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Semigroup associated with a free polynomial

Abbas Ali and Assi Abdallah *

Abstract

Let K be an algebraically closed field of characteristic zero and let K¢ [[z1, ..., z¢]] be the ring
of formal power series in several variables with exponents in a line free cone C. We consider
irreducible polynomials f = y™ + ay(2)y"* + ... + a,(z) in Ko[[x1, ..., 7c]][y] whose roots are in

1

Kc[[azl’% , ..y xe ]]. We generalize to these polynomials the theory of Abhyankar-Moh. In particular
we associate with any such polynomial its set of characteristic exponents and its semigroup of
values. We also prove that the set of values can be obtained using the set of approximate roots.
We finally prove that polynomials of K[[z]][y] fit in the above set for a specific line free cone (see
Section 4).

Introduction

Let K be an algebraically closed field of characteristic zero and let K[[z]] be the ring of formal power
series in x = (z1,...,7) over K. Let f = ™ + a1(2)y" ' + -+ + a,(z) be a nonzero polynomial of
degree n in K[[z]][y]. Suppose that f is a quasi-ordinary polynomial, i.e its discriminant A, (f)(the y-
resultant of f and its y-derivative), is of the form A, (f) = 2%.e(x), where () is a unit in K[[z]] (Note
that this is always the case if e = 1). If f is irreducible then, by the Abhyankar-Jung theorem, there
exists y = Zp cpa € K[[g%]] such that f(z,y) = 0. Define the support of y to be the set Supp(y) =

{p € N°¢, #0}. In [7], Lipman proved that there exists a sequence of elements oL, T € Supp(y)
such that:

(1) my < mg < --- < my coordinate wise.

h
(éi) If ™ € Supp(y), then m € (nZ)° + ZmiZ. Moreover, m; & (nZ)°+ >, ;m;Z for alli =1, ..., h.
i=1
The semigroup of f is defined to be the set I'(f) = {O(f, g9), g € K[[z]][y]\(f)}, where O(f,g) is the
order of the initial form of the y-resultant of f and g with respect to a fixed order on N° (we also
have O(f, g) = ng(z,y(z). Now we can associate with f the following sequences: the D-sequence of
f is defined to be D; = nf, and for all 1 < i < h, D; is the ged of the (e,e) minors of the matrix
[nle, mlT, . mIT], where T denotes the transpose of a vector. We have Dy > ... > Dy, 1 = n°"!. Then
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D?L
L =m1,T; = €_17i_1 +m; —m;_q1 for all 2 < ¢ < h, and 7“(1), ...,r§ is the canonical basis of Z°. The
sequence {r(lj, TG, T1, .., T} i & system of generators of I'(f). Moreover, there exists a special set of
polynomials g1, ..., g, (the approximate roots of f), such that O(f,g;) = r; for all i € {1,...,h}( see
5).

The aim of this article is to generalize these results to a wider class of polynomials. Namely let C' be
a line free rational convex cone in R® and let K¢[[z]] be the ring of power series whose exponents are
in C. Let f =9y"+ a1(z)y" ' + - + an(z) be a nonzero polynomial of K¢[[z]][y]. We say that f is
free if it is irreducible in K¢ [[z]][y] and if it has a root (then all its roots) y(z) € KC[[Q%H Note that
irreducible quasi-ordinary polynomials are free with respect to the cone RS . In general, we associate
with a free polynomial f its set of characteristic exponents and characteristic sequences. We also
associate with f its set of pseudo-approximate roots and we prove that the set of orders (with respect
to a fixed order on Z¢ N C') of these polynomials generate the semigroup of f, which is defined to be
the set of orders of polynomials of K¢ [[z]][y]. Finally we prove that the semigroup is also generated
by the set of orders of approximate roots of f (see Section 3). Note that the semigroup is free in
the sense of [6]. This explain the notion of free polynomial. In Section 4 we apply our results to
polynomials of K[[z]][y] = Kge [[z]][y]. An irreducible polynomial f € K[[z]][y] is not free in general.
Our main result is that f becomes free in K¢[[z]][y] for a specific cone, after a preparation result.
More precisely let A, (f) be the y-discriminant of f. If f is a prepared polynomial (in the sense of
Remark 4) then f is equivalent, modulo a birational transformation, to a quasi-ordinary polynomial
F'. This transformation is used in order to go from roots of F' to roots of f, and these roots are in
Kc[[gi]] for the cone introduced in Proposition 17.

we define the e-sequence to be e; = for all 1 <14 < h, and the r-sequence ré, s TG>T, - Te O be

1 G-adic expansion and Approximate roots

In this section we recall the notion of G- adic expansion and the notion of approximate roots (see [1]).
Let R[Y] be the polynomial ring in one variable over an integral domain R.

Proposition 1 Let f be a polynomial of degree n in R[Y| and let d be a divisor of n. Let g be a
monic polynomial of degree %, then there exist unique polynomials ay, ...,aq € R[Y] with degy (a;) < %
for all i € {1,...,d} such that a; # 0, and f = g% + a19% ' + ...+ aq.

