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Vertex coloring has always been a topic of interest. Motivated by the studies on 𝑏-chromatic mean and variance of some standard graphs, in this paper, we obtain few results for 𝑏-chromatic and 𝑏 + -chromatic mean and variance of some cycle related graph classes. Here, Vertex coloring of a graph 𝐺 is taken to be the random experiment. Discrete random variable 𝑋 for this random experiment is the color of randomly chosen vertex of 𝐺.

Introduction

In literature, we go through many problems where the elements (vertices, edges and faces) are assigned with colors, labels or weights subject to certain conditions. This assignment is called graph coloring. In the current discussion, by the term graph coloring, we mean the assignment of colors to the vertices of the graph under consideration. Many coloring problems have been discussed in detail over a couple of centuries.

For the concepts and terminology of graph theory, we refer to [START_REF] West | Introduction to graph theory[END_REF][START_REF] Haray | Graph theory[END_REF]. For further reading on graph coloring, reader are advised to refer to [START_REF] Jensen | Graph coloring problems[END_REF]. Vertices are colored in such a way that no two adjacent vertices gets the same color, this is known as the proper coloring of a graph.

The chromatic number of a graph 𝐺 is the minimum number of colors required to properly color the graph 𝐺. It is denoted by 𝜒(𝐺). A proper 𝑘 -𝑐𝑜𝑙𝑜𝑟𝑖𝑛𝑔 of a graph 𝐺 is a set of k colors denoted by 𝐶 = {𝑐 1 , 𝑐 2 , 𝑐 3 , … , 𝑐 𝑘 } or 𝐶 = {1,2,3, … , 𝑘}. The set 𝐶 𝑖 represents the set of all vertices in 𝐺 having color 𝑐 𝑖 and is known as the color class of the color 𝑐 𝑖 . Cardinality of each color class 𝐶 𝑖 is called the strength of the color 𝑐 𝑖 and is represented by 𝜃(𝑐 𝑖 ).

The graph coloring (vertex coloring) of a graph 𝐺 can be considered as random experiment with a discrete random variable (d.r.v) 𝑋 for the set 𝐶 = {𝑐 1 , 𝑐 2 , 𝑐 3 , … , 𝑐 𝑘 }, a proper 𝑘-coloring of 𝐺 which denotes the color 𝑐 𝑖 of a randomly selected vertex of 𝐺 (see [START_REF] Sudev | On certain coloring parameters of graphs[END_REF]. Therefore, the real-valued function 𝑓(𝑖) given by

𝑓(𝑖) = ( 𝜃(𝑐 𝑖 ) |𝑉(𝐺)| , 𝑖𝑓 𝑖 = 1,2,3, … , 𝑘 0, 𝑒𝑙𝑠𝑒𝑤ℎ𝑒𝑟𝑒.
is the 𝑝. 𝑚. 𝑓 (Probability Mass Function) of the d.r.v 𝑋 (see [START_REF] Sudev | On certain coloring parameters of graphs[END_REF]). Therefore, the concept of mean and variance can be extended to coloring mean and coloring variance of a graph 𝐺 for different types of coloring. In this paper, we study coloring mean and coloring variance with respect to a 𝑏coloring of certain classes of graphs, as an extension to [START_REF] Sudev | Some results on the 𝑏-colouring parameters of graphs[END_REF].

Recall the notion of the 𝑏-coloring of a graph, defined in [START_REF] Kok | The 𝑏-chromatic number of certain graphs and digraphs[END_REF], as follows.

Definition 1 [START_REF] Kok | The 𝑏-chromatic number of certain graphs and digraphs[END_REF] The 𝑏-coloring of a graph 𝐺 is a proper vertex coloring 𝑐 in which each color class contains at least one vertex that is adjacent to at least one vertex of all the other color classes.

Definition 2 [START_REF] Kok | The 𝑏-chromatic number of certain graphs and digraphs[END_REF] The 𝑏-chromatic number of a graph 𝐺 is the maximum number of colors that can be used to properly 𝑏-color a graph and is denoted by 𝜑(𝐺).

