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Abstract

The aim of this article is to prove a quantitative inequality for the first eigenvalue of a

Schrodinger operator in the ball. More precisely, we optimize the first eigenvalue A(V') of the
operator L, := —A + V with Dirichlet boundary conditions with respect to the potential V,
under L* and L* constraints on V. The solution has been known to be the characteristic
function of a centered ball, but this article aims at proving a sharp growth rate of the following
form: if V* is a minimizer, then A(V) — AX(V™) > C||V — V*||2Ll(9) for some C' > 0.
The proof relies on two notions of derivatives for shape optimization: parametric derivatives
and shape derivatives. We use parametric derivatives to handle radial competitors, and shape
derivatives to deal with normal deformation of the ball. A dichotomy is then established to
extend the result to all other potentials. We develop a new method to handle radial distribu-
tions and a comparison principle to handle second order shape derivatives at the ball. Finally,
we add some remarks regarding the coercivity norm of the second order shape derivative in
this context.

Keywords: Stability for eigenvalues, Schrodinger operator, mathematical biology.
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1 Introduction

1.1 Structure of the paper

In the first part (Section 1.2) of the introduction, we lay out the mathematical setting of this article,
the main results and give the relevant definitions. In the second part of the Introduction, we give
bibliographical references concerning quantitative inequalities and the biological motivations this
study stems from. We then explain, in Subsection 2.1, how the proof differs from that of other
quantitative inequalities.

The core of this paper is devoted to the proof of Theorem 1. In the conclusion, we give a conjecture
and a final comment on a possible way to obtain an optimal exponent using parametric derivatives.

1.2 Mathematical setting

The optimization of eigenvalues of elliptic operators defined on domains with a zero-order term
(i.e with a potentiel) with respect to either the domain (with a fixed potential defined on a bigger
domain) or the potential (with a fixed domain) is a classical question in optimization under partial
differential equations constraints. The example under scrutiny here is the operator

Ly :ue WP (Q) — —Au—Vu, (1)



where €2 is a smooth domain. Under the assumption that V' € L*(Q), this operator is known to
have a first, simple eigenvalue, denoted by A(V'), and associated with an eigenfunction wy, which
solves

—Auy — Vuy = A(V)uy in Q,

uy = 0 on Of. (2)

Joui =1.

Alternatively, this eigenvalue admits the following variational formulation in terms of Rayleigh

quotients:
AV) = inf {/ Vu|2—/Vu2}. 3)
ueWy2(Q), [, u2=1 Q Q

We make stronger assumptions on the potential V' and require that it lies in
1
M(Q)::{VGL“(Q),Ogvgl,m/V:Vo}, (4)
Q

where Vy > 0 is a real parameter such that
Ww<1
so that M(€) is non-empty. The optimization problem we focus on in this paper is

inf .
iy V) ®

This problem has drawn a lot of attention from the mathematical community over the last decades,
and is quite a general one. It is particularly relevant in the context of mathematical biology, see
Section 1.4.2.

1.3 Main results
1.3.1 Notations

Here and throughout, the underlying domain is 2 = B(0; R).
The parameter r* is chosen so that

V* = XB(osr+) = XBx € M(Q).
The constant ¢, > 0 is the (n — 1)-dimensional volume of the unit sphere in dimension n.
For any E C B, we define A(E) := A(xg)-

1.3.2 Quantitative inequality

A classical application of Schwarz’ rearrangement shows that V* is the unique minimizer of A in
M(Q):

YV e M(Q),A(V) = A(V™).
We refer to [32] for an introduction to the Schwarz rearrangement and to [35] for its use in this
context. For the sake of completeness, we also prove this result in Annex A.
The goalf of this paper is to establish the following quantitative spectral inequality:

Theorem 1. Let n = 2. There exists a constant C > 0 such that, for any V € M(RQ), there holds

AV) = AV*) = C||V = V*|2.. (6)



We can rephrase this result in terms of Fraenkel asymmetry: as we will explain in Subsection
1.4.1, this is the natural property to expect in the context of quantitative inequalities. Indeed, if
V =xg € M(), then

IV = V¥l = |[E*AE]

where A stands for the symmetric difference, and, if we define the fraenkel asymmetry of F as

A(E) = inf |[EAB(z;7)
B(z57) s XB(x;r) EM(S2)

then it follows from Theorem 1 that
AxEe) — Mxe+) = CA(E)?.

We thus have a parametric version of a quantitative inequality with what is in fact a sharp exponent.

1.3.3 A comment on parametric and shape derivatives

The proof of Theorem 1 relies on parametric and shape derivatives, and the aim of this Section
is to give possible links between the two notions and, most notably, to give a situation where this
link is no longer possible. This is obviously in sharp contrast with classical shape optimization,
since here we are only optimizing with respect to the potential, while it is customary to derive
Faber-Krahn type inequalities, i.e to optimize with respect to the domain €2 itself, see Subsection
1.4.1.

Roughly speaking, there are two ways to tackle spectral optimizatoin problems such as (5): the
parametric approach and the shape derivative approach. By parametric approach we mean the
following:

Definition 1. We define, for any V € M(Q), the tangent cone to M(Q) at 'V as
Tv :={h:Q—[-1;1],Ve <1,V +eh € M(Q)}
and define, provided it exists, the parametric derivative of X at V in the direction h € Ty as

AV = tim AV + tf;) “AV).

In this case, the optimality condition reads
Vh e Ty, MV)[h] > 0.
In the conclusion of this article, we will explain why there holds
Vh € Toe  AV)A] > k2.
Since, for any V € M(Q), h:=V — V* € Ty, what we get is
AV =V = CllV - V|1

that is, an infinitesimal version of Estimate (6), and one might wonder whether such infinitesimal
estimates might lead to global qualitative inequality of the type (6). This is customary, in the
context of shape derivatives. We need to define the notion of shape derivative before going further:



Definition 2. Let F: E+— F(E) € R be a shape functional. We define
X]_(V*) = {(I) : B(O,R) — ]R,Z 5 ||(I)||W1,oo < 1 ,Vt < (—1, 1) 7X(Id+t<1>)(]ﬂ§*) S M(Q)}

as the set of admissible perturbations at E*. The shape derivative of first (resp. second) order of
a shape function F at V* in the direction ® is

]—'((Id+ t@)E*) — F(E¥)
F(E")[@] = lim :

F((d+1@)B) - F(B*) - F(E)(@)
(resp. F" (E*)[®,®] := lim

t2—0 t2

) (1)

A customary way to derive quantitative inequality is to show that, at a given shape F, there
holds
F(E)®]=0,F"(E)[®, & >0

and to lift the last inequality to a quantitative inequality of the form
Fl(B)2, @] > |2

where || - || is a suitable norm; we refer to [19] for more details but for instance one might have
|| ®|5 ||2: which often turns out to be the suitable exponent for a quantitative inequality. This
quantitative inequality for shape deformations is usually not enough, and we refer to Section 1.4.1
for more details and bibliographical references.

1.3.4 A remark on the proof

The main innovation of this paper is the proof of Theorem 1 which, although it uses shape deriva-
tives as is customary while proving quantitative inequalities, see Subsection 1.4.1, relies heavily on
parametric derivatives. This is allowed by the fact that we are working with a potential defined
on the interior of the domain.

Furthermore, we also prove that, unlike classical shape optimization, our coercivity norm for the
second order shape derivative is the L? norm.

1.4 Bibliographical references

1.4.1 Quantitative spectral inequalities

Spectral deficit for Faber-Krahn type inequalities: Quantitative spectral inequalities have
received a lot of attention for a few decades, and are usually set in a context which is more general
than the one introduced here. The main goal of such inequalities were to derive quantitative
versions of the Faber-Krahn inequality: for a given parameter 3 € (0; +00] and a bounded domain
Q C R", consider the first eigenvalue 7(£2) of the Laplacian with Robin boundary conditions:

—Aug o =n3(Q)ug,q in Q,
{ g.0 = 1s(Qus ()

a’u,/gyg

o + IBU67Q =0 on 89,

with the convention that 7 (Q2) is the first Dirichlet eigenvalue of the Laplace operator. Although
it has been known since the independent works of Faber [22] and Krahn [34] that, whenever Q* is
a ball with the same volume as €, there holds

Moo (£2) 2 700 (€27,



the question of providing a sharp lower bound for the so-called spectral deficit
Roo(Q) = 100(2) — 1o (27)

remained largely open until Nadriashvili and Hansen [27] and Melas, [40], using Bonnesen type
inequalities, obtained a lower bound on the spectral deficit involving quantities related to the
geometry of domain €2 through the inradius. In a later work, Brasco, De Philippis and Velichkov,
[11], the sharp version of the quantitative inequality, namely:

Roo(Q) > CAQ)2. 9)

Their proof relies uses as a first step a second order shape derivative argument, a series of reduction
to small asymmetry regime and, finally, a quite delicate selection principle. We comment in the
next paragraph on the role of second order shape derivative for generic quantitative inequalities
and the part it plays in our proof.

For a survey of the history and proofs of quantitative Faber-Krahn inequalities, we refer to the
survey [10] and the references therein.

For quantitative forms of spectral inequalities with general Robin boundary conditions, the Bossel-
Daners inequality, first derived by Bossel in dimension 2 in [9] and later extended by Daners in all
dimensions in [21] reads:

Rp(Q) :=np(Q2) —np(B) > 0,8 >0,

and a quantitative version of the Inequality was proved by Bucur, Ferone, Nitsch and Trombetti
in [12):
Rs(Q) = CA(Q)%

Their method for 8 < oo is different from the case of Dirichlet eigenvalue and relies on a free
boundary approach.

