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POLAR DECOMPOSITION OF SEMIGROUPS GENERATED BY
NON-SELFADJOINT QUADRATIC DIFFERENTIAL OPERATORS AND
REGULARIZING EFFECTS

PAUL ALPHONSE AND JOACKIM BERNIER

ABsTrACT. We characterize geometrically the regularizing effects of the semigroups generated
by accretive non-selfadjoint quadratic differential operators. As a byproduct, we establish the
subelliptic estimates enjoyed by these operators, being expected to be optimal. These results
prove the conjectures of M. Hitrik, K. Pravda-Starov and J. Viola in [19]. The proof relies on
a new representation of the polar decomposition of these semigroups. In particular, we identify
the selfadjoint part as the evolution operator generated by the Weyl quantization of a time-
dependent real-valued non-negative quadratic form for which we prove a sharp anisotropic lower
bound.

1. INTRODUCTION

We consider the semigroups generated by accretive non-selfadjoint quadratic differential opera-
tors. They are the evolution operators associated with partial differential equations of the form

w D —
(1.1) Oru+ ¢ (x, Dy)u =0,
u(0, ) = wo,

where ug € L?(R"), n > 1 is a fixed number and ¢“(x, D) is the Weyl quantization of a complex-
valued quadratic form ¢q : R?" — C with a non-negative real part. Denoting Q € Sa,,(C) the matrix
of q in the canonical basis of R?", ¢*(x, D) is nothing but the differential operator

¢“(z,D,) = (x —iV)Q <—fv> .

This operator is equipped with the domain D(¢*) = {u € L*(R") : ¢*“(x, D;)u € L?*(R™)}. Note
that this definition coincides with the classical definition of ¢*(x, D,) as an oscillatory integral.
We recall that since the real part of the quadratic form ¢ is non-negative, the quadratic operator
q“(x,D;) is shown in [22] (pp. 425-426) to be maximal accretive and to generate a strongly
continuous contraction semigroup (e %" );>q on L2(R™).

In this paper, proving a conjecture of M. Hitrik, K. Pravda-Starov and J. Viola in [19], we
characterize and quantify geometrically the regularizing effects of (e‘tqw)tzo in the asymptotic
0 < t < 1. Basically, we determine how smooth and localized are the mild solutions of (LI)).
This problematic is natural and interesting in itself but it is also motivated by its applications in
control theory (see Remark below). Furthermore, it is not trivial because, since our operators
are non-selfadjoint, we have to deal with nonlinear interactions between phenomena of diffusions
and transports (understood in some very weak senses). For example, considering the Kolmogorov
operator x40, —822, it can be proven that its associated semigroup is smoothing super-analytically
both with respect to the variables x1 and x2 (see e.g. [3]). In the more general framework of the
quadratic differential operators, this problematic was widely studied (see e.g. [2 16} [19] 20l [34])
but results were established only for some specific subclasses of these operators. As a byproduct,
using interpolation theory, we establish sharp subelliptic estimates that were also conjectured in
[19] and widely studied (see e.g. [3] 19} 20} 32]).

Beyond our results, we believe that one of the main interests of this paper consists in the methods
we introduce, their possible applications and the links we highlight between the analysis of the
properties of semigroups and the study of splitting methods in geometrical numerical integration.
Our proof relies on a new representation of the polar decomposition of the evolution operators:

(1.2) et = gTtal oI
2010 Mathematics Subject Classification. 35B65, 35H20, 65P10, 47A60.

Key words and phrases. Quadratic operators, Polar decomposition, Splitting method, Fourier integral operators,
Subelliptic estimates.



2 PAUL ALPHONSE AND JOACKIM BERNIER

where a¢,b; are some real valued quadratic forms depending analytically on 0 < ¢t < 1, a; is
nonnegative and e =% (resp. e~**") denotes the evolution operator generated by al (resp. ib}")
at time t. The existence of such a representation relies on the exact classical-quantum correspon-
dance (through the theory of Fourier Integral Operators developed by L. Héormander in [22]). This
correspondance allows to identify a semigroup generated by the Weyl quantization of a quadratic
form with the Hamiltonian flow of this quadratic form (i.e. the exponential of a matrix). The key
observation in this paper is that, since e =¥ is unitary, the regularizing effects are entirely driven
by e . In other words, a; encodes all the regularizing effets generated by the nonlinear interac-
tions between the phenomena of diffusions and transports. For exemple, a formula of Kolmogorov
(see e.g. [3]) proves that for the Kolmogorov operator, the factorization [[L2 becomes

Vvt >0, et(af62 —228z,) _ et(812+t611/2)2+t38§1/1267tx2611.

As a consequence, the smoothing properties of this semigroup become as explicit as for the heat
equation. Obviously, in general, there is no elementary explicit formula giving a;. The main
technical result of this paper is the derivation of a sharp anisotropic lower bound for a; in the
asymptotic of 0 < ¢ « 1. The starting of this derivation is the observation that a}’ results
from the backward error analysis of the Lie splitting method] associated with the decomposition
2(Req)® = ¢* +q*"
etq“’ etqw _ e?taft".

This formula provides a direct way to determine a; as a function of ¢ and ¢. Using the generalization
[33] of the results of L. Hérmander [22], our results could be extended to non-autonomous equations.
Furthermore, in view of [8,[37], we expect that our results could be extended to deal with semigroups
generated by inhomogeneous quadratic differential operators. However, these extensions would
require some important technicalities. Consequently, they would deserve some further analysis in
future works. For the moment, it is not clear how our methods could be extended to deal with
non-quadratic operators. It would also deserve some further investigations. We believe that our
representation (I.2) could also be useful to analyse some other properties of the semigroups like
the propagation of coherent states or singularities. Finally, our methods seem promising to design
and analyse rigorously some splitting methods to solve numerically equations of the form (LIJ), see

18-

Outline of the work. Section [2] is devoted to present the main results contained in this paper, put
in their bibliographic context and illustrated with examples. In Section [3] we establish the polar
decomposition of quadratic semigroups in any positive times whereas Section [ is devoted to the
study of the selfadjoint part for small times. As a byproduct of this decomposition, we study the
regularizing effects of semigroups generated by non-selfadjoint quadratic differential operators in
Section [Al from which we derive subelliptic estimates enjoyed by accretive quadratic operators in
Section [l Section [7]is an appendix containing the proofs of some technical results.

Convention. Any complex-valued quadratic form ¢ : R?® — C will be implicitly extended to the
complex phase space C2" in the following way:

(1.3) VX €C?, ¢(X)=X"QX = q(Re X) + ¢(Im X),
where Q € S,,,(C) denotes the matrix of the quadratic form ¢ in the canonical basis of R?".

Notations. The following notations will be used all over the work:

1. For all complex matrix M € M, (C), M denotes the transpose matrix of M while M* = M

denotes its adjoint.
2. (-,-) denotes the inner product on C" as defined in (Z3)).
. We set | - | the Euclidean norm on R™ extended to C™ as explained in the previous convention.

w

4. The notation || - || stands for the matrix norm on My, (C) induced by the norm || - ||z on C".
From there, we introduce the norm || - ||oc on M2, (C) x M2y, (C) defined by

(M, N)loo = max([[M][, [|N]])-

5. When K = R or C, we denote by Sp,,, (K) the symplectic group whose definition is recalled at
the beginning of Subsection

Lthis is a classical problematic in geometrical numerical integration, we refer the reader to [13] for a presentation
of this topic.
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6. We denote by C(X,Y) the ring of the non-commutative polynomials in X and Y, as defined
e.g. in [9] (Chapter 6). For all non-negative integer k > 0, we set C o(X,Y) the subspace
of C(X,Y) of non-commutative polynomials of degree smaller than or equal to k vanishing in
(0,0).

7. For all vector subspace V C K", with K = R or C, the notation V' is devoted for the orthogonal
complement of V' with respect to the canonical Euclidean (when K = R) or Hermitian (when
K = C) structure of K.

8 If f: (—a,a) = M,(C) is an analytic function such that f(0) = 0, with a € (0, +00], there
exists an other analytic function g : (—a, a) = M, (C) such that for all t € (—a, ), f(t) = tg(t).
With an abuse of notation, we will denote

(1.4) Vte (—a,a), g(t)=f(t)/t.
2. FORMALISM AND MAIN RESULTS

2.1. Hamiltonian formalism and Singular space. Before stating the main results contained
in this paper, we need to introduce the Hamilton map and the singular space associated to the
quadratic form ¢, which will play a key role in the following. According to [21I] (Definition 21.5.1),
the Hamilton map F of the quadratic form ¢ is defined as the unique matrix F' € Ma,,(C) satisfying
the identity

(2.1) VX, Y € R*™  ¢(X,Y)=0(X,FY),
with ¢(-,-) the polarized form associated to g and ¢ the standard symplectic form given by
(2.2) a((z,€), (y,m) = (&y) — (z.m),  (2,y),(&n) € C*",

where (-, -) denotes the inner product on C™ defined by
(23) <x7y>:2z]y]7 z:(zlavxn)vy:(ylvayn)e(cn
=0

Note that this inner product (-,-) is linear in both variables but not sesquilinear. By definition,
the matrix F'is given by

(2.4) F=JQ,

where @ € S3,(C) is the symmetric matrix associated to the bilinear form g(-, -),
(2.5) VX, Y € R*™, ¢(X,Y)=(QX,Y) = (X,QY),

and J € GLg,(R) stands for the symplectic matrix defined by

(2.6) J= (_();n éz) € Spy, (R).

The notion of singular space was introduced in [I6] (formula (1.1.14)) by M. Hitrik and K.
Pravda-Starov by pointing out the existence of a particular vector subspace S in the phase space
R2”, which is intrinsically associated to the quadratic symbol ¢, and defined as the following
intersection of kernels

—+oo
(2.7) S = () Ker(Re F(Im F)/) N R*",

j=0
where the notations Re F' and Im F' stand respectively for the real part and the imaginary part of
the Hamilton map F associated with ¢q. Note that the subspace S readily satisfies the two following
properties
(2.8) (ReF)S ={0} and (ImF)SCS.
Furthermore, the intersection defining S in (Z7)) being an intersection of subspaces of a finite
dimensional vector space, this intersection is finite. More precisely, we may consider the smallest
integer ko > 0 satisfying

ko
(2.9) S = [ Ker(Re F(Im F)’) N R*",

§=0
Notice that as a consequence of the Cayley-Hamilton theorem, we have 0 < kg < 2n — 1. This
integer ko will play a key role in the following. Since the quadratic symbol has a non-negative real
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part Reg > 0, the singular space can be defined in an equivalent way as the subspace in the phase
space where all the Poisson brackets

Hf, Req= (9:Tmgq- 0, — 9, Tmq- ) Req, k>0,

are vanishing
S={XeR>: (Hf, ,Req)(X) =0, k>0}.

This dynamical definition shows that the singular space corresponds exactly to the set of points
X € R?", where the function t — (Re ¢)(e!fm¢ X)) vanishes to infinite order at ¢t = 0. This is also
equivalent to the fact that this function is identically zero on R. As pointed out in [16, [32] [36],
the singular space is playing a basic role in understanding the spectral and hypoelliptic properties
of non-elliptic quadratic operators, as well as the spectral and pseudospectral properties of certain
classes of degenerate doubly characteristic pseudodifferential operators [17, [18].

2.2. Polar decomposition of semigroups generated by non-selfadjoint quadratic dif-
ferential operators. We begin by giving a sharp description of the polar decomposition of the
evolution operators e %" . More precisely, we aim at establishing that for any ¢ > 0, the operator
e 1" admits the decomposition

w

(2.10) e " = gtal omithY

)

where a;, b; : R?® — R, with ¢t > 0, are real-valued time-dependent quadratic forms, a; being non-
negative. In formula (ZI0), the linear operators %% and e~ are defined as follows: for some
fixed t > 0, the quadratic operators a’(x, D,) and ib¥(x, D,) respectively generate a semigroup
(e7% )s>0 and a group (e’ ) cg of contraction operators on L2(R™) (since the quadratic form
a; is non-negative and the quadratic form b; is purely imaginary) and the operators et and

e~ are respectively defined by

(2.11) et = e‘sa?}szt and e " = e_iSb;U’S:t.

Notice that if the quadratic operators (Req)” and (Img)" commute, then the relation (ZI0) is
satisfied with a; = Re ¢ and b; = Im ¢q. Moreover, (2.I0) is the polar decomposition of the evolution
operator et as defined in Subsection [Tl In fact, the equality (ZI0) will be proven only for
small times 0 < ¢ < 1. In the case where ¢ > 1, a formula similar to (2I0) will be established
with the operator e~ replaced by a unitary operator U; which a priori cannot be written as an
operator defined in (ZIT). The main result contained in this paper is the following:

Theorem 2.1. Let ¢ : R?® — C be a complez-valued quadratic form with a non-negative real
part Req > 0. Then, there exist a family (a;)icr of mnon-negative quadratic forms a; : R — R,
depending analytically on the time-variable t € R and a family (Uy)ier of metaplectic operators
such that

Vvt >0, et — gta¥ U;.
Moreover, there exists a positive constant T > 0 and a family (by)—r<i<T of real-valued quadratic
forms by : R?™ = R also depending analytically on the time-variable —T <t < T, such that

Vi e [0,T), et =etareTith

We refer the reader to Definition in Appendix where the metaplectic operators (and more
generally the Fourier integral operators associated to non-negative complex symplectic transfor-
mations) are defined.

The principal application of this decomposition will be to describe the regularizing effects of the
semigroup (e_tqw)tzo, which requires a precise knowledge of the selfadjoint part e~**" given by
Theorem[2.Il More precisely, we will need an estimate from below of the time-dependent quadratic
form a;. This is the purpose of the following theorem:

Theorem 2.2. Let q : R?™ — C be a complex-valued quadratic form with a non-negative real part
Req > 0. We consider F the Hamilton map of q and S its singular space. Let (ai)icr be the family
of non-negative quadratic forms given by Theorem [21. Then, there exist some positive constants
0<T <1 andc>0 such that for all0 <t <T and X € R?",

ko
(2.12) a(X) > > t¥ Req((ImF) X),

j=0
where 0 < ko < 2n — 1 is the smallest integer such that (Z9) holds.
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Theorem 2.2/ implies in particular that for all 0 < ¢t < 1, the quadratic form a; enjoys degenerate
anisotropic coercive estimates in the phase space. This corollary is proven in Lemma Bl In the
particular case when S = {0}, this lemma implies that the quadratic form a; is positive definite for
all 0 <t <« 1. Moreover, it highlights the role of the singular space S in the polar decomposition
given by Theorem [2.1] through the index 0 < kg < 2n — 1 which is intrinsically related to its
structure.

The calculation of the quadratic forms a; and b; is quite difficult in practice (except for example
for the Ornstein-Uhlenbeck operators see e.g. [3]). The Kramers-Fokker-Planck operator without
external potential also makes an exception as illustrated in the following example:

Example 2.3. Let K be the Kramers-Fokker-Planck operator without external potential defined
by

(2.13) K=—-Ay+ v+ (v,V,), (z,0)€R™,

and equipped with the domain D(K) = {u € L*(R*") : Ku € L*(R*')}. The operator K
is quadratic since its Weyl symbol is the quadratic form ¢ : R* — C given by g(z,v,£,n) =
In|? +|v|? +i(v, &), with (z,v,&,n) € R, Moreover, for all ¢ > 0, the evolution operator e~ can
be written as

(2.14) e K = pmtal o mithY
where the time-dependent quadratic operators a}’ and b}’ are defined for all ¢ > 0 by

sinh(2t) _ 2t cosh(2t) — sinh(2?) sinh ¢

Y=-A, 2 A, d b=
@ [0l cosh(2t) + 1 4t(cosh(2t) + 1) and b

(Va, Vo)

(v, V).

Indeed, as we will see in the proof of Theorem [ZT] establishing the relation (2.I4)) is equivalent to
proving the following equality between matrices:

(2.15) o 2itJQ _ ,—2itJ Ay 2t B,
where J € Spy,(R) is the symplectic matrix defined in 8), Q@ € S4,(C) is the matrix of the

quadratic form ¢ in the canonical basis of R*", and the time-dependent matrices A;, By € Sy, (R)
are respectively defined for all ¢ > 0 by

On In On On 0 0 __sinht I 0
A = 2t cosh(2t) —sinh(2t) inh(2t B, = n i 2t “noon
¢ 0n On fl(;s(cc(?sh)(Zts)+l) In 2(czsh((2t))+1) L, ! On — 2? tIn On 0,
0, O, __sinh(2) 7 I, 0, 0, 0, 0,

2(cosh(2t)+1) "1
Moreover, (2.15) follows from a direct calculus.

Remark 2.4. The technics used to derive the polar decompositions of semigroups generated by
accretive non-selfadjoint quadratic differential operators can also be used to obtain other splitting
formulas. For example, let us consider the harmonic oscillator H = —A, + |z|?, with z € R™.
We prove in Proposition (in dimension 1, but the proof works the same in any dimension by
tensorization) with the same arguments as the ones used in the proof of Theorem [Z] that for all
t > 0, the evolution operator e ** generated by H writes as

67”{ _ efé(tanht)|x|26% sinh(2t)AI€7%(tanh t)\z\Q.
The method can be generally used for all semigroups generated by accretive non-selfadjoint qua-
dratic differential operators.

Remark 2.5. The polar decomposition provided by Theorem 2] for the semigroups generated by
accretive non-selfadjoint quadratic differential operators is as well valid for an other general class
of semigroups called fractional Ornstein-Uhlenbeck semigroups defined as follows: given s > 0 a
positive real number, B and @ real n X n matrices, with ) symmetric positive semidefinite, we
define the fractional Ornstein-Uhlenbeck operator L, as

1
Lo=3 Tr*(-QV2) 4 (Bz, V,.),

and equipped with the domain D(L,) = {u € L?(R") : Lu € L?>(R")}. The operator Tr*(—QV?2)
stands for the Fourier multiplier with symbol (Q¢,£)°. The two authors proved in [3] (Theorem
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1.1) that the operator Ls generates a strongly continuous semigroup (e *#);>¢ on L?(R™) and
that for all £ > 0, the evolution operator e *Fs is explicitly given by the following formula:

1/ s
(2.16) vt >0, e =exp ( —~ 5/ 1VQe ™ D, |” dT) e~ HB2.Va).
0

For all ¢ > 0, the relation (2.I8]) is the polar decomposition of the operator e ths,

2.3. Regularizing effects of semigroups generated by accretive non-selfadjoint qua-
dratic differential operators. As an application of the splitting formula given by Theorem 2]
and the estimate given by Theorem [2.2] we investigate the regularizing properties of the evolution
operators e~ *4" for all t > 0. As pointed out in the works |2, 16} 19, 20, [34], the understanding of
this smoothing effect is closely related to the structure of the singular space S. Indeed, the notion
of singular space allows to study the propagation of Gabor singularities for the solutions of the
quadratic differential equations

atu + qw(xv Dz)u = 07
u(0) = ug € L2(R™).