Definition 3 [START_REF] Sudev | On certain coloring parameters of graphs[END_REF] The coloring mean of a coloring 𝐶 of a given graph 𝐺, denoted by 𝜇 𝐶 (𝐺), is defined to be

𝜇 𝐶 (𝐺) = ∑ 𝑘 𝑖=1 𝑖𝑓(𝑖) = ∑ 𝑘 𝑖=1 𝑖𝜃(𝐶 𝑖 ) ∑ 𝑘 𝑖=1 𝜃(𝐶 𝑖 )
For a positive integer 𝑟, the 𝑟 𝑡ℎ moment of the coloring 𝐶 is denoted by 𝜇 𝐶 𝑟 (𝐺) and is defined as

𝜇 𝐶 𝑟 (𝐺) = ∑ 𝑘 𝑖=1 𝑖 𝑟 𝑓(𝑖)
Definition 4 [START_REF] Sudev | On certain coloring parameters of graphs[END_REF] The coloring variance of a coloring 𝐶 of a given graph 𝐺, denoted by 𝜎 𝐶 2 (𝐺), is defined to be 𝜎 𝐶 2 (𝐺) = 𝜇 𝐶 2 (𝐺) -(𝜇 𝐶 (𝐺)) 2 Definition 5 [START_REF] Sudev | Some results on the 𝑏-colouring parameters of graphs[END_REF] The 𝜑(𝐺)-𝑐ℎ𝑟𝑜𝑚𝑎𝑡𝑖𝑐 𝑚𝑒𝑎𝑛 or 𝑏 -𝑐ℎ𝑟𝑜𝑚𝑎𝑡𝑖𝑐 𝑚𝑒𝑎𝑛 of a graph 𝐺 indicated by 𝜇 𝜑 (𝐺) is a coloring mean of 𝐺 with minimum proper 𝑏 -coloring 𝐶 of 𝐺 and minimum coloring sum 𝜔 𝐺 .

Definition 6 [START_REF] Sudev | Some results on the 𝑏-colouring parameters of graphs[END_REF] The 𝜑 -𝑐ℎ𝑟𝑜𝑚𝑎𝑡𝑖𝑐 𝑣𝑎𝑟𝑖𝑎𝑛𝑐𝑒 or 𝑏 -𝑐ℎ𝑟𝑜𝑚𝑎𝑡𝑖𝑐 𝑣𝑎𝑟𝑖𝑎𝑛𝑐𝑒 of a graph 𝐺 indicated by 𝜎 𝜑 2 (𝐺) is a coloring variance of 𝐺 in accordance with minimal b-coloring 𝐶 of 𝐺 such that the coloring sum is minimum.

Definition 7 [START_REF] Sudev | Some results on the 𝑏-colouring parameters of graphs[END_REF] The 𝜑 + -chromatic mean or 𝑏 + -𝑐ℎ𝑟𝑜𝑚𝑎𝑡𝑖𝑐 mean of a graph 𝐺 indicated by 𝜇 𝜑 + (𝐺) is a coloring mean of 𝐺 with proper 𝑏-coloring 𝐶 of 𝐺 and maximum coloring sum 𝜔 𝐺 .

Definition 8 [START_REF] Sudev | Some results on the 𝑏-colouring parameters of graphs[END_REF] The 𝜑 + -chromatic variance or 𝑏 + -𝑐ℎ𝑟𝑜𝑚𝑎𝑡𝑖𝑐 variance of a graph 𝐺 indicated by 𝜎 𝜑 + 2 (𝐺) is a coloring variance of 𝐺 in accordance with 𝑏-coloring 𝐶 of 𝐺 such that the coloring sum is maximum.

Motivated by the studies mentioned above, in this paper, we extend the studies on 𝑏-coloring parameters to some fundamental graphs.

Results and Discussions

In this section, we prove some of the statistical parameters like mean and variance for some of the classes of graphs. 𝑏 + -chromatic mean and 𝑏 + -chromatic variance can be obtained by reversing the coloring pattern Of the graph G using the same 𝑏-coloring which was used for 𝑏-chromatic mean and 𝑏-chromatic variance.