The role of second order shape derivatives: We only want to mention here the results
we draw our inspiration from in Step 4 of the proof, and do not aim at giving out the rigorous
mathematical setting of the results mentioned below. We refer to [19] for a thorough presentation
of the link between second order shape derivatives, local shape stability and local quantitative
inequalities.

As we said in the previous paragraph, most proofs of quantitative inequalities start with a local
quantitative inequality for shape perturbation of the optimum F;: namely, if F is a regular enough
shape functional and E; is an admissible set such that

F(E,)[®] =0,F"(Ey)[®,®] >0 (10)

for any ® € X;(F;) then it is proved in [17], [20] that E; is a strict local minimizer in a €%
neighbourhood of E (actually, in these two articles, the authors assume a coercivity of the second
order derivative in in H2 norm on ®). In [19], Dambrine and Lamboley proved that the same
conditions imply a local quantitative inequality under certain technical assumptions. Roughly

speaking, their result implies the following result: Condition (10) implies that if, for any function
h € €°(0Q) N W2>(99Q) we define Ef as the domain bounded by

OB} .= {x + h(x)vg, (z),x € OF,}
then there exists £ > 0 such that, for any ||h|[y2,@90) < £ there holds

F(Ey) +C||h||2: < F(ED)



for some C > 0.
Their result actually holds in stronger norm, but this is the version we wanted to mention here
since it is the one we will adapt in our parametric setting. We note however, that the authors,
in their problems, prove their inequalities for shape using a H 3 coercivity norm for the second
derivative: they usually have

F(E) 1) > ClIBIE, .

In this expression, we have defined F”(Ey)[h,h] := F(F1)"[x + hvg, (z),z + hvg, (x)]. Here, in
Step 4, we will show, using comparison principles, that the optimal coercivity norm is the L? norm.

Difference with our proofs and contribution: To the best of our knowledge, quantitative
inequalities in a parametric setting have not been studied yet, and this article aims at providing a
first step in that direction. As we will see while proving Theorem 1, a shape derivative approach
can not be sufficient in of its own for our purposes, as is usually the case, but is needed. To tackle
the second order shape derivative, we use a comparison principle. The parametric setting also
enables us more freedom while dealing with other competitors and enables us to introduce a new
method for dealing with such problems.

1.4.2 Mathematical biology

We briefly sketch some of the biological motivations for the problem under scrutiny here. Fol-
lowing the works of Fisher, [24], Kolmogoroff, Petrovsky and Piscounoff [33], a popular model for
population dynamics in a bounded domain is the following so-called logistic-diffusive equation:

% — Au+u(m—u) in Q,
u =0 on 092, (11)
u(t =0) =wup = 0,ug #0.

In this equation, m € L*°()) accounts for the spatial heterogeneity and can be interpreted in
terms of resources distribution: the zones {m > 0} are favorable to the growth of the population,
while the zones {m < 0} are detrimental to this population. The particular structure of the non-
linearity —u? (which accounts for the Malthusian growth of the population) makes it so that two
linear steady states equations are relevant to our study: the steady-logistic diffusive equation

AO+0(m—0)=0in Q,
6 =0 on 092, (12)
6>0,

and the first eigenvalue equation of the linearization of (11) around the solution z = 0:

{ —Apy — My, = A(m)e in Q,

@ =0 on 01, (13)

where A\(m) is the first eigenvalue of the operator L, defined in (1). More precisely, it is known
(see [7, 13, 42]) that

1. Whenever A(m) < 0, has a unique solution 6,,, and any solution v = u(¢,z) of (11) with
initial datum ug > 0,ug # 0 converges in any L? to 6, as t — co.

2. Whenever A(m) > 0, any solution u = u(t,z) of (11) with initial datum wg > 0,ug # 0
converges in any LP to 0 as t — oo.



The eigenvalue which we seek to minimize can thus be interpreted as a measure of the survival
ability given by a resources distribution, and later works investigated the problem of minimizing
A(m) with respect to m under the constraint m € M(£2), where M(2) is defined in (4). In other
words, this is the problem (5).

In the case of Neumann boundary conditions, Berestycki, Hamel and Roques introduced the use
of a rearrangement (due to Berestycki and Lachand-Robert,[8]) in that context, see [7] and [32] for
an introduction to rearrangement, and further geometrical properties of optimizers were derived
by Lou and Yanagida, [38], by Kao, Lou and Yanagida [31]. We do not wish to be exhaustive
regarding the literature of this domain and refer to [35] where Lamboley, Laurain, Nadin and
Privat investigate several properties of solutions of (5) under a variety of boundary conditions,
and the references therein.

2 Proof of Theorem 1

2.1 Background on (5) and structure of the proof

We recall that we work in Q = B(0; R) C R?, that

M = M(B(0; R)) {0<V<1,/

VVO}
Q

and that r* is chosen so that
IB(0;77)| = Vo

i.e such that
V* = XB(0;r*) € M.

We define
S* := OB*.

We first recall the following simple consequence of Schwarz’ rearrangement:

Lemma 1. V* is the unique minimizer of A in M: for any V € M,
AV < M(V).

The associated eigenfunction u, is decreasing and radially symmetric.

This result is well-known, but for the sake of completeness we prove it in Annex A.
The proof of Theorem 1 relies on the study of two auxilliary problem: we introduce, for a given
0 > 0, the new admissible sets

M :={V e M[[V =V*||pr =6}, (14)
Ms = {V radially symmetric, V € M, ||V — V*||;: = 6} (15)
and study the two variational problems
inf A(V) (16)
VeMs
and
Vier}\f/lé A(V). (17)

Obviously, Theorem 1 is equivalent to the existence of C' > 0 such that

V6 > 0,YV € My, A(V) = A(V*) > C62. (18)



Remark 1. This is a parametric version of the selection principle of [1], that was developed in [11].
We refer to [10] for a synthetic presentation of this selection principle. We note however that the
fact that they use a perimeter constraint enables them to prove that a solution to their auxiliary
problem is a normal deformation of the optimal shape. The main difficulty in the analysis of [11] is
establishing €2 bounds for this normal deformation. Here, working with subsets as shape variables
gives, from elliptic regularity, enough regularity to carry out this step when the solution of the
auxiliary problem is a normal deformation of B*. However, we conjecture that the solutions of (16)
and (17) are equal and are disconnected (see Step 3 and the Conclusion for a precise conjecture),
so that the core difficulty is proving that handling the inequality for normal deformations and for
radial distributions is enough to get the inequality for all other sets.

To prove (18) we follow the steps below:

1.

We first show that (17) and (16) have solutions. The solutions of (17) will be denoted by Vs,
the solution of (16) will be denoted by Hs.

. We prove that it suffices to establish (18) for ¢ small enough.

. For (16) we fully characterize the solutions for § > 0 small enough and prove that

V8 >0,YV € Mz, A(V) = AV*) > Co2. (19)

In other words, we prove that Theorem 1 holds for radially symmetric functions.

. We compute the first and second order shape derivatives of the associated Lagrangian at

the ball B* and prove a L?-coercivity estimate for the second order derivative. We comment
upon the fact that (unlike many shape optimization problems) this is the optimal coercivity
norm at the beginning of this Step. We use this information to prove that Theorem 1 holds
for domains that are small normal deformations of B* with bounded mean curvature.

We establish a dichotomy for the behaviour of Vs and prove that (18) holds for any V by
using (19) and Step 4.

2.2 Step 1: Existence of solutions to (16)-(17)

We prove the following Lemma:

Lemma 2. The optimization problems (16) and (17) have solutions.

Proof of Lemma 2. The proof follows from the following claim:

Claim 1. My and My are compact for the weak L topology.

We postpone the proof to the end of this Proof.
Lemma 2 follows from this claim, and we only write the details for (17). Let {Vi}rew be a
minimizing sequence for A in M. From Claim 1, there exists V,, € Mg such that

Vi = Va.

The notation — stands for the weak convergence in the weak L°°-* sense. Let, for any k € N,
U = Uy, and )\k = )\(Vk)

We first note that the sequence {A}ren is bounded. Indeed, let ¢ € Wy?(Q) be such that
fQ ¢? = 1. From the formulation in terms of Rayleigh quotients and V}, > 0 there holds

/\ké/ IWI2—/VW2</ Vol
Q Q Q



This gives an upper bound. For a lower bound, let A;(€2) be the first Dirichlet eigenvalue of 2
(equivalently, this is the eigenvalue associated with V' = 0). From V < 1, fQ ui = 1 and the
variational formulation for A;(€2) there holds

M(Q)—1< [ |Vul? —/ Vui < M
Q Q

so that the sequence also admits a lower bound. It is straightforward to see that {ug}renw is
bounded in W,?(€2) so that from the Rellich-Kondrachov Theorem there exists us, € Wy *(Q)
such that {uy}ren converges strongly in L? and weakly in Wol’2 (Q) to us. Passing to the limit in
the weak formulation

Yo € WOI’Q(Q) ,/(Vuk7Vv> —/ Viugv = )\(Vk)/ U,
Q Q

Q
/ui:l
Q

in the normalization condition

and in

readily shows that ue is a non-trivial eigenfunction of Ly, . Furthermore, it is non-negative. Since
the first eigenfunction is the only eigenfunction with a constant sign, this proves that Ao = A(Vi)
and that u., is the eigenfunction associated with V... Thus:

A(Vao) = inf A(V).