This expression is called the g—adic expansion of f. The Tschirnhausen transform of ¢ with
respect to f is defined to be 7¢(g) = g + d~'a;. Note that the 7¢(g) is a monic polynomial of degree

% and so we can define recursively the i*" Tschirnhausen transform of g to be T}(g) = Tf(T}i_l)(g))

with T}(g) = 74(g). By [2], 74(¢9) = g if and only if a; = 0 if and only if deg(f — g?) <n — 2. In this
case ¢ is said to be the d** approximate root of f. For every divisor d of n there exists a unique d**
approximate root of f. We denote it by App(f,d).

More generally let n = dy > da > ... > dj be a sequence of integers such that d;;1 divides d;
for all i« € {1,...,h — 1}, and set e; = diil,l < i< h-1, and e}, = +o0. For all i € {1,...,h}
let G; be a polynomial of degree d%- (in particular degyG; = 1) and let G = (Gy,...,Gp). Let
B ={b=(by,...,by) € N" 0<b; <e Vl<i<h} Then f can be written in a unique way as

f= deB cQGlil e Gzh. We call this expression the G—adic expansion of f.




2 Line Free Cones

In this section we recall the notion of line free cones, which will be used later in the paper. Let C' C R°€.
We say that C is a cone if for all s € C and for all A > 0, As € C. A cone C is said to be finitely
generated if there exists a finite subset {si, ..., s} of C such that for all s € C,

S=AS1+ ...+ A\pSk

for some Aq,..., A\ € R. If s1,..., s, can be chosen to be in QQ¢, then C' is said to be rational. From
now on we suppose that all considered cones are finitely generated and rational.

Definition 1 Let C be a cone, then C' is said to be a line free cone if Vv € C — {0}, —v ¢ C.

Given a line free cone, we can define the set of formal power series in several variables with exponents in

C, denoted K¢ |[z]]. More precisely an element y € Kc[[z]] is of the formy = 3> _ o apaf’ ...z

It follows from [8] that this set is a ring.

Definition 2 Let < be a total order on Z¢, then < is said to be additive if for all m,n,k € Z° we
have : m <n = m+k <n+k. An additive order on Z° is said to be compatible with a cone C' if
m >0=(0,...,0) for allm € CNZE.

With these notations we have the following:

Proposition 2 (see [8]) Let C is a line free cone. There exists an additive total order < which is
compatible with C'. Moreover, if < is such an total orde, then < is a well-founded order on CNZ¢, i.e,
every subset of C NZ° contains a minimal element with respect to the chosen order, and this minimal
element is unique.

Let y = >, cpa® be an element in Ke[z]]. The support of y, denoted Supp(y), is defined to be the

set of elements p € C' such that ¢, # 0. It results from Proposition 2 that elements in Supp(y) can be
written as an increasing sequence with respect to the chosen additive order on C.

We shall now introduce the notion of free polynomials.

Definition 3 Let C be a line free cone and let f = y" + ay(2)y" ' + ... + an(z) € Ko[[z]][y]. Then
f is said to be a free polynomial if f is irreducible in Kc[[z]][y] and if it has a root y(zx) in Kc[[gi]]

3 Characteristic sequences of a free polynomial

In this section we will introduce the set of characteristic sequences associated with a free polynomial

as well as its semigroup. Let C be a line free cone and let < be an additive order on Z°¢ compatible

with C. Let f € K¢[[z]][y] be a free polynomial and let y € K¢[[z=]] be a root of f. Let L be the field
1 1 1 1

1 1 1 1 1
of fractions of K¢|[[z]] and set Ly = L(z7),Ls = L1(x3),...,Lp = Ly—1(z&) = L(z7,...,x&). Then
L, is a galois extension of L of degree nf. Let finally U, be the set of n' roots of unity in K.



1 1

Let 6 € Aut(L,/L). For all i = 1,...,e we have 6(x]") = w;z" for some w; € U,. Then 9@%) = l@%,
where k is a non zero element of K. Let Roots(f) = {y1,...,yn} be the conjugates of y over L,
with the assumption that y; = y = Zcpg%. Then for all 2 < ¢ < n there exists an automorphism
0 € Aut(L,/L) such that y; = 6(y), hence y; = 0(y) = Zcpk‘pg%, k, € K*, and consequently
Supp(y) = Supp(y:)- -

Let z(z) € KC[[Q%]] Then Supp(z(z)) can be arranged into an increasing sequence with respect to
<. We define the the order of z, denoted O(z), to be O(z) = inf<(Supp(z)) if z # 0, and O(0) = —oc.

We set LM (z) = g% where p = O(z), and we call it the leading monomial of z. We set LC(2) = co»)
and we call it the leading coefficient of z. We finally set Info(z) = LC(z)LM (z) and we call it the
initial form of y.

Definition 4 Let the notations be as above with {y1,...,yn} = Roots(f) and y1 = y. The set of
characteristic exponents of f is defined to be {O(y; — y;),yi # y;}. Similarly we define the set of
characteristic monomials of f to be {LM (y; —y;),yi # y;}-

Next we will give some properties of the set of characteristic exponents.

