solution is close to the solution of the steady Navier-
Stokes equation: the last element yi—g of the converged sequence satisfies ||yx=o(T, ") — yr=o(T —
6t, ) L2y /lyk=o(T, )|l L2 () = 1.19 x 107°. Figures {4| display the streamlines of the unsteady
state solution corresponding to v = 1/1000 at time 0, 1,2,3,4,5,6 and 7 seconds to be compared
with the streamlines of the steady solution depicted in Figure
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FIGURE 2. Streamlines of the steady state solution for v~! =
500, 1000, 2000, 3000, 4000, 5000, 6000 and v~ = 7000.
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FIGURE 3. A regular triangulation of the semi-disk geometry; fitriangles = 9
064; fvertices = 4 663; size h =~ 1.62 x 1072,
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fiterate & | Bpteon [ 0BGy | A | MRS (v = 1) [ V2EG) (= 1)
0 — 2.690 x 102 | 0.8112 - 2.690 x 10~2
1 4.540 x 1071 | 1.077 x 10=2 | 0.7758 5.597 x 107! 1.254 x 102
2 1.836 x 10~! | 3.653 x 1073 | 0.8749 2.236 x 1071 5.174 x 10~3
3 7.503 x 1072 | 7.794 x 10~* | 0.9919 7.830 x 1072 6.133 x 1074
4 1.437 x 1072 | 2.564 x 10~° | 1.0006 9.403 x 1073 1.253 x 10~°
5 4.296 x 107* | 3.180 x 10~8 1. 1.681 x 104 4.424 x 1079
6 5.630 x 1077 | 6.384 x 10~ 1! — - -
TABLE 1. v = 1/500; Results for the algorithm ({2.21)).
titerate k % SE(yr) A W e =1 | V2E@R) (v =1)

0 - 2.690 x 1072 | 0.6344 - 2.690 x 1072
1 5138 x 107! | 1.493 x 1072 | 0.5803 8.101 x 107! 2.234 x 1072
2 2.534 x 10~ | 7.608 x 10~3 | 0.3496 4.451 x 1071 2.918 x 1072
3 1.345 x 10~ | 5477 x 1073 | 0.4025 5.717 x 1071 5.684 x 1072
4 1.105 x 10~! | 3.814 x 1073 | 0.5614 3.683 x 107! 2.625 x 102
5 8.951 x 1072 | 2.295 x 10~3 | 0.8680 2.864 x 1071 1.828 x 102
6 6.394 x 1072 | 8.679 x 10~* | 1.0366 1.423 x 107! 4.307 x 1073
7 1.788 x 1072 | 4.153 x 107° | 0.9994 6.059 x 102 9.600 x 10~*
8 7.982 x 107* | 9.931 x 10~ | 0.9999 1.484 x 102 5.669 x 10~5
9 2.256 x 1076 | 4.000 x 10~ — 9.741 x 10~4 3.020 x 10~7
10 — — — 4.267 x 10~ 3.846 x 10~ 11

TABLE 2. v = 1/1000; Results for the algorithm (2.21)).

For lower values of the viscosity constant, precisely ¥ < 1/1100 approximatively, the initial
guess 1 is too far from the zero of E so that we observe the divergence after few iterates of the
Newton method (case A\ = 1 for all k£ > 0) but still the convergence of the algorithm described
in section (see Table [3). The divergence in the case A\, = 1 is still observed with a refined
discretization both in time and space, corresponding to dt = 0.5 x 1072 and h ~ 0.0110 (19 810
triangles and 10 101 vertices). The divergence of the Newton method suggests that the functional
E is not convex far away from the zero of E and that the derivative E’(y) takes small values there.
We recall that, in view of the theoretical part, the functional F is coercive and its derivative
vanishes only at the zero of E. However, the equality E'(yx) - Y1, = 2E(yx) shows that E'(y)
can be “small” for “large” Y; j, i.e. “large” yi. On the other hand, we observe the convergence
(after 3 iterates) of the Newton method, when initialized with the approximation corresponding
to v = 1/1000.

Table [4] gives numerical values associated to v = 1/2000 and T" = 10. We used a refined
discretization: precisely, 6t = 1/150 and a mesh composed of 15 190 triangles, 7765 vertices
(h &~ 1.343 x 1072). The convergence of the algorithm of section is observed after 19 iterates.
In agreement with the theoretical results, the sequence {Ax}>0) goes to one. Moreover, the
variation of the error functional E(y;) is first quite slow, then increases to be very fast after 15
iterates. This behavior is illustrated on Figure For lower values of v, we still observed the
convergence (provided a fine enough discretization so as to capture the third vortex) with an
increasing number of iterates. For instance, 28 iterates are necessary to achieve 1/2F(y) < 1078
for v = 1/3000 and 49 iterates for v = 1/4000. This illustrates the global convergence of the
algorithm. In view of the estimate , a quadratic rate is achieved as soon as v/ E(y) < Cy 1
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FIGURE 4. Streamlines of the unsteady state solution for »~! = 1000 at time
t=4,9=0,---,7s.

