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Asymptotic Behavior for Textiles

Georges Griso* Julia Orlik! Stephan Wackerle *

Abstract

The paper is dedicated to the asymptotic investigation of textiles as elasticity problem on beam struc-
tures. The structure is subjected to a simultaneous homogenization and dimension reduction with respect
to the asymptotic behavior of the beams thickness and periodicity. Important for the problem are the
contact conditions between the beams, which yield multiple limits depending on the order. In this paper
two limiting cases are presented: a linear and a Leray-Lions-type problem.

Keyword: Homogenization, periodic unfolding method, dimension reduction, linear elasticity, variational
inequality, Leray-Lions problem, contact, plates, structure of beams
Mathematics Subject Classification (2010): 35B27, 35J86, 47HO05, 74Q05, 74B05, 74K10, 74K20.

1 Introduction

This paper investigates the simultaneous homogenization and dimension reduction of textiles as periodic
beam structures, here a woven canvas structure. While textile structures are very complicated if fully resolved,
the homogenization takes the local configuration into account and gives rise to a representative homogeneous
plate model. For more literature on homogenization we refer to [7, 10, [22] and the references therein. Moreover,
since woven textiles are very thin with respect to the in-plane dimensions, an additional dimension reduction
further reduces the complexity of the model. For dimension reduction of plates see for instance [} [ [6]. The
combination of both is part of current investigations [7, Ch. 11] and [16].

For this paper the textile consists of long individual fibers, modeled by beams, being in contact with each
other. Due to the contact, which is modeled via a gap-function g., the problem is stated as variational inequality.
The applied forces are scaled in order to get ||e(uc)||z> of order £%/2. Although linear elasticity is assumed and
the total energy remains in the linear regime, the order of the contact will determine the limit. This corresponds
to the fact that the contact characterizes the stability of the structure. Hereafter we consider only two cases,
namely g. ~ ¢* and g. ~ ¢ leading to a typical full linear problem or to a Leray-Lions problem (see [12} 19])
respectively. Another case, though, assumes g. ~ €2, it will be presented in a forthcoming paper. This last
case is out of scope for this paper, yet it may be very interesting to model for instance shearing of textiles with
loose weave, see e.g. [2] [20] 23] 24].

The strategy in this paper is to use the displacements of every single beam to compose, by extension, global
displacement fields of the whole structure. Then Korn-estimates on all fields and the unfolding operator give
rise to a general limit problem. Finally, the existence of solutions in the case of the Leray-Lions problem is
shown and additionally for the linear case the uniqueness is deduced.

Specifically, we start with a single periodically curved beam of radius r and periodicty . With the help of
the decomposition of didsplacements, which yields elementary and residual displacements for the beam, some
basic results are shown. For the general definition and properties of this decomposition see [7], 13} 14} [15].
The resulting elementary displacements are further modified to account for the curved behavior and to simplify
estimates on the full structure. These general results for one beam are transferred on the whole textile structure
and global fields are introduced, which are defined on the 2D mid-plane of the limit plate. The definition of
the global and local displacement fields is similar to the method of the scale-splitting operators in [I1], where
the @Qi-interpolation is used to obtain global fields. For all fields, local and global, Korn-like estimates are
established. Here the contact condition plays an important role, as they give rise to better estimations by
linking the different displacements coming from the beams. However, the estimations already show the plate
character when comparing the displacements to the ones in [, [7, [15].

The main tool for the homogenization and dimension reduction is the unfolding operator, which was in-
troduced in [II] and further developed in [7, [8]. Note that the weak convergence in the unfolding method
is equivalent to the typical two-scale convergence in homogenization [I1], 21]. For the dimension reduction of
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plates we refer to [, Bl [, 5l [7] as it is common asymptotic model. However, for the textile the simultane-
ous homogenization and dimension reduction is achieved by a combination of the unfolding operator and the
rescaling operator (for the latter see [7, [I5]). It is important to note that we consider the limit of both simul-
taneously, since it is known that homogenization and dimension reduction do not commute, see [7, Chapter
11]. Specifically, we introduce an adapted unfolding operator for this textiles structure and show fundamental
properties. This allows to derive the unfolded limits of displacements and gradients as well as the strain tensor.
To capture the unfolded limit contact condition it is necessary to modify and restrict the unfolding operator,
similar to the boundary unfolding operator, see [7, [0, [1I7].