Proposition 3 Let the notations be as above. Then the set of characteristic exponents of f is equal
to the set {O(yx — y),yx # y}. In particular the set of characteristic monomials of f is given by

{LM(yx —y), k=2,..,n} ={LM(0(y) —v),0(y) #y, 0 € Aut(L,/L)}.

Proof. We only need to prove that any characteristic exponent is of the form O(yy — y) for some k.
Let 1 <i# j <nand let ¢;; = LC(y; —y;) and M;; = LM (y; —y;), then y; —y; = ¢;; M;; + €;5 where
€ij € Ly and O(ej;) > O(M;;). Let § € Aut(L,/L), such that 6(y;) = y, then 6(y;) = yj for some
1<k <n,and 0(y; — y5) = 0(yi) — 0(yj) = yx —y = ck1 M1 + €1 = 0(ci; My + €i5) = cijaMij + 0(ei;)
with a # 0, O(eg1) > O(My;), and O(8(e;;)) > O(M;;). Hence My = M;; = LM(y; — y;). This
proves our assertion.Hll

Let {Mj, ..., My} be the set of characteristic monomials of f and write M; = g% Then {mq,...,mp}
is the set of characteristic exponents of f. We shall suppose that m; < mo < ... < my,.

Proposition 4 Let the notations be as above. We have L(y) = L(My, ..., Mp).

Proof. Let 6 € Aut(Ly,/L(y)), then € is an L-automorphism of L, with 6(y) = y. We have 0(y) =
0> cpg%) = Zcpé(g%) = Zcpkpg% =y = Zcpg%, with k, # 0 for all p € Supp(y), and so
9@%) = 7%. Hence g% € L(y) for all p € Supp(y). In particular, since My, ..., M}, are monomials of y,
then Mj, ..., M}, € L(y), and so L(M,, ..., M) C L(y). Conversely, if 0 € Aut(L,/L(Mj, .., My)), i.e if
6 is an L automorphism of L,, such that 8(M;) = M; Vi =1,...,h, then 6(y) = y. In fact if (y) #y
then 0(y) — y = ¢M; + ¢; for some characteristic monomial M;, hence 0(M;) # M; which contradicts
the hypothesis. This proves our assertion.ll

Note that for all i € {1,...,h}, L(My, ..., M;) = L[Mx, ..., M;] since M; is algebraic over L.

Proposition 5 Let the notations be as above. If m € Z¢ N Supp(y) then m € (nZ)° + Z?zl m;Z.



Proof. Write M = z'n. Since M is a monomial of y, then M € L(y) = L[M,..., My], hence
1 1 l 1

M = Z%Mfl...M;h + ...+ %Mlal Msh for some fi,..., f1,91,..,q1 € K¢l[z]] and | € N*, and

1 1 l !

S0 g1...qM = flgg...glMlal...M:h + ...+ flgl...gl,lell...M,?h. Comparing both sides we

get that 2 = LM(gy...gM) = gaMlall...M:;l for some i € {1,...,l} and a € Z°. In particular
nb+m = na+ aimy + ... + almy, and so m = n(a — b) + aimy + ... + abmy, € (nZ)° + 31 m;Z.M

Remark 1 Write Fy = L and for all i € {1,...,h}, F; = L[My, ..., M;] = F;_1[M;]. Also let Gy =
(nZ)¢ and for alli € {1,...,h},G; = (nZ)° + > %y mjZ. As in Proposition 5, we can prove that for
any monomial M = xn withm € C, we have M € F; & m € G;.

Next we will define the set of characteristic sequences associated with f.

Definition 5 Let the notations be as above and let {m1,...,mp} be the set of characteristic exponents
of f. Let I. be the e x e identity matriz. We shall introduce the following sequences:

o The GCD-sequence {D;}1<i<ht1, where Dy =n® and for all i € {1,...,h}, Diy1 = ged(nle,mT ..
..m}), the gcd of the (e,e) minors of the e x (e + i) matriz (nle,mi,....m}).

e The d-sequence {d;}1<i<p+1, where d; = Df:_l

o The e-sequence {e;}i1<i<n, where e; = D[z')+1 = dﬁf
o The r-sequence {1y, ....7S,71, ..., }, where (1}, ..r§) is the canonical basis of (nZ)¢, ry = my, and
foralli e {2 h} i = €i—1Ti—1+m; —m;i_1. Note that for alli € {2,...,h}, rid; = ridi+ Y p_o(mp—

My 1)dk = (dk dk+1)mk + myd;.

Remark 2 Let the notations be as in Definition 5 and let v be a non zero vector in Z°. Let D
be the ged of the (e,e) minors of the matriz (nle,m?,....mI o), then v € (nZ)° + > i1y if
and only if Diy = D. More generally, ”1 v € (nZ)° ijl m;Z and if Dit1 > D then for all
1<k< l“ kv & (nZ)* +Z —1 M2

ﬂ
xn

Proposition 6 For alli=1,...h—1let H;= L(M =
(i) F; = H; and m; does not belong to F;_,
(ii) [F; : Fi—1], the degree of extension of F; over F;_1, is equal to e;.