Myr—vi—1ll2(v)

titerate b | Tt 2E(yr) M W Or=1) | V2E@m) (= 1)
0 — 2.691 x 102 | 0.6145 — 2.691 x 1072
1 5.241 x 10~1 | 1.530 x 10~2 | 0.5666 8.528 x 107! 2.385 x 1072
2 2.644 x 1071 | 8.025 x 102 | 0.3233 4.893 x 1071 3.555 x 1072
3 1.380 x 10~! | 5.982 x 1072 | 0.3302 7.171 x 1071 8.706 x 102
4 1.115 x 1071 | 4.543 x 103 | 0.4204 4.849 x 1071 3.531 x 1072
5 0.429 x 1072 | 3.221 x 10~2 | 0.5875 1.125 x 10° 3.905 x 1071
6 7.664 x 1072 | 1.944 x 103 | 0.9720 — 1.337 x 10*
7 5.688 x 1072 | 5.937 x 10~* | 1.022 — 8.091 x 1027
8 1.009 x 1072 | 1.081 x 10~° | 0.9998 - -

9 2.830 x 107% | 1.332 x 1078 1. - —
10 2.803 x 107 | 4.611 x 10~ — — -

TABLE 3. v = 1/1100; Results for the algorithm (2.21)).
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with here (since f = 0)
c
Ci=——=
YN
so that C| ' 0 as v — 0. Consequently, for small v, it is very likely more efficient (in term of

computational ressources) to couple the algorithm with a continuation method w.r.t. v, in order
to reach faster the quadratic regime. This aspect is not addressed in this work and we refer to

C C
exp (VQ lluollFy + VgE(yO))

[12] where this is illustrated in the steady case.

”yk—yk—l HLz(V)

fiterate k o Tooer, 2E(yg) Ak

0 - 2.691 x 1072 | 0.5215
1 6.003 x 10~ | 1.666 x 10=2 | 0.4919
2 3.292 x 10~1 | 9.800 x 10~ | 0.1566
3 1.375 x 1071 | 8.753 x 1073 | 0.1467
4 1.346 x 10! | 7.851 x 1073 | 0.0337
5 5.851 x 1072 | 7.688 x 103 | 0.0591
6 7.006 x 102 | 7.417 x 1072 | 0.1196
7 9.691 x 1072 | 6.864 x 1073 | 0.0977
8 8.093 x 1072 | 6.465 x 103 | 0.0759
9 6.400 x 1072 | 6.182 x 1073 | 0.0968
10 6.723 x 1072 | 5.805 x 1073 | 0.1184
11 6.919 x 1072 | 5.371 x 103 | 0.1630
12 7.414 x 1072 | 4.825 x 1072 | 0.2479
13 8.228 x 1072 | 4.083 x 1073 | 0.3517
14 8.146 x 1072 | 3.164 x 1073 | 0.4746
15 7.349 x 1072 | 2.207 x 1073 | 0.7294
16 6.683 x 1072 | 1.174 x 1073 | 1.0674
17 3.846 x 1072 | 2.191 x 10~* | 1.0039
18 5.850 x 1073 | 4.674 x 10~° | 0.9998
19 1.573 x 107* | 5.843 x 107° -

TABLE 4. v = 1/2000; Results for the algorithm (2.21)).

5. CONCLUSIONS AND PERSPECTIVES

In order to get an approximation of the solutions of the unsteady Navier-Stokes equation, we
have introduced and analyzed a least-squares method based on a minimization of an appropriate
norm of the equation. In the two dimensional case, considering the weak solution associated to
an initial condition in H C L?(Q2)? and a source f € L?(0,T, V"), the least-square functional is
based on the L?(0,T,V’)-norm of the state equation. In the three dimensional case, assuming
T small enough, the initial data in V. C H*(Q2)? and f € L?(0,T;L*(Q)3), the functional is
based on the L2(0,T; (L*())?)-norm of the equation. This leads to a regular solution. In both
cases, using a particular descent direction, we construct explicitly a minimizing sequence for
the functional converging strongly, for any initial guess, to the solution of the Navier-Stokes.
Moreover, except for the first iterates, the convergence is quadratic.
that this minimizing sequence coincides with the sequence obtained from the damped Newton
method when used to solves the weak formulation associated to the Navier-Stokes equation. The

Actually, it turns out

numerical experiments performed in the two dimensional case illustrate the global convergence
of the method and its robustness including for small values of the viscosity constant.
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Iterate k

F1GURE 5. Evolution of \/2E(yx) and A, w.r.t. k; v = 1/2000 (see Table E[)

Moreover, the strong convergence of the whole minimizing sequence has been proved using a
coercivity type property of the functional, consequence of the uniqueness of the solution. Actu-
ally, it is interesting to remark that this property is not necessary, since such minimizing sequence
(which is completely determined by the initial term) is a Cauchy sequence. The approach can
therefore be adapted to partial differential equations with multiple solutions or to optimization
problem involving various solutions. We mention notably the approximation of null controls
for (controllable) nonlinear partial differential equation: the source term f, possibly distributed
over a non-empty set of 2 is now, together with the corresponding state, an argument of the
least-squares functional. The controllability constraint is incorporated in the set A of admissible
pair (y, f). In spite of the non uniqueness of the minimizers, the approach introduced in this
work still produces a strongly convergent approximation. We refer to [11] for the analysis of this
approach for surlinear (null controllable) heat equation.

