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ABSTRACT. In this paper we are concerned with generalised L!-minimisation
problems, i.e. Bolza problems involving the absolute value of the control with
a control-affine dynamics. We establish sufficient conditions for the strong
local optimality of extremals given by the concatenation of bang, singular and
inactive (zero) arcs. The sufficiency of such conditions is proved by means of
Hamiltonian methods. As a by-product of the result, we provide an explicit
invariant formula for the second variation along the singular arc.

1. INTRODUCTION

L'-minimisation problems, that is, optimal control problems aiming to minimise
the L' norm of the control, have shown to model quite effectively fuel consump-
tion optimisation problems in engineering [CCC16, Chel6, Ros06, Sak99] and some
systems appearing in neurobiology [BDJT08]. In a recent paper dealing with the
problem of minimising the fuel consumption of an academic vehicle [BO20], a gen-
eralised version of this problem is studied: the cost to be minimised is the absolute
work, modelled as the integral of the absolute value of the control, weighted by the
absolute value of a function dependent on the state (such kind of problems have
been called generalised L optimal control problems in [CP19)).

Besides the well known solutions given by concatenations of singular and bang
arcs, generalised L'-optimal control problems are known to present a new category
of extremal arcs, in which the control is neither singular nor bang, that is, its value
is uniquely determined by Pontryagin Maximum Principle, but is not an extremum
point of the control set. In these arcs the control is identically zero, so they are
commonly called zero arcs, zero thrust arcs, inactivated arcs or cost arcs. The
property of L' minimisation of generating zero arcs is well known and exploited in
practical situations, see for instance [NQN15].

The Pontryagin Maximum Principle, suitably generalised for non-smooth frame-
works (see e.g. [Cla89]), provides a set of necessary conditions for the optimality of
admissible trajectories. The aim of this paper is to give a set of sufficient conditions
for the optimality of admissible trajectories that satisfy the Pontryagin Maximum
Principle and whose associated extremal contains bang, singular and inactivated
arcs.
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Before proceeding with further discussion, let us state the problem in detail. Let
M be a smooth n-dimensional manifold, ¢: M — R a smooth function, fy, f1 two
smooth vector fields on M. Finally let T' > 0 be fixed and let qg, g be two given
points in M. Consider a Bolza optimal control problem of the following form:

T
(1.1) minimise/o [u(t)p(&(t))] dt

over all absolutely continuous trajectories that are Carathéodory solutions of the
boundary value problem (admissible trajectories)

£(t) = (fo+ u(t)fr) o &(t),
(1.2) £(0) = qo, &(T) = qr,
u € L=([0,T],[-1,1]).

For a solution € of the Cauchy problem (1.2), according to [ASZ98b], we adopt the
following notion of optimality.

Definition 1 (Strong local optimality). The trajectory gzs a strong local minimiser
of problem (1.1)-(1.2) if there exists a neighbourhood O of its graph in R x M such
that E s a minimiser among the admissible trajectories whose graphs are contained
in O , independently of the values of the associated control function. We say that E
is a strict strong local minimiser if it is the only minimising trajectory whose graph
is in O.

Pontryagin Maximum Principle states that, if 2 is locally optimal, then it must
be an extremal trajectory, i.e. the projection on the manifold M of the solution of a
suitable Hamiltonian system defined on the cotangent bundle T* M, see e.g. [AS04,
Clag9]. If we limit ourselves to consider normal extremals only, then such Hamilton-
ian system is determined by the values of the two Hamiltonian functions ®*(¢) =
(€, f1(wl)) £ |i(nl)|, € € T*M, whose role is analogous to the one played by the
switching functions in smooth control-affine optimal control problems. In partic-
ular, when neither of the two functions vanishes, the maximised Hamiltonian is
realised by one and only one admissible control value, which, according to the sign
of these two functions, is either +1 or 0. In the first case, in analogy with the
control-affine case, we say that we have a regular bang control, while in the latter
case we say that we have a zero or inactivated control; on the other hand, if either
Ot (¢) or & (¢) vanishes along a nontrivial arc of a Pontryagin extremal, then only
the sign of the control is prescribed, and we say that we have a singular control.

In [BO20] the authors consider a specific parameter-dependent problem fitting
in the class of problem (1.1)—(1.2). They show that, according to the values of
the parameters, the optimal extremal trajectories are given by the concatenations
of bang-zero-bang arcs or of bang-singular-zero-bang arcs. Inspired by this result,
we look for sufficient optimality conditions for such extremals: in [CP17, CP19],
we focus on extremals made by a concatenation of bang-zero-bang arcs; here we
consider the case of a concatenation of bang-singular-zero-bang arcs and provide
an adequate set of sufficient conditions.

Our approach, successfully applied also for other classes of problems (see for
instance [ASZ98a, ASZ02, PS04, PS11b, PS16, CS16, SZ16]) relies on Hamiltonian
methods. The main steps in these methods are the following:
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o if the flow generated by the maximised Hamiltonian is well defined, and the
maximised Hamiltonian is at least C?, find a Lagrangian submanifold A; of
the cotangent bundle that projects injectively onto the base manifold, and
such that at each time t € [0, T] its image under the flow generated by the
maximised Hamiltonian projects one-to-one onto a neighbourhood of E (t)
in the base manifold;

e thanks to the local invertibility of this flow, lift all admissible trajectories,
with graph belonging to the neighbourhood of the graph of the reference
one, to Aq;

e estimate the cost associated with every trajectory, by means of a line inte-
gral in Aj.

As long as this construction is possible - that is, as long as the image of the
manifold via the flow generated by the maximised Hamiltonian is invertible - it is
possible to show that the reference trajectory is indeed a local minimiser.

In the series of papers [ASZ02, PS04, Ste08, CS10, PS11b], the existence of
a suitable manifold A; is shown to be related to the coerciveness of the second
variation associated with some sub-problem of the original one. Indeed, the second
variation is written as an accessory linear-quadratic control problem on the tangent
space; by the classical theory of linear-quadratic systems (see e.g. [SZ97, Theorem
2.6)), if the second variation is coercive, then the image, under the linearised flow, of
the space of transversality conditions of the accessory problem projects injectively
onto the base manifold. A good candidate for the manifold A; is thus given by
the image of such manifold of transversality conditions, under a suitably defined
symplectic (or anti-symplectic) isomorphism.

We stress that one of the main strengths of this approach relies on the fact
that all trajectories whose graph is close to the reference one can be lifted to Aq,
regardless of the value of the associated control, thus yielding optimality in the
strong topology.

In the case of bang-bang extremals, the maximised Hamiltonian is not C2. Nev-
ertheless, the Hamiltonian methods described above can be applied with minor
adjustments, see e.g. [ASZ02, PS04, Pog06, PS08, PS11a]. When the extremal is
singular or is the concatenation of bang and singular arcs, then a more sophisti-
cated construction is required. In particular, it is no longer possible to use the flow
associated with the maximised Hamiltonian of the control system (see Section 5.1
for details). However, as observed for the first time in [Ste08], Hamiltonian methods
work even if the maximised Hamiltonian is replaced by a suitable over-mazimised
Hamiltonian. In the present paper, this construction is made possible thanks to a
set of regularity assumptions (Assumptions 1-5), holding along the reference tra-
jectory.

The problem under study presents another tough issue: indeed, we are dealing
with a Bolza problem containing a singular arc. As it happens, for instance, for
singular extremals of the minimum-time problem or of a Mayer problem, the second
variation is degenerate, thus not coercive. This problem can be surmounted by
means of a Goh transformation, which provides a non-degenerate second variation,
defined on a larger Hilbert space. Moreover, since we are dealing with a Bolza
problem, the construction of such second variation is particularly elaborate and,
up to the authors’ knowledge, this is the first time it is computed, at least in the
invariant form we are using.
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The paper is organised as follows: in Section 2 we state the notations that we
are going to use throughout the paper; in Section 3 we state the first part of our
assumptions. In Section 4 we define the extended second variation. In Section 5,
by using the regularity assumptions, we construct the over-maximised flow and
in Section 6 we prove that the projected over-maximised flow emanating from an
appropriate Lagrangian manifold is locally invertible. Finally, in Section 7 we state
and prove the main result of the paper. The result is illustrated in Section 8 with
an example for which explicit analytical computations can be done. For the sake
of readability, some technical computations are postponed to the Appendices.

2. NOTATIONS

We denote with T'M and with T* M the tangent bundle and the cotangent bundle
to M, respectively. m denotes the canonical projection of T*M on M; the elements
of T*M are denoted with /.

In the following, small letters f, g, k denote vector fields on the manifold M, and
the corresponding capital letters are used to denote the corresponding Hamiltonian
lift, i.e. F(¢) = (¢, f(wl)). Given a vector field f on M, the Lie derivative at a
point ¢ € M of a smooth function ¢: M — R with respect to f is denoted with
Lyp(q) = (de(q), f(g)), and L?Ap(q) = Ly (Lsp)(q). The Lie bracket of two vector
fields f, g is denoted as commonly with [f,g]. In particular, for Lie brackets of
indexed vector fields as fo, f1, we adopt the following notations:

fiz = [fi, f5, fije = [fis fir)-
Analogously, F;;(£) = (¢, fi;(n0)) and Fjx(€) = (€, fiji(nl)).
The symbol ¢ denotes the Poincaré-Cartan invariant on T*M, defined as ¢, =
lom, V¢ € T*M. The symbol oy = dg; denotes the canonical symplectic form on

Ii*M . With each Hamiltonian function F' we associate the Hamiltonian vector field
F on T*M defined by

(dF(0), ) = au(-, F(0)).

In this paper, a special role is played by the switching time 7; between the first
bang arc and the singular one. Thus, we shall always consider flows starting from
time 71, evolving backwards in time up to time ¢ = 0 or forward in time up to time
t = T. Capital cursive letters are used for the Hamiltonian flows associated with
some Hamiltonian vector fields: for instance, F; denotes the flow, from time 7y to
time t, associated with the Hamiltonian vector field F.

Throughout the paper, the superscript - is used for objects related to the refer-
ence trajectory €. In particular, u(t) denotes the control associated with &, f; the

vector field fo + u(t)f; and S, its flow, i.e. §t(q) is the solution at time ¢ of the
Cauchy problem

£(T) = ¢

Analogously, F,(f) = (¢, ﬁ(wé)} is the Hamiltonian associated with f;, and F;
denotes its associated Hamiltonian flow. Finally, we define the function ¢;: M — R

3,8121\15:1/)03\15.