It remains to prove Claim 1:

Proof of Claim 1. We only prove it for M.
Let {Vi}renw € ME. We define, for any k € N

hk = Vk - V*

Since V* = xp+ and 0 < Vi < 1, the following signe conditions hold on hy:

hi >0 in (B*)®, hy < 0 in B*. (20)
Since [, Vi = [, V* there holds
/ hy, = 7/ hi. (21)
* (]B*)C
Finally from
Vi —=V*||pr =6

there comes

5:/Q|vk—v*\ (22)

= [ (23)

:/ hi —/ hy from (20) (24)
(B*)e *

10



- / hy, from (21) (25)

—9 / Iy (26)
(B*)e

We see hjx(s+)e as an element of L> ((B*)°). Let hf, be a weak-L> closure point of {hs}ren in
L*> ((B*)¢). From (26) and (20) we have

5
1>ho+o>0,/ hl = —. (27)
(B*)c 2
For the same reason, there exists h_ € L°°(B*) such that
~1<hg <0, h;:—é
- 2
and
hi; = hoo weak-+ in L (B*). (28)
We define

hoo = hoo X (®*)e + hoo XB*

and it is clear that
hi, = hoo weak-+ in L>().

Setting Voo := V* 4+ hyo there holds
Vi = Vs

and, by (27),(28), Vae € M5(Q).

2.3 Step 2: Reduction to small L! neighbourhoods of V*

We now prove the following Lemma:

Lemma 3. To prove Theorem 1, it suffices to prove (18) for 6 small enough, in other words it
suffices to prove that there exists C' > 0 such that

liminf ( inf AV) = AVT) >C.
550 \VeMs 62

Proof of Lemma 3. We define, for any V # V*,

AV) = AV

GV)i=—5—mm
IV =V

and consider a minimizing sequence {V}ren for G. Then we either have, up to subsequence,
VEe N, ||V = V*||lpr 2e>0

or
(Ve = V*[|;r — 0.
k— o0

11



In the first case, up to a converging subsequence, V;, — V. in a weak L°°-x sense and, by the same
arguments as in the Proof of Claim 1,

Voo = V*||1r =€ > 0.
Furthermore, by the same arguments as in the proof of Lemma 2,

AVi) — AMV)

k— o0
so that Vi) — A(V*)
G(V.) — 287/ A7
Vi) =2, Voo — V¥ 11
and, by Lemma 1, G(V) > 0. Hence we only need to study the case ||V} — V*||1 3 0, as
—00

claimed. 0
The same arguments yield the following Lemma;:
Lemma 4. (19) is equivalent to proving that there exists C > 0 such that

liminf< inf )\(V)_)\(V)> > C.
§—0 \veM, 02

2.4 Step 3: Proof of (19)

In this Subsection we prove (19) or, in other words, we prove that Theorem | holds for radial
distributions.

Proof of (19). We recall that, by Lemma 2, there exists a solution to (16). Let Hs be such a

minimizer.
We first characterize Hs for § small enough. Let

As = {lz] <"+ i\ {o,r" —rs < o] <77 415} (29)

be the annular structure such that ~
Xa, € M. (30)

We represent it below

Figure 1: An example of Ay

12



Since rj is defined by the relation

* * 5
[ <l <7+ 7l = 5

the set A is uniquely defined. We claim the following:
Claim 2. There erists 0 > 0 such that, for any § <9,

H5 = XAs-

Proof of Claim 2. To prove this claim, we need the optimality conditions associated with (16). We
first note that, if us is the eigenfunction associated with Hs, there exist two real numbers 7, 15
such that

1. H[s == X{u5>u5}ﬁlﬂé* in B*,
2. Hs = X{supgs us>us>ns}n(@+)e in (B*)S,
3. {us > ps "B =V, — % [{supg. us = us > ns} N (B*)°| = %

This is readily seen from the Rayleigh quotient formulation (3). We only prove 1: let us € R be
the only real number such that

1)
|{U5>/L5}QB*|:‘/Q*§: Hs
IB*

and replace H; by ~
Hs = X{us>us B + HoX®*)e-

Since u; is radially symmetric (because H; is radially symmetric), Hs is radially symmetric.
Then, because fIB* Hs = fIB* Hs, we have, by the bathtub principle (see [30])

2 2
/ U5H5 g / u5X{U,§>/J5}I’TB*7
* B*

hence
)\(Ha) > / |V”LL5|2 — / 7:[5u§ > A (7:[5) .
B B

This gives the required property.
We now need to exploit these optimality conditions. First of all, since us is radially symmetric, we
can define

Cs = uslge -

By standard elliptic estimates, we also have

us — Uy in € (s < 1),
6—0

where u, is the eigenfunction associated with V*. Since % < —con {|z| > €}, us is radially
decreasing in {|z| > e} for 6 > 0 small enough. It follows that pus > (5 for § small enough. For the
same reason, (5 > 75 for § small enough. Hence we have

Bs >N > Mo Hs = X{us>usy T X{Cs>us>ns)-

13



Finally, once again because us is radially decreasing on {|z| > €} for § small enough, both level sets
{us > ps} and {¢s = us > ns} are connected, and H; is the characteristic function of a centered
ball and of an annulus, i.e

Hs = X{llzl<r* =25} T X{r<llall<r*+ys}-
Since

|[AsAB*| = / |Hs — V7™
B

there holds
H5 = XAs

for 0 small enough, as claimed.
O

We now turn to the proof of (19): since Hy is the minimizer of A in M we are going to prove
that there exists a constant C' > 0 such that

AHs) = ANV*) 4+ Cs? (31)

for § < &. Because of Lemma 3, (19) will follow. To prove (31), we use parametric derivatives. Let
us fix notations:

1. For any 0 > 0 small enough so that Hs = xa,, we set
hs :=Hs — V™.
2. For any t € [0;1] we define V;, as
Vst :=V" +ths
and us; as the eigenfunction associated with Vi ;:

_Aué,t - Vé,tué,t = /\tué,t in €,
us: = 0 on Q. (32)
fQ U?S,t =1L

3. For any such 4, s is the first order parametric derivative of u at Vj; in the direction hs and
As,¢ is the first order parametric derivative of A at Vs, in the direction hs.

As is proved in Annex B, these objects are well-defined. Differentiating the equation with respect
to t gives _
—A’llg’t = )\(V*>’l.145’t + V*’L.l/&t + )\Mu* + h(;’tu* s in Q7
U5 =0 on 99, (33)
IIB u*’&é,t = 07

and , multiplying the first equation by us: and integrating by parts ,

\ 2
)\57t = —/h(;u(;,t.
B

We apply the mean value Theorem to f : ¢ — As;. This gives the existence of ¢; € [0; 1] such that

A(Hs) = A(B%) = £(1) = £(0) = /(1) = — / By,

B

14



Our goal is now to prove that
- / hsug,, > C6? (34)
B

for some constant C' > 0 whenever § is small enough. We will actually prove the existence of § > 0
such that, for any ¢ € [0;1] and any ¢ < ¢, there holds

- / hyud, > C8 (35)
B

for some C' > 0.

Proof of Estimate (35). We recall that 75 and r§ were defined in (29)-(30). We can rewrite Hs =

Xas; € X5 under the form
r* r4ry S
/ t"*ldt+/ g = =
r*—rs r* Cn

where ¢, = H"71(S(0;1)) and the condition [, hs = 0 implies

r* r*+7‘(’5
/ t"dt = / t"Lat.
r*—rs r*

An explicit computation yields the existence of a constant C' > 0 such that

T, TS o C6. (36)
Let I3 := {hs = +1}. Since h; is radial, for any ¢ € [0;1] the function us is radial.

First facts regarding us; Identifying us, (resp. Vs;) with. the unidimensional function s,
(resp. Vi) such that
us(x) = tge(|z]) (resp. Vsu(x) = Viu(|z]))

we have the following equation on us,:

!/
—Tnlfl (Tn_luf;,t) = Vs ust + Ausy in [0; R),
us 4 (0) = us(1) =0, (37)
fol wus i (z)?de = -

Since V¢ is constant in (r* — rg;r*) U (r*;7* 4 r§) and since us,; is uniformly bounded in L™ by
standard elliptic estimates, us is €2 in (r* — rs;7*) U (r*;r* + rj). Furthermore, Equation (37)
readily gives the existence of a constant M such that, uniformly in § and in ¢ € [0; 1],

lus,ellyye.0 < M. (38)
Finally, it is standard to see that Equation (32) gives
s~ wllgn = 0 (39)
uniformly in ¢. As a consequence, since
ul (r*) <0
there exists d; > 0 such that, for any § < §; and any ¢ € [0; 1],

us 4 (r*) < —C <0. (40)
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End of the Proof For any x € Iéi and any ¢ € [0;1], a Taylor expansion gives
o F 2ust|Vusellg. dist(z;S™) + o (dist(x;87))

U?S,t(x) = U?;,t
and o (dist(x;S*)) is uniform in § > 0 small enough and ¢ € [0; 1] by Estimate (38). This Taylor

expansion gives

/'\5)75 = —/hu?;’t
B
o / hs ( 0 because /h = O)
B B

—|—/ 2us | Vusl|g. dist(z;S*) + o (/ dist(z; S*))
s

Ié
—|—/ 2us | Vus|g. dist(z;S™) + o (/ dist(x;S*))
+ I

15

where the o (fﬁ dist(x; S*)) are uniform in ¢ € [0; 1] and . Furthermore,
5

s« =>C>0

for some constant C' > 0 independent of § and ¢ by Estimate (40).