We recall from [33] (Section 5) that the Gabor wave front set WF(u) of a tempered distribution
u € &'(R™) measures the directions in the phase space in which a tempered distribution does not
behave like a Schwartz function. In particular, when v € ’(R"™), its Gabor wave front set W F'(u)

is empty if and only if u € ¥ (R™). The following microlocal inclusion was proven in [34] (Theorem
6.2):

(2.17) Vu € L2(R™),Vt >0, WEF(e " u) c efma(WFw)NS) C S,

where (etffima), g is the flow generated by the Hamilton vector field associated to the imaginary
part of the quadratic form ¢, Himg = (O¢Imgq) - 9y — (0, Imgq) - O¢. This result points out that
the possible Gabor singularities of the solution e """« can only come from Gabor singularities of
the initial datum w localized in the singular space S and are propagated along the curves given
by the flow of the Hamilton vector field Hiy, 4 associated to the imaginary part of the symbol.
The microlocal inclusion (Z2.I7) was shown to hold as well for other types of wave front sets, as
Gelfand-Shilov wave front sets [10] or polynomial phase space wave front sets [38].

Drawing our inspiration from the work [19], we consider the vector subspaces Vp, ..., Vi, C R?"

defined by
k
(2.18) Vi = [ Ker(Re FIm F)/) NR>", 0 <k < ko,
§=0
where 0 < ko < 2n — 1 is the smallest integer such that (2.9) holds. According to ([29), the family
of vector subspaces Vg, .. ., VkJU- is increasing for the inclusion and satisfies
1L 1 _ ol

(2.19) Vit C. C V=5t

where the orthogonality is taken with respect to the canonical Euclidean structure of R?®. This
stratification allows one to define the index with respect to the singular space of any point X, € S+
as

(2.20) kx, =min {0 <k <ko:Xo €V }.

When the singular space of ¢ is reduced to zero S = {0}, the microlocal inclusion (ZI7)) implies that
the semigroup (e=*");>¢ is smoothing in any positive time ¢ > 0 in the Schwartz space & (R"),
but this result does not provide any control of the blow-up of the associated seminorms as t — 07.
However, the notion of index was shown in [I9] to allow to determine the short-time asymptotics
of the regularizing effect induced by the semigroup (e*tqw)tzo in the phase space direction given
by the vector Xy € R?". More precisely, [19] (Theorem 1.1) states that when the singular space is
trivial S = {0}, there exists a positive constant C' > 1 such that for all Xy € R?" =S+ 0<t <1
and u € L*(R"),

C|Xo|

(221) H(XO’X>we_tqwuHL2(Rn) < m H’LLHLZ(]RTL),

where 0 < kx, < ko denotes the index of the point X, € R?" = S with respect to the singular
space and where the pseudodifferential operator (Xg, X)* is defined as the differential operator
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whose Weyl symbol is given by the linear form (Xj, X), that is
(222) <X07X>w = <:C07'r> =+ <§07 D:E>a XO = (1‘0550) € R2n'

This result shows that the structure of the singular space accounting for the family of vector
subspaces (Vi )o<k<k,, allows one to sharply describe the short-time asymptotics of the regularizing
effect induced by the semigroup (e_tqw)tzo. The degeneracy degree of the phase space direction
Xo € R?™ = St given by the index with respect to the singular space directly accounts for the
blow-up upper bound t_kxo_%, for small times t — 0%. As a corollary, the same three authors
proved in [19] (Corollary 1.2) that still under the assumption S = {0}, there exists a positive
constant C' > 1 such that for all m > 1 and Xi,...,X,, € R>" =S+ 0<t <1 and u € L%(R"),

w w _—tq% om N 1
(223) (X1, X)" . (X, X)e T ] oy < oo D [H|Xj|] (M) 0+ 2 |lul| p2gen).-

ot+3)m
j=1

This implies in particular that when S = {0}, the semigroup (e=*");>o is smoothing in any
positive time ¢ > 0 in the Gelfand-Shilov space S:gillg (R™). We recall that when p and v are
two positive real numbers satisfying u+ v > 1, the Gelfand-Shilov space S#(R™) consists in all the

Schwartz functions f € & (R") satisfying that

3C > 1,¥(e, B) € N>, |[z200 f(x < oMHlFIBL (o) (B1H.

Mgy
We refer to [27] (Chapter 6) for an extensive discussion about the Gelfand-Shilov spaces. This

result was sharpened by the same three authors in [20] (Theorem 1.2) with a different approach
based on FBI technics, where they proved that S = {0} implies that the semigroup (e=*¢");> is

actually smoothing in any positive time ¢ > 0 in the Gelfand-Shilov space 511 //5 (R™) with a control
of the blow-up of the associated seminorms in the asymptotics t — 07. Moreover, estimates similar
to [2:23) in the asymptotics ¢ — +o0o were obtained in the case where S = {0}, see again Theorem
1.1 and Corollary 1.2 in [19]. We also refer the reader to [28] B1] where quadratic semigroups are
studied in long-time asymptotics.

On the other hand, when the singular space .S of ¢ is possibly non-zero but still has a symplectic
structure, that is, when the restriction of the canonical symplectic form to the singular space
0|5 is non-degenerate, the above result can be easily extended but only when differentiating the
semigroup in the directions of the phase space given by the symplectic orthogonal complement of
the singular space

STt ={XeR™:VWWeS, oX)Y)=0}.
Indeed, when the singular space S has a symplectic structure, it was proven in [19] (Subsection
2.5) that the quadratic form ¢ writes as ¢ = g1 + g2 with ¢; a purely imaginary-valued quadratic
form defined on S and go another one defined on S°* with a non-negative real part and a zero
singular space. The symplectic structures of S and S°* imply that the operators ¢¥(z, D,) and
q¥ (z, D,) commute as well as their associated semigroups

oW W W W W
VE>0, e =e et =l ta

Moreover, since Re ¢ = 0, (e7*91");>¢ is a contraction semigroup on L?(R") and the partial smooth-
ing properties of the semigroup (e’tqw)tzo can be deduced from a symplectic change of variables
and the result known for zero singular spaces applied to the semigroup (e‘tq; )t>0. We refer the
reader to [19] (Subsection 2.5) for more details about the reduction by tensorization of the non-zero
symplectic case to the case when the singular space is zero.

In the case when the singular space S is not necessary trivial nor symplectic but is spanned by
elements of the canonical basis of R?" satisfies the condition S C Ker(Im F), with F' the Hamilton
map of the quadratic form ¢, some partial Gelfand-Shilov smoothing effects in any positive time
t > 0 for the semigroup (77" );>o were obtained by the first author in [2] (Theorem 1.4), with
some control of the associated seminorms as ¢t — 0*. Moreover, we mention that the two authors,
in [3] (Theorem 1.2), described the regularizing effects of the Ornstein-Uhlenbeck operator, whose
singular space is not symplectic nor satisfies the condition S C Ker(Im F).

In this paper, we investigate the smoothing properties of the evolution operators e %" for any
positive times ¢ > 0, and we aim at sharpening and generalizing the estimates ([2.23) without
making any assumption on the singular space S. As in the work [19], the notion of index plays a
key role in understanding the blow-up of the seminorms associated to the smoothing effects of the
semigroup (e %" );>¢:
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Theorem 2.6. Let ¢ : R?™ — C be a complex-valued quadratic form with a non-negative real part
Req > 0. We consider S the singular space of ¢ and 0 < kg < 2n — 1 the smallest integer such that
@3) holds. Then, there exist some positive constants ¢ > 1 and tg > 0 such that for all m > 1,
Xi,.., Xm€eSt 0<t <ty and u € L*(R"),

000 )% . (Ko X)) € o lH'X '] (D Il

where 0 < ka < ko stands for the index of the point X; € S+ with respect to the singular space.

In the case when m = 1, Theorem recovers the estimate (Z2I). The short-time asymp-
totics given by (Z23) of m differentiations of the semigroup (e=*");>0, as for it, is sharpened in
O(t=*x1=kxm=%) which was the bound conjectured by the three authors of [T9] in page 622.
This result discloses that these short-time asymptotics depend on the phase space directions of
differentiations. Moreover, the power over (m!)¥*2 is sharpened in (m!)z, which in particular
allows one to recover the Gelfand-Shilov S, ;2
in any positive time ¢ > 0 when S = {0} already established in [20] (Theorem 1.2), with now a
precise control in short-time of the associated seminorms.

(R™) regularizing effect of the semigroup (e 7" );>¢

Example 2.7. Let @, R and B be real n x n matrices, () and R being symmetric positive semi-
definite. We consider the generalized Ornstein-Uhlenbeck operator

(2.24) P= —% Tr(QV?2) + %(Rw, z) + (Bx,V,),

equipped with the domain D(P) = {u € L*(R™) : Pu € L?(R™)}. Notice that P is a pseudodiffer-
ential operator whose Weyl symbol p is given by

(2.25) p(e,6) = 5(Q6.8) + 3 (Re,2) +i{Ba,€) — 5 Tr(B).

The operator P = P + %Tr(B) is therefore a quadratic operator and it follows from a straightfor-
ward computation, see e.g. [2] (Section 5), that the Hamilton map F and the singular space S of
P are respectively given by

n—1

1 /4B Q . iy

F=3 (_R —iBT) and S = ﬂo (Ker(RB7) x Ker(Q(BT)")).
‘7:

We can consider 0 < kg < n — 1 the smallest integer such that S writes as

ko
(2.26) S = (Ker(RB?) x Ker(Q(B")’)).
j=0

We notice that the singular space of P has a decoupled structure in the phase space in the sense
that S writes as the cartesian product S = S, x S¢, where the two vector subspaces S, C R and
Se C RY are respectively defined by

ko
Sy = () Ker(RB’) CR} and S¢ = ﬂ Ker(Q ) C RE.
7=0

For all z € SIL and £ € Sé, we can define the indexes 0 < k, < kp and 0 < k¢ < kg of the points
x and £ with respect to the spaces S, and S¢ respectively by

k 1
kmzmin{ogkgko:xe(ﬂKer(RBj)) },
=0

and
k 1
ke = min{O <k<ky:€£€ ( ﬂ Ker(Q(BT)j)) }
=0

Notice that the integer k, (resp. ke¢) coincides with the index of the point (z,0) € Si- x {0} € S+
(resp. of the point (0,&) € {0} x S’El C S+) with respect to the singular space. Theorem 2.6limplies
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in particular that there exist some positive constants ¢ > 1 and tg > 0 such that for all m,p > 0,
T1y ooy Tm € Sy &1y, &y € S, 0 <t <tpand u € L*(R"),

(2.27) H<9€1,9€> v Ty ) (€1, V) - (Ep, Vm>e_tPuHL2(Rn)

cltm+p m P N N
< ey | L] | TH61| @)% oD% fulegee,
j=1

Jj=1

where the integers 0 < k;; < ko (resp. 0 < k¢; < ko) denote the indexes of the points x;
(resp. &;) with respect to S, (resp. S¢). This proves that the semigroup (e~*);>( enjoys partial
Gelfand-Shilov regularity in any positive time ¢ > 0.

Theorem implies in particular that for all Xq € S+ and t > 0, the linear operator
(Xo, X)%¥e %" is bounded on L?(R™). In fact, the reciprocal assertion also holds as shown in
the following theorem:

Theorem 2.8. Let q : R?™ — C be a complex-valued quadratic form with a non-negative real part
Req > 0. We consider S the singular space of q. If there exist t > 0 and Xo € R®™® such that the
linear operator (X, X)“e™'" is bounded on L*(R™), then Xy € S*.

Notice that if ¢ > 0 and X, € R?" are such that the operator (Xo, X)“e~%" is bounded on
L?(R™), then X, € S+ according to Theorem 2.8 and then Theorem can be applied to obtain
that for all m > 1, the operators ((Xo, X)*)™e~*" are also bounded on L?(R").

Remark 2.9. In the study of the null-controllability of quadratic differential equations, a key
ingredient is to obtain some dissipation estimates for the semigroup (e‘tqw)tzo in order to use a
Lebeau-Robbiano strategy, see e.g. [2}[3, 5] [6] [7} 12]. The regularizing effects given by Theorem [2.6]
allow to give a sufficient geometric condition on the singular space S of ¢ so that such dissipation
estimates hold. More precisely, let 7 : L2(R") — Ej be the frequency cutoff projection defined
as the orthogonal projection onto the vector subspace Ey C L?(R™) given by Ey = {u € L?(R") :
Suppu C [—k,k]™}, with & > 1 a positive integer. It can be proven while using Theorem
and the strategy used in [2] (Section 4.2), that when the singular space S of ¢ takes the form
S=%x {O]Rg}, with X C R7 a vector subspace, there exist some positive constants ci,ca > 0 and

0 < tp < 1 such that for all k > 1, 0 < t <ty and u € L*(R"),

—cotZR0 12

(2.28) (1 — ﬂk)e_tqwu||L2(Rn) < ce l|lull 2@y -

When the singular space of ¢ is reduced to zero S = {0}, dissipative estimates similar to (Z28])
were obtained with 7, some cutoff projections with respect to the Hermite basis of L?(R"), see
e.g. 6l 7).

2.4. Subelliptic estimates enjoyed by quadratic operators. Finally, we study the subelliptic
estimates enjoyed by accretive non-selfadjoint quadratic differential operators. When the singular
space of the quadratic form ¢ is reduced to zero S = {0}, K. Pravda-Starov proved in [32] that the
quadratic operator ¢%“(x, D) satisfies specific global subelliptic estimates with a loss of derivatives
with respect to the elliptic case directly depending on the structural parameter of the singular
space 0 < ko < 2n — 1 defined in ([Z9). More precisely, [32] (Theorem 1.2.1) states that when the
singular space is equal to zero S = {0}, there exists a positive constant ¢ > 0 such that for all
u € D(q"),

(229) H <(:L', DI>> 2ko+1 uHLQ(]R”') < C[qu (:L', Dm)uHL2(]Rn) + ||u||L2(]Rn)] s
where 0 < kg < 2n — 1 is the smallest integer such that (2Z9) holds, with
(2, D2)) 07 = (1422 4 DY) %o,

being the operator defined by the functional calculus of the harmonic oscillator. The estimate
(229) was first proven in [32] with a technical multiplier method, and recovered in the two papers
[20] (Theorem 1.1) and [I9] (Corollary 1.3) respectively by using technics of FBI transforms and
the interpolation theory. Moreover, the three authors of [I9] and [20] sharpened this result by
improving it in the directions of the phase space which are less degenerate, that is with smaller
indices with respect to the singular space. In order to recall their result, we need to consider the
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following quadratic forms
k
(2.30) pe(X) = Req((ImFY X)), 0<k< ko,
§=0
where 0 < kg < 2n — 1 is the smallest integer such that (2.9) holds. We also consider the quadratic
operators Ai defined for all 0 < k < kg by

(2.31) A; =1+ p¥(x,D,),

and equipped with the domains D(A?) = {u € L*(R") : Afu € L?*(R™)}. Since Req > 0 is a
non-negative quadratic form, it can be proven by using for example Lemma [5.3] that the operators
A% are positive and as a consequence, we can consider the fractional powers of those operators.
When the singular space S of ¢ is reduced to zero, Theorem 1.4 in [19] states that there exists a
positive constant ¢ > 0 such that for all v € D(¢"),

ko .
(232) (Aot gy + 3 ATl oy < ella” (@ DaJull e + ull gagan)-

k=1
The authors of [I9] expected the powers 2/(2k + 1) over the operators Ay to be sharp but also
expected the power over the term Ag to be equal to 2 and not to 1.

No general theory has been developed when the singular space S is not necessarily equal to zero.
However, let us mention that some subelliptic estimates were obtained for the Kramers-Fokker-
Planck operator without external potential K defined in (ZI3)) by F. Hérau and K. Pravda-Starov
in [15] (Proposition 2.1) with a multiplier method and for the Ornstein-Uhlenbeck operator (under
the Kalman rank condition) by the two authors in [3] (Corollary 1.15) while using the interpolation
theory as in the work [19].

In this paper, we aim at extending and sharpening the subelliptic estimates [2.32)) to all quadratic
forms ¢ : R?® — C with non-negative real parts Re g > 0, without making any assumption on their
singular spaces S.

Theorem 2.10. Let g : R?™ — C be a complez-valued quadratic form with a non-negative real part
Req > 0. We consider S the singular space of ¢ and 0 < kg < 2n — 1 the smallest integer such that
(Z9) holds. Then, there exists a positive constant ¢ > 0 such that for all u € D(q"),

ko _2
DA ull gy < lllg® (@, Da)ull g + llull g -
k=0

As in the case when the singular space is trivial, this result shows that the quadratic operator
q“(x,D;) enjoys anisotropic subelliptic estimates, this anisotropy being directly related to the
structure (2:9) of the singular space S. Moreover, Theorem confirms that the power over the
operator Ay associated to the real part of the quadratic form ¢ is actually equal to 2.

Example 2.11. Let P be the generalized Ornstein-Uhlenbeck operator defined in (Z24). It
follows from a straightforward calculation that for all 0 < k < k¢, the operator A% associated to
the quadratic operator P + %Tr(B) is given by

k k
1 S 2 1 ; 2
2 Z /B Z T
Ap =1+ 2j+1‘ RBJ:C‘ + 9j+1 |\/§(B )JDI| ’
=0 =0
where 0 < kg < n — 1 is the smallest integer such that (Z20) holds. It therefore follows from

Theorem [2.10] that there exists a positive constant ¢ > 0 such that for all 0 < k < kg and
u € D(P),

k & 1
L j 1 . 1
|(1+ 3 g VRB 'l + 3 g VRGBT D)
J=0 s

L2(R™) < C[”PUHLZ(RW) + HUHLZ(R"')} .