{é(t) = fio&(t),
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3. REGULARITY ASSUMPTIONS

We consider an admissible trajectory E of the control system (1.2) whose associ-
ated control @ has the following structure:

(
(3.1) at) = E
(

where 0 < 74 < o < T3 < T. 2 is called the reference trajectory. The times
Ti, © = 1,2,3 are called (reference) switching times and, analogously, the points
G =& (7;) are called (reference) switching points.

This section is devoted to the statement of the necessary conditions for optimality

and the discussion of the regularity assumptions along the reference trajectory.

Assumption 1. Along the reference trajectory, the cost ¥ does not vanish for
t € [T1, 7] and t = 73. Without loss of generality, we assume that 1 o £|z, 7, > 0.

o~ o~

Assumption 2. For every t € [0,T] such that ¥(£(t)) = 0, it holds L?(t)w(ﬁ(t)) #
0. '

Assumptions 1-2 deal with the behaviour of the function ; in particular, a di-
rect consequence of Assumption 2 is that the zeroes of the cost function 1 along
E are isolated, thus finite. Since the zeroes of v are the only non-smoothness
points of the running cost, we can apply a classical version of PMP. Indeed, due to
non-smoothness, more general versions of PMP (see, e.g., [Cla89, Theorem 22.2],
[KL14]) would be required. Nevertheless, thanks to Assumption 2, we can rearrange
the optimal control problem into a hybrid control problem, as defined in [Cla89,
Section 22.5], setting the surface S = {(¢t,z,y): ¥(z) = 0,y = x} as switching
surface. The analogue of the classical PMP for hybrid optimal control problems
is the Hybrid Maximum Principle (see [Sus99, Theorem 17.4.1] and [Cla89, The-
orem 22.26]) which, under Assumption 2, reduces to the standard smooth version
of PMP, see[AS04]. For this reason, here below we refer to the classical notions of
Pontryagin extremal and PMP.

Definition 2 (Pontryagin extremals). For every u € [—1, 1] and for po € {0,1}, we
consider the pre-Hamiltonian function associated with the optimal control problem

(1.1)-(1.2)
h(f, ’U,) = Fo(f) + uF1 (f) — p0|u ’lﬁ(ﬂ'f)l,
and we define the mazimised Hamiltonian as

Hypax (0) = h(,u).
(€)= max h(t,u)
Let A\: [0,T) — T*M be an absolutely continuous curve such that (wA(t)) vanishes

only for a finite number of times 0 < t; < ... < tx < T. X is called a Pontrya-
gin extremal of problem (1.1)-(1.2), if there exist a constant py € {0,1} and an
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admissible control u(t) (called extremal control) such that

(A(t),po) # 0, Vtelo,T],
(3.2a) At) = h(A(®), u(t)), ae te0,T],
(3.2b) RA), u(t)) = Humax(A(t)), a.e tel0,T],

7A0) = qo, 7NT)=qr.

If po = 1, then X is called a normal Pontryagin extremal, if pg = 0 we say that
A is an abnormal Pontryagin extremal.

As discussed in the Introduction, in the case of normal extremals, the Hamilton-
ian functions

F(() = Fu(6) £ [9(m0)|

play the same role as the switching functions do in control-affine problems. Indeed,
if both @~ and &' are non-zero along an extremal, then the extremal control is
uniquely determined by equation (3.2b): in particular, it is zero if ®~ and ®* have
different signs, it is +1 if both are positive, and it is —1 if both are negative. If only
one between ®~ and &7 is zero, then PMP prescribes only the sign of the extremal
control. The last case, where both ®~ and ®* are zero, is highly degenerate and
in this case equation (3.2b) gives no information about the value of the extremal
control. For these reasons, ®~ and ®* are called switching functions. Subarcs of
a Pontryagin extremal are thus classified according to the signs of the switching
functions.

Definition 3. Let \: [0,T] — T*M be a normal Pontryagin extremal for Prob-
lem (1.1)-(1.2), and let I C [0,T] be an open interval.

If @~ (A(t))PT(A(t)) > O for every t € I, then \|; is called a regular bang arc.

If @~ (A())PT(A(t)) < O for every t € I, then A|; is called an inactivated or
Z€ero arc.

If = (A(t))®T(A(t)) =0 for every t € I, then A|; is called a singular arc.

In particular, if one between ®~(\(t)) and ®T(A\(t)) is different from zero for
every t € I, then A1 is a non-degenerate singular arc. FElse we call it degenerate.

Assumption 3. There exists a normal Pontryagin extremal X associated with the
reference control u such that wA(t) = £(t) for every t € [0,T]. We assume that
)\|[01;.1) and )\|(;.37T] are regular bang arcs, that )\|(?1,?-2) is a non-degenerate * singular
arc, and that X|(;.2;T~3) is an inactivated arc.
Notation. We set ZZ = :\\(ﬂ), fori=20,1,2,3, and ZT = X(T)

Moreover, we define the following constants:

a; = szgn(d)(@)), 1=1,2,3.

Thanks to Assumption 1, it follows that a; = as = 1.

Remark 3.1. We recall that, if the reference extremal is optimal, then it must sat-
isfy PMP and the switching functions must satisfy the mild version of the inequal-
ities appearing in Definition 3; the only additional requirements in Assumption 3
are the regularity of the arcs and the fact that the extremal is normal.

1We point out that degenerate singular arcs occur if and only if for some ¢ € (71,72) F1(A(£)) =
P(mA(t)) = 0; for the extremal X this situation is precluded by Assumption 1.
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Remark 3.2. Assumption 1 ensures that, in a neighbourhood of X([O,T]), the
switching surfaces {®+t = 0} and {®~ = 0} do not intersect each other. To-
gether with the fact that the zeroes of ¥ along §A are finite, this fact guarantees that
the Hamiltonian vector field associated with F, is well defined along the reference
trajectory, but for at most a finite number of times, that is, the switching times and

the zeroes of 1/)(71':\\(0)

Assumption 3 and equation (3.1) imply the following conditions on the sign of
the switching functions along the reference extremal:

(3.3) O (A(t >>>0 e [0,71),
(3.4) e~ (A(t) = € A1 72,
(3.5) &~ (A1) <0< @*(Xa)) € (72, 73),
(3.6) cI)*( () < t e (73,7

Equations (3.3)—(3.6) yield a set of higher order necessary conditions. Indeed, com-
bining equations (3.3) and (3.4), we obtain that 24 &~ ( (t)];—=- < 0, while (3.4)

gives L&~ (A(t) = ﬁ@_()\(t)) = 0 for every t € (71,72). ExpllClt computa-

iz
tions show that %@’(/\(t)ﬂt:?li = {Fy, P }(¢1). By continuity this implies that
%‘I)’(:\\(t)) s = 0, so that we must have g—;flJ*(A( t)]—nm > 0.

Analogously, from equations (3.4) and (3.5), we obtain that i2<1> (A(t )| 7 <
0.

At time ?3, Ot (A(t)) is differentiable and changes sign from positive to negative,
thus d<1>+( (t))]t==, < 0.

The regularity assumptions at the switching points consist in a strengthening of

the above inequalities.

Assumption 4 (Regularity at the switching points.).

— R R 2
(Foor + Fio1) (f1) + a1 Lyso, p(q1) — arLgorp, Lyt (1) = ﬁ‘b (A(t))lt:?; >0

N 2
Foo1(l2) — a2 L3, (2) = 22 (A)lrp <0
t3 = F01(Z3) +azLy,(q3) = P ( (t)|t=7, <0.

A well-known second order necessary optimality condition concerning singular
arcs is given by the Generalised Legendre condition (see for instance [AS04, Theo-
rem 20.16]), which in our context reduces to

Fio1(A(t)) + a1 (Lyo, ¥ (E(t)) — Ly Ly, (€(2))) = 0.
We assume that the inequality here above holds in the strict form.
Assumption 5 (Strong generalised Legendre Condition (SGLC)). For all ¢t €
[7/:1 ) 7/:2]
(3.7) Fiot(A\(1)) + a1 (Lyo, ¥ (E(4)) — Ly Ly (£(2))) > 0.
For the purpose of future computations, we introduce the following notation:
L(é) = Fin (6) +ay (Lfoﬂ/)(ﬂ'g) — LflLdeJ(wé)) LeT*M,
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so that equation (3.7) reads L(A(£)) > 0, t € [71, 7).

Assumption 5 yields some geometric properties of two subsets of T* M which are
crucial for our construction:

S ={eT*M: o (¢) =0},
ST = {f eEX: F()l(f) — Lfo’t/J(Ff) = 0}
Indeed, thanks to Assumption 5, it is easy to see that, in a neighbourhood of
A([71,72]), ¥~ is a codimension one embedded submanifold of T*M. Moreover,
Assumption 5 implies that d~ is not tangent to S™, so that S~ is a codimension

one embedded submanifold of ¥~. We finally notice that, for every ¢ € S, the
tangent space to X~ at £ splits in the following direct sum

(3.8) T)X™ =T,S™ ®RE(£).

We end the section with a technical assumption concerning again the zeroes of
the running cost along the reference trajectory. Indeed, as already stressed, the
flow generated by the maximised Hamiltonian, appearing in (3.2a)-(3.2b), depends
on how many times the function 1 changes sign along the reference trajectory, as
each of these points bears a non-smoothness point. This issue has been accurately
treated in [CP19], and the same computations carried out there could extend with
no modifications to the current problem. Thus, due to the complexity introduced
by the presence of a singular arc, and in order to simplify the presentation, we make
the following assumption.

Assumption 6. Along the first bang-arc, the singular and the last bang arc, the
function 1 is positive.

Remark 3.3. We stress that this assumption does not cause any loss of general-
ity; the result (Theorem 7.1) holds true also if we drop it, provided that the other
assumptions are satisfied and that the second variation and the mazimised flow are
suitably computed, according to the rules given in [CP19).

4. THE SECOND VARIATION

Following the approach initiated in [ASZ98a], we write the second variation as an
accessory problem, that is, an LQ optimal control problem defined on the tangent
space to M at g;.2 The admissible control functions of the accessory problem are
the admissible control variations of the original optimal control problem, that is,
all functions du € L*°(]0,T],R) such that @ + du is still an admissible control for
problem (1.2); the set of admissible control variations is then completed as a suitable
subspace of the Hilbert space L2([0,T],R) (see [ASZ98a, Remark 6]). However,
facing the problem from the most general point of view, that is, considering all
possible admissible variations, is not only cumbersome, but possibly pointless: in
many general cases, indeed, the space of admissible variations is “too big”, so that
the second variation cannot be coercive on it (see for instance [PS12] for bang-
singular concatenations and [CS16] for an example in the case of totally singular
extremals). On the other hand, in many cases ([ASZ02, PS11b, CS16]) it has
been proved that it is possible to properly reduce the set of admissible variations,

2In principle, the basepoint could be any point of the reference trajectory. The choice of 1
considerably simplifies the expression of the second variation, as it permits to neglect variations
along the first bang arc.
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and still obtain sufficient conditions for optimality in terms of the coerciveness of
the second variation. The goal is then to find the “smallest” space of admissible
variations such that the coerciveness of the second variation on it still implies that
the Hamiltonian flow is invertible.