Hence
. /dist(x;S*)—i—/ dist(xz;S*) | .
I I

/u dist(z;S*) = / £t —r")dt
—ern (s (U5 2 (0)
e (2 (1) -2 ()
+ 0 (6%) Dby (30)

= ()RR + o ()

However,

~ 0§

6—0

for some C > 0 by (36). In the same manner,
o

dist(z;S*) = / " — t)dt 5 c's?
Is r

_ps -0

and so, combining these estimates gives

Aot = C6%* 4 0(6%)
§—0

uniformly in § and ¢, which concludes the proof.
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2.5 Step 4: shape derivatives and quantitative inequality for graphs
2.5.1 Preliminaries and notations

In this Subsection, we aim at proving Theorem 1 for V = xp and where E can be obtained as a
normal graph over B*.

Introduction of the Lagrangian and optimality conditions We introduce the Lagrange
multiplier 7 associated with the volume constraint and define the Lagrangian

L;:Ew— MNE)—71Vol(E).
From classical results in the calculus of variations, we have the following optimality conditions.

Claim 3. The necessary optimality conditions for a shape E to be a local minimizer (however they
are not sufficient) are:

VO € X (E), N(E)[® =0, Ve X (E),L(E)®, ] >0.

Here, we use the notion of shape derivatives introduced in Definition 2. Since we only want a
local quantitative inequality for shapes that can be obtained as normal graphs over the ball B*,
we introduce some notations.

Notations We consider in this parts functions g belonging to

Xo(B*) = {g € WH*(B*), |||~ o8+ < 17/8 g= 0}-
]B*

Whenever g € Xy(B*), there exists &, € A (B*) such that
(®g,v) =g on OB".

The set Xy corresponds to a linearization of the volume constraints for normal graphs and can
be seen as a subset of the set of admissible perturbations &3 (B*) defined in Definition 2, in the
sense that we restrict admissible perturbations to normal graphs.

Figure 2: A normal deformation of the ball. The dotted line can be understood as the graph of g.

17



Figure 3: A perturbation of the ball which can not be seen as the graph of a function

We define, for any g € Xp(B*) and any t € [0;7] (with T uniform in g because of the L>
constraint) the set B, , whose boundary is defined as

OBy 4 := {z +tg(z)v(z),z € OB"}

i.e a slight deformation of E*.
We define
)\g,t = )\ (]Bt,g) .

Recall that 7 is the Lagrange multiplier associated with the volume constraint. By defining
L (B*)[g] := L. (B*)[®,] and L”(B*)[g,g| := L)(B*)[®,, ®,], and with the same convention for
other shape functionals involved, necessary optimality conditions are

Vg € X(B"), L7 (B")[g] = 0, L7(B")[g, 9] > 0. (41)

We first prove that these optimality conditions hold in the case of a ball and then use them to
obtain Theorem 1 for normal perturbations.

2.5.2 Strategy of proof and comment on the coercivity norm

The strategy of proof is the same as the one used in many articles devoted to quantitative spectral
inequalities. For example, we refer to [1, 11] for applications of these methods and to the recent [19],
which presents a general framework for the study of stability and local quantitative inequalities
using second order shape variations.

Although our method of proof is similar, we point out that the main thing to be careful with
here is the coercivity norm for the second-order shape derivative. Indeed, let J : E +— J(E) be a
differentiable shape function. In the context of shape spectral optimization, the ”typical” coercivity
norm at a local minimum E* for .J is the Hz norm: in [19] a summary of shape functionals known
to satisfy

1" * 2
J(E)(2, 2] > Ol By

is established and proofs of thess coercivity properties are given. In this estimate, ® is an admissible
vector field at E*.

Here, in the context of parametric shape derivatives, i.e when the shape is a subdomain, it appears
(see Subsubsection 2.5.5) that the natural coercivity norm is the L? norm:

LY(E")[@, @] = CI(®,v)l|22 (044
and this coercivity norm is optimal. This makes things a bit more complicated when dealing with

the terms of the second order derivative that involve the mean curvature. This lack of coercivity
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might be accounted for by the fact that, while in shape optimization, it is the normal derivative
of the shape derivative of the eigenfunction that is involved (see [19]) here, it is just the trace of
the shape derivative of the eigenfunction on the boundary of the optimal shape that matters.
Once this L? coercivity is established, we will prove that there exists a constant &, M, C > 0 such
that, for any g satisfying ||g||w1..~ < £ and such that the mean curvature of B, is bounded by M
for any t < 7', there holds

L7 (Be,g)[@g, @g] — LT (B*¥)[@g, ]| < (C + M)||gllwr.<|glIZ-- (42)

We then apply the Taylor-Lagrange formula to f : ¢+ L (B 4) to get the desired conclusion, see
Subsubsection 2.5.7.

2.5.3 Analysis of the first order shape derivative at the ball and computation of the
Lagrange multiplier

The aim of this section is to prove the following Lemma:

Lemma 5. B* is a critical shape and the Lagrange multiplier associated with the volume constraint
18
T = —uf|op-.

Proof of Lemma 5. We recall (see [30]) that

Vol (B)ls) = | g(=0ifg e X(E)).

We now compute the first order shape derivative of A\. The shape differentiability of A follows from
an application of the implicit function Theorem of Mignot, Murat and Puel, [41], and is proved in
Appendix B.

Let, for any g € Xo(B*), uy be the shape derivative of the up, , at t = 0. We recall that this
derivative is defined as follows (see [30, Chapitre 5] for more details): we first define vy := ug 0P 4,
we define 1, as the derivative in Wy**(€) of v; with respect to t at ¢t = 0, and set

uy = Uy — (Pgy, Vug).

We proceed formally to get the equation on u’g (for rigorous computations we refer to Appendix
B): we first differentiate the main equation

—Aug,t = Ag gt + Vg

with respect to t, yielding
I\ / !
—Auy = Ajus + Mg + (V) uy.
We then differentiate the continuity equations to get the jump conditions: if we define

(fl(@) = lim  f(y)— lim__f(y),

y—z,ye(B*)e y—x,yEB*

6Ug,t
OBy 4 = v

, Oy
[ug] |8B* =9 [ v ]

we have

= O,
OB 4

[ug,¢]

yielding

=0
OB~
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because u, is €1, and

v [|gs- o2 || op-
However, from the Equation on u* we see that
0%u,
81/2 = Ux ‘OB* )
OB*

so that we finally have the following equation on u’g:

{ —Auy = AN + Mt + (VF)u, in B(0; R),

8u'g
oy | — 99U« |8]B* .

The weak formulation of this equation reads: for any ¢ € VVO1 ’2(IB%),

/(VUQ,V@ */ gwﬂ:/\;/sﬁu*+>\*/¢u*+/(‘/*)<ﬁu*- (44)
B OB* B B B

We finally remark that, by differentiating [, u2 , = 1, we get

!
/u*ug =0.
B

Taking u, as a test function in (44) and using the normalization condition f]E u? = 1 thus gives

A, = /(Vu*,Vu§J> —)\*/u’gu* —/(V*)u*u; —/ gu?. (45)
B B B oB*

However, since uiq does not have a jump at OB*, we have

/(Vu*,Vu;> — A / Up Uy — /(V*)u*u'g =0
B B B

by using the Equation on w.,.
N o= / gu?.
g OB* *

In the end, we get
Since u? = i, is constant on dB* and g € X, (B*),

N = —,u*/ g=0.
g OB*

This also enables us to compute the Lagrange multiplier: for a function g € W>°(9B*) which is
no longer assumed to satisfy [, ap+ 9 = 0, one must have

L’[B"](9) = 0.

Indeed, we know, from Lemma 1, that B* is the unique minimizer of A\ under the volume constraint.
However, the same computations show that

L’T[B*](m:—u*/ g—f/ "
oB* OB*

and the Lagrange multiplier is thus

*

T=—U = —'U,ihB*. (46)

We now compute the second order shape derivative of L, at any given shape.
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2.5.4 Computation of the second order shape derivative of \

We explained in Subsection 2.5.2 that we need to compute the second order derivative at any given
shape in order to apply the Taylor-Lagrange formula. Thus, the objectif of this section is the proof
of the following Lemma:

Lemma 6. The second order derivative of the eigenvalue A at a shape E in the direction ® € X (E)
s given by

ou

N(E)[®,®] = —2/6E u (O, v)+2 /GE E ([v%[cb,@]] - [gm <q>,u>2)+/aE (—Hu2 - 2ugg) (®,1)?,

where u' is defined by Equation (43) and H is the mean curvature of E.

Proof of Lemma 6. To compute A" (E)[®, ®], we use Hadamard’s second variation formula (see [30,
Chapitre 5, page 227]): let K be a 42 domain, f(t) be a shape differentiable function , then

d2
dat?

s = [ o[ pogs [ (mro+ 222wy

t=0J Kot

Let ¢/ be the shape derivative of ug with respect to ¢t and " the second order shape derivative of
up with respect to t. We successively apply (47) to Fg: and f(t) = |Vu|? — u? and to (Eg¢)°
and f(t) = |Vu|*

Since A(Fg ) = fE(M (IVue|> —u?) + fEEH |Vug|?, this gives

N'(E)[®, 3] =2 /

Q

+2/Q|Vu’|2 —2/E(u')2 (49)
+4 /a [(u )] (@) 4 / W u(®, v) (50)

OFE

ou [0%u Ju

Let us simplify this expression: First of all the weak formulation of the equation on u’ gives

/
2/ |VUI|2*2/(U/)2: 2>\// u'u +2)\/(u/)272/ [u/au}
Q E Q Q 9E ov
————

=0 since [, u'u=0

(Vu",Vu) — 2/ uu (48)
B

We also note that by differentiating fQ u? = 1 twice with respect to t we get

/Qu”u—i—/ﬂ(u’)2 =0. (52)

We note one last simplification to handle Line (50) in the expression for A”: we decompose

ou
Vu = i +Vtu, <VLu, 1/> =0.