REFERENCES

1. Pavel B. Bochev and Max D. Gunzburger, Least-squares finite element methods, Applied Mathematical Sci-
ences, vol. 166, Springer, New York, 2009.

2. M. O. Bristeau, O. Pironneau, R. Glowinski, J. Periaux, and P. Perrier, On the numerical solution of nonlinear
problems in fluid dynamics by least squares and finite element methods. I. Least square formulations and
conjugate gradient, Comput. Methods Appl. Mech. Engrg. 17/18 (1979), no. part 3, 619-657.

3. Jean-Paul Chehab and Marcos Raydan, Implicitly preconditioned and globalized residual method for solving
steady fluid flows, Electron. Trans. Numer. Anal. 34 (2008/09), 136-151.

4. R. Coifman, P.-L. Lions, Y. Meyer, and S. Semmes, Compensated compactness and Hardy spaces, J. Math.
Pures Appl. (9) 72 (1993), no. 3, 247-286.

5. Peter Deuflhard, Newton methods for nonlinear problems, Springer Series in Computational Mathematics,
vol. 35, Springer, Heidelberg, 2011, Affine invariance and adaptive algorithms, First softcover printing of the
2006 corrected printing.

6. R. Glowinski, G. Guidoboni, and T.-W. Pan, Wall-driven incompressible viscous flow in a two-dimensional
semi-circular cavity, J. Comput. Phys. 216 (2006), no. 1, 76-91.

7. R. Glowinski, B. Mantel, J. Periaux, and O. Pironneau, H~' least squares method for the Navier-Stokes
equations, Numerical methods in laminar and turbulent flow (Proc. First Internat. Conf., Univ. College
Swansea, Swansea, 1978), Halsted, New York-Toronto, Ont., 1978, pp. 29-42.

8. Roland Glowinski, Finite element methods for incompressible viscous flow, Numerical Methods for Fluids
(Part 3), Handbook of Numerical Analysis, vol. 9, Elsevier, 2003, pp. 3 — 1176.



11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

SPACE-TIME LEAST-SQUARES METHODS FOR NAVIER-STOKES 35

. F. Hecht, New development in freefem++, J. Numer. Math. 20 (2012), no. 3-4, 251-265.
10.

J. Lemoine, A. Miinch, and P. Pedregal, Analysis of continuous H~'-least-squares approaches for the steady
Navier-Stokes system, To appear in Applied Mathematics and Optimization.

Jérome Lemoine, Marin-Gayte Irene, and Arnaud Miinch, Approzimation of null controls for sublinear par-
abolic equations using a least-squares approach, In preparation (2019.).

Jérome Lemoine and Arnaud Minch, Resolution of implicit time schemes for the Navier-Stokes system
through a least-squares method, Submitted.

J.-L. Lions, Quelques méthodes de résolution des problémes aux limites non linéaires, Dunod; Gauthier-
Villars, Paris, 1969.

Michael Ortiz, Bernd Schmidt, and Ulisse Stefanelli, A variational approach to Navier-Stokes, Nonlinearity
31 (2018), no. 12, 5664-5682.

Pablo Pedregal, A variational approach for the Navier-Stokes system, J. Math. Fluid Mech. 14 (2012), no. 1,
159-176.

Olivier Pironneau, Finite element methods for fluids, John Wiley & Sons, Ltd., Chichester; Masson, Paris,
1989, Translated from the French.

Alfio Quarteroni and Alberto Valli, Numerical approzimation of partial differential equations, Springer Series
in Computational Mathematics, vol. 23, Springer-Verlag, Berlin, 1994.

Pierre Saramito, A damped Newton algorithm for computing viscoplastic fluid flows, J. Non-Newton. Fluid
Mech. 238 (2016), 6-15. MR 3577347

Jacques Simon, Nonhomogeneous viscous incompressible fluids: Existence of velocity, density, and pressure,
SIAM J. Math. Anal. 21 (1990), no. 5, 1093-1117. MR 1062395 (91i:35159)

Luc Tartar, An introduction to Navier-Stokes equation and oceanography, Lecture Notes of the Unione Matem-
atica Italiana, vol. 1, Springer-Verlag, Berlin; UMI, Bologna, 2006.

Roger Temam, Navier-Stokes equations, AMS Chelsea Publishing, Providence, RI, 2001, Theory and numer-
ical analysis, Reprint of the 1984 edition.



	1. Introduction
	2. Space-time least squares method: the two dimensional case
	2.1. Preliminary technical results
	2.2. The least-squares functional
	2.3. Minimizing sequence for E - Link with the damped Newton method

	3. The three dimensional case
	3.1. Preliminary results
	3.2. The least-squares functional
	3.3. Minimizing sequence for E

	4. Numerical illustrations
	4.1. Algorithm - Approximation
	4.2. 2D semi-circular driven cavity
	4.3. Experiments

	5. Conclusions and perspectives
	References