In particular, in [ASZ02] it has been shown that, for bang-bang extremals, it
is sufficient to consider only the variations of the switching times. As it will be
proved in the paper, it turns out that, for problem (1.1)-(1.2), an appropriate set
of admissible variations is constituted by the variation of the third switching time
and the variation of the control function along the singular arc.

Clearly, this reduction considerably simplifies the expression of the second vari-
ation. The rest of this section is devoted to its construction.

It is well known that computing higher order derivatives on manifolds is a delicate
task, as they are not invariant under change of coordinates. To overcome this
problem and obtain an intrinsic expression of the second variation, we transform
the original problem into a Mayer one and we pull-back the linearisation of the
system along the reference trajectory to the tangent space T3 M. Setting § =
(€9,¢) € R x M, problem (1.1)-(1.2) reads

minimise £°(T) — £°(0)
among all solutions of the control system

£0(t) = [u(p(E®);

(4.1) () = (fo+uf1) o &(t),
5(0)[ 1(01](10) §(T) € R x {qr},

It is immediate to see that the covector A = (A%, X) € R x T*M, with A°(t) = —1
satisfies normal PMP.
The reference flow from time 7 associated with the system (4.1) is denoted as

.§t, and is given by

Sueng) = (B @) _ (et S E@UE@)ds) _ (er+ [ [as)ds(a)lds)
’ Si(a) Si(a) Si(a)

Remark 4.1. Notice that §? does depend on cy, while its differential does not. In
what follows, with some abuse of notation, we write dSY(q) for the differential of
g SP(c1,-) at a point q.

Consider some 73 € (72, T) and a measurable control function v: [71,72] — (0,1),
and let € be the solution of (4.1), starting from the point £(0) = (0,op) associated
with the control

) 1))

S

€ (11, 72),
0 (TQ,T3),

€ (

73, ]
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We consider the piecewise-affine reparametrization of time ¢: [0, T] — [0, T] defined
by

1 t€[0,72),
Sp(t) = ;i%% te (?27?3)7 SD(O) = 07
?:2—‘2 te (7/:35 T]7

g g1
and we set 1, = <77t> =85t (&(p(t))). Let y0,77: M — R be two smooth
¢

functions such that
dvo(G) =lo.  dyr(Gr) = —lr,

and let 3o := 79 0 So, Y7 := vr 0 Sr. Then, the cost can be written in terms of the
pull-back trajectory m, as

(4.2) J(u) = S%(ng) — 83(n4) +Fo(mo) + A1 (7).

Thanks to PMP, it is possible to show that the first variation of J evaluated at u
is null (see Appendix A for more details).

In order to compute the second variation of J, we introduce the pullbacks to
time 71 of the vector fields governing the dynamics of n,:

g9t =S8 108y, ks =821 008z,  kai= SA L(fo—f1)0Sz, k=ki— SA L fro8,.
Setting € := —(73 —73), the second variation of the optimal control problem is given
by

J" [6v, ] / 6v(8) Lisy(s) (1/15 + Ly (7T+ST S 2))(@)ds
4.3 G0 _ 3 e’
(4.3) - 3Li(WT+S%—S%)(Q1)+ 2L[k4 k) (37 + 5% = 52) (@)

2

S 2
- ?lew?g (ql)a

where dv € L*°([71, T2]) and 7, is the linearisation of 7y at u = u, and satisfies the
control system

0 [ ’ 1)7
y 5“( )gtl (21\1) (T1,7'2) oy =0
4.4 S5n, = ,
( ) nt 7'3 7'2 k3 (ql) (T27 TB) 677T - 0
7= k(@) € (73,7

The second variation (4.3) is degenerate, as the quadratic term in v (Legendre
term) is missing; to overcome this issue, we perform a Goh transformation, that
is, we integrate the control variation and we add an additional variation €g, in the
same spirit of [PS11b]:

) :/ dv(s)ds, t e [71,7l g0 1= w(7T1).
t
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We thus obtain the extended admissible variations as the triples de := (g9, e, w) €
R x R x L?([71,72]) such that the system

(1) = w(t)gi (@),
(4.5) ¢(71) = eofi(@),
((T2) = —ek(q1)

admits a solution, and the extended second variation as the quadratic form

(4.6)

2 N T2
T0e = DLy (0 + Ly, G+ 59 @)+ 5 [ (WP ORE) + 2009 Lo Als,3)) ds

- ?Lmﬁa(qﬁ) - E—;Li (3 + 83 — S2) (@) + 2L[k4 k) (37 + 8% — 52,) (@),
where we put
Als,q) = (L (0 + 5% = 59) + Lo, ) (a),
R(s) ZZL[Q‘M;] (Ar + 59 — SO)(Ql) +L 1%((11) g;ngizs(qu)-

Remark 4.2. We remark that R(s) = L(X(s)), which is positive by Assumption 5.
We can now state our final assumption.

Assumption 7. The quadratic form J! (4.6) is coercive on the space of admissible

variations

W = {ée = (g0,¢,w) € RxRxL?([71,72]) such that system (4.5) admits a solution}.

4.1. Consequences of coerciveness of J!'.

Lemma 4.1. Assume that Assumption 7 holds true. Then f1(q1) # 0.

Proof. Assume by contradiction that f1(g1) = 0. Then de := (g9 = 1,6 = 0,w = 0)
is a non-trivial admissible variation and J!/[6e]? = Ly, (v + Ly, (Y + §%)) (@) =0,
since f1(¢1) = 0. Thus we have a contradiction. O

Lemma 4.2. Under Assumption 7, there exist a neighbourhood Ug, of g1 in M and
a smooth function a: Ug — R such that

2 N To
J![6e)? = 5—20L2.1 (a + 37 + S%) @)+ = /A (UJQ(S)R(S) + 2w(s) L) Als, @1)) ds
g2

e~ 2
= 5 itz (@) — ELi (r + 57 — S2,) (@) + 5 Lika sl (0 + 89— S2) (@)

In particular, it holds
Lpa(q) =v(q) VYeeUs,  da(@)="b.
Proof. Thanks to Lemma 4.1, we can choose local coordinates (y1, y2, . - . , Yn) around

q1 such that f; = 8i in a neighbourhood Uz, of §i.
Y1



12 FRANCESCA C. CHITTARO AND LAURA POGGIOLINI

Let 01 = (P1,D2,- -+ Pn). Thus 1 = F1(¢1) = 9(q1). Possibly shrinking Ug, , let
a: Uz — R be the solution of the Cauchy problem

foJe}
a_(ylvaa s 7yn) = 1/}(y15y27 s 7y’n«)a
Y1

a(07y27 e 7yn) = Z?:Q ﬁ]yj

Then, by construction, da(q) = (1/)((?1),1’)\2, . ,f)n) = 7,. The term Lyy(qr) in J!
can thus be replaced by Lfcla(é\l), and this proves the claim. O

We claim that the term L7 (a+3r+ §%)(qu) in the expression for J! can be
replaced by D?(a + A7 + §%)(qu)[]”1 (71)]?>. Indeed, by definition of vz, it holds
dyr(qr) = —ZT; since, by (A.1), we have that Ur = (Zl + dgg)gf*l, we obtain that
da(q) =01 = —(dr + d§%) (¢1), and we are done. We can thus write J! on W as

(4.7)

T0e = 300+ + S @)@ + 5 [ (wP6)R(6) +20() Lo Als, ) ds

€2 o~ €2 o an 20\, E2 ~ 30 A0\~
— S LB @) = S L3 (r + 8% = 55 ) @) + S Lk kol (3 + S5 = S2) @).
We now extend the space of admissible variations, in the following way: we

remove the constraint on ((7;) and we consider the control system

{(s) = w(s)gi (@),
(4.8) C(R) =6z € Ty, M,
((72) = —ek(q).

The associated space of variations is thus defined as

W = {ée = (0z,e,w) € Ty, MxRx L*([71,72]) such that system (4.8) admits a solution}.

Applying [Hes66, Theorem 11.6], we can easily verify that (4.7) defines a Le-
gendre form on W. For s € RT, we define 0(y1,92,...,yn) := %Z?:z yj2 where

(y1,92,...yn) are the coordinates defined in the proof of Lemma 4.2. Applying
[Hes66, Theorem 13.2], we obtain that, under Assumption 7 and if s is large enough,
then the quadratic form

T[Se]? = J"[5e]? + %D29[5z]2

is coercive on W.
We can write J”’ explicitly as

(4.9)
1 o L -
J"[se]? = §D2 (a +0+7r + S;OF) (q1)[02)* + 3 /A (w2(s)R(s) +2w(s) L) A(s, ql)) ds
e~ e o, a0 A 1 g? a0 s
= 5 Lt (@1) - 513% (r + 53 — S2) (@) + o Liks ko] (r + 57 — 52,) ([@).
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5. CONSTRUCTION OF THE OVER-MAXIMISED FLOW

As briefly mentioned in the Introduction, Hamiltonian methods to prove the
optimality of an extremal need two ingredients: a Lagrangian submanifold A; of
the cotangent bundle, containing a point of the reference extremal, and a over-
maximised Hamiltonian flow (that is, the flow associated with a Hamiltonian func-
tion which is greater than or equal to Hy,ax, and which coincides with it along the
reference extremal, at least up to the first order); the optimality of the reference
extremal is proved if, at each time t € [0,T], the image of A; under the flow of the
over-maximised Hamiltonian projects one-to-one onto a neighbourhood of { (t) in
the base manifold (see Section 7).

This section is devoted to the construction of the over-maximised Hamiltonian
and of its associated flow, that we refer to as over-mazimised flow. It is defined
patching together some piecewise smooth Hamiltonian flows, each one defined on
a suitable neighbourhood of each arc. We stress that, to achieve this task, to
coerciveness of J!' is not needed; though, we extensively use Assumptions 1-6,
which are assumed to hold true throughout the whole section.