We adopt the same decomposition for «’ and notice that, since u’ does not have a jump at OF,

[VLU] =0.

21



The notation 0 stands for the zero vector in IR"™. The same holds true for u, and so, since % has
no jump at OF, we get

[(Vu, Vu')] = 3 | 5

Finally, using the weak formulation of the equation on u (Equation (2)) we get

2/(Vu",Vu>—2/ u”u:2)\/u”u—/ [u”]@.
Q E Q OE v

We then only need to compute the jump [u”] at E. However, invoking the W22 regularity of the
material derivative i, we get for the shape derivative u':

_oufo]

[W"] = =2[VW/[®]] - [Vu[DB()] - [Vu[[®, 2]]] .

We now use the fact that
[Vu] = [V*u] = [V*/] =0 on OF

to rewrite
o’

] = -2 | 5o ] @) - [VPule,0]].

If we gather these expressions we get
N(E)[®, ] = 2/\/ uu + 2>\/ (u')?
Q Q

Ou [Ou]l——" ou

— | = _ 2
+i.,/ﬁz‘/(/7V/_3V_ (®,v) +2/8E 5 [VZu[[®, ®]]]
—%%ﬂ— 4/ u'u(®,v)

v | Ov | oOF

ou [0%u ou
_ 2 _ _ 2
—l—/aE( Hu 281/ {31/2} 2uay><<l>,u>

- —Q/aEuu’@),I/) +2/6E % <[V2u[q>,q>ﬂ — [gi@j] (<1>,u>2> +/BE (—H@F - 2@3) (®, v)?
O

2.5.5 Analysis of the second order shape derivative at the ball
The aim of this paragraph is to prove the following Lemma:

Proposition 1. There exists a constant C' > 0 such that
Vg € X(B*), L7[B*](g,9) = Cllgl|72(m-)-

We note that the proof of this Lemma relies on a monotonicity principle, which guarantees
the weak L2 coercivity. In fact, this is to be the optimal coercivity, in sharp contrast with shape
optimization with respect to the boundary of the whole domain OS2, where the optimal coercivity
usually occurs in the H 3 norm, as noted in Subsection 2.5.2.

Proof of Proposition 1. We proceed in several steps. We identify g with the normal vector field ®,
that can be constructed from g, and, to alleviate notations, write ® = ®,.
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1. Computation of \/ We use Lemma 6 and first note that, since the vector field ® associated
with ¢ is normal,

[VZu[®, ®]] = Biﬂ (®,v)2.

In the case of a ball, H = % For notational simplicity, we stick to the notation

1
H = —.
/r.*
The second derivative of A becomes

(—H*uf — 2u, au*) (®,v)? — 2/ ust (@, V).
v OB*

Taking into account the value of the Lagrange multiplier 7 associated with the volume con-
straint, see Equation (46), and

N'(B*)[®, ®] = /

OB*

Vol” (B*)[®@, ] = - H*(®, v)?

we get

L"(B*)[®, ®] = 2/ —u*%<q>7 V)2 — (D, v). (53)

OB*

2. Separation of variables and first simplifications We identify g with a function g : [0; 2] — R.
We write the decomposition of g as a Fourier series:

g= Z ay cos(k-) + By sin(k-).

keN

Since g € Xp(B*) we have ag = 0 and thus
9= agcos(k:) + B sin(k-). (54)
k=1

We define, for any k € IN*, u}, (resp. wj) as the shape derivative of u with respect to the
perturbation g = cos(k-) (resp. g = sin(k-)). Since B* is a critical shape from Lemma 5, u},
satisfies

—Auj, = Mg + Vi,

[u},] = —uy cos(k-) on OB*,

uj, = 0 on 0N

Since u, is constant on partial B*, we can write, in polar coordinates
uy(r,0) = Yr(r) cos(kb)

where 1. satisfies the following equation (and we identify V* with the one dimensional
function V* such that (V*)(x) = V*(|2|) = X|z|<r+):

[¢3] (") = —u.(r") (55)
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In the same way, we have
wi,(r, 0) = i (r) sin(k0).

Whenever g admits the Fourier decomposition (54), the linearity (with respect to g) of the
equation on wuj, gives

o0
r / /
ug = E apuy, + Brwg.
k=1

Plugging this in the expression of L, see Equation (53), and using the orthogonality prop-

erties of {Cos(k-), sin(kj}k>1 finally yields

=

* * > au* %
L8l g) = LB, 8 = 3 (o + ) wlowe (- G|~ ).
k=1 oB*
We define the relevant sequence {wy }ren+:
ou
ke IN* =— - *
Yk € s Wi o | P (r*), (56)
so that -
LY (B")[g, 9] = ualon Y wi {0} + 7} (57)
k=1

Our goal is now the following Lemma:

Lemma 7. There exists C > 0 such that

Vk e N* ,wp > C > 0.

In order to prove this Lemma, we use a comparison principle for one-dimensional differential
equations.

. Proof of Lemma 7: monotonicity principle We will first prove that

Vk € N*  wi > ws. (58)

We first note that
1 > 0in (0; R). (59)

Before we prove, let us see how (59) implies (58). Let, for any k& > 2, z; be the function
defined as

2k = P — 1.
Since 1y, can be expressed as ¢y, = ApJi () for r < r* where J is the k-th Bessel function
of first kind, we have 2z (0) = zx(R) = 0. Furthermore, z; satisfies
1 . K2 L 1
_;(Tzllc)/ = ()\* +V' = 2 Y — ()\* +V' = 7’2> (G0

2 2
< ()\* +V* - i ) Yy — ()\* + V- k2> 1 because ¢, > 0 by (59)
r r
) Zl- (60)
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We also have
(2] (") = 0.

However, this equation and this no-jump condition imply
zr < 0. (61)

For k large enough, this simply follows by a contradiction argument: if A, +V* — ’;—Z < 0in
(0; R) then, if z;, reached a positive maximum at some interior point 7, we should have

1 k2
0< —%(fz,;’(?)) < (A* + V- 2) 2,(7) <0,
T

yielding a contradiction.
A proof of (61) that is valid for all values of k reads as follows: identifying u, with its one-
dimensional counterpart (i.e with the function . : [0; R] — R such that u.(z) = 4. (|z])) we

define

2k
Pk = —.
U

We notice that pi(0) = 0 and that
[p3](r") = 0.

Furthermore, by straightforward computation, py satisfies

1 Y —1 1\ z 1 I\ u; /
—— = — + —=- ) +2—=p.
SOD) = k) + ) + 20

By (60) and by non-negativity of u, we get

1 k2
—;(TP%)/ < — 2Pk

From this it is straightforward to see by a contradiction argument that p; can not reach a
positive maximum at an interior point. It remains to exclude the case pi(R) > 0.
We argue, once again, by contradiction, and assume that pg(R) > 0. Since by I'Hospital
rules we have

A4
r—R u; (’l“)

pr(r)

we must have z; () < 0. However once again by ’Hospital’s rule,

/
*

2k

uip g

Ui, U

1
pi(r) = ~ izLQU* <0.

r—0

Hence py is locally decreasing at R, yielding a contradiction. Thus pr < 0 and in turn
Y — Y1 = 2z < 0, completing the proof of (58).
The proof of (59) follows from the same arguments: we define

W

Usx

\:[11 :
and observe that

1 1\/ 1 u; / ! * *
S = g 20 W) = —ua (),
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We once again argue by contradiction and assume that U; reaches a negative minimum.
From the jump condition at r*, if this maximum is reached at an interior point, it cannot be
at r = r* and the contradiction follows from the Equation. We exclude the case of a negative
minimum at R through the same reasons as for pg.

It follows that ¥, < 1 so that

wi — w1 = P1(r*) —r(r’) = 0.
To conclude the proof of Lemma 7, it remains to prove that

wi > 0. (62)

Proof of (62). We define
\I/ = U; + ’L/Jl.
We note that
1 1
)y = (M v ) 010 = B0 = )

By Hopf’s Lemma, v/ (R) < 0 and, since u, is €2 in B*, «/(0) = 0.
We get the following equation on V:

—i(r\l/’)’—()\*+v*—:2>\ll, [P](r*)=0, ®(0)=0, ¥Y(R)<O.

Defining

)
0 :=—
U

we get

u/

1
(re) =~ 56 +2-26'

Us

1
r

and O can thus not reach a positive maximum at an interior point. Since it is negative at
r =R we get © < 0 in [0; R]. Furthermore, it is not identically zero since ©(R) # 0, and the
strong maximum principle implies © < 0 in (0; R). This gives

O(r*) <0

or, equivalently
wr=-0(")>0

and this concludes the proof of Lemma 7. O

4. Conclusion of the proof To prove Proposition 1, we simply write

L(B)[g, 9] = > _wi {a} + B} by (57)
k=1
> C’Z{ai—kﬂg} by Lemma 7
k=1
= Cllgll7-
= (@)

The proof of the Proposition is now complete.
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2.5.6 Taylor-Lagrange formula and control of the remainder
We now state the main estimate which will enable us to apply the Taylor-Lagrange formula.

