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This paper deals with the multipole expansion identification of complex electric sources generating a static current flowing in a 

conductive medium bounded by layers with different conductivities. The expansion series in homogeneous medium is enriched by 

additional terms resulting from the generalization of the image method applied to multipoles. From close electric measurements, the 

solving of an inverse problem allows determining the multipolar sources, whatever the conductive environment. The efficiency of the 

approach is demonstrated through a numerical test. 

 
Index Terms— Electric Multipole Expansion Identification, Method of Images, Inverse Problems. 

 

I. INTRODUCTION 

o prevent a ship hull from being corroded, currents are 

usually sent in in the conductive sea water through active 

anodes, placing hull damaged areas in their corrosion immunity 

domain. This method called impressed current cathodic 

protection (ICCP) creates complex currents lines flowing from 

anodes to other parts of the ship (propellers, corroded zones). 

This current flow in seawater induces a measurable electrical 

field that may endanger a military ship, if detected by mine 

sensor. The electrical signature of a ship is very difficult to 

estimate by forward modelling because of the lack of 

knowledge of important parameters such as the state of the 

corroded area. Thus, it is fundamental to determine from near 

measurements an equivalent model of electric field sources that 

allows then the ship far field signature evaluation, 

independently of its environment. 

To achieve this, the multipole expansion identification is a 

very efficient mathematical method for field extrapolation (see 

[1] for magnetic field application). Multipole expansion, here a 

spherical harmonic (SH) decomposition, is a series of weighted 

functions which are solutions of the Laplace equation. The 

series can be truncated to represent the far field with a chosen 

accuracy [2]. From a limited set of field measurements, the 

solving of an inverse linear problem enables the determination 

of the weighting coefficients.  

The use of this method in the context of electric multipole 

identification is more complex than for the magnetic case. 

Magnetic field produced by intrinsic ship sources is not 

modified by the non-magnetic surrounding free space (air, 

seawater). On the contrary, the electric field due to intrinsic ship 

electric sources is strongly influenced by the air/water interface 

or by the sea floor that present very different conductivities. 

This paper proposes to extend the multipole expansion 

identification method to electric fields flowing in a domain 

composed of layers with different conductivities. The classical 

expansion series is enriched by additional terms built through 

the generalization of the method of images to multipoles. These 

new terms are introduced in a linear inverse problem in order to 

determine the proper source coefficients. The efficiency of the 

approach and its accuracy are validated by a numerical test case.  

II.   SPHERICAL HARMONIC EXPANSION AND IMAGES METHOD  

In a homogeneous linear isotropic conductive medium Ω1 

(conductivity 1), the static electric field 𝑬𝑠  derives from a 

potential 𝑉𝑠 that verifies the Laplace equation. In spherical 

coordinates (center O1) and at a point 𝑃(𝑟1, 𝜃1, 𝜑1) outside the 

sources, a solution for 𝑉𝑠 is the spherical harmonic expansion:  
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where 𝑎𝑛
𝑚

𝑠
 are the SH weighting coefficients associated to the 

electrical sources (which are assumed to be independent of the 

environment) and  𝑌𝑛
𝑚 are the Legendre functions. Equation (1) 

corresponds to an electric field flowing in the free space Ω1 . 

We introduce now a second homogeneous linear isotropic 

conductive medium Ω2 (conductivity 2) separated from Ω1 by 

an interface. The electric sources are still located in Ω1 . The 

total potential 𝑉𝑡𝑜𝑡 in Ω1 is the sum of the contribution of (1) 𝑉𝑠 

and of an image potential 𝑉𝑖. 

𝑉𝑡𝑜𝑡 =  𝑉𝑠 +  𝑉𝑖  (2) 
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The factor “A” only depends on conductivities of both media: 

𝐴 = (𝜎1 − 𝜎2) (𝜎1 + 𝜎2)⁄  (4) 

A full paper will develop the demonstration for obtaining  

(3) and (4).  

Finally, potential 𝑉𝑠  is linked to the spherical reference 

centered on O1 while 𝑉𝑖  is associated to a new spherical 

reference, whose center O2 is the symmetrical of O1 with 

respect to the interface, and where P coordinates are (r2, , ). 