Theorem 1

The 𝑏-chromatic mean 𝜇 𝜑 and variance 𝜎 𝜑 2 of prism graph 𝑌 𝑛 is given by

𝜇 𝜑 (𝑌 𝑛 ) = ( 2, 𝑖𝑓 𝑛 = 3 3𝑛-6 2𝑛 + 14, 𝑖𝑓 𝑛 ≥ 4 𝜎 𝜑 2 (𝑌 𝑛 ) = ( 2 3 , 𝑖𝑓 𝑛 = 3 -167𝑛 2 +452𝑛-36 4𝑛 2 -196, 𝑖𝑓 𝑛 ≥ 4
respectively.

Proof. The 𝑏-chromatic number of 𝑌 3 is 3 and 4 for graph with higher order, Since in 𝑌 3 we have two 𝐾 3 we can use each of the three colors 𝑐 1 , 𝑐 2 , 𝑐 3 twice the corresponding p.m.f is f(i)=1/3; for i=1,2,3 and 0;elsewhere.Therefore from the equation we have 𝜇 𝜙 (𝑌 3 )=2 and 𝜎 𝜙 2 (𝑌 3 )=2/3. Now the 𝑏-chromatic number of prism graph with 𝑛 ≥ 4, we need to color two vertices of 𝑐 4 and 𝑐 3 and the color 𝑐 1 and 𝑐 2 is given to 𝑛 -2 Vertices each. So the corresponding p.m.f 

𝑓(𝑖) = ( 𝑛-2 2𝑛 , 𝑖𝑓 𝑖 = 1,2
𝜇 𝜙 (𝑌 𝑛 ) = ( 2, 𝑖𝑓 𝑛 = 3 7(𝑛-2) 2𝑛 + 6, 𝑖𝑓 𝑛 ≥ 4 𝜎 𝜙 2 (𝑌 𝑛 ) = ( 2 3 , 𝑖𝑓 𝑛 = 3 -167𝑛 2 +452𝑛-196 4𝑛 2
-36, 𝑖𝑓 𝑛 ≥ 4 respectively.

Proof. The result can be established by reversing the coloring pattern mentioned in Theorem 1.

Theorem 3

The 𝑏-chromatic mean 𝜇 𝜙 and variance 𝜎 𝜙 2 of flower graph 𝐹 𝑛 is given by Proof. The 𝑏-chromatic number of 𝐶𝐻 𝑛 is 4 when n= 3 or 5 and 5 for all the other n. In 𝐶𝐻 3 two vertices each are colored 𝑐 1 , 𝑐 2 , 𝑐 3 and one vertex gets the color 𝑐 4 . Hence the p.m.f is In 𝐶𝐻 𝑛 when n is odd , 𝑖𝑓 𝑛 ≥ 6, 𝑛 -𝑒𝑣𝑒𝑛 respectively.

𝜇 𝜙 (𝐹 𝑛 ) =
𝑓(𝑖) = (
Proof. The result can be established by reversing the coloring pattern mentioned in Theorem 5.

Theorem 7

The 𝑏-chromatic mean 𝜇 𝜙 and variance 𝜎 𝜙 2 of web graph 𝑊 𝑛 is given by , 𝑖𝑓 𝑖 = 4 0, 𝑒𝑙𝑠𝑒𝑤ℎ𝑒𝑟𝑒 and its corresponding mean and variance is 𝜇 𝜙 (𝑊 3 ) = 2 and 𝜎 𝜙 2 (𝑊 3 ) = 1 respectively.

𝜇 𝜙 (𝑊 𝑛 ) = ( 2, 
In 𝑊 5 colors 𝑐 1 is given to 7 vertices, 𝑐 2 is given to 6 vertices, 𝑐 3 is given to two vertices and 𝑐 4 is given to 1 vertex, Hence the p.m.f is In 𝑊 𝑛 when n is odd 