Proposition 2. Let M > 0 and n > 0. There exists s € (0;1),e = e(n) > 0 such that for any
P € X (B*) satisfying
||(I)||<€1v1 <M, ||‘I)||<g1,s <e

there holds
LY (Bs)[®, @] — LY (B*)[®, @]| < nl[{®,v)||7-- (63)

As mentioned earlier, this will prove a quantitative inequality for sets of bounded curvature
that are in a ¥’** neighbourhood of B*. Note that working in the €’*** norm rather than in a ¢%*
norm will be enough, since elliptic regularity estimates will prove sufficient for our proofs.

The proof of this proposition is technical but not unexpected in this context. We postpone the
proof to Appendix C.

2.5.7 Conclusion of the proof of Step 4

Recall that we have defined
f(t) = A(]thp)

Then:
ABe) — A(B") = f(1) — f(0)
= £(0) (= 0 because B* is critical )
+/0 (1— )" (t)dt
1

2
> C|[(@, v)[72 — nll(®, v)[7-

1
s / (1— 1) (J"(t) - " (0)) d

C
> Sl I3
> C'||(@, v)||7s by the Cauchy-Schwarz Inequality
=C's? because [Bg AB*| = 6.

whenever ||V®||L is small enough. This concludes the proof of Step 4.

2.5.8 A remark on the coercivity norm

The L? coercivity established in Proposition 1 is not only sufficient, but also optimal. Indeed, since
¥y, is non-negative in (0; R), we immediately have the bound

Ous,
ov '

N

O\Wkg_

In other words, the coercivity norm for the second derivative is the L? (rather than the H %) norm
of the perturbation. This is due to the fact that here, in the context of parametric optimization, it
is the value of the shape derivative u’ rather than the value of its normal derivative that is involved
in the second order shape derivative. We not that this is in sharp contrast with classical shape
optimization, where the optimization is carried out with respect to the whole domain €2, and where
the coercivity norm is the H2 norm, see [19] and the references therein.

27



2.6 Step 5: Conclusion of the proof of Theorem 1

We now conclude the proof of Theorem 1: let V5 be a solution of the variational problem (17)
In the same way we derived the optimality conditions for the radial version of the optimization
problem, that is, for the variational problem (16), it is easy to see that Vj is equal to 0 or 1 almost
everywhere and that, furthermore, if u;s is the associated eigenfunction, that there exists two real
numbers ps and 75 such that

{V§ = 1} = ({U§ > /J5} QB*) @] ({U5 > 775} N (B*)C).
Remark 2. We actually expect that
Vs =Hs

where Hs was defined in Step 3, at least for § > 0 small enough, in which case Step 4 would prove
irrelevant. We were however not able to prove this fact. Put otherwise, we expect the solution to
(17) to be a radially symmetric set, given the symmetries properties involved.

We introduce one last parameter: let (s be the unique real number such that
s > G} = Vo (64)
In the two figures below, we represent the two most extreme cases we might face (note that we

always represent sets that are symmetric with respect to the z-axis; this is allowed by Steiner’s
rearrangement but this property will not be used in what follows)

Figure 4: Here, the set Vs is connected, and we might compare it with a normal deformation of
B*.
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Figure 5: Here, the set Vs is disconnected, and we might compare it with a radial distribution.

To formalize this, we introduce the quantity
f(6) :=[{us = ¢} A ({us = ns} 0 (B7))].

Since 5
[{us > ns} 0 (B = 5

because Vs € Ms,

f0) <

N

We now distinguish two cases:

1. First case: comparison with a radial distribution The first case is defined by

@ — £>0.
d 60

In that case, f(9) o £5.We now apply the bathub principle: let E} be the solution of
—

inf —/ u?.
EcC{us>(s} | E|=Vo—£(5) {us=Cs}NE

If (5,1 is defined through
[ {us > G} | = Vo = 1(0)

then (51 > (5 and consequently
E; = {U5 > Cé,l}-
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In the same way, we define E? as the solution of

infc ,/ ug
EC({ua>Cs}> JE|=£(8) {us>=¢s}°NE

and, if we define (52 through the equation

‘{C& > us > C&,z}‘ = f(9)

then
E? ={( > us > (s}

We replace Vs by
Ws == XE1 + XE2-

/V§U5 /Wgu(;.
/|wa—xB*\=6-
Q

From the bathutb principle,

However, W5 might not satisfy

We represent E%, i = 1,2, below:

Figure 6: An illustration of the process

Finally, following the notations of step 3, we recall that A¢(s) is defined as

Agy = {la] <r* —rpe b UL <ol <r* 41} Xagp) € M)

Our competitor is A ¢(s):
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Let uj be the Schwarz rearrangement of us. By equimeasurability of the Schwarz rearrange-

ment, we have
2 2
/ (uy) :/Wgué.
Aps Q

By the Polya-Szego Inequality (see [32]),

/ Vg2 < / Vg2
Q Q

Finally, we have established the chain of inequalities

> A (A(f((;)) by the Rayleigh quotient formulation (3).

Now, by (19), ,
A(Age)) = A+ CF(9)

and thus, since

f(0) ~ 46

6—0

we have
AVs) — A = C' 262

which concludes the proof.

. Second case: comparison with a normal deformation The second case is defined by

£(5)
5 " (65)

In this case, we use Step 4 of the proof, i.e the quantitative inequality for normal deformations
of the ball.
Let us replace Vs with

We 1= X{us>¢s}-
Recall that (5 was defined in such a way that W5 € M(2). By the bathtub principle,

A(Vs) = A(Ws).
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Furthermore, Condition (65) implies
{us > G} AB*| =6+ o (9).
6—0

Indeed,

D = us > s} 0 (B = s > G5} 0 (B + £(9).

Finally, standard elliptic estimates imply (in dimension 2 and 3) that

whe @)

6—0 b (66)

us
and, since %—fb]g* #0 and (s 6—>0 Us|op~ it follows that 0 {us > (s} is a €1 hypersurface by
—

the implicit function Theorem.
It remains to prove that 0 {us > (s} is a graph above OB*. We start by noticing that (66)
implies

dH({U5 > C(s} ,[B*) 6—) 0, (67)

—0

where dp is the Hausdorff distance. We then argue by contradiction and assume that, for
every ¢ > 0 there exists x5 € OB* ,t; # ta € IR such that

x5 + tiv(zs) € 0{us > (5}, k=1,2.
It follows that
us(zs + tiv(xs)) = us(xs + tav(zs))

and by the intermediate value Theorem and (67), there exists t5 € R such that
<VU5($5 + th((Eg)) s I/(xg» =0,t; — 0.
6—0

By passing to the limit in this equation up to a subsequence, there exists a point z, € JB*
such that

(Vus(zs),v(z4)) = 0.
This is a contradiction since

Ouy
o | o

£0.

We can then say that 0{us > (s} is the graph of a function s over OB*. Besides, the

Convergence result (66) implies that

€1 (oB*)
%
6—0

Vs 0.

Finally, since the set {us > us} converges in the €* topology to B*, there exists a uniform
radius r > 0 such that, for any « € 0{us > us}, there exists y, satisfying

z € B(ya, ), Blya,r) C {us = ps}-

Since Vj is constant in B(y,,r), we can apply elliptic regularity results to get a uniform
%? norm on us in {us > ps}: there exists M > 0 such that, for any € {us > ps},
dist(x,0{us, us}) < r, |V2u(z)| < M. Hence, the curvature of {us > ps} is uniformly
bounded by some constant M.
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To prove that the curvature of {us > (s} is uniformly bounded as well, we note the following
fact: for any x € d{us > (s}, let x5 be its orthogonal projection on {us > ps}. Then,

Bu(;
s — Cs e |zs — ff|$($6)

|z—x5]

and so the map d{us = (5} 3 (z,y) — rEm
be described, asymptotically, as {us > us}+B(0;¢s), so that it also has a uniformly bounded
curvature.

converges uniformly to 1. {us > (s} can thus

Remark 3. We could have worked directly with {us > us}+B(0;%s), by choosing a suitable
ts but in this context, it seemed more relevant to work with level sets.

We can hence apply Step 4:

A(Vs) > A(Ws)
> A\ + C|{us > (s} AB*|* by Step 4
>\ +C(0+ 530(5))2
>\ + C'6%

The proof of Theorem 1 is now complete.

3 Concluding remarks and conjecture

3.1 Extension to other domains

We do believe that this quantitative inequality is valid not only in the ball but for more general
domains. Let, for any domain €, Vi, be a solution of (5). Let ug be the associated eigenfunction.
By the bathtub principle, it is easy to see that there exists uo € R such that

Va = Xfuazpa} = XEq-
We give the following conjecture:
Conjecture 1. Assume that
1. The minimizer is regular in the sense that %‘—5’ < —C <0 on dEq,

2. Eq is a non-degenerate shape minimizer: for any admissible variation ® € X1(Eq), if L, is
the associated lagrangian, there holds

L(Bo)[®, 9] > 0.