5.1. The over-maximised Hamiltonian near the singular arc. By definition,

the singular arc evolves on the hypersurface ¥~ = {®~ = 0} and ®*(\(¢)) > 0.

Thus, in a sufficiently small neighbourhood of A([71,72]), the maximised Hamilton-
ian is given by

Fo+ @~ it®~ >0,
Hmax = .
Fy if = < 0.

Therefore, Hy,ax is continuous, but its associated Hamiltonian vector field is not
well defined on ¥~ for every smooth Hamiltonian v(¢, £), every Hamiltonian of the
form Fy + v®~ coincides with Hpax on X .

On the other hand, no Hamiltonian of the form Fy + v®~ can be used in place
of the maximised Hamiltonian: indeed, by Assumption 5, for every t € (71,72)
and every U neighbourhood of X(t) in X7, there exists some ¢ € U such that
Fo1(¢) — Ly,(ml) < 0. For any choice of v > 0, the flow of Fy+v®~ sends £ in the
region {®~ < 0}, where Fy + v®~ is no more the maximised Hamiltonian. Indeed,
whatever the choice of v, the Hamiltonian vector field ﬁo +vd s tangent to X
onlyon S™ ={l € X7 : Fp1(¢) — Ly, ¢p(wl) = 0}. We refer to [PS11b] for a detailed
description of the phenomenon.

However, as proposed in [Ste08], the flow associated with Hy,.x may be replaced
by the flow of a suitable over-maximised Hamiltonian tangent to ¥, at least for
t € [71,7]. The construction of such a flow in a neighbourhood of A([71,72]) in
¥~ relies on the definition of a C! over-maximised Hamiltonian that agrees with
the maximised one at least up to the first order along the reference extremal, and
whose Hamiltonian vector field is tangent to ¥~ (see [Ste08, PS11b, SZ16, CS16]
for similar constructions).

In order to do so, following the steps of [CS10, CS16], we substitute Fy with a
suitable Hamiltonian Hy which is constant along the integral lines of ®~.

Lemma 5.1. There exist a neighbourhood U of N([71,72]) in T*M and a smooth
function 9: U — R such that

(For — Lyypom) oexp (9(0))(0) =0 VLelU,



14 FRANCESCA C. CHITTARO AND LAURA POGGIOLINI

and, for any L €eUUNS™,

(5.1) (dd(6), () = —ﬁ ((dFo1(0), () = L,y Ly (L)) -

Proof. By Assumption 5, we can apply the implicit function theorem to the function
(s,0) — (For — Lgy,tp o) o exp (s®7)(¢) at the point (0,A(t)), and obtain the
result. ]

Thanks to Lemma 5.1, we can define the following Hamiltonian Hy: U — R
Hy(¢) = Fy o exp(9(0)8~)(0).
Proposition 5.1. The Hamiltonian Hy satisfies the following properties.
(1) For every £ € ¥~ NU, Hy(l) is tangent to ¥~ and is given by
(5.2) Ho(0) = exp(—s®~ ), Fy 0 exp(s37)(£)]s— (o) -

In particular, it coincides with Fy (0)ifte ST NU.

(2) Possibly shrinking U, Hy(¢) > Fo(£) for any £ € ¥~ NU. Equality holds if
and only if £ € S™.

(3) For every smooth function v(t,€): R x T*M — R, the Hamiltonian vector
field associated with Ho(¢) 4+ v(t, £)®~ (£) is tangent to ¥~ .

Proof. Claim (1) easily follows from the fact that (dFy, ) = 0 on S~. Indeed,
by construction, Hj is constant along the integral lines of 5_, so that (d®—, ﬁo) =
(dHy, ®~) = 0, for any £ € U, i.e. Hy is tangent to X~. Equation (5.2) can be
verified with simple computations.

Since ¥ = 0 on S, by definition and equation (5.2) we have that Hy = F; and
Efo = 130 on S~. Thus the differential of Hy — Fj is identically zero on S~ , and, for
any £ € ST NU, we can compute its second derivative:

D?(Ho — Fo)(0)[66)* = 2(d (Lg- Fo)(£), 66)(dV(¢) , 60) + L Fy(€)(dv(¢), 6¢)*
= —L% Fo(0){dv(e), 60).

Noticing that L%fFO(Z) = —LL(¢) and thanks to Assumption 5, we see that the
expression here above is non negative and it vanishes only if (d¥(¢), §¢) = 0;
equation (3.8) and the fact that (d¥(¢), 5’(6)) = —1 for £ € ¥~ NU prove Claim
(2).

Since Efo is tangent to X7, then ﬁo +ud~ is tangent to X~ too, for every u € R.
Let v be a smooth function on R x T*M. Then the Hamiltonian field associated
with Ho + v(t,£)®~ is given by

Ho(0) +v(t, )8~ + @~ (0)5(t, 1),
and, by definition of ¥~ this completes the proof. (|

5.2. The over-maximised flow. Thanks to the regularity of the bang and zero
arcs, for any ¢ € [0,71) U (72, 73) U (73, T}, it is possible to find a neighbourhood
of X(t) where Hp,.x and its associated vector field are unambiguously defined. As
observed in the previous section, this is no longer true for ¢ € [71,72]. On the other
hand, thanks to Proposition 5.1, we know that any over-maximised Hamiltonian of
the form Hy 4 v®~ may replace the maximised Hamiltonian in a neighbourhood of
the singular arc in 7.
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Here below we show how to concatenate the flows of Hp.x and of the over-
maximised Hamiltonian, in order to obtain a flow defined for all ¢ € [0, T7.

The first bang arc.

We first construct the over-maximised flow for ¢ € [0, 71].

Proposition 5.1 guarantees that Hy > Fp in a neighbourhood of X([?l,?g]) con-
tained in X~ only. In other words, if we want to use Hy to construct the over-
maximised Hamiltonian, we have to be sure that, for ¢ € [T, 7], the image of the
sub-manifold A; under the over-maximised flow is in X~. For this reason, it is
convenient to start from 7; and construct the flow integrating backward in time.

Fix some ¢ > 0 and consider a sufficiently small tubular neighbourhood U of
M(7L — 6,71 +€)) in T*M. The manifold X~ separates U in two regions, one in
which @~ > 0 (and Hpax = Fy + @7), the other one in which ®~ < 0 < ®* (and
Hpox = Fp), since ¥(q) # 0 in a neighbourhood of E(?l); in particular, the first
bang arc is contained in the first region. On the other hand, by Assumption 5, the
manifold S~ separates UNX™ into two regions, in which Fy; — L 9o has different
sign. Consider now a small neighbourhood of Zl in X7. The trajectories obtained
by integrating backward in time the flow generated by Fy + ff)*, starting at t =7
from a point £ satisfying Fo1(¢) — Ly 1(mf) < 0, immediately leave ¥~ and enter in
the region {®~ > 0}; in particular, they evolve with the maximised flow and stay
close to the reference extremal (if ¢ is sufficiently close to Zl) The same happens
for trajectories starting from a point ¢ such that Fy;(¢) — Ly,9(nf) = 0, thanks to
Assumption 4.

On the contrary, the integral curves of ﬁo + &~ with an initial condition ¢
satisfying Fo1(¢) — Ly,2(ml) > 0 immediately enter into the region {®~ < 0},
so that they are not integral curves of ﬁmax and may soon leave U. To fix this
issue, for initial conditions belonging to the region where Fy1 (¢) — L 3 (ml) > 0, we
substitute the flow of ﬁo + @&~ with the one of ﬁo + <I_>", until the trajectories reach
S~. This construction is explained in Proposition 5.2 here below, whose proof relies
on the following lemma.

Lemma 5.2. There exist a neighbourhood O1 of Zl in X7 and a smooth function
t1: O — R satisfying t1(€1) = 71 such that
(Fo1 — (L) om) oexp ((t1(0) = 7)) (Ho + 87)) () =0 VL€ O

Moreover, t,(£) = 71 if and only if For(£) — Lg,(ml) = 0.
Proof. The existence of the function ¢; is a straightforward application of the im-
plicit function theorem to the function ¢(t, ) = (Fo1 —(Ly,¢)om)oexp((t—71)(Ho+
7))(¢) at (71,41), which is possible since %gp(t,éﬂ(ﬂ 7, > 0, by Assumption 4.

The sign of ¢1(€) — 71 is determined by the fact that ¢1(¢) = 71 for every ¢ €
S~ N Oy, and again by Assumption 4. O

We define the piecewise smooth function 71: O; — R as
T1 (f) = min{tl(f), ?1},
and the flow Hq: [0,71] x O1 = T*M as

Hat, ) = {exp ((t— 71)(Ho + f 2(6) t e [r(0), 7],

exp ((t — 71())(Fy ) oexp ((r1(6) — 7)) (Ho + &) () t€[0,m(0)).
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Remark 5.1. Clearly, if t1(€) > 71 for some U, then H1(t, ) is the flow of Fy+®~
for every t € [0,7].

Proposition 5.2. The flow H, defined above is C*. Moreover

(53) (I)_(Hl (f,f)) =0 Vte [Tl (f),?l], (I)_(’Hl(t,f)) >0 Vte [0, Tl(f))
In particular
(5.4) (7Ha(t, ) |7, = Sprre V<71

Proof. At every point (¢,£) such that ¢t # 71 (¢), the flow is well defined and smooth.
Therefore, to prove its regularity on the whole [0,71] x O, it suffices to verify the

continuity of its derivatives at points of the form (¢,¢) = (m1({),¢). In particular,
we can distinguish two cases, that is, t;(£) > 71 and ¢1(¢) < 71. In the former case,
the flow coincides with exp((t —71)(Fo + 7)) (¢) for every ¢ € [0,71] and for every
¢ in a neighbourhood of £ in ¥~, thus it is C*.

If instead 71 (¢) < 71, then the flow starting from points ¢ in a neighbourhood of
¢ has different expressions according to the sign of ¢ — 71 (£). However, by straight-
forward computations, it is easy to prove that they coincide as (t,¢) — (71(£), ),
for every £ € O and that the first order partial derivatives are continuous.

Let us now prove equation (5.3). First of all, we recall that 2 &~ (H1(t, £))|i=r, o) =
(FOl - (Lfod}) © ﬂ-)) ° Hl(tv €)|t:‘r1(€)-

If t1(¢) > 71, then 7 (¢) = 7y and, by Lemma 5.2, Fy1 — (Ls,9) om < 0, so that, if
¢ is close enough to 71, equation (5.3) follows immediately from a first order Taylor
expansion, with respect to the first variable, at t = 7.