The end of the paper is dedicated to the derivation and investigation of the limit problem. To obtain the
limit variational inequality specific test-functions are defined, which always satisfy the contact for every €. For
the limit problem two different orders of the contact are investigated, namely g. ~ ¢ and g. ~ ¢*. For both
cases the homogenized problem is a variational equality, but for g. ~ € the cell problems remain variational
inequalities yielding a Leray-Lions problem. Though, in the linear case, which corresponds to g. ~ &%, the
cell problems degenerate to variational equalities. The difference between these two cases is also obvious in
the structure of correctors, where the Leray-Lions problem has an additional corrector accounting for the
nonlinearity coming from the contact. Eventually, the existence of solutions for the Leray-Lions problem is
shown, but due to the lack of strict monotonicity of the homogenized operator the uniqueness is not provable.
However, in the full linear setting both is easily shown.

In this paper, all the constants in the estimates are independent of €.

2 Notations

Q= (0,L)?

Choose € such that 2¢ N. = L, N, € N*. Hence no cell intersects the boundary and A. is a null-set,

K. = {(p7 q) € N* x N* | (pe,qe) € ﬁ} ={0,...,2N.}? the set of knots,

K.={(pa) | (pg) €{l,...,2N. =1} x {1,...,2N. — 1} },

k a fixed constant belonging to (0,1/3] and r = ke; for simplicity, sometimes we will write 7 instead of
Ke,

w, = (=K, k)? the reference beam cross-section and w, = (—7,7)? = (—ke, ke)? the rescaled cross-section,
L MZ :Z/l'ei, ’R,z :R'ei,i: 1,2,3,

d 0 d 0

di =

3 Preliminary Results: Curved Beams

3.1 The parameterization of the curved beam

To describe the reference domain, define the 2-periodic function

—K, if z € [0, K],
(z=r)* 4 (z=R)> _ ; _
D(z) = “(6(1—2@2 4(1—%)3 1) if z € [k, 1 -], (3.1)
K if z € [1—k,1],
D(2 - 2) if z € [1,2].

Then, rescaling ®(z) = e®(Z) gives the oscillation of the middle line. This function is piecewise in C*(R) and
overall in C!(R). Note that by definition this function satisfies

[ Pell Lo (0,20) < Ce @] Lo (0,2¢) < C- (3.2)
Dealing with curved beams, we consider the centerline of the beam parameterized by the function
M. (z1) = z1€1 + O(21)es, z1 € [0, L],

which is obviously a beam with e; as 'mean’-direction with an oscillation in the third direction. Its arc length
s1 is given by
d51

(1) = 1+ [®.()]°, = €0l (3.3)
21

51(0) =0,  ve(21) =



The beam is referred to the corresponding Frenet-Serret frame (t.(z1),e2,1n.(21)), 21 € [0, L] where

dM. 1 1

te=—— = —(e; + Ple and n.=t.ANey=—(—de; +e

€ dSl . ( 1 € 3) € € 2 . ( el 3)7

dt. dt. dn, ¢ dn, ¢
=cn = - =—c =—c

dsy ele, dz eVele, dsy ele, dz cVYele,

"
where c¢. = — is the curvature. The vector fields t. and n. belong to C L([0, L); R?), c. is piecewise continuous.

£
The cross-section of the beam is the square w,. Together this results in two sets in which the beams can be
expressed

P.=(0,L) Xw, and P.= {x ER® | z=1.(2) = Mc(21) + 2262 + 230(21), 2z € P,.}.

The first one being a straight reference beam and the second the corresponding curved one. The function .
is the transition map from the straight to the curved beams, i.e. formally we say P. = ¢.(P,). Consequently,
this also results in two frames in which the beam is referred to: first one is fixed (ej, €2, e3) and the second one
(te, e2,n.) is mobile.

Note that, although the parametrization with respect to the arc-length has some advantages, we choose
here to parametrize the beams with respect to the length of the textile (0, L) instead, to simplify the limiting
behavior.