,m € Supp(y), m < mit1). Then we have

Proof. (i) Since m; < m;y; for all j = 1,...,4, then mq,...,m; € H;, and so F; C H;. In order to
prove that H; C F;, consider a monomial M of y such that M < M;,y. For each § € Aut(L,/F;),
¢ is an L automorphism of L, and §(M;) = M; for all j < i+ 1. Hence LM (0(y) — y) > M1,
and so (M) = M for all M < M1, hence M € F;. Finally we get that H; = F;. Now to prove
that m; ¢ Fi_1, let 0 € Aut(L,\L) such that 6(y) — y = c¢M; + ¢ with O(e) > m; and ¢ a non zero
constant (such a 6 obviously exists since M; is a characteristic monomial of f), then §(M;) = M; for
all j =1,...,1 — 1 and 6(M;) # M;, and so 0 € Aut(L,\Fi—1) with 6(M;) # M;, hence M; does not
belong to F;_1.

(74) Since M; ¢ F;_1, then m; ¢ G;_1, and so D; > D;;1. Moreover e;m; € G;—1 and for all 0 < a < ¢;
we have am; ¢ G;_1. Now let g = 4 +a13' "1 + ... + a; be the minimal polynomial of M; over Fi_ 1 and

km;

suppose that [ < e;. Since g(M;) = 0, then there exists some k € {0, ...,[—1} such that 2!/ =" = zhz =
for some o € G;—1, and so (I — k)m; = a € Gi—1 with 0 <l —k < ¢; Wthh is a contradiction. Hence

[ > e;. But g divides Y¢ — 2% . Hence g=Y¢% — P , and consequently [F; : F;_1] = ¢;.l




Proposition 7 Let the notations be as above. For all i € {1,...,h} we have e;r; € (nZ)¢ + 22;11 572
Moreover, ar; ¢ (nZ)¢ + 23;11 ;2 for all1 < o < e;.

Proof. We can easily prove that r, = m; + Z;;ll(ej — 1)r; for all ¢ € {2,...,h}, hence each of
the sequences (mg)1<k<n and (rx)1<kg<p can be obtained from the other and (nZ)e + Eé’:l il =
(nZ)*+> % _ymyZfor alli € {1,...,h}. In particular, for all @ € N, ar; € (nZ)e—i—Z;;ll r;Z if and only
if am; € (nZ)‘H—Z?jl m;Z. Let i € {1,...,h}. By Remark 2, e;m; = %mi € (nZ)ﬂ—Zéjl m?Z and
am; ¢ (nZ)ﬂ—Zéjl m;Z forall 1 < o < e;. Hence e;r; € (nZ)e—&—Z;;ll r;Z and ar; ¢ (nZ)e—l—Z};ll ;2
foralll <a<e;. R

Remark 3 Since [L(y) : L] = n, then it follows from proposition 6 that [L(y) : L] =e;...ep = D]ijrl'
But [L(y); L] = n and Dy = n®, hence Dy 1 = n®"1. It follows that di = n and dj, 41 = 1.

For all i € {1,...,h}, define the following sets: Q(i) = {0 € Aut(L,/L)|O(y — 0(y)) < m;}, R(i) =
{0 € Aut(L,/L)|O(y — 0(y)) = m;} and S(i) = {0 € Aut(L,/L)|O(y — 0(y)) = m;}. With these

notations we have the following:
Proposition 8 #R(i) = D; and #S5(i) = D; — D1, where # stand for the cardinality.

Proof. We have § € R(i) & 0(M;) = M; for all j < i & 6 € Aut(L,/L(M;,...,M;_1)), hence
#R(i) = #Aut(Ly,/L(M;, ..., M;_1)) = [Ly : L(My, ..., M;_1)] = [L,, : Fi_1]. By proposition 6 we have
[F‘ifl : L] = [F:L',1 . Fi,Q] e [Fl : L] —€j—1--"€1 = ﬁi = %i But [Ln : L] = [Ln : Fifl][Fifl : L] = ne,
then [L,, : Fi_1] = D;, and so #R(i) = D;. Now R(i +1) C R(i) and # € S(i) if and only if
O(y — 0(y)) = m; if and only if § € R(i) and 6 ¢ R(i + 1), hence #S(i) = D; — D;11. R

The statement and the proof of Proposition 8 imply the following: for all i € {1,...,h}, let R(i) =
{yr|O(y — yr) > m;} and S(i) = {yx|O(y — yi.) = m;}. We have:

Proposition 9 #R(i) = d; and #S5(i) = d; — dj1.

3.1 Pseudo roots, semigroup, and approximate roots of a free polynomial

Let the notations be as above. For all i € {1, ..., h} we will define a specific free polynomial G, called
the i pseudo root of f such that O(G;(z,y(z))) = r;. Also we will define the semigroup I'(f) of f and
we will construct a system of generators of I'(f). Finally we will prove that O(f, App(f,d;)) = r; for
alli € {1,...,h}. Let y(z) = Zcp@% be a root of f and let m € Supp(y). We set yom = > .
and we call y,, the m-truncation of Y.

p<m Cﬂin

Definition 6 For alli € {1,...,h}, we define the it" pseudo root of f to be the minimal polynomial
of Y<m, over L. We denote it by G;.
In the following we shall study the properties of G;. In particular we shall prove that O(f, G;) = r;.