3. SPLITTING OF SEMIGROUPS GENERATED BY NON-SELFADJOINT QUADRATIC DIFFERENTIAL
OPERATORS

This section is devoted to the proof of Theorem Il Let ¢ : R?” — C be a complex-valued
quadratic form with a non-negative real part Req > 0. We consider @ € Sy, (C) the matrix of ¢
in the canonical basis of R?". We also consider J the symplectic matrix defined in ([Z.6]). Our goal
is first to construct a family (a;);er of non-negative quadratic forms a; : R*® — R, depending
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analytically on the time-variable ¢t € R and a family (Uy):cr of metaplectic operators such that for
all ¢t > 0,

(3.1) et =7t [,

and then to prove that there exist a positive constant T > 0 and a family (b;) —r<¢<7 of real-valued
quadratic forms b; : R?® — R also depending analytically on the time-variable —T < t < T', such
that forall 0 <t < T,

(3.2) et = emtal oTitbY

To that end, we begin by establishing that proving (B1]) and ([B.2) is actually equivalent to
solving a finite-dimensional problem involving matrices. First of all, in order to give an intuition
of this equivalence, let us formally prove that given some ¢ > 0, the factorization [B2))is equivalent
to the finite dimensional matrix relation
(3.3) e 2MIQ _ o =2it Ay 2By

w

where A; (resp. By) is the matrix of the quadratic form a; (resp. b;) in the canonical basis of R?*".
The equivalence between (32)) and (B3] will be justified rigorously shortly later with the theory of
Fourier integral operators. By applying the Baker-Campbell-Hausdorff formula introduced in [4]
and [14], the relation ([B8.2) is formally equivalent to

—+o0
(3.4) —tq¥ = Z Z (adspy ) - . . (adspw )(@mtay’ + Bmithy’),

m=0pe{as,ib }™
where au,, Bm € Q are explicit rational coefficients and
adp, Py := [Py, Pa] = P1 Py — PP,

denotes the commutator between the operators P; and P.. However, if ¢1,¢s : R2" — C are
two quadratic forms, elements of Weyl calculus, see e.g. [2I] (Theorem 18.5.6), show that the
commutator [¢}’, ¢¥] is also a differential operator given by

(3.5) [0, ¢5] = —i{q1,q2}", where {q1,92} = Veqi - Vaeqa — Veqi - Vego.

Note that {q1,¢2} is the canonical Poisson bracket between the quadratic forms ¢; and go. We
therefore deduce that ([3.4) is equivalent to the equality between quadratic forms

+oo
(3.6) —tg=Y_ Y (ady,)...(ady,, )(amtas + Bmtidy),

m=0pe{—ias,bs}™

where we set ady, ps := {p1,p2}. Moreover, we observe that if g1, g2 : R*" — C are two quadratic
forms, the Hamilton map of the Poisson bracket {q1, g2} is —2[F}, F3], with [F}, F3] the commutator
of Fy and F» the Hamilton maps of ¢; and ¢q, see e.g. [31] (Lemma 3.2). As a consequence, we
deduce while using (24 and multiplying by 2¢ that ([B.6]) is equivalent to the matrix relation

—+00
(3.7) —20tJQ =) > (adesp,) ... (adesp, )(am2itJ Ay — B2t By).
m=0 Pc{2iA;,—2B;}™

Thus, by applying once again the Baker-Campbell-Hausdorff formula, the relation (8:2) is equiva-
lent to (Z3). Obtaining the quadratic forms a; and b; is then far easier henceforth the equivalence
between ([3.2) and (B3] is established. Indeed, let us check that the relation (33) is equivalent to
the following triangular system

e—ditdA,  _  o—2itJQ—2itJQ
Y
(3.8) e2tJ By = QRitJA ,—2itJQ

Obviously, if (B:8) holds, then [B3) is satisfied. On the other hand, when ([B.3]) holds, we observe
that

o 2itJQ = 2itJQ _ ,=2itJ A [20J By ,=2tJ By ,=2itJ Ay _ ,—4itJA;

Moreover, the equality e2!/B: = ¢2#/41¢=24JQ g only a rewriting of (3.3) and hence, (3.8) holds.
The first equation of (B8] will be solved for any time ¢ € R by using the holomorphic functional
calculus. The second one will only be solved for short times |t| < 1.

In order to justify rigorously this reduction to a finite-dimensional problem, we shall use the
Fourier integral operator representation of the evolution operators e~*4" proven in [22] (Theorem
5.12) and recalled in the following proposition:
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Proposition 3.1. Let § : R?” — C be a complez-valued quadratic form with a non-negative
real part Req > 0. Then, for all t > 0, the evolution operator e *4" = K256 generated
by the quadratic operator ¢*(x,D.) is a Fourier integral operator whose kernel is a Gaussian
distribution associated to the non-negative complex symplectic linear bijection e~2*/@ € Sp,, (C),
with Q € Sa,,(C) the matriz of § with respect to the canonical basis of R?".

We refer the reader to Subsection[7.3]in Appendix for the definition of the Fourier integral operators
Hr and their basic properties, where T is a non-negative complex symplectic linear bijection in
C?". The key property satisfied by the operators S that we will need here is that if 77 and 75
are two non-negative complex symplectic linear bijections in C?”, then 17175 is also a non-negative
complex symplectic linear bijection and

(39) K%{Tsz = :l:;%Tl‘%Tza

see Proposition [C4 The sign uncertainty in ([33) will not be an issue in the following. As a
consequence of [B9) and Proposition B we shall on the one hand, to prove ([BI]), obtain the
existence of two families (At):er and (Hi)ier of real symmetric positive semidefinite matrices
A; € 83, (R) and real symplectic matrices H; € Sp,, (R) respectively, whose coefficients depend
analytically on the time variable ¢t € R, such that for all t € R,

(3.10) e2IQ — =2itJ A Er

On the other hand, to establish ([32), we shall prove that there exist a positive constant T° > 0
and a family (B;)_r<i<r of real symmetric matrices, whose coefficients also depend analytically
on the time-variable —7T" < ¢t < T, such that for all =T < ¢ < T, the real symplectic matrix H; is
given by

(3.11) H, = e?t/Be,

Indeed, let us first assume that [B.I0) holds and let us prove BI]). It follows from ([B.9) that for
all t > 0, up to sign,

_ L w
et = Ho—2itse = L%efﬂtJAth =+H —2it54, K, =e tay Ui,

where Uy = £,/ 7, is a metaplectic operator on L?(R"), see Definition [T.5] with &, € {—1,1}, and
a; : R?™ — R, is the non-negative time-dependent quadratic form associated to the matrix A; in
the canonical basis of R?". This proves that (3.1 holds. On the other hand, to derive ([3.2)) from
(B.I0), we consider the time-dependent quadratic form b, : R?® — R, with 0 <t < T', associated to
the time-dependent matrix By in the canonical basis of R?". Indeed, when (3II) holds, it follows
from the definition of the operators U; and Proposition 3.1l that for all 0 < ¢ < T,

(3.12) U, = Et%Ht = Etj(GZtJBt = Ete_itb;u.
We then deduce from B1) and BI2) that for all 0 <t < T,
(3.13) e " = gemtal TION

It only remains to check that ¢, = 1 for all 0 < t < T. To that end, we consider u € #(R") a

non-zero Schwartz function. We deduce from (BI3) that for all 0 <t < T,
(e=t" y, et u>L2(]R") = gy(etaV eIty g ith] “>L2(Rn)'

Since the quadratic form a; is non-negative for all ¢ > 0, the operator e~*% is selfadjoint on L? (R™)
and we therefore deduce by using the semigroup property of the family of operators (e’saéu)szo
that for all t > 0,

—tq" —ithY _ —Ltal by ||2

(™" u,e u>L2(]R") =cile € u||L2(]R")'
b’ is unitary for all ¢ > 0,
—b"y, are non-zero

The operator e~z is injective from Corollary [Z.9 and the operator e~
since the quadratic form b; is real-valued. Thus, the Schwartz functions e e
and we have that for all ¢ > 0,

-2

L2(R™)

_ /.—tq" —itbY —%ay —itby
(3.14) Et—<€ T u,e" fu>L2(Rn)||e 2% 7" fu”
Moreover, it follows from [22] (Theorem 4.2) that the applications ¢ +— e™*"u, t +— e~y and
t > et e~y are continuous from [0, 4+00) to ¥ (R™). It follows from (3.I4) that the map
t + &4 is also continuous from [0,7") to {—1,1} and since g =1, we have e, =1 for all0 <t < T.

This ends the proof of ([B.2]).
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The present subsection is therefore devoted to the proof of (BI0) and BIIl). We first focus
on the identity (FI0). As above, we can prove that this relation is equivalent to the following
triangular system,

—4ditJAy —2itJQ ,—2itJQ
(3.15) { ° ‘ ‘ :

H, — Q2itTAL,—2itIQ
We begin by solving the first equation of ([B.I3):

Theorem 3.2. There exists a family (Ai)ier of real symmetric positive semidefinite matrices
A € S;rn(R) whose coefficients depend analytically on the time-variable t € R such that for all
t e R,

e ditJAr _ 672itJQ672it.]é.

To prove Theorem [B.2] we need some technical lemmas. The first of them investigates the
spectrum of the symplectic matrices e~ 2#/Qe=2#/Q gppearing in Theorem 3.2

Lemma 3.3. For allt € R, the eigenvalues of the matriz e=27Qe=21t9Q gre positive real numbers.

Proof. For all t € R, we define K; = e~2t/Qe~2itJQ_ We first check that for all ¢t € R we have
¢ _ o
(3.16) K; = I, — 4iJT;, where T = / (e7257@)"(Re Q) (e~ 2*79) ds.
0

It follows from a direct computation for all ¢t € R,
d, (e—2itJQ€—2itJ§) _ _2,L-e—2itJQJ(Q +@)e—2itJ§ _ _4ie—2itJQJ(Re Q)e—m‘tJQ

Since @ is a symmetric matrix, it follows from Lemma [Z2] that for all ¢ € R, e=2*/Q ¢ Sp, (C) is
a symplectic matrix and as a consequence of the above identity,

at(efm't.]QefQit.]@) _ _4U(62¢tJQ)T(Re Q)672itJ5 _ _4@-&](672#.]@)*(1%6 Q)€—2itJ5.

This proves that ([BI6]) holds. Since the matrices I'; € Hay, (C) are Hermitian positive semidefinite
when ¢ > 0 and Hermitian negative semidefinite when ¢ < 0, we deduce from Lemma [[.I0 that
for all ¢ € R, the spectra of the matrices JI'; satisfy o(JI';) C iR. This combined with (.16
shows that for all t € R, O‘(Kt) C R. The matrices K; € GLa,(C) are non singular and therefore,
these inclusions can be refined to o(K;) C R*. Moreover, o(Ko) = {1} and the eigenvalues of K;
are continuous with respect to the time-variable t € R since the coefficients of the matrix K; are
themselves continuous with respect to the time-variable ¢ € R, see [24] (Theorem II.5.1). Since R
is connected, this proves that o(K;) C R% and ends the proof of Lemma a

In the following, we shall need to define some matrices through the holomorphic functional
calculus. We refer the reader to [11] (VII - 3.) where this theory is presented. As a first application
of this theory, we consider the matrix square root function /- defined on the set of matrices whose
spectrum is contained in C \ R_, which is possible since the function z — /z = e2 108 g well-
defined and holomorphic in C\R_, with Log the principal determination of the logarithm in C\R_.
For all ¢t € R, since the spectrum of the matrix K; is only composed of positive real numbers, we

can consider the matrix G; defined by

(3.17) Gy = Ve 2itJQe—2itJQ
We shall check that the matrices G; are symplectic:

Lemma 3.4. For allt € R, Gt € Sp,,,(C) is a complex symplectic matriz.

Proof. Let t € R and K; = e~2itJ1Qe=2itJQ  We first observe that since both matrices ) and Q
are symmetric, Lemma shows that the matrices e=2*/? and e=2"*/@Q are symplectic and as a
consequence, the matrices K; € Sp,,,(C) are also symplectic. To prove that the matrix G is also
symplectic, we need to go back to the definition of the matrix square root given by the functional
holomorphic calculus. Therefore, we consider ¥; C C the following domain of the complex plane
. T
Y= {reze:clt <r<coy 0€ (f—,—)},
’ ’ 2°2
where the positive constants c; 4, co; > 0 are chosen so that o(K;) C (c1¢,ca4) and o(K; ') C
(c1,,c2,¢). Notice that the existence of the constants ¢y ,co¢ > 0 is given by Lemma B3l We
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assume that the boundary 0X%; of the domain X; is oriented counterclockwise. Then, it follows
from (BI7) and the holomorphic functional calculus that the matrix G, is defined by

1
(3.18) Gy = — Vz (K; — 2I,) 7t dz,
2im Jay,
with /2 = 2 Logz where Log denotes the principal determination of the logarithm in C\ R_.
Moreover, since the matrix K; is symplectic, we deduce that

1 —1
(319) JGt = 2— \/E J(Kt — ZIQn)_l dz = — \/Z (KtJ _ zJ)—l dz
T Jox, 2T Jos,
1 1
=—— | VUK =z de=o= | Vz(K])T' = 2hn) T d2
2T Jox, 2T Jos,
1 T T
= <— \/2 (K;l 7,2]2”)71 dz> J = ( K;l) .
2im Jay,

Finally, since the function z + (1/2)~! = v/2~1 is holomorphic on C\ R_ and that the eigenvalues
of the matrices K; are positive real numbers, it follows from the holomorphic functional calculus,
see e.g. [11] (VIL3.12, Theorem 12), that /K; * = (\/Kt)_l = G;'. This, combined with (319,

proves that JG; = (GT)~1J, that is G; € Sp,,,(C) is a symplectic matrix. This ends the proof of
Lemma 34 |

We can now construct the matrices A;. Since the function z — atanh((z — 1)(z 4+ 1)7!) is
holomorphic on a neighborhood of R , where atanh denotes the hyperbolic atan function (whose
definition and properties can be found in [I] (Section 4.6)), and that o(G;) C R* for all ¢ € R
from BI7) and Lemma [3.3] the functional holomorphic calculus also allows to consider the family

of matrices (A¢):ecr defined for all ¢ € R by
(3.20) Ay = —(itJ) " atanh (G — Isn) (Gi + Ton) ).

By construction, the function ¢t € R + atanh((G; — I2,,)(Gy + I2,,) 1) is real analytic and vanishes
int =0, since Gy = I, from BIT) and atanh(03,,) = 0a,. The matrix A; is therefore well-defined
for all t € R and the function t € R — A, is as well analytic according to (IL4)). This family (A¢)ter
satisfies the algebraic part of Theorem 3.2, as proved in the

Lemma 3.5. For all t € R, the matriz A; satisfies e 4it7Ar = ¢=2itJQ=2itJQ

Proof. We first observe that

z—1
3.21 V>0, (4 ¢ h(—)): 2,
( ) T > exp (4 atan P T

Indeed, if > 0 a positive real number and y € R is a real number such that z = €2¥, we have

~1 2 ]
exp (4 atanh (i " 1)) = exp (4 atanh (Z%ﬁ)) = exp (4 atanh (tanhy)) — W — 22

Moreover, both functions z +— exp(4atanh((z — 1)(z + 1)~!)) and z + 22 are holomorphic on a
connected open neighborhood of R* and ¢(G;) C R% from (3.I7) and Lemma We therefore
deduce from F20), (3ZI) and the holomorphic functional calculus that for all ¢t € R,

e~ it Ar — exp (4 atanh ((Gt - Ign) (Gt + Ign)_l)) = Gf — ¢ 2itJQ-2itJQ
This ends the proof of Lemma a

Notice that the matrices A; can therefore be expressed by taking the logarithm of the matrices
e~ 2itJQe=2tJQ Indeed, since the spectra of these matrices is contained in R* from Lemma[3.3 and
that the function Log (which still denotes the principal determination of the logarithm in C\R_) is
holomorphic in a neighborhood of R* , Lemma and the holomorphic functional calculus imply
that for all t € R,

tA, = —(4iJ) ! Log (e 2t7Q¢=2it7Q),

Moreover, the function t € R ~ Log(e 2!/ Qe_%‘]a) is analytic by construction and vanishes in
t = 0. Consequently, the matrix A; is given for all ¢ € R by

(3.22) Ay = —(4itJ) " Log (e 21/Qe~2117Q),
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Now, it only remains to prove that the matrices A; are real and symmetric positive semidefinite.
To that end, we introduce the family of matrices (M;)ier where M, is defined for all ¢ € R by

(3.23) My = —(itJ) " (G — Isn) (Gt + Ton)

Notice that the matrices M; are well-defined according to (I4]) since one the one hand, (317) and
Lemma[33]imply that —1 is not an eigenvalue of any matrix G; and on the other hand, the function
t € R — (G — I2,)(Gy + I2,) 7! is real analytic by construction and vanishes in t = 0. Moreover,
the function ¢ € R — M, is analytic. We will prove in Lemma [3.7] that the matrices A; can be
expressed in terms of the matrices M; which will turn out to be real and symmetric. Moreover,
the next lemma will imply that the matrices M; are positive semidefinite. The properties required
for the matrices A; will then arise from the ones of the matrices M;.

Lemma 3.6. For allt € R, the matriz M; admits the following integral representation
1 _ o
M, :/ (672iat.]Qq)t)*(ReQ)(672w¢t.]Qth> dOé,
0
where the matrix ®; is given by

-1
(3.24) P, =2 (\/ e~2itJQe—2itJQ 1 12,,) :

In particular, the matriz My is Hermitian positive semidefinite.
Proof. Let t € R. We begin by checking that the matrix M; satisfies the relation
(3.25) (Gt + LIop) tMy(Gy + Ioy) = iJ (I, — G7).

We recall that the matrix J satisfies J~! = J7 = —J. On the one hand, the left-hand side of this
equality can be computed with the definition ([B.23]) of M;:

(3.26) (G + Lon ) tMy(Gy + Inn) = —i(Gy + Ion) " J (G — Inn).