Let us now consider the case in which ¢;(¢) < 73. By counstruction, ﬁo +d is
tangent to X7, so that @~ (H1(¢,£)) =0 for t € [ (€),71]. At t = 11 (0), Hi(t,0) is
in S7, that is, (For — (Lf,%) o)) o Hi(t,€)|¢=r, ¢y = 0, so that we must look at the
second order Taylor expansion of ¢t — ®~(H1(¢,¢)) at 71. By Assumption 4, the
second order derivative of this map at (¢,¢) = (7’:1,571) is strictly positive, so that,
by continuity, it is strictly positive also at (71 (£), £), for £ close enough to KAl.

We can conclude that there exists a ¢ > 0 and a neighbourhood O; of Zl in
Y~ such that @~ (H1(¢,€)) > 0 for t € (11(€) — ¢, 71(£)), for every £ € Oy. Possibly
shrinking Oy, we can conclude that the inequality is satisfied for every ¢ € [0, 71(¢)).

(]

The singular arc. We recall that for any ¢ € [71,72], the reference extremal h)
takes values in S~. Moreover, thanks to Assumption 5 and since ddeq)’(/\(t)) =0
for any t € (71, 72), the reference control along the singular arc can be computed in

a feedback Hamiltonian form. More precisely

Foo1(¢) — L2 4
a( ) _ 001( )L(E)fow(ﬂ— )|g:’):(t) Vi e (7/:1,7/;2).

In a neighbourhood of A([71,7]) in ™, we thus define

. F001 (f) - L?cow(ﬂf)
=1

We extend v to a neighbourhood of 5\\([7”1, T2]) in X~ by setting it constant along
the integral lines of ff)_, and then to a full-measure neighbourhood of the range of
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the singular arc by setting it constant along the integral lines of the Hamiltonian
field associated with Fp; — Ly, 2.
We set
K () = Ho(£) + v(0)@~ (£),

and define the over-maximised flow on the interval [7;,75] as the flow of K:

—

K(t,€) = exp((t — 7) K ) (0).
Proposition 5.3. The manifolds ¥~ and S~ are invariant under the action of the
flow of K. Moreover, ®~ is invariant with respect to the flow of K on ¥, that is,
for £ belonging to a small neighbourhood of A([T1,72]) in ¥, it holds
K, 0,8 (0) =D o K(t,0)  Vte[F, 7l

This result is proved (in a more general version) in Proposition B.1.

The inactivated arc. The construction of the over-maximised flow on a right hand
side neighbourhood of 7 presents the same issues as its construction on [0, 71], thus
we overcome these difficulties likewise.

Lemma 5.3. Possibly shrinking O andAsetting Oy = K(72,01), there exists a
smooth function ta: Oy — R satisfying t2(f2) = To such that
(Fo1 — (Lgy1) o) o exp((ta(la) — 7o) Ho)(a) = 0 YLy € Os.
Moreover, ta(l2) ; T2 if and only if Fy1(€2) — Ly, (mls2) % 0.
As above, we define the piecewise smooth function
To(l2) = max{ta(f2), T},

and the flow Hs for t > 75 as
(5.5)
Ha(t,0) = exp((t — 72) _’o)(fz) ) t € [T, T2(€2)],
’ exp((t — 72(£2))Fo) 0 exp((ma(la) — 72)Ho)(la)  t € [12(la), To(la) + 6(£2))

where {2 = IC(72, £) and §(+) is a positive function that will be specified here below.
The flow H3 enjoys the same properties of H1, as stated in the following proposition.

Proposition 5.4. The flow Hs defined above is C' and

O™ (Hs(t,£)) =0 Vte [r(l), 2(f2)], O™ (Hs(t,0)) <0 Vte (12(l), 2(l2)+6(L2)).
Moreover, for every t € [, 72 + 6(02)) it holds
(5.6) (WHg(t, .))*lla = exp ((t - ?g)fo)* (WIC%)*lZl'

We remark that, thanks to Assumption 1 and by continuity, ®*(Hz(¢,£)) > 0
on [7/:2, Ty + 5(62))
The last bang arc. For ¢t > 7 (¢3), Fy is the maximised Hamiltonian until its
integral curves hit the switching surface {®* = 0}. To detect the hitting time, we
solve the implicit equation

(5.7) &t o exp ((t — 72(02))Fy) o exp ((12(f2) — T2)Hy) (£2) = 0,

_—
3Indeed, thanks to Assumption 5, Ty (T*M) =T;%~ @& Fo1 — Lyyyp om(£) for every £ € ¥~ in
a neighbourhood of X([ﬂ , T2]).
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where we recall that £o = IC(T2, £) € Os. The derivative with respect to ¢ of the left

hand side of (5.7) equals ts for (t,3) = (3, (2); thanks to Assumption 4 and the
implicit function theorem, we obtain that equation (5.7) is satisfied if and only if

(t,€2) = (13(f2), £2), where 73: Oz — R is a smooth function satisfying 73(¢2) = Ts.
In addition, for every ¢ € T (T M), it holds
0'273 (exp ((?3 — ?Q)ﬁo)*éf, (f)+)

T3 '

(5.8) (drs(L2), 60) = —

We choose 6(-) = 73(-) — 72(-) in equation (5.5), and we consider the following
flow for t € 72, T1:
exp ((f—?g) )( ) t e [?2,7'2([2)]
Hg(t,é) = 4§ exp ((f — T2 F ) oHs 2([2),62) te [Tg(gg), 7'3([2)]
P ))07'[3(7'3(62),62) tZTg(éz).

exp ((t - Tg(ég))(ﬁ
Thanks to the regularity assumptions, H3 is an over-maximised flow for every t €
[T2, T

Finally, the over-maximised flow #: [0,T] x O; — T*M is defined as
Hi(t,0)  te[0,71],
H(t, 0) = < K(t, ) t € [71, 7],
Hg(t, é) te [7/:2, T]
Here below, we will also use the notations
Hy :H(tv')v ’Ct :K(ta)

We remark that, for every t € [0,T], H; is the Hamiltonian flow associated with
the Hamiltonian

Fo(0) + @~ (€) e [0, (0)],
Ho(f)-i-q)_(f) t e [Tl(f) 7'1]7
K@) t € [71, 7],
O =1 w0 t € o ma(0),
Fy(0) t € [r2(0), 3(0)],
Fo(f) — (I)+(£) t e [T3(f) T]

6. INVERTIBILITY

In order to define a manifold A; such that 7H;: A; — M is locally one-to-one
for every t, we shall also exploit the coerciveness of the extended second variation,
i.e. Assumption 7. So, from now, we assume that all the Assumptions 1-7 are
satisfied. We define A; by means of the functions « and 6 appearing in (4.9):
namely, we consider the Lagrangian submanifold

Ay ={d(a+0)(q): € Uz}

Remark 6.1. It is immediate to see that A; C X~ and that é‘(ﬂ) € TyAy for
every £ € Ay.

This section is devoted to the proof of the following result.
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Proposition 6.1. For every t € [0,T], t # 75, the flow 7H;: Ay — M is a
local diffeormorphism from a neighbourhood of ¢1 onto a neighbourhood of £(t).
THz,: A — M is a locally invertible Lipschitz continuous map with Lipschitz con-

tinuous inverse.

The proof is done in several steps: we consider separately the sub-intervals [0, 7],
[?1, ?2] and [?2, T]

Invertibility for ¢t € [0,71]. The invertibility for ¢ € [0,71] is a direct consequence
of equation (5.4).

El Zz

T*M / ........................................................... Al ‘\
A 1 A\2
T

B — §
—— . —_—

S q2

S

FIGURE 1. Invertibility for ¢ € [0,73): H¢(A1) projects diffeormor-
phically onto a neighbourhood of £(t) for every ¢ € [0,73).
Solid lines denote the bang arcs, dashed lines inactivated arcs, and

dotted lines singular arcs.

Invertibility for ¢ € [71, 72]. In order to prove the claim, we introduce the auxiliary
Hamiltonian

H, = Hy+ a(t)®~, t € [71, 7).

This new Hamiltonian shares some important features with K. In particular, flt
is an over-maximised Hamiltonian on ¥~ too, and its Hamiltonian vector field is
tangent to ¥ 7; we denote with ﬁt its flow from time 71 to time ¢t. The invertibility
of mHy|a, is related to the invertibility of &[4, , as the following result shows.

The proof uses the same arguments of [PS11b, Lemma 9]; we sketch it in the
Appendix.

Lemma 6.1. For every t € [T1,T2], the followings hold
(1) ﬁt*(TflAl) = Ict*(TZIAI)
(2) If ker (FHt)*|T,_71A1 =0, then ker (WICt)*|TZ1A1 —0.

Taking advantage of Lemma 6.1, the invertibility of 7T7/‘Zt| A, implies the one of
7K¢|a, - On the other hand, it turns out that H; is directly linked to the Hamiltonian
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flow associated with the second variation (see details here below); therefore, it is
much easier to prove the invertibility of 7H;|s, as a consequence of the coerciveness
of the second variation. Indeed, consider the subspace ¥V C W defined by

Vi={fee W:e=0}.
Lemma 6.2. Assume that J”|y is coercive. Then ker (w?—A[t)*|TEIA1 = 0 for any
te [?1 R ?2]
Proof. We consider the LQ optimal control problem on T M given by

6.1 in J”'[de]?.
(6.1) min J"[5e]

The maximised Hamiltonian associated by PMP with this LQ problem is
1 1~ )2 *
HY(09,62) = 505 (0099 @) ~ Lo: A @) (9p,62) € T, M x Ty, M.

Since de € V, §z is free so that PMP applied to problem (6.1) gives the following
transversality conditions at the initial point

(6p,02) € L = {(dp,62): 6z € Ty, M,dp = —D*(0 + o + A7 + 53[0z, ]}
Denote with %! the Hamiltonian flow of H/'. In order to compare H!' with H,, we

define the anti-symplectic isomorphism ¢: T2 M x Tg, M — T (T*M) as

(0p,dz) = —bp+d( — §% —A9r) bx.

By definition, o ot ® t = —o, where ¢ denotes the standard symplectic structure
on T7 M x Tg M. 1t is immediate to verify that

WLZ = T; A
Moreover, by analogous computations to those in [CS10, PS11b], it is easy to prove
that
(6.2) V= T et € 71,7,
which implies that
(6.3) (rHy)) =t (W?T[t):lé’\t*.