Let us notice that the 𝑉𝑡𝑜𝑡 expression is only valid for a point 

inside Ω1. Consequently, 𝑉𝑖 can be seen as the SH expansion in 

Ω1  of a multipolar source located in Ω2 , image of the one 

located in Ω1 , named the “sources” and characterized by SH 

coefficients 𝑎𝑛
𝑚

𝑠
. 
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III. MULTIPOLE IDENTIFICATION 

Due to the decreasing law of spherical functions, the 

truncation of the harmonic expansion at a maximum order 

n = Nmax gives a good enough approximation.  

Let us assume that K tri-axial sensors are located in Ω1 (the 

seawater). By applying the gradient operator to (1) and (2), we 

get the forward linear mathematical function linking SH 

coefficients to the measured electric field. Written in a matrix 

format, this gives: 

𝐌. 𝐗 = 𝐄𝐦𝐞𝐬 (5) 

where  𝐌 ∈ ℝ3K ×(Nmax
2+2Nmax) , 𝐗 ∈ ℝNmax

2+2Nmax , 𝐄𝐦𝐞𝐬 ∈ ℝ3K  .  

𝐗  represents the vector of unknowns 𝑎𝑛
𝑚

𝑠
  and  𝐄𝐦𝐞𝐬  is 

associated to measurements.  

To properly take into account the interface effect on the 

electric field distribution in Ω1 , the matrix M is simply 

iteratively built, for example with only one interface : 

𝐌 = 𝐌𝐬 + 𝐌𝐢. 𝐖𝐬𝐢 (6) 

where Ms and Mi are both harmonic matrices, respectively 

referenced to “sources” centre O1 and “images” centre O2, as 

introduced by (2). Matrix Wsi is a diagonal matrix linking 

images to sources SH coefficients:  

𝑊𝑠𝑖 = −𝐴. [
⋱

(−1)𝑛+|𝑚|

⋱

] (7) 

Finally, solving (5) using a simple singular matrix 

decomposition technique leads to the SH coefficients, allowing 

then a post-processing of the field on other points and even with 

other environmental conditions (conductivities, interfaces, etc.). 

IV. NUMERICAL EXAMPLE 

A. Forward modelling 

We consider a cylinder immerged in seawater at a given 

depth from the surface (Fig.1). Two opposite current densities 

are imposed at its both extremities generating a current flowing 

in the half part of the problem and acting as a “long” electric 

dipole (in fact it is a more complex source firstly because the 

interface distorts the current lines and secondly because at this 

close distance of measurements, higher harmonic terms cannot 

be neglected). A classical Boundary Element Method (BEM) 

coupled with the method of image in order to take into account 

the air/water interface [3] models the problem (Fig.2). 

Numerical measurements are computed on a plane located 

below the cylinder as an input of the inverse problem 

(measurements plane, Fig. 3) allowing us to generate numerical 

measurements. 

 
Fig. 1. Representative schematic of the cylinder in its environment 

 
Fig. 2. Meshed cylinder with electric potential solved by BEM. 

 
Fig. 3. Electric field computed on the plane (measurement plane). 

B. SH identification and field a posteriori extrapolation 

The inverse problem is solved from the virtual electric field 

measurements and SH coefficients are obtained. These 

coefficients are the same as the one obtained with the same 

source but with no interface (in free water): this demonstrates 

that the developed method of images leads to the good source. 

The field is then extrapolated on other points at least as far as 

those used for identification. Furthermore, it is even possible to 

extrapolate the field with other environment conditions. Fig. 4 

compares in free water, the electric field components computed 

by BEM, with the ones extrapolated from the previously 

identified SH coefficients (with one interface) at order Nmax = 3. 

These comparison points are located along a line, parallel to the 

cylinder and placed 40 m under the cylinder (verification line).  

 
Fig. 4. Forward computation and a posteriori harmonic extrapolation in free 

water of the electric field components on a verification line 

V. CONCLUSION 

This short paper briefly presents the images method applied 

to spherical harmonic expansion in the context of electric 

sources identification in a layered conductive environment. The 

numerical example clearly shows the efficiency of the method. 

Mathematical development and some more complex numerical 

cases will be presented and discussed in a full paper. 
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