On the other hand, since the matrix square root given by the holomorphic functional calculus
commutes with the complex conjugate (which can be readily checked by using (3.18)) and with
the invert function defined for all non-singular matrix whose spectrum is composed of positive real
numbers, it follows from BI7) that the matrix G; satisfies

(3.27) Gy = Ve2itIQe2itIQ — \/(e—2itJQe—2itJ§)—1 =G

Moreover, G; € Sp,,(C) is a symplectic matrix from Lemma [34 and we deduce that

(3.28) (Gi+Inn) T = (Gi+ Iny)"J = (G + L)' T = —(JG7H + J)T

= —(GTT+ )T = J(G] + Inn)T = J(Gy + I2y).
Hence, substituting this equality in (3:26), we get that
(3.29) (Gt + Inp ) tM(Gy + Ioy) = —iJ (Gt 4 Ton)(Gy — Iopn) = —iJ (G? — Isy,).

This proves that ([8:25]) holds. Then, we deduce from (BI6) and (BIT) that the right-hand side of
B29) writes as

_ t o
iJ(Iyn — G7) = i (I — ™2 Qe™21Q) =4 / (e7*79)*(Re Q) (e **/?) ds.
0
Therefore, we derive the following expression for the matrix tM;:
¢ _ o
(3.30) tM, = 4/ (e727Q(Gy + Iy) 1) (Re Q) (e 2/9(Gy + Inp) 1) ds.
0

Since the matrix ®; defined in ([3.24) also writes as ®; = 2(G¢ + I2,) "1, we deduce from (Z30)
that the matrix tM; is given by

t _ o
tM; = / (e72*72d,)* (Re Q) (e~ 9%;) ds.
0
A change of variable in the integral ends the proof of Lemma O

We can now derive the end of the proof of Theorem from Lemma This is done in the
following Lemma which will also be key to prove Theorem in Section [
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Lemma 3.7. For all t € R, the matrix A; is real and symmetric positive semidefinite. Moreover,
the matrices Ay and M, satisfy the following estimate:

VieR, A; > M,;>0.
Proof. To simplify the notations in the following, we consider the following matrices for all ¢ € R,
-1
(3.31) Uy = (Gt — Inp) (G + Izp) -

We recall that the matrix atanh function admits the following Taylor expansion for all matrices R
whose norm satisfies ||R| < 1,

+oo R2k+1

(3.32) atanh R = :
2k + 1

We also recall from (3.20) that the matrices A; are defined for all ¢ € R with the convention (L4)
by Ay = —(itJ)~!atanh ¥,. It follows from the inequality

Vo —1
Vi+1
the definitions (BI7) and B3] of the matrices G; and ¥, and Lemma B3] that the spectrum of
the matrix U, satisfies o(¥;) C (—1,1) for all ¢t € R. It therefore follows from [23] (Lemma 5.6.10)
that for all ¢t € R, there exists a norm | - || on M, (C) such that ||¥¢||; < 1. This proves that the

Vz > 0, <1,

2k+1
series y % converge in M, (C) for all ¢ € R and we deduce from (8:32)) that for all ¢ € R,
) I p2k+1
3.33 Ay = —(itJ)” : .
(3.33) e = ~(itJ) 249k + 1

To prove that the matrices A; are real and symmetric, we need to derive a new expression for
them. To that end, we compute the product JU; by using the relation (328 (which also holds
when the matrix Is, is replaced by —Ia,):

(3.34)  JU; = J(Gy — Inn) (Gr + Ion) = (Gy = Inn) " T (Gr + I5n)

= (Gi = Io) ((Ge 4 Ion) ™) T = WL
We deduce from (323), B31), B33) and F34) that for all t € R,

—+o0 —+o0
1 s 1 "
(3.35) A=) o 7 ()7 (it ) T (W) = > 5 Ty (U9 M(T).
k=0 k=0

We observe from [B.27) and (B31)) that for all ¢ € R,
T = (Gr — Ion) (Gi+ Ion) = (Gt = 1) (G + 1) ™ = (Ion — G) (Ion + G1) - = =,
Consequently, from [B.23)), (31)), (B34)), the matrices M; satisfy the two relations
M, = (itJ)"', = M,
{ My = (it)""WJ = (it)" U, = (—it])" W, = M.

Thus, for all t € R and k > 0, the matrix (UF)*M,(¥F) is real and symmetric. As sums of such
matrices, the matrices A; are also real and symmetric. Finally, we deduce from (3.35]) and Lemma
that for all t € R, A; > M; > 0. This ends the proof of Lemma 3.7 O

We recall from [22] (Theorem 4.2) that the evolution operators e~*4", with ¢ > 0, generated by
an accretive quadratic operator ¢ (z, D,.), with ¢ : R?"® — C a complex-valued quadratic form with
a non-negative real-part Regq > 0, are pseudodifferential operators whose symbols are tempered
distributions p; € #’(R?"). More specifically, these symbols are L°(R?") functions explicitly given
by the Mehler formula

(3.36) pe(X) = (det(cos(tF)))™ % exp(—a(X, tan(tF) X)), X € R?",

whenever the condition det(cos(tF)) # 0 is satisfied, where ' denotes the Hamilton map associated
to the quadratic form §. As a Corollary of Lemma [3.7] we can compute the Weyl symbol of the
operator e~*% for all t > 0, with a; : R*® — R, the non-negative quadratic form whose matrix
in the canonical basis of R?" is A;, in terms of m; : R?® — R, the non-negative quadratic form
whose matrix in the canonical basis of R?" is M;. By the way, this is a justification a posteriori of
the introduction of the matrices M;.
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Corollary 3.8. For all t > 0, the operator e~ ' is a pseudodifferential operator whose Weyl
symbol is given by

X € R* 1 (det cos(tJAy)) " zet™(X) ¢ [°(R>").

Proof. Let t > 0. It follows from Lemma B.7 that the matrix A; is real symmetric positive
semidefinite and this combined with Lemma [.10] show that the spectrum of the matrix tJA; is
purely imaginary. As a consequence, the matrix cos(tJA;) is non-singular and it follows from the
Mehler formula (3.36) that the operator et is a pseudodifferential operator whose Weyl symbol
is a L°°(R?")-function given for all X € R?" by

(det cos(t.JA;)) ™7 exp(—o (X, tan(tJ A;) X)).
Moreover, we deduce from BI7), (323) and Lemma B3] that
()M tan(tJAy) = —(itJ) " (e A — I,,) (e7 A 4 Ign)il
= —(it]) NGy = 1) (G + Inn) ' = M.
We deduce from (Z1)) and the above equality that for all X € R?"
o(X,tan(tJA) X)) = o(X, tJM X) = t(X, M, X) = tm(X).
This ends the proof of Corollary O

The study of the family (A¢)ier is now ended. Still in order to prove BI0) vie BIH), we
consider the time-dependent matrices H; defined for all £ € R by
(337) Ht — eQit-]Ate*Qit-]Q.

Notice that the analyticity of the function ¢ € R — H; is induced by the ones of the functions
teR— Ay and t € R — e 2/M for all M € M,,(C). We only need to check that each matrix
H,; is real and symplectic.

Lemma 3.9. For allt € R, Hy is a real symplectic matrix.

Proof. Let t € R. Since both matrices A; and @ are symmetric (from Lemma [B7] concerning A;),
Lemma shows that the matrices e?*/4¢ and e~2"*/Q are symplectic. As a consequence, the
matrix H; is also symplectic. Moreover, it follows from Lemma that

(3.38) H = e 2it741 2itIQ _ (2itTAr o —dit]A; 2itQ
— Q2itT A= 20tTQ 20T Q 2t IQ _ 2t Ar—2itIQ _ pp
which proves that H; is a real matrix. This ends the proof of Lemma a

This ends the proof of ([3I0) and the splitting of the symplectic matrices e~2*/% in any time
teR.

The rest of this section is then devoted to prove [B.I1]) which sharpens the decomposition (BI0)
for small times |¢| < 1 . The strategy will be different than the one used until now, since the
holomorphic functional calculus will not be used anymore to define the different matrices at play.
The identity (BIT]) is proved in the following lemma:

Lemma 3.10. There exist a positive constant T > 0 and a family (B:)_—r<i<T of Teal symmetric
matrices By € Sa,(R) whose coefficients depend analytically on the time-variable —T <t < T such
that for all =T < t < T, the symplectic matriz H, writes as H, = e**/Bt,

Proof. First, we recall that for all matrix M € M, (C) satisfying |M — I2,| < 1, the matrix
Log M is given by the following sum

S (=) k
(3.39) Log M = ; (M = L),
Since H; goes to I, as t goes to 0, there exists a positive constant 7' > 0 such that,
(3.40) Vte (=T,T), |Hi—ILn| <1 and ||H'— Lyl <1.
The estimate (340) allows to consider the matrix B; defined for all =T <t < T by
(3.41) By = (2tJ)™! Log H;.

Notice that the function t € (—T,T) — Log H; is analytic by construction and vanishes in t = 0
since Hy = I,. The matrix By is therefore well-defined for all —T" < t < T according to (L4]). We
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deduce from B37), (40) and @A), that for all -7 < ¢t < T, e*/B = exp (Log H;) = Hy. It
remains to check that the matrices B; are real and symmetric. First we observe from ([338) and
B0 that for all -T <t < T,

By = (2tJ) ' LogH; = (2tJ) ' Log H; = B;.

This proves that the matrices B; are real. Moreover, we deduce from (B.40), (B.41]), Lemma
and the binomial formula that for all -7 <t < T,

S T
BT = (2t) Y (Log H)TJ = (2t)~* Z T((Ht — L)k T
k=1
+o0 k-1 k too k-1 k
=0 > S S () et = o Y S S () oty
=1 =0 k=1 =0

too k—1
-1
=(2t)” Z (T)J(Ht_1 — Ip,)* = —(2tJ) ' Log(H; ") = (2tJ) "' Log H; = B;.
k=1
The matrices B; are therefore symmetric. Moreover, the function t € (=T, T) — By is analytic by
contruction. This ends the proof of Lemma [B.101 O

4. STUDY OF THE REAL PART FOR SHORT TIMES

In this section, we prove Theorem Let g : R2® — C be a complex-valued quadratic form
with a non-negative real part Req > 0. We consider F' the Hamilton map associated to ¢, S its
singular space and 0 < kg < 2n — 1 the smallest integer such that (23] holds. Let (a;)ier be
the family of non-negative quadratic forms a; : R?® — R, given by Theorem 21 and (my)ier
be the family of non-negative quadratic forms m; : R?® — R, whose matrices in the canonical
basis of R?" are the matrices M; defined in ([B.23). We shall prove that the quadratic forms
m; (and therefore the quadratic forms a;) satisfy a sharp lower bound implying some degenerate
anisotropic coercivity properties on the phase space. More precisely, we shall prove that there exist
some positive constants ¢ > 0 and T' > 0 such that for all 0 < ¢t < T and X € R?"?,

ko
(4.1) a:(X) > me(X) > ¢ #* Req((Im F)*X).

k=0
Notice that the left inequality in (&) is a consequence of Lemma [3.71 We are therefore interested
in proving the right one. To that end, we consider the time-dependent quadratic form &, : C>* — R
defined in accordance with the convention (L3) for all t > 0 and X € C?" by

(4.2) Kot Zt% Req((Im F)FX) = Zt%\ ReQ(Im F)* X |°.
k=0
We recall from Lemma that for all ¢ > 0, the matrix M; admits the following integral repre-

sentation
A /e—2itF€—2itf + Loy, ) -
2

(4.3) M, = / 1(e—%ﬁcpt)*(f{e Q)(e ¥Fp,) da, with &, = (
0
We therefore deduce that for all ¢ > 0 and X € R?",
(4.4) mi(X) = XT M X = / 1(6—21'0‘ff<1>tx)*(Re Q) (e %*F 9, X) da,
0
and this equality can be written as
[ VR = VTG T

By applying the Minkowski inequality, we therefore obtain that for all ¢ > 0 and X € R?",

N (—2ta)t i (~2tc)® i
ZT\/ReQ(zF) X > g VReQUF) X

k=0 k>ko

L2(0,1)

(4.5) Vmy(X) >

L2(0,1)

We then study separately the two terms of the right-hand side of the above estimate.
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1. First, we focus on controlling the first term in the right hand side of (@H). On the finite-
dimensional vector space (Cy,[X])?", the Hardy’s norm || - |31 defined by

R X"

ko
:Zk!2_k|yk|7 Yo, - - -y Yko GCQna
k=

is equivalent to the standard Lebesgue’s norm || - || z2(0,1) given by

2
Zkak > yat

/1 k()
L2(0,1) 0 k=0

Thus, there exists a positive constant ¢; > 0 such that for all £ > 0 and X € R?”,

ko o
S 2L ReQUPrex| > oYt /ReQU) x|
: k=0

k=0

doy,  Yo,.-oy Yk € c?,

(4.6)

L2(0,1)
We develop the matrices (iF)* in the following way:

2k —1
(4.7) (iF)* = (Im F)* + By, where By =Y &;xM;x(ReF)(Im F)"*,

j=1
with 0 <m,p <k—1,¢e;1, € {—1,1,—4,i} and the matrices M, ;, are finite products of Re F' and
Im F. Then, by putting (£1) in [@6) and using the triangle inequality, we obtain the following
estimate for all t > 0 and X € R?",

ko ko ko
(4.8) >t [VReQ(F) 0, X| > Yt \/ReQ(Im F)* @, X| - > " t¥|\/Re QBr®: X |.

Denoting by # the cardinality, we consider the two positive quantities

cy = max  max H ReQMj,kJ\/ReQH>O,

0<k<ko 1<j<2k—1

/
¢, = max max 1<5< 2% _1:mip=m)> 0,
2 7 0<k<ho 0<m<k—1 #{ J ik =m}

Since F = JQ, it follows from the definition of By, that for all £ > 0 and X € R?",

"o ko 2k _1
St VRe QB X| < 3t 3 |VReQM, 4 (Re F)(Im F)™+ , X |
k=0 = =
ko 2k _1
k=0 j=1
ko 2k _1

<Yy tF Y [VReQIm F)"i 0 X|.

Then, we gather the integers 0 < m;; < k — 1 taking the same value, which shows that for all
t>0and X € R?",

Ztk}\/Re Bk@X|<CQZOth > [VReQ(ImF)"d,X]|

k=0 m=01<j<ok_1

my k=m
ko k-1
<cach Y Y tF]\/ReQ(Im F)"®, X|.
k=0 m=0

Since k —m > 1, we have that for all 0 < ¢ < 1, tbF = th=m¢m < ¢14+™ The following inequality
therefore holds for all 0 < t < 1 and X € R?"?,

ko k—1

Ztk|\/Re QBp®: X | < cadyt Y Y t"/Re Q(Im F)"®, X |.

k=0 m=0
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As a consequence, there exists a positive constant ¢z > 0 such that for all 0 < ¢t < 1 and X € R?",

k() kO
(4.9) > | VReQBr®: X| < st »_t*|\/Re Q(Im F)"®, X |.
k=0 k=0

It follows from (8], [&8) and ([&9) that for all 0 <t <1 and X € R?",

ko
> (1 —est) Y t*|/ReQ(Im F)*®, X|.
k=0

We recall from the third inequality of (T.24)) (no assumption of smallness is required for ¢ > 0 to
apply this estimate) that for all 0 <¢ <1 and X € R?",

ko

(—2ta)® =k
> —— VReQUF) @ X

k=0

(4.10)

L2(0,1)

ko
(4.11) VE(®:X) <> 5|y /Re Q(Im F)* @, X|.
k=0

As a consequence of ([£I0) and (@IT]), there exist some positive constants 0 < ¢; < 1 and ¢4 > 0
such that for all 0 < t < t; and X € R??,

ko
(4.12) > ﬁﬂ«/f{e QUF)*®d, X > can/Fr (9 X).
=0 £2(0,1)

In order to estimate from below the term /k;(®;X), we would like to apply Lemma to the
function
(4.13) G(M,N) = 2(\/@‘2i(M+iN)e—2i(M—iN) + Iy) 7t

in view of the definition of the matrices ®; in (£3)) . We prove in Lemma [(T5] in the Appendix
that the function G actually satisfies the assumptions of Lemma [[.12] and as a consequence, there
exist some positive constants ¢5 > 0 and 0 < t5 < t; such that for all 0 < t < t5 and X € R?",

ko

(—2ta)* =\ k
> T\/ReQ(zF) P, X

k=0
This inequality, combined with ([@3]), leads to the following estimate for all 0 < t < t5 and X € R?",

(4.14) JX) > esy/mi(X) — Z% Re Q(iF) @ X

k!
k>ko

> c5/ki(X).

L2(0,1)

L2(0,1)

2. The end of the proof consists in controlling the second term in the right hand side of (&3]).
The technics employed will be similar to the ones used in the end of the proof of Lemma [(.12l We
begin by observing that for all 0 < ¢ <ty and X € R27,

2 2

Z fh—ko—1 (*i"l)k JReQ(T) d, X

k>ko

— t2k0 +2
L2(0,1)

> (*Qkﬂ Re Q(iF)*®, X
k>ko )

L2(0,1)

Note that the coefficients of the quadratic form above are continuous with respect to ¢ € [0, t2]. As
a consequence, there exists a positive constant ¢g > 0 such that for all 0 < t < ¢, and X € R?",

(—2ta)* =k, x|
> o VReQUF) X

k>ko

(4.15) S C6t2k0+2|X|2.

L2(0,1)

On the other hand, it follows from Lemma [7.13] that there exists a positive constant ¢; > 0 such
that for all 0 < ¢ <1 and X € S+,

(4.16) ke (X) > ert | X |2
As a consequence of (EI5) and (AI6), we have that for all 0 <t <ty and X € S+,

(~2ta)" = x|
> o VReQUF) X

k>ko

We deduce from (414 and (£I7) that there exist some positive constants cgs > 0 and 0 < t3 < to
such that for all 0 <t < t3 and X € S+,

(4.18) me(X) > (04 - \/csc;lt)Qﬁt(X) > cgkt(X).

S c—6f21<&t(X).
r2(0,1) ©7

(4.17)
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It remains to check that the estimate (ZI8) holds for all X € R?*". To that end, we will use the
result of the following elementary lemma of linear algebra, whose proof is straightforward:

Lemma 4.1. Let E be a real finite-dimensional vector space and q1,qs be two non-negative qua-
dratic forms on E. If E = F & G is a direct sum of two vector subspaces such that g1 < g2 on F
and q1,q2 both vanish on G, then ¢1 < g2 on E.

Let 0 <t < t3. Since R?" = S @ St and that (@IR) is valid on S+, it is sufficient to prove that
both non-negative quadratic forms «; and m; vanish on the singular space S, according to Lemma
[T We first notice that by definition, k; is zero on the singular space S. We now prove that this
property holds true as well for the quadratic form m,, that is

(4.19) VX €5, m(X)=0.