On the other hand, [SZ97, Theorem 2.6] states that J’'|y, is coercive if and only
if mHy': LZ — Tg M is one to one for every t € [T1, 73], so that the coerciveness of

J'|y, implies that (Wﬁt)JTzl A, is invertible for every t € [71, 72]. 0
Coupling Lemma 6.1 with Lemma 6.2, we obtain that, if J”|y, is coercive, then
(mKCt)|a, is invertible for ¢ € [71, 7).

Remark 6.2. Set Ay := K5,(A1). Since Az is a Lagrangian submanifold of T*M
which projects one to one onto a neighbourhood of M, there exist a neighbourhood
Us, of G2 and a smooth function as: Uz, — R such that

dao(q2) = 0y, Ao := K5, (A1) = {daa(q): ¢ € Ug, }.
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FIGURE 2. Invertibility at ¢ = 73. Ly (respectively, L_) denotes
the half space of all 60 € Tj; Az such that (d7; (ZQ), dl3) > 0 (re-
spectively, < 0).

In purple, Hz,.Ly; in yellow, Hz,.L_. These semi-planes project
without intersections on Tg(%)M .

Invertibility for ¢t € [72,T]. Thanks to equation (5.6), we obtain that, if J”|y, is
coercive, then mH;|a, is locally invertible for every t < 7s.

Let 64 € TZIAlv and set 60y = K5,,0€. The first order approximation of 7Hz, at
Zl, applied to 04, is given by

exp ((7s — 2)fo) , medls if <d7'3(522), 505)
(d73(f2), 6€2) f1(g3) + exp ((7/:3 - ?z)fo)*ﬂ'*iwz if (dr3(f2), 6€2)

which, up to a pullback, can be written as

0,
0

IN IV

)

.50 if (d7s((2) , 662) > 0,
7T*5€2 — <d7‘3(£2) y 5€2>1€(?]\2) 1f <dT3(€2) y 6£2> S 0,

where k := §7¢2*k is the pullback of —f1 from time 73 to time T5. Notice that, by
Assumption 1, f1(g3) # 0, so that k(gz) # 0.

By Clarke’s inverse function theorem [Cla76], nHz, is invertible if for every
a € [0, 1] and for every d/2 € Ty, A» it holds
(6.4) me8ly — a{drs(fa) , 60s)k(G2) # 0.
By contradiction, assume there exist some a € [0,1] and 6¢2 € T3, A2, 062 # 0, such

that the left hand side of (6.4) is zero. This implies that 7,00y = pk(g), for some
p # 0, so that

k() — aldrs(£2) , 562)k(Ga) = 0,
which yields
1 — a{drs(Ly), das.k(32)) = 0,
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since 6y = pdag.k(@). Equivalently, using (5.8),
(6.5) t3 + aog, (exp((Fs — 72) Fo)«don.k(2), 81) = 0.

By Assumption 4, the left hand side of (6.5) is negative for a = 0. If we show that
it is negative also for a = 1, then, by linearity, we get a contradiction and we are
done. The last part of this section is devoted to prove that this is a consequence of
the coerciveness of the second variation on W.

We denote with the symbol J? the bilinear form associated with J”/. We recall
that J” is coercive on W if and only if it is coercive both on ¥V and on W N
Y+, where V* denotes the orthogonal complement to V with respect to J?. In
order to compute YV, we introduce, for every de = (8z,&,w) € W, the trajectory
p: [71,72] — T3 M solution of the Cauchy problem

pt) = —w®) LA @),
p(T1) = —D* (@ + 0+ 737 + 57)(q1)[0z, ].

Let de = (§2,5,@) € W be another admissible variation; then J®[de,de] can be
written as

~ 1 A .
Jb[Se, de] = 5D2 (0 + o +77 + 52) (@1)[02,02]

1 [ _ L R
+ 5 ,/5-‘ (w2 (t)w(t)R(t) + w(t)LZ(t)A(t7 ql) + ’w(t)LC(t)A(t, ql))dt
€€ ~ 30 Qo ~ 2(2 30 _ Q0 \(~
) (L[MJ%] (3r + 57 = 5%,) = L=, (@) — Ly (r + St — 57,) (QI))
1 N ~aN PN 1, | =~
= §<D2 (04 a+7r + S7) (@) 6z, -] + p(71), 62) — 3(p(72), (7))

w3 [ 00 (WO RO + LAl + 00,31 )

7

+ = (L Gir + 8% = 82) = Lt (@) — LEGr + S% - 52) @)

2
From the expression here above, we see that de € V1 if and only if
(6.6) w(t)R(t) + Lew Alt, @) + (p(t),9/) =0 Vit € [71, 7],

so that, for any de € V1, we get that
175,12 | P = g2 ~ . Q0_3Q0 > 2(2 30 _ 30/~
I e]” = =5 (p(72), C(R2)) += (L[k4,k3] (Ar+S7—52,) =Lk, =, (1) - Li (3 + Sp — 5?2)@1))-
Remark 6.3. We stress that the solution (p(t),((t)) of the Cauchy problem
¢(t) = w(t)gt (@),
p(t) = —w(t) Ly A(t, q1),
(p(?l)u C(?l)) € L¥17

associated with the control w(-) that satisfies equation (6.6) is also the solution of
the Hamiltonian system associated with H{ with the same initial condition, that is

(p(t), C()) = Hi (p(71), C(71)).
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Remark that V! is a 1-dimensional linear space: indeed, for every e, () =
—ek(q1), so that §z is uniquely determined as the backward solution of the linear
system with control (6.6). By homogeneity, we can choose de € V* with ¢ = —1.
Then J'|y,1 is coercive if and only if

0> (p(72), C(%2)) = Lk ) (7 + 5% = S2) (@) + Liyth (@) + LE (G + 5% — 52)(@1)
(6.7)
= (p(R) . k(@1)) + 3 + Lyl |(@1) + LE(Fr + 5% — SL)(@).

where the expression (6.7) is obtained applying (A.1) and the definition of Jr.
We now compute (p(72), k(g1)) in terms of Hamiltonian flows. Consider the pair
(6p,0z) € LY such that 7HZ (p,0z) = k(q1) (thanks to the invertibility of 7HZ ,

exists and it is unique), so that, by (6.3), we get (6p,6z) = 1~} (7Hz, ) Sfﬂk(ql)
Thanks to (6.2) we obtain

(p(72) s k(@) = 5 (HE (FHE) ™k @), (0. k(@)
= —op, (Fo At (rHL) " (@), d(— r — 59) k(@) )
(6:8) = oy, (F5hdaz (@), d( = 31 - S8) k(@) ),

where a3 is the function defined in Remark 6.2. Indeed, thanks to (6.3), we obtain
that t(mHZ ) k(q1) = (nHz,)7 k(2), so that W(mHZ) T k(1) € T Ay and

~

Hayut(THE) T h(G1) € Haps (T3, A1) = Ky (T Ar) = T; Ao

By cumbersome but standard computations, }A}z*d( 1 — S0 ) k() = d((—ﬁT -
§% + 5’22) o §;21)*E(q}) Equation (6.8) thus gives

~

(p(F), k(@) = —o7, (doz. k(@) d((—3r — S + 52,) 0 S.1) k(@)
=—D?(an + (3 + 59 — 52) 0 S1) [k(@2)]*.

Finally, computing the value of Zg by means of (A.1), we get

(p(), k(@) + Li(Fr + 57— S2)(@)
= Doz + (r + 57 = 82,) 0 851 [k(@))* + L ((r + 57 — 82,) 0 551 @)
= —D?as[k(@)]* — LDk(G)k(@) = —L2a2(d).
Plugging this equality in equation (6.7), we obtain that
ts + Ly, (@) — L20a(G2) < 0.
It now suffices to notice that
o7 (exp((Fs — 72) Fo)edaa.k(@2), 3*) = oy, (dag*%(q}),exp(—(% - ?Q)ﬁo)*ciﬁﬂ)
= —L2as(q) + Lithz, (@),

to obtain that equation (6.5) holds true for a = 1, and we are done.
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7. MAIN RESULTS

We now state the main result of the paper. This section is devoted to its proof.

Theorem 7.1. Let §A be an admissible trajectory for system (1.2) and satisfying
Assumptions 1-7. Then £ is a strict strong local minimiser of problem (1.1)-(1.2).

The proof of the strong local optimality of the reference trajectory follows the
same lines of [CP19, Theorem 4.1] (see also [SZ16]), thus we are just recalling the
main arguments. We shall instead provide all details for the proof of the strictness
part.

Proof. We define on R x T*M the one-form w = H}¢ — H; o Hdt. Applying [SZ16,
Lemma 3.3] we can prove that w is exact on [0, 7] x Aj.

Let O C R x M be a neighbourhood of the graph of gsuch that 7H: [0,T] x
A1 — O is invertible, with piecewise C! inverse. Consider an admissible trajectory
&:[0,T) = M of (1.2) whose graph is contained in O, and call v(t) its associated
control; set

Ut) = (mHe) THED), A1) = He(l(D)).
We define the closed path v: [0,27] — [0,7T] x A; as

I (O O]
(2T —t, 4y) te|[T,2T).
Integrating w along ~, and recalling that H; is an over-maximised Hamiltonian, we
obtain that

T N T
(7.1) /Olﬂ(t)i/f(f(t))ldtﬁ/o () (£(t))]dt,

that is, E is a strong local minimiser.

Assume now that E is not a strict minimiser, that is, there exists an admissible
trajectory £ with graph in O for which equality holds in equation (7.1); this is
equivalent to

(7.2)  A®); (fo + o) f1)E®) = [o(O)P (@) = Hi(A())  ae t€]0,T],

that is, both (A(t), (fo + v(t)f1)(£(2))) — [v(t)¥(&(1))] and H(A(t)) coincide with
Huax(A(t)). Since £(0) = £(0), and by regularity of the first bang arc, then, for ¢
small enough, h(A(t),u) attains its maximum only for u = @(¢) = 1. This implies
that v(t) = u(t) and £(t) = &(t t) as long as @~ (A(t)) > 0, that is, for ¢ € [0,7).

Analogously, since £(T') = ¢ ( ), we can apply, backward in time, an analogous
argument, and prove that u(t) = u(t) for t € (T2, T] (see [CP19] for more details).