Proposition 10 Let the notations be as above. For alli=1,...,h,deg,(Gi) = 5 = -

6



Proof. By proposition 6 we have L(y<m,) = L(M, .., M;_1). In particular deg,(G;) = [L(y<m,) : L] =

(LM, M) L) = 5, = 8

Proposition 11 The polynomial G; is free, and its characteristic exponents are 73—;, e

Proof. The polynomial G; is free from the definition. We shall prove that y<,,, € K¢z % ]].
Let z» be a monomial of Y<m,;, then X € (nZ)¢ + Z “mjZ. Let D be the ged of the minors
of the matrlx (md, ..., m§, ma,...,mi—1,A), then D = D;. For all [ € {1,...,e} the matrix 4, =
(mg, ..., mo 1A mf;rl, .,m§) is one of the minors of the matrix (mj}, ..., m§, m1,...,m;—1), then D;
divides Det(Al) Write A = (A1, ..., \e), then obviously Det(4;) = n®~!);, and SO D; divides ne_l)\l
for all I € {1,...,e}. It follows that "57% = A € Z¢. Moreover, since A € C, and + - >0, then 2 g €C.

A
Hence g% =z % where \ = d , and so xn € Kellz % ).
Let 0(y<m;) be a conjugate of y<p,,, then obviously LM (0(y<m;) — Y<m,;) = T

. m
{1,...,i—1}. But -2 =

&\:\ -

mj
n

for some j €

, hence the set of characteristic monomials of G; is {%*, ..., mjlfl 1A
1 T

SEEE

-

Proposition 12 Let the notations be as above. For all i € {1,...,h}, we have O(f(z,y<m,(z)) =
’I”idi
—

Proof. We have f(z,y<m,) = [1i—;(Y<m; — yr) with the assumption that y = yi. Clearly O(y<m, —
yk) = O(y1—yr) if O(y1—yx) < 5 and 7 otherwise. It follows from Proposition 9 that O([,_; (y<m, —

; id; ..
yk) = %( Z;ll(dk — dg41)mg + dym;), which is equal to rid%i by Definition 5.1
n

Let g = y™ +b1(2)y™ ' + ...+ bn(z) be free polynomial of K¢ [[z]][y] and let 21, ..., 2, be the set of

. 1 n
roots of g in K[[zm]]. We set O(f,g) = >_1, O(g(z,yi(x)). Clearly O(f,g) = Z] 1O( (z,zj(x)) =
O(g, f) = O(Resy(f,g)), where Res stand for the y-resultant of f,g. As a corollary of Proposition 12
we get the following:

Corollary 1 With the notations above, we have O(f,G;) =1;

Proof. In fact, O(f,Gi) = O(Gi, ) = £O(f (2, y<m,)) = ;. B

As a corollary we get the following:

Proposition 13 Let {G1,...,Gp} be the set of pseudo roots of f. Let i € {1,...,h}, then we have
0(Gi,Gj) = % forall j € {1,...,1 —1}.

Proof. This is an immediate consequence of Corollary 1 because G1,...,G;_1 is the set of pseudo-
6

approximate roots of G; and the r sequence of G; is given by -2 = d—o d—l —”d;l. |
(

Definition 7 Given g € Ke([z])[y], f g, we set O(f,g) = > i, O(g(z,yi)) = nO(g(z,y(z)). Clearly
)

(
O(f,9192) = O(f,q1)+O(f, g2). It follows that T'(f) = {O(f, 9)lg € Kel[z]][y]\ (f)} is a subsemigroup
of Z°. We call it the semigroup associated with f.



In the following we will be prove that (r{,...,r§,71,...,7) is a system of generators of I'(f). We
shall need the following result:

Lemma 1 Let the notations be as above and let o = (o, ..., a8, a1, ..., Th), B = (BY, ..., B8, By Br)

be two elements of 7¢ x N such that 0 < «;,B; < e; for all i € {1,...,h}. Ifa = 3¢  abri +
h w h

Zj:l ajry =1 Borh + Zj:l Bjrj then a = (.

Proof. Suppose that a # 3 and let k be the smallest integer > 1 such that o; = 3; for all ¢ > k + 1.
Suppose that ay > B,. We have (o, — Bp)ri = >y (Bh — ad)ré + Zf;ll (Bj — aj)r;. This contradicts
Proposition 7.1

Lemma 2 Let g € Ke[[z]][y] and suppose that f fg. There exists a unique § = (65, ...,05,01,...,0,) €
76 xN" such that 0 < 0; < e; forallj € {1,...,h} and O(f,g9) = >.5_, 067‘6—1—2?:1 0;r;. In particular
U(f) is generated by r§, ..., 78,71, ...,Th.