Then there exists a parameter 1 > 0 such that, for any V€ M(Q),

IV =VallLia) <n=AMV) = AV*) = OV = V|1 o
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Here the main difficulty lies not only in the quantitative inequality for normal perturbations of
the domain (Step 4 of the proof of Theorem 1) but also in the quantitative inequality for possibly
disconnected competitors (Step 3 of the proof). Indeed, since the parametric derivatives g are no
longer constant on the boundary of the set Eq, the approach used in Step 3 might fail. We note,
however, that the infinitesimal quantitative bound

A(Va)[h] = ClIhl|71 0

still holds. To see why, we notice that

A(Va)[h] = — i hud,

and consider, for a parameter §, the solution hg of

o min A(‘/Q)[h]
h admissible at Vo ,|[h[[p1(q)=0

By the bathtub principle, hs can be written for any § as a level set of ug and, for § small enough,
one can prove that hs writes as follows:

hs :XE5+ 7XE5”

where E; C E§ and E§ C Eq and can be described as follows: if v is the unit normal vector to
EQ?
Ef = {z+tv(z),t € (0;t%(x))}.

We can then prove that

ti—>f>0
56—>0i

uniformly in € OF. It remains to apply the methods of Step 3 of the Proof of Theorem 1 and to
do a Taylor expansion of —ud, at dFq to get

MVa)[hs] = €52

for some constant C' that depends on inf %. Thus, the infinitesimal inequality seems valid.
However, it seems complicated to go further using only this information, since the parametric
derivatives 1 are no longer constant on 0Fq.

3.2 Other constraints

It would be relevant to consider perimeter constraints instead of volume constraints, but we expect
the behaviour of the sequences of solutions to the auxiliary problems to be quite different. We
nonetheless believe that the free boundary techniques used in [11] might apply directly to get
regularity.

3.3 A conjecture

Our conjecture is that the solution of the optimization problem (17) is, for any 6 > 0 small
enough, equal to Hs. This would make Step 4 of the proof irrelevant. Moreover, this problem seems
interesting in of itself. Je sais comment faire pour une des deux parties: pour tout x, h_(z) = hy (z)
en termes de longueur. Donc ¢a passe. Il faut egalement noter que h_ > hy

34



A  Proof of Lemma 1

We briefly recall that the Schwarz rearrangement of a function u € Wy*(B), u > 0 is defined as
the only radially symmetric non-increasing function u* such that, for any ¢ € R,

{u =t} = [{u" > t}].

Proof of Lemma 1. We use the Polya-Szego Inequality for the Schwarz rearrangement: for any

ue Wy (B),u >0,
/|Vu*|2 g/\vuﬂ.
B B

We also use the Hardy-Littlewood Inequality: for any u,v € L?(£2),

/u*v*}/uv
B B

and the equimeasurability of the rearrangement:

/Bu2 :/B(u*)Q.

We refer to [32] for proofs. Using the Rayleigh quotient formulation (3), for any V € M(B),

_ f]Bs [Vuy|* - fJB Vi,

B Jpu¥
oIV — fy V()2
g fB(U*V)Z

> AV

AV)

This also proves that uy« = uj... Since the eigenvalue is simple, the eigenfunction is radially
symmetric. The fact that it is decreasing follows from the Equation satisfied by wuy« in polar

coordinates.
O

B Proof of the shape differentiability of A

B.1 Proof of the shape differentiability

Proof of the shape differentiability. Let E be a regular subdomain of B, (ug, \g) be the eigenpair
associated with V := xg, and let ® be an admissible vector field at E. Let Tg := (Id + ®) and
E} = Tg(E). Let ug be the eigenvalue associated with Vg := xp, and Ae be the associated
eigenvalue. If we introduce

Jo(®) := det(VTs) , Ag := Jo(®) DTy (DT5 )’

then the weak formulation of the equation on ug is: for any v € VVO1 2(Q),

/<A¢VU<}>,VU> :A@/U@UJQ(CI))+/V¢U¢UJQ(<I)).
B B B
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We define the map F' in the following way:

I { WL (R™, R") x W, ?(B) x R — W~12(B) x R,
(@,0,0) = (=V - (=V - (A Vv) — M Jo(®) — VavJo(®), [ v2Jo(®) — 1).

It is clear from the definition of the eigenvalue that
F(O,UO, )\0) =0.

Furthermore, the same arguments as in [18, Lemma 2.3] show that F is > in B x W %(Q) x R,
where B is an open ball centered at 0.
The differential of F at (0, uq, Ag) is given by

Dy 2 F(0,ug, Xo)[w, p] = <—Aw — pug — Aow — Vw, / 2u0w> .
B

To prove that this differential is invertible, it suffices to show that, if (z,k) € W~12(Q) x R, then
there exists a unique couple (w, u) such that

Dy 2 F(0,ug, Mo)[w, p] = (2, k).
By the Fredholm alternative, we know that we must have
w=—(z,up).
There exists a solution w; to the equation
—Aw — pug — w — m*w = z.

We fix such a solution. Any other solution is of the form w = wy + tug for a real parameter t. We
look for such a t. From the equation
2 / uow = k
Q

t=3-
= - — | wiuop.
B) Q10

hence the couple (w, ) is uniquely determined. From the implicit function theorem, the map
D — (ug, Ap) is € in a neighbourhood of 0. O

there comes

B.2 Computation of the first order shape derivative

Proof of Lemma 6. Let ® be a smooth vector field at E and Ey = Ty (FE) where T} := Id + t®. We
define J; := Jo(t®) and A; := Ais. The other notations are the same as in the previous paragraph.
Let (A¢, ut) be the eigencouple associated with V; := xg,. We first define

vpi=u o1 : B — R.

The derivative of v; with respect to ¢ will be denoted %. This is the material derivative, while we
aim at computing the shape derivative u’ defined as

u' = 1u+ (P, Vug).
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For more on these notions, we refer to [30].
Obivously v; € Wy*(€2). The weak formulation on u, writes: for any ¢ € W,*(Q),

/(Vut,Vgo) :)\t/ut@'i'/ Ugp.
B B Ey

We do the change of variables

z = Ti(y),
so that, for any test function ¢,
/(Atht,Vgo} = )\t/’Ut(ﬂJt—F/ Ut(th. (68)
B B E
It is known that o7
t
= — t =V-o
I@= | ww=v-e
and that
04

A(z) == (t,z) = (V- @), — (V& + (Ve)").

t=0

ot
We recall that A has the following property: if ®; and ®5 are two vector fields, there holds

(AD1, Do) =V - ((P1, P2)P) — (V(D - Py), Do) — (V(P - Dy), Dq). (69)

We differentiate Equation (68) with respect to ¢ to get the following equation on wu:

/(Vgo,Vd—&-.AVuo) = X/uog0+ )\O/Juogo + /\o/ung—/ iup—i—/ J(x)uoep. (70)
B B B B E E
Through Property (69) we get

(AVug, Vo) = V- ({(Vug, V) @) — (V((®, Vug)), Vo) = (V((®, Vo)), Vug).

We deal with these three terms separately: from the divergence Formula
[V (v == [ ((Fu. Vo) (@0,
B OF

We do not touch the second term.
The third term is dealt with using the weak equation on ug:

/B (V((®, V), Vuo) = Ao / (@, Vuo + /E o (8, V) /a (Vuo, V)] (@, ).

E

Hence

/B (AVug, Vig) = / V- (Vuo, Vo)®) — (V((@, Vo)), Vo) — (V((®, Vip))., Vo)

_ / (V((®, Vo)), Vo)
f)\o/HB((I),Vgo}uo f/lzu()((I),Vgo}.
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The left hand term of (70) becomes
/(vu + AVug, V) = / <v(u — . vuo),w>
B B
o [ (@Yo~ [ wo(@.e).
B

E
Thus

/B<V(u - Vuo>,VSD> —Xo /B<<I>,Vg0>uo — /EUO@)’v@

Z}\/U0<P+>\0/J(x)uow+)\o/it@‘f'/WP‘F/J(IE)UOW
B B B B o

By rearranging the terms, we get
/ (v(i—-Vuo), Vo)
B

= +)'\/Buo<p+>\o (/B J(a:)ump—l—/B(‘I%V@Uo)

+)\0/ug0+/ iup—i—/ j(x)ump—k/ ug{P, V).
B E E E

However, since J(z) = V - ®(x), we have
J(@)p +(®,Vp(z)) = V- (p®).

Hence

[ T@us+ [(@.900m = [ - @pug
B B B
= _/SD<(I),VUO>,
B
because ug satisfies homogeneous Dirichlet boundary conditions. In the same way
[ 7@ue+ [ (@90 = [ v @
E E B
= —/ (@, Vug) —|—/ (P, v)ugp.
E

OFE

We turn back to the shape derivative; recall that it is defined as
u =10 — (P, Vu).

The previous equation rewrites

/(Vu’,Vgo) :}\O/uog0+A0/u’<p+/ u'p
B B B E

+ / <(I)7V>UO‘P
oF

Thus there appears that v’ solves

—Au' = Nug + Mug + V!
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along with Dirichlet boundary conditions and

ou/
T = (@, v)uo.
|: 87' :| < ?V>u0
Obtaining the jump condition on u” is done in the same way as in [18]. O

B.3 Gateaux-differentiability of the eigenvalue

The parametric differentiability is also proved using the implicit function theorem applied to the
following map:
a. ] L= x Wy2(Q) x R — W~ 12(Q) x R,
(h,v,A) = (—Av = Xv — (V + h)v, [v* —1).
The invertibility of the differential follows from the same arguments as the ones used to prove the
invertibility of DF' in the previous section.

C Proof of Proposition 2

Proof of Proposition 2. We can not apply in a straightforward manner the methods of [19], which
are well-suited for the proof of a convergence in the H 3 topology. Some minor adjustments are in
order.