For ¢ € [71, 73], equation (7.2) implies that A(£) € S~. Thus, since K is tangent
to S~ (see Proposition 5.3), then £(t) € S~ too. We claim that there exists a
function a: [71,72] — R such that

(7.3) 0t) = —a(t)®~ (0).
If so, since /(t) is tangent to S~ and &~ is transverse to S™, we obtain that

a(t) =0 and ((t) = 0 for t € [7y, 7], that is £(t) = 7/, (£1) = £(t), which completes
the proof.
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In order to prove (7.3), we first observe that
(7.4) £(t) = mA(t) = m (K(A®) + Kenl(1)).
On the other hand, it is not difficult to see that, for every ¢ € [T, T2], the function
ST NTEnM 3 C K(€) = (4 fo(§(2) +v(t) f1(£(2))) + [v(t)y(€(1))]

has a minimum at ¢ = A(t); thus, its derivative along variations in X7 N T, M
(that is, dp with (dp, f1(£(t))) = 0) must be zero. This means that the derivative
with respect to the vertical coordinates (i.e., the directions contained in Tg(t)M )

must be parallel to f1(£(t)), which implies that

—

(7.5)  mE (A1) = fol€(t) + v(6) f1(E(1) + a(t) f1(E(1)) = (1) + a(t) fu(&(1)),
for some real function a(-). Combining (7.4) with (7.5), we obtain that

(/o) L(1) + alt) f1(£(F) = 0.
Since (7k;); 1 f1(£(t)) = & (£1), applying (7K;):! to the equality here above we

*

get the claim. ([

8. EXAMPLE

In this section, we apply our result to the optimal control problem in R?
T

min u(t)xa(t)| dt

min [ u(oma()
subject to the control system

:.Cl = T2,

To = U — PX2,

T (O) = 0, 1‘2(0) = O,

1‘1(T) =X >0, I'Q(T) =0,
where T, p and X are given positive constants. This problem, studied in [BO20],
models the fuel consumption minimisation problem for an academic electric vehicle

moving in one horizontal direction with friction. The authors prove that, if the
final time T is larger than

Thim = %log ((1 +V2)e X 14 \/(1 +V2)er’X —1)2 — 1),

then the optimal control has the bang-singular-inactivated-bang structure described
in equation (3.1). The corresponding trajectories satisfy PMP in normal form,
with adjoint covector p(t) = (p1(t), p2(t)), with p1(t) = pY for every t € [0,7]. In
particular, the following relations hold

(8.1)
1 2 1 1 P9+ 2(1 4+ v2)
=log (=), -7 =-log(14V2), T-7 == log (LT VI
LT g(2—p?) TR 8 ) BT g( 2(1+/2) )
and

p) -
(8.2) us(t) = /pp2(0) = = = pp2(71) vt € [71, T2).

2
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Coupling equations (8.1) and (8.2), we deduce that pY must be positive and smaller
than 2. Finally, the authors prove that along these extremals xo(t) is positive for
every t € (0,T") and

0
l‘g(t) = pg(t) = 12?—/1) YVt € [?1,?2].

Using the notations of our paper, the drift f,, the controlled vector field f; and
the cost ¢ at a point & = (21, 72) € R? are respectively given by

(8:3) Jole) = (_f,;z), hie) = ((1)) V(@) = z2.
Thus, the associated Hamiltonian functions have the following expressions

Fy(p, @) = proa — ppa2, Fi(p,x) = p2, *(p,x) = pa + |z2.
Here below, we prove that Assumptions 1-7 are met.
8.1. Regularity assumptions. Since x2(t) never vanishes in (0,7"), then Assump-
tions 1-2 and 6 are trivially satisfied. To verify that also Assumption 3 holds true,

we are left to prove that the bang and inactivated arcs are regular. In order to
complete this task, we compute the iterated Lie brackets of the vector fields fy and

i
(8.4)

_ (-1 _ (0 k k _(-r"
foi(x) = o ) Jro1(x) = 0 ady, for(z) = p" for(z) = pht )
Regularity of the first bang arc. We have to prove that @~ (p(t), z(t)) > 0 for
t €10,71). The claim follows directly from the computations

e Pt 2
— - - pt _ 0y
@ (p(0) 2(0) = ("2 - 2)
and equation (8.1).

Regularity along the inactivated arc. We must verify that pa(t) — 22(t) <0 <
p2(t) + x2(t) for t € (T2, 73). By computations

0 T —~
10 )~ B )

The claim follows from equation (8.1).

Regularity along the last bang arc. A straightforward computation gives
pa2(t) + z2(t) < 0 for ¢t € [T3,T], where the equality holds if and only if ¢t = 75.

Regularity at the switching points (Assumption 4).
At the first switching time ¢ = 77, Assumption 4 reads

0 < (Foor+Fror+ Lo =Lyt 1 L) (1) = —ppi+ppa(T1)+p+p(1—paa(71)) = p(2-pY),
which is verified thanks to equation (8.1).
At t = 7, the regularity condition is
0> (Foor — L3, ¥) (62) = —pp} + p°p2(T2) — p*w2(T2) = —pp,
which is trivially satisfied.

At t = 73, the regularity condition reads

0> (For — Lyyw) (€s) = —p2 + ppa(7s) + pa2(73) = —p3,
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which is verified.
Assumption 5 (SGLC). This Assumption is trivially satisfied, since
L(p,z) = Fio1(p,x) + Ly, ¥(x) — Ly, L, ()
=p—Lg(—pr2)=2p>0 V(p,x) € T*R%
8.2. Second variation. First of all, we compute the pull-back vector fields, by

means of formula (C.1) and of equations (8.3)-(8.4). We obtain the following ex-
pressions:

eP(t=71) _q ] . SN
ggEfl-i-ffm, g = e foq, t € [71,72],

_ep(-T1) g eP(Ts—T1) 1 eS|
k3 = fo — us————— fo1, k=—-fi———fo1 = Ea |-
P p —eP(T3—T1

Admissible variations The pullback system (4.5) assumes the form

(®5) Gi(t) = — f% w(s)ePs—T)ds,

. <2(t> =¢e9+ pf:rfl w(s)ep(S—?l)dS7
so that the space of extended admissible variation W can be identified with the
following subspace of R x L?([71, 2], R):

T2 _ p(Ts=71) _ 1
W= {(s,w): / w(s)e!C"™)ds = 567}.
71 P
It is easy to see that §? is linear with respect to the state; since both ¢} and
k are constant with respect to the basepoint, we choose Y1 as a linear function of
the state, so that all second derivatives of the term 37 + S — S2 are zero. In
particular, with this choice we obtain D?(a + 77 + §%) [ef1]? = €2.
Keeping all these facts into account, the second variation reads
T2
(8.6) T (e, w))? = (1 + V2Us) + / pw? () — pw(t)Ca(t)e P~ ™dt.

T1

8.2.1. Coerciveness of the second variation. We recall that, given any subspace
V C W, J! is coercive on W if and only if it is coercive both V and V+, Y+
denoting the orthogonal complement of V in W with respect to the bilinear form
associated with J//. To prove the coerciveness of (8.6), we choose

T2

V= {(O,w): /A w(s)e!S~™ds = 0}.

T1
Coerciveness on V. In order to prove the claim, we apply the characterization of

coerciveness given in [ASZ98a, Lemma 5|, that is, we study the LQ optimal control
problem

/7-:2 .
min/ pw?(t) — pw(t)zo (t)e P dt

T1

subject to

. 1) = t p(tf?l) =
Z(A) w Ze fOla = LQ([?1,?2])1 / w(t)ep(t—ﬁ)dt =0.
z(1) =2z(72) =0, ™1
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The maximised Hamiltonian G” associated with this problem is given by
1 _ _

(8.7) G"(p,2,t) = 1 ((pp2 = p1)e” ™) + prae” P,
p

The solutions of the Hamiltonian system associated with (8.7) are given by

21(t) = pla + b(t —71))ert=71),
2o(t) = (a4 b(t —71))ert=0),

pi(t) = p1(7),

p2(t) = (“ + (22 4 p(t —7y))e ),

for some real constants a,b. The boundary conditions z(7;) = z(T2) = 0 are
satisfied only for a = b = 0, that is z(¢) = 0. Thanks to [ASZ98a, Lemma 5], this
implies that J!' is coercive on V.

Coerciveness on V'. First of all, we characterize V*. The bilinear form associ-
ated with J is given by the formula

(8.8) i
Tlge,5e) = 21+ VEas)+ 5 [ 2pu(0)T(0) - p(wl)alt) + BOG(O)e Tt

1

with e, Se €W, Introducing pa(-) as the solution of the Cauchy problem

equation (8.8) becomes

Tle, o) = 2 (1+VEs) - pGa(pa(a) 5 [

1

pw(t) (2w(t)—C2(t)efp(tf?l)—|—p2(t)efp(t7?1))dt.
It is immediate to see that an admissible variation de belongs to V* if and only

if e=P(t=71) (2w(t) — Go(t)e=Pt=T1) —i—pg(t)e_p(t_?l)) does not depend on ¢ (indeed,

the orthogonal complement to zero-mean functions in L?([71,72]) is the space of
constant functions); we thus set

(89) Ce = eip(ti?l) (2’(0( ) CQ( )6 p(t=71) _|_p2( )e*P(t*ﬂ)),
so that
(8-10) JN[&3]2|VL = 52(1 + \/51/1:5) — Eppg(%)e(%*?l) + %E(e(%fﬁ) _ 1)'

From equation (8.9), combined with (8.5), we can deduce that w(-) is smooth.
Differentiating (8.9) with respect to ¢, we obtain

(8.11) w(t)e PET) — pw(t)ePETT 4 pGy(t)e 2T =,

Multiplying (8.11) by e??(*~71) and differentiating again, we obtain w(t) = 0,
i.e. w(-) is an affine function. Plugging into the previous equations we obtain
2\/_ 2+p(72 —71)

C. =
p(T2 — T1)
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and

p2(72) = ,)2(% (—e"’@‘ﬂ) (2\/5 + (14 V2)p(7 — ?1)) +2v2+p(% —?1)).

7/:2 —7’1)

Substituting these expressions into (8.10), we obtain

f%#sza(mH@+——3__+wmg,

p(T2 —T1)

which is positive whenever & £ 0.

8.2.2. The over-mazximised Hamiltonian. Although the expressions of the Hamil-
tonians Hy and K are not necessary to deduce the optimality of the reference
extremal, we provide their explicit formulas, to give an insight on their construc-
tion.

Since, along the extremal, zo > 0, we do not use the absolute value in the
expressions of ®~. First of all, we see that X~ = {(p,@): p» — zo = 0} and
ST ={(p,x): p2 = x2 and p1 = p(p2 + z2)}. Straightforward computations yield

p1 T2+ P2
ﬁ(pvm) = 2_p - 92 )

Hy(p,x) = %(I)l —p(p2 — 172))2.