To that end, we use anew the integral representation of m; given by (&4),
1 _ o
(4.20) VX €R?", my(X) = / (e72F P, X)*(Re Q) (e 2 ®, X) dav.
0

According to ([@20), it is sufficient to prove that
(4.21) Va e [0,1], (e 2Fd,)S C S +iS,

since (ReQ)S = J ' (Re F)S = {0} from (Z4) and (Z.8). As a consequence of (7.55), the inclusion
®,S C S +14S holds, up to decrease the positive constant t3 > 0. Moreover, notice from (28] that
the space S + S is stable by the matrix F' (since (Re F)S = {0} and (Im F')S C S), and therefore
by the matrices e=2*“*¥" for all 0 < o < 1. This proves that the inclusion ([@2Z1)) actually holds. The
estimate (£I8) can therefore be extended to all 0 <t < t3 (up to decrease t3 > 0) and X € R?".
This ends the proof of the estimate ([4.I]).

5. REGULARIZING EFFECTS OF SEMIGROUPS GENERATED BY NON-SELFADJOINT QUADRATIC
DIFFERENTIAL OPERATORS

The aim of this section is to prove Theorem and Theorem 2.8 about the regularizing
properties of the semigroups generated by non-selfadjoint quadratic differential operators. Let
g : R — C be a complex-valued quadratic form with a non-negative real part Req > 0. We
consider @ € S2,,(C) the matrix of ¢ in the canonical basis of R?", F' € Ms,(C) its Hamilton map
and S its singular space.

5.1. Regularizing effects. We begin by proving Theorem 2.6 Let T > 0 and (a¢)er, (bt)—r<t<T
be the families of quadratic forms given by Theorem 2.1 We recall that the quadratic forms a;
are non-negative, the quadratic forms b; are real-valued and a;, b; depend analytically on the
time-variable t € R and —T < t < T respectively. Moreover, the evolution operators e~ *?" can be
factorized as

(5.1) Ve [0,T), e " =e 7t omitb
We can assume that the positive constant 0 < 7" < 1 is the one given by Theorem 221 which
implies that there exists a positive constant ¢ > 0 such that for all 0 < ¢ < T and X € R??,

ko
(5.2) a(X) > ¢)  t¥ Req((Im F)' X),

j=0
where 0 < kg < 2n — 1 is the smallest integer such that (2.9]) holds. As in Section Bl we denote by
A; and B; the respective matrices of a; and b; in the canonical basis of R?". Moreover, we consider

anew the time-dependent quadratic form k; defined in accordance with the convention (I3 for all
t>0and X € C?" by

k() kO

(5.3) Re(X) =t Req((Im F)7X) = Y%7 /Re Q(Im F)P X |”.

) j=0

The estimate (5.2)) reads as: for all 0 <t < T and X € C?", a;(X) > ck(X). The aim of this
section is to understand the smoothing properties of the evolution operators e %" . Since the
operators e~ are unitary on L*(R™), we first notice from (G.1)) that it is sufficient to study the
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regularizing properties of the operators e~ ** to derive the ones of the operators e~ *?" . Therefore,
for some m > 1 and X1,...,X,, € S, we are interested in the following linear operators

(X1, X)) (X, X)Wemt0

where the operators (X;, X )" are defined in (2.22). To deal with them, we will use the Fourier in-
tegral operator representation of the operators e *" and the Egorov formula [T3). More precisely,
it follows from (ZIT) and Proposition Bl that the operator e 7% is a Fourier integral operator as-
sociated to the non-negative complex symplectic transformation e~2%*/4+ and the Egorov formula
(Z3) implies that for all 0 < ¢ < T and X, € R",

(54) <X0,X> —tay’ _ —e —tay’ <J—1 21tJAtJX X> —ta;“ <€2itAtJX0,X>w

By using (5.4) and the semigroup property of the family of linear operators (e 5% ),>q, we obtain
the following factorization

t

(5.5) (X1, X)L (X, X)Wt = (X0, X)L (X, X)W e e
m factors

= (Y1, X)Pe % . (YVpy, X) e m

where, for1 <j<m,Y;; = 21(] — AtJX The initial problem is therefore reduced to the analysis
of the operators (Y; ., X)“e . The main instrumental result of this section is Lemma [5.4 which
requires some technical results to be proven. The first of them investigates the anisotropic coercivity
properties of the time-dependent quadratic form k; on S+ the canonical Euclidean orthogonal
complement of the singular space S. This is a refinement of Lemma

Lemma 5.1. There exists a positive constant ¢ > 0 such that for all 0 <t < 1, Xy € S+ \ {0}
and X € C?",

t2£x0 | (X0, X)|%,

X) >
w(X) 2

where 0 < kx, < ko denotes the index of the point Xo € S+ with respect to the singular space

defined in (220).

Proof. For all 0 < k < kg, let 75, be the non-negative quadratic form defined on the phase space by

(5.6) Tk ZReq (Im FY X) Z]\/Re (ImF)'X|* >0, X eR>™.

7=0

Moreover, we consider Vj, the vector subspace defined in ([ZI8]). We begin by proving that there
exists a positive constant ¢, > 0 such that

(5.7) VX e Vih, (X)) > el X2
If a point X € V,! satisfies r,(X) = 0, we deduce from (5.6) that

vje{0,...,k}, +/ReQ(ImF) X =0,

and since F' = JQ from (24, this implies that (Re F)(Im F)?X = 0 for all 0 < j < k, that is
X € V. It then follows that X = 0. The non-negative quadratic form 7y, is therefore positive on
the vector subspace V. The estimate (5.7) is then proved.

Now, we consider Xy € S\ {0} and 0 < kx, < ko the index of the point X, with respect to
the singular space defined in (220). For all X € R?", we decompose X = X'+ X" with X’ € VkJ;(O

and X" € ka(,- Since X, € VkLX . and that Tkx, is a non-negative quadratic form which vanishes
on the vector subspace Vi~ from ([2I), (2I8) and (5.06), we deduce from (5.7) that

[Xol® | Xol”

(5.8) (Xo, X)? = (X0, X")* < | XoIX"|* <

Tk (X/) =
Xo o Chxq

Setting ¢y = ming<g<k, ¢k > 0, we deduce from (B3], (@) and (EJ) that for all 0 < ¢ < 1,

Xo € §+\ {0} and X € R?",

Tkxg (X)

ke(X) > 2k x0 Thx, (X) >
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since 0 < kx, < ko. It follows that for all 0 <t < 1, X € S+ \ {0} and X € C?",

ke(X) = ke (Re X) + k¢ (Tm X)) > |;0|2 t?%0 (Re X, Xo)? + |;°|2 t2kx0 (Im X, X,)?
0 0
Co 2k 2
= =% (X, X
| Xol? X Kol
This ends the proof of Lemma [5.11 a

The next result will be instrumental to prove Lemma [5.4l Its proof is based on the study of a
time-dependent functional.

Lemma 5.2. For all s >0,t >0 and u € ¥(R"), the following estimate holds
w_—say —say’ 1 2
<at € tu,e i U>L2(]Rn) < 2_S||“||L2(]R")'
Proof. For fixed t > 0 and u € ¥ (R"), we consider the following time-dependent functional defined
for all s > 0 by

w —say’ —say’ 1 —say’ 2
(5.9) G(s) = (saf'e™ " u, e u>L2(]R") + 5”6 ‘ UHL2(]R")'

The function G is differentiable on (0,+0c0) and its derivative is given for all s > 0 by

G'(s)= — s<(a§”)26_s“;uu, 6_5“?u> - s<a;"e—5“;ﬂu, a;”e_sazu@

L2(R") L2(R")
1 w,—sa sa —say’ w—say’ w —say’ —say’

— §<at e "My, e %% u>L2(Rn) — §<e tu,a e " u>L2(Rn) + <at e "My, e %% u>L2(Rn).

Since a}’ is a selfadjoint operator (as its Weyl symbol is real-valued), we obtain that for all s > 0,
w_ —sa¥, |2
(5.10) G'(s) = —25Hat e 5N UHLZ(Rn) <0.
We therefore deduce that for all s > 0, ¢ > 0 and u € ¥ (R"),
w,—sa}’ —say’ 1 —sa® 12 1

(5.11) G(s) = (say’e” "t u,e % u>L2(]R") + §H€ ¢ UHLZ(Rn) <G(0)= §||u||2L2(R")'
This ends the proof of Lemma O

We need the following lemma whose proof can be found e.g. in [19] (Lemma 2.6):
Lemma 5.3. Let G : R?™ — R, be a non-negative quadratic form. Then, the quadratic operator
" (x, Dy) is accretive, that is
Vu e S(R™), (3“(x,Dqg)u, U>L2(]R"') > 0.

The anisotropic estimates given by Lemma [ combined with Lemma [B.2, provide a first
regularizing effect for the evolution operators e 5% .

Lemma 5.4. There exist some positive constants 0 < t1 < T and ¢ > 0 such that for all0 < a <1,
0<t<ty, s>0, Xo€ St and u e L*(R"),

H<62iatAtJXO’X)we—saz“uHLQ(Rn) < C|X0| t—kx(,s—% ||u||L2(]R");

where 0 < kx, < ko denotes the index of the point Xo € S+ with respect to the singular space
defined in (220).

Proof. We shall first prove that there exist some positive constants cg > 0 and 0 < ty < T such
that forall0 < a < 1,0 < ¢t < tg, Xo € S* and X € R*",

(5.12) (€247 X X)|* < o] Xo? t72F%0 ay(X),

where 0 < kx, < ko denotes the index of the point X, € S+ with respect to the singular space
defined in ([220)). If the estimate (5.12) holds, the proof of Lemma[5.4lis done. Indeed, by denoting
Mg = Re(e? 7)) we deduce from (GI12) that for all 0 < o < 1, 0 < t < ¢y, Xo € S+ and
X e RQn,

(5.13) (Mg X0, X)? < co| Xo|? t72%0 q4(X).
It then follows from (5.13) and Lemma 53] that for all 0 < a < 1,0 <t <tg, s >0, Xo € S* and
u € SR,

(5.14) <(<Ma7tX0,X>2)we_sazuu,e_s“;uu>L2(Rn) < c0|X0|2 t—2kxo <a;"e—s“;ﬂu,e—s“;ﬂu>L2(Rn).
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Moreover, the Weyl calculus, see e.g. the composition formula (18.5.4) in [2I], provides that for
all0<a<1land0<t<t,

(5.15) (Mot X0, X)? = (Mo 1 Xo, X) £ (Mo Xo, X),

since the symbol (M, ;Xo, X) is a linear form, where §* denotes the Moyal product defined for all
p1 and po in proper symbol classes by

(p1 £ po)(w,€) = e27 P PP D), (2, )y (y, ) :
(#,8)=(y,n)
with o the symplectic form defined in (2.2)). This implies that for all 0 < o <1 and 0 < t < ¢y,
(5.16) ((Ma,: X0, X)?)" = (Mg X0, X)" (Ma 1 X0, X)".

We deduce from (5.I4) and (5.16) that for all 0 < o < 1,0 < t < tg, s > 0, Xo € S+ and
ue SR,

H otiOa w _&at UHL2
and Lemma [5.2] then shows that
(517) H « tX05

< co| Xo|? t=2kx0 <a;"e—s“?u,6_5“;ﬂu>

R™) L2 (Rm)’

UHLZ(Rn) =5 |X |2 72Xt ||U||L2(]Rn

Notice that the estimate (5.17) can be extended to all u € L?*(R™) since the Schwartz space & (R")
is dense in L2(R™). Similarly, if we denote N, ; = Im(e?***4¢/) we have that for all 0 < a < 1,
0<t<ty,s>0,Xoe€ St and u € L2(R"),

w —say’ 2 Co — —
(518) || a tX07 ’ u”Lz(Rn) < 3|)(()|2 3 Qkxos ! ||u||%2(]R")
Finally, we deduce from the triangle inequality that for all 0 < o < 1,0 <t < tg, s >0, Xg € S+
and u € L*(R"),
and the estimates (&.I7) and m imply that
(et Xo, X} e | o gy < V2e0lXol 1755057 F | 2.

It therefore remains to prove that the estimate (B.12)) actually holds. We shall actually prove that
there exist some positive constants ¢; > 0 and 0 < ¢t; < T such that forall 0 < a < 1,0 <t < {q,
Xo € St and X € R?”,

(5.19) (24T X, X)|? < 1] Xo|? 7250 1y (X).

The estimate (B.I12) is then a straightforward consequence of (B.2) and (EI9). It follows from
Lemma [5.1] that there exists a positive constant co > 0 such that for all 0 < ¢ < 1, X, € S+ and
X e C?,

(5.20) 12550 | (Xo, X)[* < el Xol?e(X).
On the other hand, we recall from [322) that for al 0 < a<1land 0<¢<T,
2iatJ Ay _ @ —2itF  —2itF
et fexp(fELog(e e t))
We would like to deduce from Lemma applied with the functions
(5.21) Go(M,N) = exp ( - %Log (e*%(M”N)e*%(M*Z’N))), aelo,1],

that there exist some positive constants 0 < t; < T and c¢3 > 0 such that for all 0 < a < 1,
0<t<t; and X € C*",
(5.22) Ke(X) < cag (27 A X).
This application of Lemma [(.12] is made rigorous in Lemma [Z.16 in the Appendix, which implies
that the estimate (522)) actually holds. Combining (G20) and (E22), we obtain that for all
0<a<1,0<t<t, Xo€ St and X € C?,

2+ |<X0,X>}2 < eacs|Xo| ke (XA X)),
and a straightforward change of variable shows that for all 0 < a < 1,0 <t < t1, Xg € S* and
X e R,

£2ho ’<€2iatAtJX0,X>‘2 < caes| Xo|* ke (X).
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This proves that (5.19) holds and ends the proof of Lemma [5.4] O

We can now derive the proof of Theorem 2.6l To that end, we implement the strategy presented
in the beginning of this subsection. Let m > 1 and X1,..., X, € S+, We denote by 0 < k:Xj < ko
the index of the point X; € S+ with respect to the singular space. It follows from (5.5) that for
all0 <t < T,

(5.23) (X1, XV (X, X )P = (Y, X)WmL (Y, X)W m

. iG— . . o,
where, forall 1 < j <m, Yj; = e Jml)tAfJXj. According to Lemma [5.4] there exist some positive

constants 0 < t; < T and ¢ > 0 such that for all0 < a < 1,0 <t <t;, s >0, Xo € St and
u € L2(R"),

(5.24) [|(e2 A Xo, X)yWe e < e Xo| t7F¥0s7 % |lu|| p2rny,

! UHL2(R")
where 0 < kx, < ko denotes the index of the point X, € S+ with respect to the singular space.
We deduce from (5.24) that for all 1 < j <m, 0 <t < t; and u € L*(R"),

(5.25) H t,X e mat ’U,HL2 < ClXj| tikxf*% m% ||u||L2(Rn).

Notice that the constant ¢ > 0 is independent on the integer m > 1 and the points X; € S L. It now
follows from (5.23)), (5:25) and a straightforward induction that for all 0 < ¢ < ¢; and u € L?(R"),

w w,_—ta) ™ . m
14X, X)X, X tt””LE(Rn)SmlHWﬂ] m¥ uf g2y
j=1

ez cm )
< T Hle m)E Jul| 2.

where we used that m™ < e™m!. We then deduce from (5.1)) that for all 0 < ¢ < ¢; and u € L*(R"),

w w _—tq? G%Cm m 1 it
X0, X0 (X, X) e u||Lz<Rn>émlH'Xj'] (m)* fle™ 7wl
j=1

m
ezc™ i
:th1+...+kxm+_% H|Xj| (m!)z ||u||L2(]R")7
j=1

since the operators e~ are unitary on L?(R™). This ends the proof of Theorem

5.2. Directions of regularity. We now perform the proof of Theorem 2.8 The family (at)ier
still stands for the family given by Theorem 2] composed of non-negative quadratic forms a; :
R?" — R, with coefficients depending analytically on the time-variable ¢ € R. As in the previous
subsection, the matrix of the quadratic forms a; in the canonical basis of R?" is denoted A;.
Moreover, we consider (U;)ier the family of metaplectic operators also given by Theorem 211 We
recall that the evolution operators e~ %" split as

(5.26) VE >0, et =ty

Let t > 0, Xy € R?". We assume that the linear operator (Xo, X)*e~*" is bounded on L?(R™).
We aim at proving that Xy, € S+. We first notice that since the metaplectic operator U; is
unitary on L?(R™), it follows from (5.26) that the linear operator (X, X)“e~*% is also bounded
on L*(R™). As a consequence, there exists a positive constant ¢t,x, > 0 depending on ¢t and X
such that

(5.27) Vue LXR"), |[(Xo, X) e " Cul o gy < o llullLany.
According to the decomposition R?" = S @ S+ of the phase space, the orthogonality being taken

with respect to the euclidean structure of R2", we write Xy = Xo,s + Xp g1, with Xg g € S and
Xo, st € S+, For all A > 0, we consider X, € S the point of the singular space defined by

(5.28) Xy =AXg5 = (zx,8\) € S CR?™.
Moreover, we consider for all A > 0 the Gaussian function uy € & (R™) given for all x € R™ by

(5.29) uy(z) = eién,m) g—la—zal®
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The strategy will be to find upper and lower bounds for the term

(530) <<XO;X>w€7ta;uukau/\>L2(Rn)ﬂ

and to consider the asymptotics when A tends to +o0 in order to conclude that the point Xy g has

to be equal to zero. An upper bound can be established readily since it follows from (.27, (5:29)
and the Cauchy-Schwarz inequality that for all A > 0,

(5.31) ’<<X0,X>w€_m;uux\,U/\>L2(Rn)’ < et xolluall T2y = ct,x0l[w0l|72 (gn)-

Notice that the right-hand side of the above estimate does not depend on the parameter A\ > 0.
Now, we investigate a lower bound for the term (B30) by a direct calculus. It follows from the
Mehler formula (Corollary B8] that the operator et is a pseudodifferential operator whose
symbol is given by

(5.32) cre ™ (X) € L°(R2"), where ¢, = (detcos(tJAy)) "2 >0,

and where m; : R?” — R, is the non-negative quadratic form whose matrix in the canonical basis
of R?" is the matrix M; defined in ([3.23). We therefore deduce from (5.29) and (5.32) that the
term (B.30) is given for all A > 0 by

(5.33) ((Xo, X)“e™ " uy, uy) = c((Xo, X)" (e™"™) " Thug, Tauo)

L2(R™) L2(R")
where the operator T : L2(R") — L*(R") is defined for all u € L*(R") by
(5.34) Thu = &y (- — zy).