𝑓(𝑖) =

ForTheorem 4 Theorem 5

 45 2 , 𝑖𝑓 𝑛 ≥ 7 respectively.Proof. The 𝑏-chromatic number of 𝐹 3 is 4 and for all other 𝐹 𝑛 the 𝑏-chromatic number is 5. It is clear that in 𝐹 3 three vertices are colored 𝑐 1 and two vertices with color 𝑐 2 and each of the remaining vertices with color 𝑐 3 and 𝑐 4 . Hence the p.m.f is 𝑓(and corresponding Mean and Variance is 𝜇 𝜙 (𝐹 3 ) = 2 and 𝜎 𝜙 2 𝐹 4 we can color 2 vertices each with 𝑐 1 , 𝑐 2 , 𝑐 3 and 𝑐 4 and remaining one vertex with 𝑐 5 . Therefore the p.m.f is𝑓(𝑖) = ( 2 9, 𝑖𝑓 𝑖 = 1,2,3,4 1 9 , 𝑖𝑓 𝑖 = 5 0 𝑒𝑙𝑠𝑒𝑤ℎ𝑒𝑟𝑒 and the corresponding Mean and variance is 𝜇 𝜙 (𝐹 4 𝐹 5 we can color 3 vertices each with 𝑐 1 , 𝑐 2 and 2 vertices with color 𝑐 3 and 𝑐 4 and remaining one vertex with 𝑐 5 . Therefore the p.m.f is 𝑓(and the corresponding Mean and variance is 𝜇 𝜙 (𝐹 4 𝐹 6 we can color 6 vertices with 𝑐 1 , 2 vertices each with color 𝑐 2 ,𝑐 3 and 𝑐 4 and remaining one vertex with 𝑐 5 . Therefore the p.m.f is 𝑓(and the corresponding Mean and variance is 𝜇 𝜙 (𝐹 4 𝐹 𝑛 ,n ≥ 7 we can color 𝑛 -1 vertices with color 𝑐 1 , 𝑛 -3 vertices each with color 𝑐 2 , 2 vertices each with 𝑐 3 and 𝑐 4 and remaining one vertex with 𝑐 5 . Therefore the p.m.f is and the corresponding Mean and variance is 𝜇 𝜙 (𝐹 𝑛 ) The 𝑏 + -chromatic mean 𝜇 𝜙 and variance 𝜎 𝜙 2 of flower graph 𝐹 𝑛 is given by 𝜇 𝜙 (𝐹 𝑛 ) The result can be established by reversing the coloring pattern mentioned in Theorem 3. The 𝑏-chromatic mean 𝜇 𝜙 and variance 𝜎 𝜙 2 of closed helm graph 𝐶𝐻 𝑛 is given by 𝜇 𝜙 (𝐶𝐻 𝑛 ) 2 , 𝑖𝑓 𝑛 ≥ 6, 𝑛 -𝑒𝑣𝑒𝑛 respectively.

  𝐶𝐻 4 colors 𝑐 1 , 𝑐 2 , 𝑐 3 , 𝑐 4 are given to two vertices each and 𝑐 5 is given to one vertex. Hence the p.m.f is 𝑓(𝑖) = ( and its corresponding mean and variance is 𝜇 𝜙 (𝐶𝐻 4 𝐶𝐻 5 colors 𝑐 1 , 𝑐 2 are given to 4 vertices each 𝑐 3 is given to two vertices and 𝑐 4 is given to 1 vertex, Hence the p.m.f is and its corresponding mean and variance is 𝜇 𝜙 (𝐶𝐻 5 ) = 2 and 𝜎 𝜙 2

2𝑛- 6 2Theorem 6

 66 vertices are colored 𝑐 1 and 𝑐 2 each, 4 vertices are colored 𝑐 3 , 2 vertices are colored 𝑐 4 and one vertex is colored 𝑐 5 .Hence the p.m.f is 𝑓(and its corresponding mean and variance is 𝜇 𝜙 (𝐶𝐻 𝑛 ) 𝑐 2 , 3 vertices are colored 𝑐 3 , 2 vertices are colored 𝑐 4 and one vertex is colored 𝑐 5 .Hence the p.m.f is 𝑓(The 𝑏 + -chromatic mean 𝜇 𝜙 and variance 𝜎 𝜙 2 of closed helm graph 𝐶𝐻 𝑛 is given by 𝜇 𝜙 (𝐶𝐻 𝑛 )