3.2 The decomposition of displacement

Let u be a displacement in H'(P.;R3); we recall the decomposition obtained in [I5, Theorem 3.1] and in
[14, Lemma 3.2

u(x) =U(z1) + R(21) A (2262 + z3n-(2z1)) + u(z), for ae. z=1.(2) € P, z€ P, (3.4)

where U and R belong to H'(0, L;R3) and w € H(P.;R3). The warping u satisfies for a.e. 21 € (0, L) (see
[15])
/ u(z1, 22, 23)dzadzs = 0, / u(z1, 22, 23) A (2292 + Zgng(Zl))dZQdZ:), =0. (3.5)
Wy wr

Remark 3.1. Consider the functional determinant det(Vi).) and define

Ne(z) = det (Vl/)s(z)) = 75(21)(1 — 23(:5(21)), Yz € P,

where ¢, 1s the curvature.
Furthermore, there exists a constant k € (0,1/3] depending on the curvature of the parametrization ® such
that for k < K the transformation v from P, onto P. is a diffeomorphism with

Vip. = (nsts‘eQ‘ns) =C.

ocoF
o o |-
o~ o
= o O

00 1 1 T
10 and (Vi) = = (—t€|e2|n5) =cr
0 1 K

€

where C, = (ts |es |n€) and where 1. is bounded from below and above

1
C < nellzee o,y < C.

Corollary 3.2. Suppose s € [1,+00]. There exist two constant Cy, Cy independent of € such that for every
p € L(P:)
Collp o VellLs(p,) < ll@llLsp.) < Cill o vellLs(p,)-

Consequently, we henceforth write indifferently ¢ in place of ¢ o 1. for all functions.

3.3 Estimates for one beam

For the displacements of a single curved beam we have from [I5] the following estimates on the decomposed
fields

[l s sy < Crllelliapny,  IVlliar o) < Clle(w) sz, (36)
dR C dU C
ar << - << . 3.7
H dsq L2(0,L) — 72 ||e(u)||L2('Ps) H ds, 12(0,1) r ||€(’U,)||L2(7)E) ( )



The constants are independent of r (here recall that 2r is the thickness of the beam).

In (3.6) we can consider the gradients with respect to both sets of variables (21, 22, 23) or (s1, 22, z3) and since
the Jacobian determinant 7. of the change of variables is bounded, see Remark [3.1] the estimates only change
in the constant.

Similarly, we are led to replace (3.7) by
dR au dM,
— — —RA

‘ le le le

the constants are independent of . The above estimates (3.6])-(3.7) and (3.8)) have not changed in the order of
epsilon due to Corollary
Additionally to the above decomposition we define another splitting of the displacement U, cf. (3.4]).

¢
T

<

L2(0.1) le()llzz(p.), (3.8)

< c
pon < sle@llzm. |

Definition 3.3. The field U is defined via
U=TU+ PR ANes. (3.9)

The reason to define the additional field U for the beam is provided in the following Lemma and simplifies

estimate ((3.8))s.
Lemma 3.4. The field U satisfies

C
|diU =R Ae| ., < ~lletllzz(e.), [Uo = Uallz20,2) < Cel|Rl 2(0,1)- (3.10)
Proof. Estimates (3.10) are the immediate consequences of the L>°-norm of @, , i.e. (3.2)), and (3.8]).

Indeed, inserting the definition and using the estimates for the remaining parts yields

M
U — R A eyl p2o.) < Hdlu ~RATE
1

L20.0) + [[®cdiR Aesllr2(0,1)

C C
< Zletllzz.y + 12,0 ldi Rl 20,0y < Zlle(@)lz2cp.)-
The second inequality is trivial. O

Note, that there exist discrete versions of the estimates (3.8); and (3.10), which are necessary to establish
global estimates.

Lemma 3.5. The fields R and U defined above satisfy

2N.—1 2N.—1 B N
S R(+ 1) - R+ Y \U((p“)? Utpe) —R(ps)/\el‘ S;C3||e(u)||2L2(pE). (3.11)
p=0 p=0

Proof. Consider the left hand side and transform using the fundamental theorem of calculus and the Jensen
inequality:

2N.—1 9 2N:.—1 (p+1)e 9
Z |'R((p + 1)5) - R(p5)| S e Z / }le(21)| le § EHle”sz(O,L)'
p=0 p=0 vPE

Then use the estimate (3.8]) to conclude the first inequality.
By the same means we obtain