Let us define Tg := (Id + ®) and, for any function f: Q — R,

fi=foTs.
We define the surface Jacobian

Js(®) == det(VTo) |('VT5 ") v

b

the volume Jacobian
Jao(®) :=det (V)
and, finally
Ag = Jo(®)(Id+ V) (Id+' V)~ L.
It is known (see [19, Lemma 4.8]) that

[Jo/n(®) = 1] <Cll@llwre, [[Ae = 1| o < O] (71)

We define ug as the eigenfunction asociated with B* and wu{, the shape derivative of uy in the
direction ®.

Finally let uf be the shape derivative in the direction ® and 4% = u}, 0 Tg. Let Hg be the mean
curvature of Bg. Using the change of variable y = Tg (), the fact that ® is normal to B* and the
value of the Lagrange multiplier 7 given by (46), we get

L!(Bg)[®,®] = —2/ JZ((I))Q¢1):I,<CI),V>—|—/ Js(®) (-f{a%{,—mq,awi’) (®,v)?
OB* OB* aV
—7 [ H(®v)?
oB*

-9 /83* Js(®)ig il (B, v) + /&B* Jx(®) (ﬁ(ag —ud) — 2aq>ay> (®,v)%
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Hence we have

L/ (Bo)[@, 9] — L, (BY)[@, 9] = —2 /8 (@), — o) (@,)

+ /6 (U@ - 1)) (@.0)? (72)

We will prove the Proposition using the following estimates

Claim 4. For any n > 0 there exists € > 0 such that, for any ® satisfying

|@]¢r < e
there holds
1.
[t — usl|41 Q) < m, (73)
2.
i — ugllyrz < 0[P, V)] L2, - (74)

Proof of Claim /. Estimate (73) follows from a simple contradiction argument and by using the
fact that, if a sequence {®}ren converges in the ¢! norm to 0, then ug, converges, in every
€15(Q) (s < 1) to ug. To prove (74), we first prove that there exists a constant M such that

g |l < MR, )| 2 - (75)

By the change of variable y := T (), we see that 4f satisfies
—-V- (A@V@{p) = JQ(CD) ()\@’&ib + (V*)ﬁ,&) + )\ipﬂ@) s [Aq;@,,ﬂfb] = —JE<¢’, V>’l)q> (76)
with homogeneous Dirichlet boundary conditions. The orthogonality conditions gives
/ Jo(®)iiaily = 0
Q
and we will use a Spectral Gap Estimate (81) combined with a bootstrap argument.

Spectral gap estimate For any V € M(B), A\(V) was defined as the first eigenvalue of the
operator Ly defined in (1). We recalled in the Introduction that this eigenvalue is simple. Let, for
any V€ M(Q), A2(V) > A(V) and uz v be the second eigenvalue and an associated eigenfunction
(we choose a L? normalization). We claim there exists w > 0 such that, for any V € M(Q),

w < Aa(V) = A(V). (77)

To prove this, we use a direct argument. Let S(V) := A2(V) — A(V) be the spectral gap associated
with V. We consider a minimizing sequence {Vi }ren € M(Q) (the radiality assumption is not
necessary here) which, up to a subsequence, converges weakly in L — % to some Vao € M(Q). It
is standard to see that

AVi) = AMV),uvy, T Wee strongly in L?(B), weakly in W,"(B).

k—o0
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The only part which is not completely classical is to prove that
Ao(Vi) = Aa(Vao). (78)
k—o0
However, for any k € IN, A2(V}) is defined as

Ao(Vi) = ., min Ry, [u], (79)
ueWy = (B), [ u?=1u€(uy, )+

where (u)! is the subspace of functions that are L?-orthogonal to u, and ug y, is defined as a

minimizer for this problem (there a possibly multiple eigenfunctions). In the same way we proved
that A(V') is uniformly bounded in V', one proves that Az(V) is uniformly bounded inV. Let A o
be such that

)\2(Vk) kjoo A2,00-

Standard elliptic estimates prove that there exists a function ug o, € Wy 2(£2) such that U2,V
—00

Us o Strongly in L?(B) and weakly in W, *(B). Passing to the limit in

/ulvkuvk =0
B

/UQ,OOUVOO = 0. (80)
B

Passing to the limit in the weak formulation of the equation on wugy, proves that ug o is an
eigenfunction of Ly, associated with Ay o. It follows from the orthogonality relation (80) that

gives

)\2,00 2 )\Z(Voo)

Hence
hkmmf S(Vk) > )\Q(Voo) — )\(Voo) >w >0
— 00

because A(Vy) is a simple eigenvalue.
As a consequence of the spectral gap estimate (77), we get the following estimate:

YV € M(Q),Vu ¢ <uv>i7w/ﬂu2 </Q|Vu|2—/QVu2—)\(V)/Bu2. (81)

Indeed, let V € M(Q) and u € (uy)®,u # 0. Then, by the Rayleigh quotient formulation on
A2(V), see Equation (79),

/|Vu|2—/Vu2 })\Q(V)/uQ >w/u2+)\(V)/u2 by (77),
B B B B B

which is exactly the desired conclusion.

Proof of (75) First of all, multiplying (76) by 4}, and integrating by parts gives

/Aq>|vaip|2—/ V*JQ(CD)(&QI))Q:/ Jsiigtly(V,v).
Q Q OB*
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By the Spectral gap estimate, using the fact that eigenfunctions are uniformly bounded and by
continuity of the trace operator we get the existence of a constant M such that

[ (@) < M@, 1200 5] 0 (s2)

We rewrite
||&<I’||W1’2 Q) — HuA@”L?(Q) + 1 CainL?(Q)-
0 ()

By the shape differentiability of E +— (A(EF),ug), there exists C' such that
Vg |lr2@) < C

for any ® such that ||®||y1. < 1.
We then let X := ||tg||r2(q). The estimate (52) rewrites

X2 < M@, )|l 290X + MCI®, )| 1250y
from where it follows that there exists M > 0 such that
lag|lL2(0) < M/I®, V)] 12(50)-

We now multiply (75) by 4} and integrate by part, giving, for some constant M,

N ~ 3
/Q Vi[> < CI®, V)l 12(00) + {8 )| 1200y [ Vi L2(0) + (@, )] 12 (50 2

which in turn yields, using the same arguments,

IVig |l L2 < /12, )] 1250

We use this in (82), giving

. N 3
il 720) < M (||<‘I’aV>||L2(aﬂ)\|uq>||L2(Q) + ||<(I’7V>HL2(E)Q)2) :
This yields
@ L20) < MI{®, )]l 12(50)

and, finally, from the weak formulation of the equation,

||vﬁ&)”L2(Q) < M||<®7 V>||L2(89)'

Proof of (74) We now turn to the proof of the continuity estimate (74), for which we will apply
the same kind of bootstrap arguments, combined with a version of the splitting method, see [19,
Lemma 4.10].

Let us define Hg as the solution of

~AHg = Vo Ha,
[Bg;p] = ug (P, vp) on OF;, (83)
Hg = 0 on 09Q.

Then it appears that
)‘ZD = —/ u<21,<(b,l/q>> = )\q>/ H@Uq;..
OE, Q
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7

We can prove using the same bootstrap arguments used to prove (75) that
HH‘D||W01’2(Q) S C||<(I)7V>HL2(BQ)'

Indeed, multiplying (84) by Hg, doing a change of variables and integrating by parts gives

| AV = [ 15 <@ )0 1ol 0

and, by the variational formulation of the eigenvalue,
[ 82 < 1@ il

We then use the same bootstrap argument: we first prove that this implies || Hg| lz2(0) < M\ /I, )12 (00
and plug this estimate in the weak formulation of the equation. The conclusion follows.

We turn back to (74).

Let mg be the orthogonal projection on (ug)-. We decompose u, as

ugp = —moHo + &o

where &g solves
—Alp = Moo + Vals — NoTo Ho,
o = 0 on 09 (84)
fQ fqﬂj@ =0.

Thanks to the Fredholm alternative, such a g exists and is uniquely defined.
We now prove that

e — H, H < My||[(®, )], 2 85
[ = ol | Ly ) < M@,z o (85)
for ||®||4: small enough. To that end, we define

g := Hy — Hy.

Direct computation shows that
—AHy = (V)He + (V) He(J, — 1) + V- ((At - Id)VH'q))

along with Dirichlet boundary conditions and

e

By } = (ug — Jstie){P,v) + [<(Id — At)VH<I> 71/>} )

We proceed in the same fashion: we first multiply the equation on $¢ by $4, integrate by parts
and use the variational formulation of the eigenvalue to get

1901172y < 1Je = Ul l|Hall2i@) + |4 = Id|| oo )|V Hal| L2 [ V90| 2(0)

+|[{@, V>||L2(a§z)H53<I>||W0172(Q)HU0 - JEﬁrbﬂwam

up to a multiplicative constant. This first gives, using (73),

190122 < M /11(@0)]l 2 00) (IVE] [ + 7).
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We then apply the same bootstrap method to get the desired conclusion.
Finally, we need to show the following estimate, which will conclude the proof:

[1€o — ollw 20y < 1@, )l 200 (86)

for ||®||41 small enough. However, this follows from the same arguments as in [19, Lemma 4.10,
Paragraph 3 of the proof] and from the same bootstraps arguments. O

Finally, going back to (72), it suffices to use the continuity of the trace to control the terms
involving u}, and Estimates (73)-(74) to conclude the proof of Proposition 2. O
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