Proof. Let g = ZQCQ(Q)G? e Gflhf@h+1 be the expansion of g with respect to (Gi,...,Gp, f) and

recall that for all @, if cp # 0 then 0 = (01,...,0h11) € {(B1,-, Bnr1) € NMFL 0 < B < ¢; V) =
1,...,h}. The hypothesis implies that there exists at least one € such that cg # 0 and 011 = 0. Let
M = CQ@)G?1 . Gzh, N =cy (E)Gfi e Gih be two distinct monomials of g. It follows from Lemma 1
that O(f, M) # O(f, N). Hence there exists a unique monomial M of g such that O(f, g) = O(f, M).

This proves our assertion. Wl

Remark 4 In the Lemma above, if degyg < g for some i € {1,...,h}, then O(f,g) € (nZ)° +

2;11 riN. Moreover, O(f,g) = d;O(G;,g). In fact, in this case, any monomial M of the expansion
of g with respect to (G1,...,Ghn, f) is a monomial in G1,...,Gi_1. Hence this expansion coincides with
that of g with respect to (G1,...,Gi—1,G;). If M is the unique monomial such that O(f,g) = O(f, M)
then M s the unique monomial such that O(G;,g9) = O(Gi, M). But O(f,M) = d;O(G;, M). This

proves our assertion.ll

The next Proposition shows that we can calculate a system of generators of I'(f) only with the set of
approximate roots of f.

Proposition 14 For alli € {1,...,h}, let g; = App(f,d;). We have O(f,g;) = ri.

Proof. Let ¢ = h and consider the Gj-adic expansion of f, f = Gih +C (z, y)Gzh_1 +...+Cq (z,y) =
Zgio Ck(g,y)Gthfk where Co = 1 and Ci(z,y) € Kc[lz]][y] with degy(Cr(z,y)) < g for all
k =1,..,d,. Consider the Tschirnhausen transform of Gj with respect to f given by 7¢(Gp) =
G, + d;lCl(g, y). We have O(f, Gy) = rp, hence we need to prove that O(f,C1) > rp.

Let k € {0, ...,d, —1}. For all a # k, we have O(f, CoGi"~%) # O(f, CyGS"~¥). In fact, suppose that
O(f, CaGP ™) = O(f,CLG "), that is O(f,Cy) + (dn — @)ry = O(f,Ck) + (dy, — k)rp,. Suppose
that o > k, then (o — k)rp, = O(f,Ca) — O(f, Ck). But degy(Ca),deg,(Ck) < -, then by Remark
4, O(f,Cy),O0(f,Cx) € (NZ) +mMZ+ ... + 117, and so (« — k)rp, € (nZ)® + N+ ...+ rp_1N,
with 0 < o — k < dp = ep. This contradicts Proposition 7. Now a similar argument shows that



O(f, ChGI %Y = O(f,C) + (dn — k)ri # O(f,Ca,). As f(z,y(z)) = 0, we get that O(f,Cy,) =
O(f, Gih) = rpdp < O(CkGZh_k, hence O(f,C;) > kry. This is true for £ = 1, consequently
O(f,C1) > m4, and O(f,7¢(Gr)) = rh. Repeating this process, we get that O(f, T}(Gh)) = ry for
all [ > 1. But g, = App(f,dp) = T}O(Gh) for some ly. Hence O(f, gn) = rp.
Now suppose that O(f,gx) = 7 for all k& > ¢, and let us prove that O(f,g;) = r;. Note that
gi = App(git1,€). Let

giv1 = G + Bz, )G+ B2, y) (1)
be the G;—adic expansion of g;11 and consider O(f,g;+1). For all k € {1,...,¢;}, O(f, BkGZ"_k)
O(f, Br) + (e: — k)ri. But O(f, Bi) € (nZ)° + Y72 ;N because deg,B) < #, and rir1 & (nZ)° +
23:1 7;N. Now a similar argument as above shows that re; = O(f,GS) = O(f, Be;) < O(B1GS ™).
Hence O(f, f1) > r;. In particular

O(f’ Tgiv1 (Gl)) = O(fv G; + gﬁl) =T

Applying the same process to f and 7, (G;) instead of f and G;. We get that O(f, ngi+1(Gi)) =r;.
But g; = Tng(Gi)) for some [;, hence O(f, g;) = O(f, 7%, (G;)) = r;. This proves our assertion. W
Remark 5 The semigroup T'(f) is a free affine semigroup with respect to the arrangement (rg, ..., r§,
T1,...,7p) (see [6] for the definition and properties of free affine semigroup). This explains the notion
of free polynomials introduced in the paper.

4 Solutions of formal power series

Let f(z,y) = y" +a1(2)y" ' + -+ + an—1(2)y + a,(x) be a polynomial of degree n in K[[z]][y]. In
this Section we shall prove that, modulo an automorphism of K[[z]][y], and under an irreducibility
condition, f is free in K¢ [[z]][y] for some specific line free cone C. Let A(z) be the discriminant of f in
y, and write A(z) = > e pa? = >~ 50 ua(z) where for all d > 0, ug is the homogeneous component
of degree d of A. Let a = inf{d, uqg # 0}. If a = 0, then f is a quasi-ordinary polynomial. Suppose
that a > 0, and, without loss of generality, that u, ¢ K|[[x2,...,z.]]. In the next remark we will
show how to prepare our polynomial so that the smallest homogeneous component u, of A contains
a monomial in x7.