We need compute the commutators between the operators T and the operators (Xg, X)* and
(e~tmt)w respectively. This is done in the following lemma:

Lemma 5.5. Let a € &' (R?*™). We have that for all A > 0 and u € ¥ (R™),
a“Th\u = Tx(Lya)"u in P (R™),
where Lya € &' (R™) is given by Laa = a(- + X).

Proof. Let A > 0 and v € ¥ (R™) be a Schwartz function. For all v € ¥ (R™), we consider the
Wigner function H(u, v) associated to the functions Thu and Tyv defined for all (x,¢) € R?" by

_ —i(y,€) INT v Y
(5.35) Ha(u,v)(z,§) / e (Thu) (x + 2) (Thw) (m 2) dy.
It follows from (5.34)) and (5.35) that for all A > 0, v € #(R") and (z,&) € R*",

(5.36) H(u,v)(z,§) = / e—i(y7€)ei<§>\,z+%>u($ + % _ x}\)e—i(ﬁx,z—%>5(x _Yy_ .Z')\) dy

2
= / e_i(y’5_5*>u(x —z)\+ %)E(x —T)— %) dy

= HO(U,’U)(Z' - 1')\55 - 5)\) = (L;lfH(u,v))(:c,f),

since Ty is the identity operator. It then follows from (5.36]) and the definition of the Weyl calculus
that for all v € #(R"),

n

<T;\kawT>\u’5>5ﬁ'(Rn)ﬁy(]Rn) = <awT/\u,m>y,(Rn)7y(Rn) = <a,HA(U,U)>y/(R2n)1y(R2n)
= <a7L;lHO(U,'U)>37/(]R2n),37(]R2n) = <L)\a,7'[0(u,’U)>3J/(R2n,)750(]R2n)

= ((Lxa)"“u, D) g/ (@n),# ®")-
Since the above estimate holds for all Schwartz functions v € & (R™), we proved that T5a"Thu =
(Laa)u in S'(R™). As ThTY is the identity operator, we obtain that a"Thu = T)(Lxa)"u in
S’(R™). This ends the proof of Lemma O

The quadratic form m; vanishes on the singular space S. Indeed, if X € S, we recall from (€I9)
that ms(X) = 0 when 0 < s < 1 and since the function s € R — m4(X) is analytic, see (3.23)
where the matrices M, are constructed, we deduce that ms(X) = 0 for all s > 0. Since the
quadratic forms m; are positive semidefinite from Lemma [B.7] and the points X are elements of
S, we deduce that

YA 0,YX € R*™,  (Lamy)(X) = my(X + Xy) = my(X).
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We therefore deduce from (5.32)) and Lemma 5.5 that for all A > 0 and v € & (R™),
(5.37) (e7 )Wy = Th(Lye ™)y = Ty (e 7™ )u = ¢; 'The "% u, in &'(R").

Moreover, [22] (Theorem 4.2) states that for all s > 0, the evolution operator e 4" generated by
an accretive quadratic operator ¢¥ (z, D), with ¢ : R?" — C a complex-valued quadratic form with
a non-negative real-part Re§ > 0, maps & (R") into #(R"): i.e. Yu € #(R"), e 7 u € S (R").
This implies that The ' u € $(R™) for all A > 0 and u € #(R™) and that the equality (5.37)
holds in & (R™). On the other hand, it follows from Lemma anew that

(5.38) YA > 0,Vu € F(R™), (Xo, X)Thu = Tx(Xo, X + X)) %u, in &'(R™).

Since the right-hand side of the above formula belongs to the Schwartz space & (R™) for all A > 0

and u € ¥ (R™), the equality (5.38) holds in ¥ (R™). As a consequence of (5.33), (5.37) and (5.38),
we have that for all A > 0,

<<X0, X)wefta;”u)\’ U)\> = <<X0, X)wT,\eitazqu, T,\U0>

L2(R") L2 (R")

= (Tx (X0, X + X,\>w€7m7uo,Two> = ((Xo, X + X»)"e """ ug, ug)

L2(Rn) L2(Rn)’

since the operators T\ are unitary on L?(R™). Moreover, it follows from (5.28) that for all A > 0
and X € R?",
(X0, X + X))¥e " = (Xo, X)"e ' + \| Xo,s]%e7"".
This proves that for all A > 0,
(X0, X)"e ™" ux,up)

L2y = <<X0, X>weftazuu0, u0> )+ /\|X075|2<67m§}u0, u0>

Combining the above estimate with (5.31]), we obtain that for all A > 0,

A Xo,s[?[{e™" ug, uo ) < ’<<X0aX>w€7m7“0’“0>L2(Rn)’ + 1.0 |40l L2 gy -

L2(Rn L2(Rn)*

L2(R")

We now only need to check that the term (e‘t“? Ug, Up) L2(rn) is not equal to zero to conclude that
Xo,s = 0, since the right-hand side of the above estimate does not depend on the parameter A > 0.
Since a; is a non-negative quadratic form, it follows from Corollary [7.9] that the operator e~z is
injective. As the Gaussian function uy € ¥(R™) is non-zero, we deduce that

(5.39) <e_mzuu0’u0>L2(]R") = ||€_%a}£uu0H2L2(]R") # 0,

while using the semigroup property of the family of linear selfadjoint operators (e
therefore follows that Xo s = 0 and Xy € S*. This ends the proof of Theorem 2.8

—sa;“)s>0. It

6. SUBELLIPTIC ESTIMATES ENJOYED BY QUADRATIC OPERATORS

This section is devoted to the proof of Theorem EI0l Let g : R?® — C be a complex-valued
quadratic form with a non-negative real part Req > 0. We consider S the singular space of ¢ and
0 < ko < 2n — 1 the smallest integer such that ([29) holds. Let py : R?® — R be the non-negative
quadratic form given by (Z30) and A7 be the operator defined in ([2.31]), with 0 < k < k. To prove
Theorem 210, we will use the interpolation theory as in [I9] (Subsection 2.4) which will allow to
derive subelliptic estimates for the quadratic operator ¢* (x, D) from estimates for the evolution
operators e %" . In the following, several estimates will involve the operators A} and we recall
from the theory of positive operators, see e.g. [26] (Section 4), that they are positive operators
whose domains are given by D(A}) = {u € L*(R") : Afu € L*(R")}.

First of all, we need to prove some additional estimates for the semigroup (e*tqw)tzo.

Lemma 6.1. There exist some positive constants ¢ > 0 and p > 0 such that for all 0 < k < ko,
t>0 and u € L*(R"),
—_tq¥ —Ak—
1% ™ ull 2 gy < et Jull2qan).

Proof. Let 0 < k < kg. It follows from the Gauss decomposition of non-negative quadratic forms

that there exist a positive integer Nj > 1 and some points X¥, ..., X]’f,k € R?" such that
N

(6.1) VX € R™, pr(X) =) (XF, X)%
j=1

However, by definition of Vj and p; ((ZI8) and 230)), we know that pj vanishes on Vi. Con-
sequently, for all 1 < j < N, we have (X;“,X) = 0 for all X € Vj. The points Xj’-C € R?" are
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therefore elements of V- C S+ and their associated indexes defined in (Z20), satisfy 0 < kyr < k

for all 1 < j < Ni. As we have already noticed, the Weyl calculus shows that for all 1 < j < Ng,
Op” (X}, X)?) = (X}, X)")?,

and we deduce from (Z3T)), [GI) that

(6.2)
A= (1 O ) (08, X)) = 12 (R X)) + 30 3 (K X)R(XE X,
j=1 j=1 j=1¢=1

Since the indices ky« are smaller than or equal to k, we deduce of Theorem that there exist
J

some positive constants ¢ > 0 and 0 < tg < 1 such that for all 1 < 5,/ < Ng, 0 < t < ¢y and
u € L?(R"),

k koyyw,— 2 —2%—1 | k2
(X7, X)) (X5, X) e <V2 i [ X517 ullze @y,

“HLZ(Rn)
and

X, 20 (X, X0 (X, X)™ (X, X) e <2V 72 IXEP X lul e,

|
UllL2mn)

since X J’?,Xlk € S+, We deduce that there exists a positive constant ¢; > 0 such that for all
0 <t<tgand u e L?(R"),

(6.3) |Afe=t" < e T2 |u| pagn).

u||L2(R")

Furthermore, it follows from (6.3) and the contraction semigroup property of the family (e %" );>o
that for all t > to and u € L?(R"),

s w _ Wy w Cl (e w
1A% ull gy = AR €T | oy < i e T ey < t4k+2 lall 2 -
0

Consequently, there exists a positive constant j; > 0 such that for all t+ > 0 and u € L?(R"),

||A4 —ta < Ckeﬂkt t—Ak—2 ||u||L2(Rn).

U’HLZ(R")
This ends the proof of Lemma [6.11 g

By using some results of interpolation theory, we can now derive Theorem [2.10 from Lemma [6.1]
Let 0 < k < kg. We consider #€; the Hilbert space defined by
I, = D(AL) = {u € L*(R") : Aju € L*(R™")},
naturally equipped with the scalar product (u,v)ye, = <Aiu, A%’U>L2(Rn). We deduce from Lemma
6.1 that there exist some positive constants ¢ > 0 and g > 0 such that for all ¢ > 0 and u € L?(R"™),

(6.4) HA4 —tq wuHLZ < et 72 lu| 2 gy

(R™)
Considering the operator p*(z, D,) = ¢*(z, D) + p, the estimate (64) can be written as
(6.5) Vi >0,Yue L*R"), [le™® ull,, <ct™ 7 |lulL2@n).

It follows from (G.5) and the strong continuity of the semigroup (e *?");>¢ that for all u € L2(R"™),
to > 0 and t > 0, we have

||e (t+to)p™ 7t“pwu||ﬂk = Heft“pw (eftpwu — u) <ec ta4k_2Heftpwu

- uHLZ(Rn) 0
This proves that for all u € L?(R"), the function t € (0,400) + e " u € Hy, is continuous, and
therefore measurable. Moreover, we deduce from [22] (pp. 425-426) that the operator p* (x, D)
equipped with the domain D(¢") is maximal accretive. Corollary 5.13 in [26] therefore shows that
the following continuous inclusion holds between the domain of the quadratic operator ¢ (x, D)
and (L?(R™), #k)1/(ak+2),2 the space obtained by real interpolation between L*(R™) and #6:

(6.6) D(q") C (LQ(Rn)v%’C)U(%H),Q'

Since €, is the domain of the operator A% and that Ai is a positive selfadjoint operator, we deduce
from Theorem 4.36 in [26] that

6.7) (LR 74), 4y = (DIAD) DIAD), gpsny » = D((AD) 752
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We therefore obtain from (G.6) and ([6.7)) that the following continuous inclusion holds
2
D(q¢") C D(AFF).
This implies that there exists a positive constant ¢ > 0 such that

_2
Vu e D(g"), (AT Ul o gy < ek [llp” (@, Doull p2eny + llull L2en ]

and we deduce from the definition of p* that
2
Vu € D(g"), A ull o gny < ex(X+ ) [lg" (2, Da)ull2gny + llull 2]

7. APPENDIX

7.1. About the polar decomposition. To begin this appendix, we recall the basics about the
polar decomposition of a bounded operator on a Hilbert space. As a prerequisite, we recall that if H
is an Hilbert space and T' € £(H) is a non-negative selfadjoint bounded linear operator, there exists
a unique non-negative selfadjoint bounded operator vT' € L£(H) such that (vVT)? = T, see e.g.
[27] (Theorem 4.4.2). From there, we define the absolute value of any bounded operator T' € L(H)
as the selfadjoint operator defined by |T| = T*T. The operator |T| satisfies Ker |T| = Ker T
Moreover, we recall that a bounded operator U € L(H) is a partial isometry if |Uz||g = ||=|  for
all z € (KerU)*. We can now state the standard polar decomposition theorem whose proof can
be found e.g. in [27] (Theorem 4.4.3):

Theorem 7.1. Let H be an Hilbert space and T € L(H) be a bounded linear operator. Then, there
exist a unique non-negative selfadjoint bounded linear operator S € L(H) and a partial isometry
U e L(H) such that T =US and KerU = KerT. Moreover, the operator S is given by S = |T|.

However, the decomposition given by Theorem [[T] is not useful for us. We are more interested
here with decompositions of the type T'= |T'|U. Let us assume that T € L(H) writes as

(7.1) T = SU,

with S € L£(H) a non-negative selfadjoint injective bounded linear operator and U € L(H) be
a unitary operator. By passing to the adjoint, we deduce that T = U*S. Since the operator
U* € L(H) remains unitary on H and that Ker U* = Ker T* = {0}, the operator T being injective
as a composition of two injective operators, we deduce from Theorem [Tl that such a couple (U, S)
is uniquely defined and S = |T™*|. With an abuse of terminology, we call the decomposition (Z.I),
when it exists (it will always be the case in this paper), with the bounded linear operators S and U
respectively non-negative selfadjoint injective and unitary, the polar decomposition of the operator
T.

To end this subsection, let us check that formula (ZI0), namely e~ %" = e~ ¢~ with
t > 0 fixed, the operators e~** and e~ being defined in (ZIT)), is the polar decomposition of
the evolution operator e t" generated by the accretive quadratic operator q*(z,D,), as defined
just before. The operator e~**" is injective from Corollary [0 since the quadratic form a; is non-
negative. In order to check that this operator is also non-negative and selfadjoint on L*(R"™), we
recall that the adjoint of any evolution operator e 4" generated by an accretive operator % (x, Dy)
is given by (e7*7")* = ¢=%(9" see e.g. [30] (Chapter 1, Corollary 10.6) and [22] (p. 426). This
formula implies that (e~*")* = e~*%’ since the quadratic form a; is real-valued. The operator
et is therefore selfadjoint on L2 (R™). By using this selfadjointness together with the semigroup
property of the family of contractive operators (e~*% )40, we deduce that

V’U, S LQ(RH), <€7m;'uu, u>L2(Rn) = "eféa}f’u"iZ Z O,

(R™)
which proves that the operator e~ % is also non-negative. Finally, the operator e~ itby’
on L?(R") since the quadratic form b, is real-valued.

is unitary

7.2. A symplectic lemma. We now prove that any matrix of the form e’?, with J the real
symplectic matrix defined in (2.6) and @ a complex symmetric matrix, is symplectic. Before that,
let us recall that when K = R or C, the symplectic group Sp,,,(K) is the subgroup of GL3,(K)
composed of all matrices M € GLa, (K) such that M7 JM = J, or equivalently JM = (MT)=1J,
where J is again the matrix defined in (28]

Lemma 7.2. For all Q € Ss,,(C), we have /% € Sp,, (C).
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Proof. Since the matrix J satisfies J?> = —I», and J7 = —J, and the matrix Q is symmetric, we
first notice that for all t > 0,

at [(etJQ)TjetJQ] _ (JQetJQ)TJetJQ + (etJQ)TJJQetJQ — (etJQ)TQetJQ o (etJQ)TQetJQ —=0.

Moreover, (e?/@)T.Je%7@ = J, which proves that for all t > 0, (e!/?)TJe!/@ = J. In particular,
the matrix e’/? is symplectic. This ends the proof of Lemma O

7.3. About Fourier integral operators. Fourier integral operators associated with non-negative
complex linear transformations play a key role in this paper to manipulate the evolution operators
e~t" generated by quadratic forms ¢ : R?* — C with non-negative real parts Req > 0. In this
subsection, we recall their definition and their basic properties following [22] (Section 5) and [33]
(Section 2). Let T € Sp,,,(C) be a non-negative complex symplectic linear transformation, that is,
a complex symplectic transformation satisfying

VX e C*, i(o(TX,TX)-0(X,X)) >0,

with o the canonical symplectic form on C?" defined in ([Z.2). Associated to this non-negative
symplectic linear transformation is its twisted graph Ar = {(TX, X):X € (CQ"} C C? x C?,
where X’ = (z,—¢) € C?" if X = (x,£) € C?", which defines a non-negative Lagrangian plane
of C?" x C*" equipped with the symplectic form oy ((21, 22), (C1,¢2)) := o(21,(1) + 0(22,(a), for
(21,22), (Cl,CQ) S C2" x C2". The set A = {(21,22,<1,C2) : (21,C1,22,C2) c )\T} C (C4n, is then
a non-negative Lagrangian plane of C*" equipped with the canonical symplectic form on C*" (see
(22))). According to [22] (Proposition 5.1 and Proposition 5.5), there exists a complex-valued
quadratic form

(7.2) p(z,y,0) = ((z,y,0), P(z,y,0)), (z,y) € R, 0 R,
where
Pyvar P
7.3 p=(tryey Tryl) o (C),
(73) ( g P ) s 3 (C)

is a symmetric matrix satisfying the conditions:

1. ImP >0,

2. The row vectors of the submatrix (P Payp) € CV*(2+N) are linearly independent over C,
parametrizing the non-negative Lagrangian plane

—~ B) B) B)
Ar = {(wy 8—p(w,y,9), a—z(ﬂc,yﬁ)) : a—z(%yﬁ) = 0}-

T

By using some integrations par parts as in [22] (p. 442), this quadratic form p allows to define the
tempered distribution

(7.4) Kp=—2|det <_ipg19 pgvy)/ e?@v:9) qg ¢ #'(R?™)
(2m) ™5 Pro  iy) Jan ’

as an oscillatory integral. Notice here that we do not prescribe the sign of the square root so
the tempered distribution Kp is defined up to its sign. Appart form this sign uncertainty, it is
checked in [22] (p. 444) that this definition only depends on the non-negative complex symplectic

transformation 7', and not on the choice of the parametrization of the non-negative Lagrangian Ap
by the quadratic form p. Associated to the non-negative complex symplectic linear transformation
T is therefore the Fourier integral operator

Hr: SR — S (R"),
defined by the kernel K7 € &'(R?*") as
Vu,v € F(R"),  (Hru,v)p: (mr),o @) = (KT, U ® 0) 91 (m2n), 9 (R2N).-
The first properties of this class of Fourier integral operators is summarized in the following propo-

sition which is taken from [33] (Proposition 2.1):

Proposition 7.3. Associated to any mon-negative complex symplectic linear transformation T
is a Fourier integral operator Kr : S (R™) — F'(R™) whose kernel (determined up to its sign)

is the tempered distribution Kp € #'(R*") defined in (TA) and whose adjoint K7 = Ky :

F(R™) = S’ (R"™) is the Fourier integral operator associated to the non-negative complex symplectic
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=1
linear transformation T" . The Fourier integral operator K defines a continuous mapping on the
Schwartz space

Krp: FSR") — S R"),
which extends by duality as a continuous map on the space of tempered distributions

Hr: P'(R™") — S (R"),
satisfying the Egorov formula
(7.5) VXo € C" Vu € ' (R™), (Xo, X)“Hru=Hp(J T IXg, X)Vu,
where J is the matriz defined in 2Z8) and where for all Yy = (yo,n0) € C*7,

(Yo, X)" = (yo, ) + (10, D).