  The 𝑏-chromatic number of 𝑊 𝑛 is 4 when n= 3 or 5 and 5 for all the other n. In 𝑊 3 , 4 vertices are colored 𝑐 1 color,3 vertices are colored 𝑐 2 2vertices are colored 𝑐 3 and one vertex gets the color 𝑐 4 . Hence the p.m.f is

  and its corresponding mean and variance is 𝜇 𝜙 (𝑊 5

Theorem 8 2 ,Theorem 9 In 𝑆𝑓 4 1 2 2 2vertices, 3

 8294123 𝑐 2 , 4 vertices are colored 𝑐 3 , 2 vertices are colored 𝑐 4 and one vertex is colored 𝑐 5 .Hence the p.m.f is 𝑓(and its corresponding mean and variance is 𝜇 𝜙 (𝑊 𝑛 ) 𝑐 2 , 2 vertices are colored 𝑐 3 , 𝑐 4 each and one vertex is colored 𝑐 5 .Hence the p.m.f is and its corresponding mean and variance is 𝜇 𝜙 (𝑊 𝑛 ) = 9𝑛+24 2(3𝑛+1) and 𝜎 𝜙 2 (𝑊 𝑛 ) = 9𝑛 2 +342𝑛-328 4(3𝑛+1) 2 respectively. The 𝑏 + -chromatic mean 𝜇 𝜙 and variance 𝜎 𝜙 2 of web graph 𝑊 𝑛 is given by 𝜇 𝜙 (𝑊 𝑛 ) 𝑖𝑓 𝑛 ≥ 4, 𝑛 -𝑒𝑣𝑒𝑛 respectively. Proof. The result can be established by reversing the coloring pattern mentioned in Theorem 7. The 𝑏-chromatic mean 𝜇 𝜙 and variance 𝜎 𝜙 2 of sunflower graph 𝑆𝑓 𝑛 is given by𝜇 𝜙 (𝑆𝐹 𝑛 )The 𝑏-chromatic number of 𝑆𝑓 𝑛 is 4 when n= 3,it is 5 when n=4 and 6 for all the other n. In 𝑆𝑓 3 each of the color 𝑐 1 , 𝑐 2 , 𝑐 3 are colored to 2 vertices and one vertex gets the color 𝑐 4 . Hence the p.m.f is and its corresponding mean and variance is 𝜇 𝜙 (𝑆𝑓 3 each of the colors 𝑐 1 , 𝑐 2 , 𝑐 3 , 𝑐 4 is given to 2 vertices and 𝑐 5 is given to 1 vertex, Hence the p.m.f is and its corresponding mean and variance is 𝜇 𝜙 (𝑆𝐹 4 𝑆𝐹 6 each of the colors 𝑐 1 , 𝑐 2 is given to 3 vertices,each of the color 𝑐 3 , 𝑐 4 , 𝑐 5 is given to two vertices and 𝑐 6 is given to 1 vertex, Hence the p.m.f is 𝑓(and its corresponding mean and variance is 𝜇 𝜙 (𝑆𝑓 6 ) = 3 and 𝜎 𝜙 2 𝑆𝑓 𝑛 when n is odd 𝑛 -3 vertices are colored 𝑐 1 , each of the color 𝑐 2 , 𝑐 3 are colored to 𝑛vertices, 2 vertices are colored 𝑐 4 , 2 vertices are colored 𝑐 5 and one vertex is colored 𝑐 6 .Hence the p.m.f is 𝑓(n is even 𝑛 -3 vertices are colored 𝑐 1 , each of the color 𝑐 2 , 𝑐 3 are colored to 𝑛vertices are colored 𝑐 4 , 2 vertices are colored 𝑐 5 each and one vertex is colored 𝑐 6 .Hence the p.m.f is

, 𝑖𝑓 𝑛 > 6, 𝑛 -𝑒𝑣𝑒𝑛 respectively.

Proof. The result can be established by reversing the coloring pattern mentioned in Theorem 1.

Conclusion

In this paper, we have discussed the mean and variance of certain graph classes with respect to two types of their 𝑏-colorings. The study can be extended to many other graph classes, graph operations, graph products and derived graphs such as line graphs, central graphs, total graphs etc. These parameters are interesting not only in the theoretical aspects, but in many applications practical problems such as optimisation, distribution, communication networks, transportation etc. All these facts highlight the wide scope for further research in this area.