Remark 6 (Preparation) Consider the mapping & : K[z]] — K][z]], defined by &(x1) = X1 and
E(xi) = X; +tXy foralli € {2,...,e}, where t is a parameter to be determined. Let ¢ : K|[z]][y] —
K[[X]][y] be the map defined as follows: if H = ho(x)y™ + ... + hm—1(2)y + hm(z) € K[[z]][y] then
Y(H) =E&(ho(2))y™ +. .. +E&(hm—1(2))y+E&(hm(z)). Then we easzly prove that 1 is an isomorphism. If
A is the discriminant of Y(f) and if vg(X) = ug(X1, Xo+tX1, ..., Xe +1X1) then A" =" o vq. But
va(X) = eq(t) X{ + v/}, where v); is a homogeneous polynomial of degree d, and 4(t) is a polynomial
in t. Since K is an infinite filed, then we can choose t € K such that £4(t) # 0.

In the following we shall say that a polynomial f is prepared if it satisfies the condition of Remark 6,
i.e. its discriminant is of the form A = )" ,_,uq such that the smallest homogeneous component is
of the form u, = c,x¢ + u/, with ¢, # 0 and u), € K[z]. The next proposition shows that a prepared
polynomial is birationally equivalent to a quasi-ordinary polynomial.



Proposition 15 With the notations above, if f is a prepared polynomial then F(Xi,...,Xc,y) =
f( X1, XXy, ..., XcX1,y) is a quasi-ordinary polynomial.

Proof. Let A be the discriminant of f. The discriminant Ay of F is Ay = A(X7, Xo X1, ..., X X1).
Write A = > d>a Ud, Where ug is the homogeneous component of degree d of A and u, # 0, then
Ay = ZdZa wq(X) with wg(X) = ug(Xy, X2 X1, ..., X X1). For all d > a, we have

wd(i) = Xfl'l,Ld(l,XQ, s 7X6) - X:llj(cd + 6d<X17 "'7X6)) = Xile_a(Cd + gd(le 7X€))

where ¢q € K and ¢4(0,...,0) = 0. Since f is prepared, then ¢, # 0, hence Ay = X{(c, + £(X) and
£(X) is a non unit in K[[ ]]. So F'is a quasi-ordinary polynomial. l

We will now introduce the following line free cone.

Proposition 16 The set C = {(c1,...,¢c) € R 1 > —(ca+ ...+ ¢e), ¢ >0V 2 <1i<e} isaline
free convex cone.

Proof. Let ¢ = (c1,...,¢e) € C and A > 0, then obviously Ac¢ € C, hence C' is a cone. Moreover, if
c=(c1y..sCe),d = (d),...,c,) € C, then c+ ¢ € C, and so C is a convex cone. Let ¢ = (¢, ...,c.) € C
such that ¢ # 0, and let us prove that —c = (—¢y, ..., —c.) ¢ C. We have ¢; > 0 for all i € {2,...,e}.
If ¢; > 0 for some i € {2,...,e}, then obviously —c = (—¢y,...,—ce) ¢ C. If ¢; =0 for all i € {2,...,e},
then ¢ > —(ca + ...+ ¢ce) =0, but ¢ # 0, then ¢; > 0, and so —¢ = (—¢1,0,...,0) ¢ C. Hence C is a

line free cone.l

Along this Section, C' will denote the cone defined in proposition 16.

Lemma 3 Let Y(X) be an element of K[[X]]. If y(z) = Y (x1, 2027, .., zeayh) then y(z) € Ko[[z]].
Proof. Write Y (X) = Z Yo X%, then y(z) = Y, Yozl ~(azt- +ae)x52 . . In particular Supp(y) =
{(a1—(ag+...+ae),as,...,a.),a € Supp(Y)}. As ay > 0, we have (al—(ag—i- Aac) > —(az+...+ae),

hence y(z) € K¢[[z]]. 1
The following proposition characterizes the irreducibility of elements of K[[z]][y] in K¢ [[z]][y].

Proposition 17 With the notations above, f is irreducible in Ko[[z]][y] if and only if F (X1, ..., Xe,y) =
f( Xy, Xo Xy, ..., Xe X1,y) is irreducible in K[[X]][y].