Furthermore, the Fourier integral operator

Hr: L*(R™) — L*(R™),
is a bounded operator on L?(R™) whose operator norm satisfies | K| z(r2mny) < 1.
The Egorov formula is presented in the following way in [33] (Proposition 2.1):
(7.6)  Y(yo,m) € C*",Vu € #'(R"), ({x0, D) — (&0, 2)) Hru = Hr((yo, Da) — (n0,x))u,
with (z0,&) = T(yo,n0). However, the formulas (7)) and ([T.0) are equivalent since

(20, D) — (€0, ) = (J ' X0, X)¥ = (J7'TY, X)* and (yo, Dz) — (no,x) = (J Yo, X)*.

The next proposition, coming from [22] (Proposition 5.9), shows that the composition of two
Fourier integral operators associated to non-negative complex symplectic linear transformations
remains a Fourier integral operator associated with a non-negative complex symplectic linear trans-
formation. It has a key role in this paper in Section Bl The sign uncertainty that appears is anew
due to the fact that the Schwartz distributions K7 defined in [[4] are determined up to their sign.
Although, this sign uncertainty is not an issue in this work.

Proposition 7.4. If T and Ty are two non-negative complex symplectic linear transformations in
C?", then T\T5 is also a non-negative complex symplectic linear transformation and

<%{’1"1’]"2 == i%T1%T2
Finally, we are interested in the real case:

Definition 7.5. A Fourier integral operator K associated to a real symplectic linear transforma-
tion T 1is called metaplectic.

The metaplectic operators stand out among the other Fourier integral operators A as illus-
trated in the following proposition which comes from [22] (Theorem 5.12):

Proposition 7.6. Let K1 be a Fourier integral operator associated a non-negative complex sym-
plectic transformation T. The operator K : L*(R™) — L%(R™) is invertible if and only if K1 is a
metaplectic operator, that is, if and only if T is a real symplectic transformation. In this case, the
operator K : L*>(R™) — L?(R™) defines a bijective isometry on L*(R™).

To finish, let us recall the metaplectic invariance of the Weyl calculus:

Theorem 7.7. Let T' be a real symplectic transformation and K the associated metaplectic op-
erator. Then, the following identity holds for all tempered distributions a € &'(R™),

Hta® (x, D) Ky = (a0 T)(z, Dy).

The general result of metaplectic invariance of the Weyl calculus can be found e.g. in [2]]
(Theorem 18.5.9). Notice that the Egorov formula (Z.H) is a particular case of this Theorem for
linear forms since (ZH) can be also written in the following way

VX € C*", KXo, X)“Hr = (Xo, TX)",

by using that (J~!7~1J)T = T, which is a straightforward property of real symplectic matrices.



32 PAUL ALPHONSE AND JOACKIM BERNIER

7.4. Splitting of the harmonic oscillator semigroup. In this subsection, we give a decompo-
sition of the harmonic oscillator semigroup. To obtain this splitting, we will make use once again
of the theory of Fourier integral operators in the very same way as in Section[3l Let us mention as
an anecdote that the identity (8] involved in the proof of the following proposition has played a
major role and has been widely used in image processing in order to make rotations, see e.g. [29].
This identity is also key here for our purpose. As a byproduct of this splitting, we obtain the in-
jectivity property of the evolution operators generated by accretive quadratic operators associated
to non-negative quadratic forms.

Proposition 7.8. Let H = —0?+x?, with x € R, be the harmonic oscillator. Then, the semigroup
xr
(e=*);>0 generated by the operator H admits the following decomposition:

(77) vt > 0, eftH — efé(tanht)aﬂe% sinh(2t)6§efé(tanh t):nz.

tH

This implies in particular that the evolution operators e™*™ are injective.

Proof. First, let us consider the following well know factorization (see e.g. [29]) for t € (—7, )

(7.8) 1 0\ /(1 —sint 1 0\ (cost —sint
: tani 1) \0 1 tani 1) \sint cost )°

Identifying each one of these matrices with an exponential and extending analytically this relation
to t € {R we deduce that

Vit €R, e itJ — o~(itanh £)JQq ,—(isinh)JQ¢ ,— (i tanh %)JQE,

where J is the symplectic matrix in dimension 2, Q, is the matrix of z? and Q¢ is the matrix of
£2. Consequently, applying Proposition 3.1l we deduce that for all ¢ > 0,

(79) Etefé(tanh t)zQe% sinh(?t)é)zef%(tanh t)z? — eft(x276:2:),

with e; € {—1,1} for all ¢ > 0. It only remains to prove that ey = 1 for all ¢ > 0 to establish (T.7)).

To that end, we consider ug € & (R) the Gaussian function defined for all z € R by ug(z) = e~ % .
We first notice that for all ¢ > 0,

(710) e—%(tanht)zzeé sinh(2t)6§e—%(tanht)12u() > 0.

Indeed, this estimate is trivial when ¢ = 0 by definition of ug. When t > 0, we observe that for all
2

u € ¥ (R) such that u > 0, the function e~z (tanh )2, 5 0 g also positive, and on the other hand,

we notice by using the explicit formula for the Fourier transform of Gaussian functions that

2
Lsinh(26)92, _ 2 __* >0
¢ = sinn2e) TP\ T 2sionieny ) YT

where * denotes the convolution product. This proves that (ZI0) holds. Now, let us consider the
function ¢ defined for all ¢t > 0 by

(711) (P(w _ Ete—%(tanht)gﬁe% sinh(2t)6ie—%(tanh t)zzuO c y(Rn>

The rest of the proof consists in checking that ¢(¢) > 0 for all ¢ > 0. This property combined with
(CI0) will prove that e; > 0 for all ¢ > 0. Since &, € {—1,1}, it will then follows that ¢, = 1 for all
t > 0. We first deduce from [22] (Theorem 4.2) that the function t > 0 — e~ " =9y, € F(R")
is continuous which implies from (Z9) and (1)) the continuity of the function ¢ from [0, +00) to
F(R). As a consequence of (CI0) and (ZII]), the Schwartz function ¢(t) is not the zero function
for all t > 0. Let z € R. The previous discussion implies that the function ¢t > 0 — ¢(¢)(z) € R* is
continuous and does not vanish. Moreover, it follows from (7.9) and (ZII) that ¢(0)(x) = ue(z) >
0. We deduce that ¢(t)(z) > 0 for all ¢ > 0. As a consequence, p(t) > 0 for all ¢ > 0. This proves
that (Z7) holds. The injectivity of the operators e~'* is then a straightforward consequence of
([Z7) since the operators e~ 2(tanh D)2” anq 3 sinh(209; 416 themselves injective. This ends the proof
of Proposition [Z.8 O

Notice that the injectivity property of the evolution operators e ~**

by using the Hermite basis of L?(R") and a direct calculus.

can also be readily proved

Corollary 7.9. Let g : R?™ — R be a non-negative quadratic form q¢ > 0. Then, for all t > 0, the
evolution operator e t1" generated by the accretive quadratic operator ¢* (z,D,) is injective.
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Proof. We deduce from [21I] (Theorem 21.5.3) that there exists a real linear symplectic transfor-
mation y : R?” — R?" such that for all (z,¢) € R?",

k k+1
(7.12) (qoX)(@.&) =Y N(E +a) + Y a3,
j=1 j=k+1

with k£, > 0 and A; > 0 for all 1 < j < k. By the symplectic invariance of the Weyl quantization,
[21] (Theorem 28.5.9), we can find a metaplectic operator 7 satisfying

k k+1
(7.13) ¢°(z, Dy) = T‘l(z ND2 )+ Y xf)T.
j=1 j=k+1
Let t > 0. It follows from (ZI3) that the evolution operator e %" writes as
k . kel
(7.14) et =T ([[e ™M) (X e )T
j=1 j=k+1

We deduce from (ZI4) and Proposition [Z.8 that the operator e~*4" is the composition of injective
operators, so is itself injective. This ends the proof of Corollary [l O

7.5. Spectrum localization. The following result provides a localization for the spectrum of
matrices of the form JA, with J the symplectic matrix defined in (2Z.6]) and A a Hermitian positive
semidefinite matrix.

Lemma 7.10. Let A € H,(C) be a Hermitian positive semidefinite matriz and J € Sp,,,(R) be

the symplectic matriz given by (Z8). Then, the spectrum of the matriz JA is purely imaginary,
that is o(JA) C iR.

Proof. We first assume that the matrix A is Hermitian positive definite. Under this assump-
tion, we observe that VA(JA)(vVA)~' = V/AJVA. The matrix JA is therefore conjugated to a
skew-Hermitian matrix and its spectrum is then purely imaginary. When A is only Hermitian
positive semidefinite, we can consider (A4,), a sequence of Hermitian positive definite matrices
that converges to A. Since the eigenvalues of a complex matrix are continuous with respect to
this matrix according to [24] (Theorem IL5.1), and that o(JA,) C iR from the beginning of the
proof, we deduce that the eigenvalues of the matrix JA are purely imaginary. This ends the proof
of Lemma O

7.6. Taylor expansion in a non-commutative setting. In the next lemma, we prove a compo-
sition result of Taylor expansions for functions taking values in non-commutative rings. It will be
useful in the end of Subsection [[.7 Notice that we consider holomorphic functions in a neighbor-
hood of 0, but the proof works the same near any point of C. Let us recall that C(X,Y") denotes the
ring of non-commutative polynomials in X and Y, and that for all non-negative integer k > 0, we
consider Cy, ¢(X,Y) the finite-dimensional subspace of C(X,Y") of non-commutative polynomials
of degree smaller than or equal to k vanishing in (0,0). In the following, given p > 0, the notation
D(0, p) denotes the open disk in C centered in 0 of radius p, and B((0,0), p) stands for the open
ball in Ms, (R) x Ma,(R) centered in (0,0) of radius p with respect to the norm || - || defined in
the notations in p.11.

Lemma 7.11. Let f : D(0,p) — C be an analytic function, with p > 0. We consider P €
Cr,o(X,Y), with k > 0 a non-negative integer, and R : B((0,0), p) — M2, (C) a function satisfying
that there exists a positive constant C > 0 such that for all (M, N) € B((0,0), p) we have

(7.15) [R(M, N)|| < C|[(M, N)||5.

Then, there exists p' € (0, p), depending continuously on P and C, such that the function

, = f1(0) i
fo(P+R): (M,N)—>" - (POM.N) + RO, N)Y
j=0 7

is well defined on B((0,0),p"). Furthermore, there exists a continuous map ¥ : Cio(X,Y) —
Cro(X,Y) and a function R' : B((0,0), p') = M2, (C) such that for all (M,N) € B((0,0), p'),
with

IR (M, N)Il < Te.pll(M, N)II5

oo ?
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I'c,p > 0 denoting a positive constant which depends continuously on C' and P.

Proof. Since the functions P and R tend to (0,0) as (M, N) goes to (0,0), if p’ € (0, p) is chosen suf-
ficiently small, then for (M, N) € B((0,0), p’), we have ||P(M, N)| < p/4 and ||[R(M,N)|| < p/4.
Consequently, the function f o (P + R) is well defined on B((0,0),p"). Let (M, N) € B((0,0), o).
Realizing a Taylor expansion of the function f (considered as a map on Ms,(C)) in P(M, N), we
get that

fo(P+R)M,N)=foP(MN)+ /01 df(P(M,N) + aR(M,N))(R(M,N)) da,

where df denotes the differential of the function f. The second term in the right-hand side of the
above equality is a remainder term. Indeed, since |P(M, N)+aR(M,N)|| < p/2forall0 < a <1
with our choice of p’ € (0, p), we deduce from (ZI5) that this term satisfies

/ " F(P(M,N) + aR(M,N))(R(M,N)) da
0

<o sw 147 Dleom, e ) 0L VI,
ILlI<p/2

with £(Ma,(C)) the space of bounded operators on Ma,(C). Consequently, we focus on the term

foP(M,N). Since the function f is analytic on D(0,p), we can consider (a;);>0 € CV the

coefficients of the Taylor expansion of f and write

+oo
Vz eD(0,p), f(z)= Zajzj.
3=0

Naturally, f o P(M, N) can be decomposed as

—+o0

foP(M,N) = f(0)I2n + Q(P(M,N)) + P(M,N)**' > "a; 41 P(M,N)’,

j=0
where @ € C[X] is a polynomial of degree smaller than or equal to k vanishing in 0 and depending
only on f, given by Q(X) = 2521 a;X7. The third term in the right-hand side of the above equality
is also a remainder term. Indeed, since the polynomial P vanishes in (0, 0), there exists a positive
constant Mp > 0 depending continuously (and only) on P such that

1P(M, N)|| < Mp|[(M, N)|oo-
With the previous choice of p’ € (0, p), ||[P(M, N)|| < p/4, and we obtain that

“+o00 +oo .
. J
| PO NPT 0 PO N | < MEF IO NS Jagisl ()
Jj=0 j=0
Notice that the sum in the right-hand side is finite since the function f is analytic on D(0, p).
Finally, we just have to observe that Q o P € Cj2 ((X,Y) is a non-commutative polynomial
vanishing in (0,0) and depending continuously on P. The sum of its terms of degree smaller than

or equal to k defines ¥(P) and its higher order terms are remainder terms bounded by ||(M, N)||kFt,
up to a constant also depending continuously on P. This ends the proof of Lemma [Z.11] O

7.7. A perturbation result. To end this Appendix, we give the proof of a quite technical lemma
which is instrumental in Section Bland Section @l Let ¢ : R2® — C be a complex-valued quadratic
form with a non-negative real-part Req > 0. We consider @ € S2,(C) the matrix of ¢ in the
canonical basis of R??, F' the Hamilton map of ¢ and S its singular space. Let 0 < kg < 2n — 1
be the smallest integer such that (Z9) holds. Moreover, we consider the time-dependent quadratic
form r; : C*>" — R defined in accordance with the convention (L3)) for all t+ > 0 and X € C?" by

ko k[}

(7.16) Re(X) =Y 1 Req((ImF)*X) = Y 12*|\/Re QIm F)* X |”.
k=0 k=0

The following lemma investigates the perturbations of the quadratic form xy:

Lemma 7.12. Let (Gy)o<a<1 be a family of functions G4 : B((0,0), p) = Ma,(C), with p > 0,
satisfying on the one hand that there exist a family (Py)o<a<1 of non-commutative polynomials
P, € Cyy0({X,Y) depending continuously on the parameter 0 < a < 1, a family (Ra)o<a<1 of
functions R, : B((0,0), p) = Ma,(C) and a positive constant C > 0 such that for all 0 < a < 1
and (M, N) € B((0,0), p),

(7.17) Go(M,N) = Iz, + P,(M,N) + R,(M,N),
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with

(7.18) |Ra(M, )| < CI| (M, N) e+,

and on the other hand that for all 0 < a <1 and t > 0 such that (tRe F,tIm F') € B((0,0), p),
(7.19) Go(tRe F,tTm F)(S +iS) C S + iS.

Then, there exist some positive constants ¢ > 0 and 0 < T < 1 such that for all 0 < t < T,
0<a<1and X € C?,
nt(Ga(tReF,tImF)X) > ck(X).

Proof. By definition (Z.I6) of the time-dependent quadratic form k¢, the estimate we want to prove
writes for all 0 < o < 1, 0 < t <« 1 small enough and X € C?" as

ko
(7.20) Zt%] Re Q(Im F)*Go(tRe FtIm F)X|* > ¢ 3" #2*\/Re Q(Im F)* X |”.
By using the two classical inequalities that hold for all m > 1 and a1, ..., a, >0,
(7.21) vai+ ... Fam < Va4 ...+ Vam,
and
(7.22) (a1 4 ...+ am)* <2™ Yal+ ... +a2),

we notice that in order to prove the estimate ([C20), it is in fact sufficient to establish that for all
0<a<1,0<t<1small enough and X € C?",

(7.23) Ztk} Re Q(Im F)* tReFtImFX|>thk} Re Q(Im F)* X]|.
k=0

Indeed, we deduce from (T21)) and (Z.22) that when (T.23)) holds7 we have that for all 0 < o < 1,
0 <t < 1 small enough and X € C?”,

(7.24) Zt%\ Re Q(Im F)* Gy (t Re F, t Im F)X |
k=0

2k0<2tk| Re Q(Im F)* tReFtImFX}) (Ztk}\/Re Q(Im F) X|)

- (Z\/t%\\/ﬁlmzf kX]) _Qk Zt%\\/Re (Im F)

which is the required estimate. We therefore focus on proving the estimate (Z.23)). First of all, let
us write the functions G, under a more manageable form. Since the non-commutative polynomials
P, € Ci,(X,Y) have a degree smaller than or equal to kg, vanish on (0,0) and depend continuously
on the parameter 0 < a < 1, there exist some continuous functions o, : [0,1] — C, with
1<j<koand me {0,1}7, suchthatfora110<a<1,

(7.25) Z Z Ojm(Q)XmYymm  xmiylemg,
j=1me{0,1}J

With an abuse of notation, we denote the above non-commutative product by

j
xlmmytom xmayteme = T XMyt
=1
We deduce from (CI7) and (Z20) that for all 0 < a < 1,0 < k < ko and (M, N) € B((0,0), p),

J
(7.26) Go(M,N) *Iwﬁz > opml@) [TM™ N 4 Rop(M, N),
Jj=1me{0,1}J =1

where the remainder terms R, k(M N) are given by

J
(7.27) Rox(M,N) Z Z Tjm )HMWNl—W + R (M, N).
j=k+1me{0,1} =1
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Since the functions o ,, are continuous on [0, 1], we deduce from (TI8) and (T.27)) that there exists
a positive constant Cy > 0 such that for all 0 < o <1, 0 < k < ko and (M, N) € B((0,0), p),

(7.28) | Rak (M, N)|| < Coll (M, N)[[F+1.