In particular, we obtain that

1
Hy(p,z) — Fo(p,x) = n ((pl — 2pm2)* + 4p*x2(p2 — :vz))-

This formula shows that Hy > Fj only for (p,x) € ¥~, with equality for (p,x) €
S~. Finally v(p,x) = p_21 for any (p,x) € T*R?, so that

Ko@) = (01 = plp2 = 22)” + - (2 — o)

9. CONCLUSIONS

In this paper, we develop the analysis of sufficient optimality conditions for gener-
alised L'-optimal control problems started in [CP19]. In particular, we consider the
case in which the reference extremal contains a singular arc. As already observed in
the Introduction, this fact brings significant technical difficulties, in particular the
necessity of computing the second variation of a singular arc for a Bolza problem,
which, to our knowledge, has not been done before.

We believe that [CP19] and the current paper, altogether, provide a solid basis
for the study of sufficient optimality conditions for problems of the form (1.1)-
(1.2): indeed, they give an insight of how to figure out more complex cases (as the
concatenation of several bang, singular and inactivated extremals).

Two only issues are left over: the possibility of bang-bang concatenations (here
prevented by Assumption 1), that, in our opinion, can be treated providing minor
changes to the existing results, taking advantage of the techniques developed, for
instance, in [PS16]; the case of degenerate singular arcs, which, even if it is a non-
generic case, is nevertheless theoretically challenging. The authors are planning to
consider this last situation.
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APPENDIX A. SKETCH OF THE COMPUTATION OF THE SECOND VARIATION

We first recall that the reference extremal 5\\, associated with the control (3.1),
satisfies the following equation

(A1)
~ ~ t ~ ~ ~ ~, ~
) = (& +/A [u(s)| dlibs|(@)ds) o St = (1 +aSf(@)) o St e 0,7],

Moreover the cost realised by the trajectory & associated with the control u can
be written as J(u) = §%(77T) — 83(no) + 37 (1) + 3o (10), thanks to equation (4.2).
Further, we notice that the variations du = u — U can be encoded in three terms,
that is, the variation dv of the control along the singular arc, and the variations
g3 = (13 —T2) — (T3 —T2) and €4 = (T — 73) — (T'—73) of the length of the third and
fourth arc, related by the constraint e3+¢4 = 0. In particular, there is no variation
of the terms —S3(n,) + Jo(no). The second variation J”[5u] is thus given by

9’ _ Py
u?  Ou?

~0 R 9 2 PO R 52
+ (DQS%(QO) +D27T(QO)) [%] + (dS7(G0) + dyr () , 8—772T>

where, for the differential of §? , we have used the notation established in Remark 4.1
and where the derivatives with respect to u have to be intended as the derivatives
with respect to the variables (v, e3,24), which can be computed using the equations

T

ng:/ ((v(s) — @(s))Ps () — L, 8 ))ds—/T2 LnSSS(ns)dS—F/? (T%?ﬁs(ns) L;,52(n,) ) ds,

3

m=ii+ [ " (0(s) — A(s))g (me)ds + [ ka(ne)ds.

T1 7 T3 T2

k3(ns)ds + /

€4
7 T —T3
We first show that the first order approximation of J, evaluated at (v,es,e4) =
(@, 0,0) is null, so that the second variation is intrinsically well defined. We point

out that, thanks to (A.1), dgg((/jl) +dyr(q1) = —21, so that

aJ 0 ~ 0 0 72 ~ .
(2L 0)) = sy - @1, 20 / §0(s) ($u(@) ~ LpS2@)) ds+ [ 50l g}(@))ds
/ u(s) (VE(s)) — Ly S2@) — Fi((s)) + LypS2(@) ) ds = 0.
Since only variations where 4 = —e3 are admissible, it suffices to show that — =
€3
Notice that
684
(A.2)

T
Ly, (59 - 52) (@ )=Lk4(5%—5%)(§1)=/ L $a(@)ds = Or(@) — 95(@).
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since §22 = §23 and, for every s € [73, T, %@S = Ly, ¥,. Finally, we get

0 _ Oy g Onr

955~ 0es {1, a€3> = —Li, 82 (1) — (01, k3(@)) = — L, S, (@) — (1, ks(@))

oJ onl ~ 0 ~ ~ ~ - ~0 ~ ~ -
O @y, S - 0, S2@) + (@) — (B Ra(@) = —LinS2 (@) + s (@) — (G, k(@)
Oeqy  Oey Oey

so that

aJ  aJ S R

6_53 - 6_54 = Lkrkas% (‘h) — Yz ((J1) - <€1 , (k4 - k3)(‘]1)>

= Ly -1y 52, (@1) — 9=, (@) — (-DSLS1 + 05, f1(G@s)) = —@T (£3) = 0.

T3%

Let us now compute the second variation. By some long computations, it is
possible to obtain

(A.3)

J"[6v,e3,64]% := /A /A du(s)ov(r)Lg (121\5 + Ly (:y\T + §% — §2)) (G1)drds
+e3 /A 60(s) Lyt L (r + S — 52, ) @)ds + 24 /A 60(s) Ly (10r] + LuAr ) (@)ds

2 a0 A0\~ 2 ~ ~\ o~
+ 73Li3 (7T + 59 — 5%) (q1) + 34131@4 (|¢T| + Lk4'7T) (q1)
+ €384 L, (llz?gl + LkﬁT) (@)

?2 ~ ~ ~
= [ outen, (o + Ly (e + 59 - 51) ) @)as
T1

— eLan(ray-sniey L (31 + 58 = 82, ) @) + eLonces) -snz) (1021 + L ) @)ds

e 2 (s L0 0\~ e? o 5.0\ (7
+ 5 Lk, (7T + 51— 5&5) (@) + 5 L, (|¢T| + Lk4'7T) (q1)
- 52Lk3 (|{[J\ﬂ| + Lk477\T) (?J\l)u

where we set ¢4 = —e3 = . Integrating backward in time system (4.4), and

applying the constraints, we see that dns, — 0ns, = —ek(g1). Finally, plugging
equation (A.2) into (A.3) we obtain equation (4.3).

APPENDIX B. SOME TECHNICAL RESULTS AND PROOFS

Proposition B.1. For every smooth function v(t,£): R x T*M — R, the Hamil-
tonian flow associated with Ho() 4 v(t,£)®~ (¢) preserves ®~ on X, that is, if F,
is the flow associated with Hy(¢) + v(t, £)®~ (£) from Ty to time t, then

(B.1) Fl& oF(0) =0 (1), VleO.
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Proof. We notice that, for every £ € ¥,

a —-1F— =
SR R (0) = By + (1, )F + @ ()0t ), 8] o F(0)
- Ft* [HOa 7] © Ft(é)

since @~ (F.(¢)) = 0.
Using equation (5.2), for every ¢ € X~ we have

— 4

[Ho, ®7](6) = [exp(—t® 7). Fy 0 exp(H(O)® 7 )i=a(e)» 3 le
), @7 1(Oli=o(0

[exp( ) FO oexp(t to~
+ (0

(¢
((d0, &) [Fo, - ])(exp (O%7))
(1+ (@9, &7))[Fo, )| (exp(9()87)),

which is null by (5.1).
(]

Proof of Lemma 6.1. Set G, = 7:[\;1 o KC; and notice that Qt(?l) = EAl for every
t € [71,72). Forevery { € ¥,

26.(0) = (v~ A F") 0 Fdlgy = (T, 0 Gu(0) — (1) F (Gu(0),

thanks to Proposition B.1. Since o is tangent to A1, we obtain that G;(A1) C Ay.
gt*(Tz\lAl) = TEAl for every t € [T1, 72|, that is, ﬁt*(TzlAl) = Ict*(TZIAl) and
claim (1) is proved.

By simple computations, we can prove that G; is the Hamiltonian flow associated
with the Hamiltonian G; = (K — Ht) o Ht In particular, from the fact that
dG|z =0, we obtain that
(B.2)

1 1, ~ _ N _
Gl = §D2Gt|g1 = 5(d<1> Rdv+dvRd® )|X(t)[Ht*-]2 = (d® [5)» How ) (¥ 50y Hiw)
is a well defined Hamiltonian function on Til (T*M), and that Gy, is the Hamiltonian
flow associated with G, see [MR94].
We now restrict ourselves to vectors ¢ € 1; %7 By definition, and using the fact
~ - ~ D —
that (d®7[5 ), He0) = 0, it follows that G/ (60) = (dvl5 ), Hex0) (AP |5, Hex6L).
To compute this quantity, we set ©(0¢) = (dd~ |X(t)v ﬁt*(%}, and choose some vector
X € Ts(T;, (T* M)) =~ T; (T* M); then

a50(X, F(00)) = (diplse, X) = (d®7 |5 Hue X) = 05y (H1u X, B (Hy(01)))

=0og (X H & (Ho(1))),
so that, by (B.1),

~

(B.3) GY(50) = (dvls ) » HundO)D (1),

Let us now assume that ker(w’;qt)*hzl[\l = 0 for some t € [T1,72].
Set A(t) := Gp.0¢, for some 6¢ € Ty Ay. Thanks to (3.8), there exist a unique
0ls € T3 S™ and a unique a € R such that 6 = §ls + aff)*(zl). From equation
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(B.3), we obtain that A(t) = 60g+ u(t)®~ (¢1), for some real function p(-) satisfying

H@) = a.
In particular, this implies that

Kbl = Kubls + a®~ (A1) = Hee (605 + p(t)B (£1)).

Thus, if (7Kt)«6¢ = 0, then (Wﬁt)*(éfg + u(t)i_(?l)) = 0, which implies, by
hypothesis, that 00g + u(t)®~(f1) = 0, that is, (g = 0 and u(t) = 0. By (B.2)
wu(t) = a—i—f;l <dV|X(s) , Hsx00)ds = a since, by construction, v is constant along the

integral lines of ®~. Thus a = 0, so that claim (2) is proved. O

APPENDIX C. USEFUL FORMULAS

In this section, we recall classical formulas of differential geometry that we ex-
tensively use throughout the paper.

Let f,g be two vector fields on some manifold M. Then, for every ¢ for which
exp(tf) is defined, it holds

(C.1) % exp(—tf)«goexp(tf) = exp(—tf)«[f, g] o exp(tf).

Let F,G: T*M — R be some Hamiltonian functions, and denote, as usual, with
the script their flow from some time ¢g. Then

_ Lo L L TS = - ﬁ
LﬁG = <dGaF> = U(Fa G)v [Fa G] = U(FvG)v f;1G|ft(€) =Go t|l-
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