Proof. Suppose that f is irreducible in K¢[[z]][y]. If F is reducible in K[[X]][y], then there exist
monic polynomials G,H € K[[X]][y] such that F = GH and 0 < deg,(G),degy(H) < n. But
flxr, . xe,y) = F(x1,$2:111_1, . ,xexl_l,y). Then:

(@1, e, y) = Gz, my o wexy L y) H (21, w02y b wexy L y).
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Let g(z,y) = G(x1,x027 ", ... xexy ,y) and h(z,y) = H (w1, x907 ", ..., zex] ,y). Let m = degy(G)
and write G(X,y) = y™ + a1(X)y™ ' + ... + am(X), where a;(X) € K[[ ] for all i = 1,...,m. We
have:
g(z,y) = y™ + ar(w1, xaxyt, o xex T Dy T 4 am (21, moxy L mea )

Since a;(X) € K[[X]] for all i = 1,...,m, then by Lemma 3 we get that a;(21,z227", ..., z.27") €
Ke[[z]] for all i = 1,...,m. It follows that g € Ke[[z]][y]. Similarly we can prove that h € Ke[z]][y]-
Hence f = gh with 0 < degy(g) = degy(G) < n and 0 < degy(h) = degy(H) < n = degy(f), and
so f is reducible in K¢ [[z]][y], which is a contradiction. Conversely suppose that F' is an irreducible
polynomial in K[[X]][y]. If f is reducible in K¢ |{[z]][y], then there exist hi, hy € Ke|[z]][y] such that
f = hihg with 0 < degy(h1), degy(ha) < degy(f). Given a(z) =" caz* ... z% € Kc[z]], we have

a(X1, Xp X1, XeX1) = D caXTH(XX1)™ L (X X0)% =) g Xrioteroexge  xge

Since a(z) € Ko[[z]], then a1 > —(a2 + ... + ae) for all (ay,...,ac) € Supp(a(z)). It follows that
ai; +az+...+a. >0 for all (ay,...,a.) € Supp(a(z)). Hence, a(X1, XoX7, ..., X X1) € K[[X]]. Then
hl(Xl,XQXl, ...,XeXl,y),hQ(Xl,XQXl, ...,XeXl,y) S K[[X]Hy] But

F(Xb "')Xeay) = f(X17X2X17 "'7X6X1ay) = hl(X17X2X17 "')XeXlay)hQ(XlaX?Xla "'7X6X17y)'

This contradicts the hypothesis.ll

In the following we give a characterization for the polynomial f to be free.

Proposition 18 Suppose that f is a prepared polynomial. If f is irreducible in K¢o|[[z]][y], then it is
free.

Proof. By Proposition 15, F(X1, ..., Xc,y) = f(X1, X2X1,...,XX1,y) is a quasi-ordinary polyno-
mial of K[[X]][y], and by Proposition 17 we get that F' is an irreducible quasi-ordinary polynomial in
K[[X]][y] of degree n, then by the Abhyankar-Jung theorem there exists a formal power series Z in
K[[X7, ..., X]] such that F(X, Z(X) = 0. But F(X, Z(X)) = f(X1, XaX1, ..., X.X1, Z(X)), then
flxy, xa, ..., xe, Z(xl,xgxl_l, e ,xe:rl_l)) = 0. It follows that Z(xl,:chl_l, e ,a:exl_l) is a solution of
f(z1,....ze,y) = 0. Since Z(X) € K[[X%]], then by Lemma 3 we deduce that Z(z1, xax7 ", ..., ze27 ") €
KC[[Q%]] This proves our assertion.ll

Remark 7 In Propositions 17 and 18, if F(X) = f(X1,X2X4,...,X.X1) is not irreducible, then
it decomposes into quasi-ordinary polynomials, hence f itself decomposes into free polynomials in
Kellz]][y]. As for reducible quasi-ordinary polynomials, we can associate with f the set of characteristic
sequences of its irreducible components as well as a semigroup defined from the set of semigroups of
these components.

Next we prove that the approximate roots of a prepared free polynomial are free polynomials.

Proposition 19 Suppose that f is prepared and let d be a divisor of n. If f is free in Kc[[z]][y] then
App(f,d) is also free.
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Proof. By Propositions 15, 18 and Lemma 17, the polynomial F(X,y) = f(X1, XoX1,..., XeX1,9)
is an irreducible quasi-ordinary polynomial of K[[X]][y]. Let G = App(F,d). We have F = G¢ +
Co(X,y)G9™2 + ... + Cq(X,y), with degy(C;) < 2 for all ¢ € {2,...,d}. Hence, f(21,...,Tc,y) =
F(ay,zeay . meayt y) = g%z, y) + O (2, y)g? Mz, y) +. ..+ Cly(z, y) where g(z,y) = G(x1, z227 ",
...,:Eexfl,y) and Cl(z,y) = Ci(azl,azgxfl,...,xexfl,y) for all i € {2,...,d}. By lemma 3 we have
9,Cj € K[[z]][y] for all i € {2,...,n}. Since deg,(C;j) < 5 for all i € {2,...,d} and degy(g) = &
we get that g = App(f,d) in Ke[[z]][y]. But f € K[[z]][y] and K[[z]][y] € Kc[[z]][y], then g =
App(f,d) in K[[z]][y] . Since G is the approximate root of an irreducible quasi-ordinary polynomial
1

then it is an irreducible quasi-ordinary polynomial, and G' admits a root in K[[z4]]. But g(z,y) =

G(x1, xgxl_l, . ,xe:cl_l,y), then by a similar argument as in Proposition 18 we get that g admits a
1

w

root in K¢ [[z 4 ]]. Moreover g is irreducible in K¢ [[z]][y] by lemma 17. Hence g is free.ll
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