We can now tackle the proof of the estimate ([23). We begin by studying the matrices
t*(Im F)*Go(tRe F,tIm F). Let Ty > 0 be such that (tReF,tImF) € B((0,0),p) for all
0 <t <Tp. It follows from (726) that for all 0 < a < 1,0 <k < ko and 0 < ¢ < Ty,
ko—Fk o
Ga(tReF,tImF) :Ign+z Z ijm(ogﬁj H(ReF)mg(lmF>1_m€+Ra7k0,k(tReF,tIInF).
=1 me{0,1}J =1

We deduce that forall 0 < a < 1,0 <k <kgand 0 <t <Ty,

(729) t*(ImF)*G,(tRe F,tIm F) = t*(Im F)*
ko—k J

+> Y oim(@t" (Im F)* [[(Re F)™ (Im F)' =™ + ¥ (Im F)* R s,k (t Re F, ¢t Im F).
Jj=1 me{0,1}J =1

Let 0 < a<1,0<k<kyand 1 < j < kg — k. Isolating the term associated to the tuple
0 € {0,1}7 whose coordinates are all equal to 0, we split the following sum in two

(Re F)™ (Tm F)' =™«

-

(7.30) > ojm(a)t* (Im F)

me{0,1} =1

J
=ojo(@t I (Mm P+ N oy (@)t (Im F)F [[(Re F)™ (Im F)! =,
me{0,1}9\{0} =1

For all m € {0,1}7\ {0}, we can write
J

(7.31) [[ReF)™(Im F)'=™ = A, (Re F)(Im F)™
=1

where n,, is a non-negative integer satisfying 0 < n,, < j —1 and A,, € M3, (R) is a real matrix
product of j — 1 — n,, matrices belonging to {Re F,Im F'}. It follows from (Z30) and (Z31)) that
foral0<a<1,0<k<kygand 0 <t <Ty,

ko—k J
(732) > > ojm(@)t(ImF) H (Re F)™¢ (Im F)1—me
Jj=1 me{0,1}J =1
ko—k ko—k
= Z gio(@ T (Im )T 4 3" N o (@)t (Im F)F A, (Re F) (Im F)™
j=1 me{0,1}7\{0}

Moreover, the second term in the right-hand side of the above equality can be written as

ko—k
(7.33) Y om(@t" (Im F)F Ay (Re F)(Im F)™
Jj=1 me{0,1}7\{0}
ko—k j—1
=> > > opm@t"(ImF)* A, (Re F)(Im F)?

J=1 p=0me{0,1}/\{0}
Nm=p

ko—k—1 ko—k
= > tP“( > > ojm(a)tk“_p_l(ImF)kAm)(ReF)(ImF)p
p=0 J=p+1me{0,1}7\{0}
Nm=p

ko—k—1
> 7 Bap(t)(Re F)(Im F)P.



POLAR DECOMPOSITION AND REGULARIZING EFFECTS 37

We deduce from ([(29), (32) and ([33)) that for all 0 < o < 1,0 < k < kg and 0 <t < Ty,

ko—k
7.34) t*(Im F)*G, (tRe F,tIm F) = t*(Im F)* + o;0(a)t* (Im F)k+7
Js
j=1

ko—k—1
+ Y P Baya(®)(Re F)(Im F)P + t5(Im F)* Ra g, x(t Re F,tTm F).

The triangle inequality therefore implies that for all 0 < o < 1, 0 < k < kp, 0 < t < Tj and
X e C?,

(7.35)
t*]V/Re Q(Im F)*Gq (tRe F, tIm F) X |
ko—k
t*\/ReQIm F)* X + >~ t"5; 4(a)\/Re Q(Im F)kﬂX‘
j=1

ko—k—1
Z tP*1\/Re QBa pi ()(ReF)(ImeX’ t*|v/Re Q(Im F)* Ry jy—k(t Re F, t Im F) X |.

Our aim is now to control the two first terms appearing in the right-hand side of the above estimate.
To that end, we begin by noticing that since (0,m)1<j<k,,me{0,1}7 is a finite family of continuous
functions defined on [0, 1], and by definition of the terms By, £ (t) in (T.33), there exists a positive
constant ¢y > 0 such that for all 0 < a <1,0<k < ko, 1 <j<k—kyand m € {0,1}/,

(7.36) |0.m ()| + [|[v/Re QBapx (1) T V/Re Q|| < co.

Then, the first term can be controlled in the following way: from (Z.36) and Lemma [[.T4] we have
that forall 0 < k < kg —1 and n; € (Ri)ko_k, there exists a positive constant 7,, > 0, such that
forall0<a<1,0<t<Tyand X € C?",

ko—k

(7.37) |t*v/ReQ(Im F)* X + Z 475 () y/Re Q(Im F)F X
j=1
ko—k
>yt |VRe QIm F)'X| — o 3 (1)t |v/Re Q(Im 1)+ X .
j=1

Notice that when k = kg, the sum appearing in the left-hand side of the estimate (Z.37) is reduced
to zero, which motivates to set v, = 1. By using that I = JQ and (Z.38]), we derive the following
estimate for the second term for all 0 < o <1, 0< k < ky, 0 <t < Ty and X € C?",

ko—k—1

(7.38) | > ""'/ReQBayp(t)(Re F)(Im F)pX‘
p=0
ko—k—1 ko
< > "HVReQBap () VReQy/ReQIm F)PX | < ¢ 7| \/ReQIm F)P X |.
p=0 p=0
We deduce from (7.35), (Z.37) and (Z38) that for all 0 < a < 1,0 <t <Tp and X € C?",
ko—1ko—k
Pat(X >Z%kt ‘\/Re Q(Im F) X‘—co Z Z M) tk”‘ ReQ Ika'”X‘
k=0 j=1

0
—colko+1)) "' |\/ReQ(Im F)P X| — Ztky Re Q(Im F)* Ry gk (t Re F, t Im F) X |,

where the functions p,; are the ones appearing in the left-hand side of the estimate (Z.23]), defined
foral0 <a<1,0<t<Tpand X € C*> by

(7.39) Pat(X Ztk\ ReQ(Im F)* Gy (t Re F, ¢ Im F) X |.
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We make the change of indexes j' = k and k¥’ = k + j in the following sum
ko—1ko—Fk ko k-1

S 3 ()] Re@(ImF>k+J‘X|Z(Zm—)k]—)tk\ ReQ(lm F)* X .

k=0 j=1 k=1 ;=0

Considering the quantity

k—1
(7.40) Enkt = T — €0 Y _(10j)k—5 — colko + 1)t
j=0
and the remainder term
ko
(7.41) Sat(X) =Y t*|\V/ReQ(Im F)* Ry g,k (tRe F, t Im F) X,

k=0
we deduce that for all 0 < a < 1,0 <t < Ty and X € C?*, p, +(X) satisfies the estimate

(742)  pa,t(X) = (v, — colko + 1)t)|v/Re @ X’+Zgnkttk’1/Re QImF)*X| -

n

Now, we determine the n;, € (R%)* =% We would like to have co(n;)r—; = W—kf Therefore, we
defineforall 0 < k <kp—1land 1 <j<ky—k,

(7.43) (1) = Y, (Co(k + 5 + 1)) 7

This construction seems implicit but, in fact, it is not. Indeed, to define 1, we just need to know
Y, for the indexes k+ 1 < £ < ko and since v,, = 1, we can proceed by induction. With this
construction (T43) of nx, we have that for all 1 < k < kg and 0 < ¢ < Ty,

Enk,t = — Co(ko + 1)t.

’yﬂk
k+1
We deduce from this construction and (T.42) that for all 0 < a < 1,0 <t < Tp and X € C?",

ko
pa,t(X)zz< T ey (ko + 1) >tk|\/Re QImF)*X| -

Py k+1

Therefore, there exist some positive constants ¢; > 0 and 0 < 77 < T such that for all 0 < o <1,
0<t<T; and X € C*,

ko
(7.44) Pat(X) > 1 Y t*[y/ReQIm F)*X| —
k=0

Now, we prove that the reminder term X, ; can be controlled by Z:"ZO tk|yv/ReQ(Im F)*X|. To
that end, we begin by observing from (7.28) and (Z4]) that 0 < a <1,0<¢ <T; and X € C?",

ko
(7.45) Sat(X) < Co > t*]|VReQ(Im F)*||[|(t Re Fy t Im F) || 7 | x|
k=0

ko
st (03 VR P (Re Fo I )27 ) 1

Then, the inequality (Z21]), the estimate (.40 and Lemma [7T3imply that there exists a positive
constant ¢y > 0 such that for all 0 < a < 1,0 <t < min(1,7;) and X € (S +iS)*,

ko
Yo t(X) < et ( > t*|y/ReQ(Im F)kx|) :
k=0

where the orthogonality is taken with respect to the Hermitian structure of C?™. This estimate
combined with ([T44]) shows the existence of positive constants cg > 0 and 0 < Ty < T such that
forall0 <a<1,0<t<Tsand X € (S+1i9)*

ko ko
(7.46) Pat(X) > (c1 — o) > t*|\/ReQ(Im F)FX| > e3> *|\/Re Q(Im F)* X|.
k=0 k=0
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Now, it only remains to check that the estimate (7.48]) can be extended to all X € C?". To that
end, we notice that for all 0 < k < kg, X € S +iS and Y € C?",

(7.47) VReQ(Im F)¥(X +Y) = /Re Q(Im F)"Y,
since vReQ(Im F)¥(S + iS) = {0} by definition (ZJ) of the singular space S. This implies
that for all 0 < ¢ < Ty and X € C*" written X = Xg445 + X(g4:5)+, with Xgpi5 € S +iS and
X(s+4is)+ € (S+i5)* according to the decomposition C*" = (S+i5) & (5+iS5)*, the orthogonality
being taken with respect to the Hermitian structure of C2”, we have

k‘o k()
(7.48) > | VReQIm F)*X| = " t*|\/Re Q(Im F)* X(5:5)- |-

k=0 k=0
Moreover, it follows from the assumption (ZI9) that for all 0 < o < 1, 0 <t < Ty, S+ iS5 is
a stable subspace of G,(tRe F,tIm F'). Consequently, we deduce from (739), (Z417) that for all
0<a<1,0<t<Tyand X € C?",

(7-49) Pa,t(X) = Pa,t(X(SHS)L)-
As a consequence of ([T48) and (T49), the estimate (Z46) can be extended to all 0 < o < 1,
0<t<T5and X € C>. This ends the proof of Lemma O

The two following lemmas are used to prove Lemma
Lemma 7.13. There exists a positive constant ¢ > 0 such that for all0 <t <1 and X € (S+iS)*,
Re(X) > et®™ | X%,
where the orthogonality is taken with respect to the Hermitian structure of C?".

Proof. We begin by observing that for all 0 <t < 1 and X € C?",

ko
(7.50) Re(X) > 1203 |\ /Re Q(Im F)F X |°.
k=0

It follows from (219), (5.6) and (&) that there exists a positive constant ¢ > 0 such that for all
X e S+,

ko
Re(X) > 25037 | /Re Q(Im F)FX|* > et X |2,
k=0

since VkJU‘ = S+. Moreover, if X € (S+1iS)*, then Re X,Im X € S+ and since x; is a non-negative
quadratic form, we deduce that

ct? | X > = ct? | Re X|? + ct?*| Tm X |2 < k(Re X) + #(Im X)) = r¢(X).

This ends the proof of Lemma [7.13] O
Lemma 7.14. Let m € N* and n € (R%.)™. Then, we have that for all x,y1,...,ym € C™,
‘w + Zyj = Trn Lt an|yj|a with min = 122%773"
j=1 min j=1

Proof. Let x,y1,...,ym € C™. We consider a = and distinguish two cases:

1
14+Mmin
1. On the one hand, if afz| > 377", |y;|, we have that

m m m m
i
o D]+ Yl = [+ Y] 2 bl = Yl 2 el (1 =) = 5
j=1 j=1 j=1 j=1

min
2. On the other hand, when o|z| < |y1]| + - - - + |ym|, it follows that
}w + Zyj} + > milysl =D nilyil = ominlz] = To, -
=1 i=1 i=1 F Thnin
This ends the proof of Lemma [7.14] a
To end this subsection, let us detail why Lemma [[.12] can be applied to the functions G and G,,
respectively defined in (£13) and (G21)).
Lemma 7.15. The function G defined in [EI3)) satisfies the assumptions of Lemma 712
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Proof. Let us recall that the function G is given by
(7.51) G(M,N) = 2(V/ e~ 2i(M+iN) g=2i(M~iN) 4 [, y=1,

The matrix exponential being defined as the sum of an absolutely convergent series, the product of
the two exponentials is given by the following Cauchy product for all (M, N) € My, (R) x Ma,(R),

“+o00 N T .
. . . . —21)3 .
—2i(M+iN) ,—2i(M—iN) _ ( J AT\E AT\ 4
(7.52) e e = Z T > ( e) (M 4 iN){ (M —iN)~*,
7=0 £=0
Let us consider the non-commutative polynomial P defined by
ko

P(X,Y) =)

j=1

We also consider the function R : (M,N) € My, (R) x Ms,(R) — Ma,(C) defined for all
(M, N) S MQH(R) X MQn(R> by

+o0 N .
RM,N)= Y (=2) Z(Z)(MwLiN)Z(MiN)j‘“.

i
j=ko+1 A

(=27 j J ~ -
- ;<€)(X+ZY)@(X1Y) 0 € Cpy (X, V).

4!

With these notations, the product of exponentials takes the following form for all
(M,N)E MQH(R)XMQn(R>,

(7.53) e~ 2MHiN) o =2i(M=iN) _ [, P(M,N)+ R(M,N).

Notice that the term R(M, N) is a remainder since for all p > 0 there exists a positive constant
¢ > 0 such that for all (M, N) € B((0,0), p),

IR(M, N)|| < el|(M, N)[|5*.
Now applying Lemma [[.TT with p = 1 (it could be chosen arbitrarily) and the analytic function
(7.54) firzeD,1) = (Vz+1)/2)7",

we deduce that there exists p’ € (0, 1) such that the function G is well defined on B((0,0), p’) and
satisfies the assumptions (ZI7) and (ZI8) of Lemma on B((0,0),p") (with no dependence
with respect to the parameter 0 < o <1 here).

Always in order to apply Lemma to the function G, it remains to check that for all £ > 0
such that (tRe F,tIm F') € B((0,0), p),

G(tRe F,tTm F)(S +iS) C S +iS.

Notice that by definition, we have G(tRe F,tIm F') = ®; The inclusion we aim at proving is
therefore equivalent to the following one for all ¢ > 0 such that (¢Re F,¢Im F) € B((0,0), p'),

(7.55) Qi (S+1iS) C S+1iS.
Since the matrix function ((v/ + I2,)/2)7! is analytic on B(Iz,,1) (from the analyticity of the
function (T.54)) on ID(1,1)), there exists a sequence of complex numbers (o;),>1 such that

—+o0
VA € B(Ian,1), 2(VA+In) ™' =ILn+ > 0j(A—Ip,) .
j=1
It follows that the matrix ®; is the sum of the following series for all ¢ > 0 such that
(tRe F,tIm F) € B((0,0),p'),
+oo o ]
(7.56) O =Dy + Y oj(e 2 Fe M — I, ).
j=1
Since (ReF)S = {0} and (ImF)S C S from (ZJ)), the two inclusions F(S + iS) C S + S
and F(S 4 iS) C S+ S hold. They imply in particular that e~2**(S +iS) C S+ iS and
e 2 (S +iS) C S+iS for all t > 0. The inclusion (Z.55) is then a consequence of this observation

and (Z.56). O

Lemma 7.16. The family of functions (Gu)o<a<1 defined in (52I)) satisfies the assumptions of
Lemma [712.
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Proof. We recall that the matrix functions G, are defined for all 0 < o < 1 by
(7.57) G (M, N) = exp ( - %Log (e—Qi(M-i-iN)e—Qi(M—iN)))_

Similarly to the previous study of the function G in the proof of Lemma [7.T5 we deduce that there
exists p > 0 and C' > 0 such that the function (M, N) — Log (e_Qi(M‘HN)e_%(M_iN)), is well
defined on B((0,0), p) and can be written as

Y(M,N) € B((0,0),p), Log (e 2MFTN)e=2i(M=iN)) — p(M, N) + R(M,N),
where P € Cg, 0(X,Y) and R is a remainder term
¥(M,N) € B((0,0),p), [R(M,N)|| <Cll(M,N)|5+
Now, observing that the set {—(a/2)P : 0 < o < 1} is bounded, we deduce from Lemma [711]
applied with f = exp that there exists p’ € (0, p) and C’ > 0 (independent of «) such that for all
0 < a < 1, the function G, is well defined on B((0,0), p’) and there exists R, : B((0,0),p") —
My, (C) satisfying
Y(M,N) € B((0,0),p), [[Ra(M,N)|| < C"[[(M,N)||5*,
such that
V(M,N) € B((0,0),¢), Ga(M,N) = Loy + ¥(=Z P)(M,N) + Ra(M, N).

Since U is a continuous map, the family of functions (Ga)o<a<1 satisfies the assumptions (Z17)

and (ZI8) of Lemma [T on B((0,0), o).
It remains to check that for all 0 < a <1 and t > 0 such that (¢tRe F,tIm F') € B((0,0), p'),

(7.58) Go(tRe F,tIm F)(S +iS) C S +iS.

Let 0 <a <1 andt >0 such that (¢tRe F,tIm F) € B((0,0), p) fixed. Since the complex function
exp(—(a/2) Log-) is analytic on the disk ID(1, 1), the matrix function exp(—(«/2) Log-) is analytic
on B(Ia,,1). Thus, there exists a sequence (04,;); >0 of complex numbers such that

“+o0
VA € B(Is,,1), exp ( — %LogA) = Zaaﬁj(A — I, ).
§=0

We deduce from this series expansion that

+o00 -
(7.59) Go(tRe FitIm F) = "0 j(e 2" e — 1, )7,

j=0
However, we have already noticed that the vector space S + iS' is stable by the matrices e~ 2l
and e~ """ The inclusion (Z.58) is therefore a consequence of this observation and (Z.59). O
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