2N.—1 2N.—1
s U((p+1)e) = U 2 c (p+1)e
Z ‘ ((p )E) (pe) — R(pe) A el’ < - Z / fleU —R(pe) Ney ’2d21. (3.12)
p=0 p=0 "P¢

Additionally, note that by introducing now the function R we obtain

(p+1)e 9 (p+1)e 5 (p+1)e 9
/ |d1U*R(p5)/\el| dZS/ |d1U*R/\61| d2’1+/ |R*R(p€)| dzy
p

e pe pe

(p+1)e 5 (p+1)e 9
S/ |d1U—R/\€1| dZ1 +€2/ |81R| dzl,
P

5 pe

in every interval (pe, (p + 1)e). The second inequality is an application of the Poincaré inequality. Finally, we
conclude the claim by inserting this into (3.12]), where the remaining two terms are covered by the estimates

and (E10) :



The end of this section is dedicated to another decomposition of the displacements. Specifically, any function
can be decomposed into a piecewise linear function and an additional function capturing the remaining higher
orders. To do so, note that a function ¢ defined on the set {pe |p=1,...,2N. — 1} is easily extended to
¢ € W by linear interpolation. Hence, define the piecewise linear interpolations R4 Umed) ¢ W1 with
the values in the vertices

RMD(pe) = R(pe)  and U (pe) = U(pe).
Then, the original displacements admit the decomposition
R(z) =RV () + RO(z2)  and  U(z) = UMD (z) + UO(2). (3.13)

Here the functions R(®) and U capture the high oscillations and are by definition zero on the nodes, i.e.
RO (pe) = U@ (pe) =0 for all p € 0,...,2N..

Lemma 3.6. The functions R, U©) R™od) gnd UMD satisfy for i = 2,3

no O
IR 2(0,2) + eldR || 120,y + e[dR™D || 20,1y < ;He(U)HLQ(Pg)v
U220,y + elldU || 120,y < Clle()|z2(p,), (3.14)

o] Q

[dUC D — RTD A ey 20,0y + [dUD = RO Aerllr20.0) < —llew)]|2(p.)-

Proof. Note that dR(™°% is constant in every interval (ps, (p+ 1)5) and that R(® and U© are zero on the
nodes. Thus, dR(™9 and dR(®) are orthogonal to each other in the L2-sense. Indeed, we have

(p+1)e
(dR"D, R L2 pe, (pe) = ARy / dROdz =0,

pe

RD((p + 1)e) — R"D (pe)

where ng”’d) =

is constant. The integral is zero since R (ps) = RO ((p +
€
1)e) = 0. By this orthogonality and summing over all cells we obtain

no C
[dRTD 220,y + AR 2201y = IdR|F 20,1 < glle(U)lliz(Ps)-
Then, the Poincaré-inequality yields

no C
IR =R L20.) = IR 20,1y < ldRO 20,1y < ~lle)llz2cp.).-

For the estimate (3.14])2, similar considerations lead first to

|

d 0
1AUS™ P[220,y + 10 12202y = 14U 2200,y < 5 lle@)1220p,)-

[~}

e

Then, it is easy to obtain
AU 120,y < [[dU = R A exllz2(0,z) + [1AUTH = ROOD Aey| 120,y + [R = RTV| 20,1

which together with

2N. -1
- U((p+1)e) — U(pe 2
”dU(nod) _ R(nod) /\61”%2(07” < Z 5’ ((p ) ) (pe) ~R(pe) Aer
p=0 c
2 c 2
+ O dR L2 0,0) < Flle(llz2(p,)-  (3.15)
yields
U 20,0y < elldUP | L2(0,1) < Clle(w)z2(p.)-
The last estimate in (3.14) is a consequence of (3.15)) as well. O



3.4 Symmetric gradient for one beam
The gradient with respect to the set of variables (21, 22, 23) of the whole displacement u is split
V.,u=V,U®+V.,u,

with the elementary displacement U¢ = u — @ and the warping @. First, consider only the gradient of the
elementary displacement:

V.U = (0,U° | 0,U° | 0,,U°) = (i + iR A (2265 + 23m.) = 2507 R At | R Aes | R An.).

Obviously, this is in the local coordinate system of the parametrized beam P., which is not sufficient for the
problem, where the Cartesian system of the composed textile is needed.

The transition between the reference systems comes by the change of variables and basis. First, one has
V.u = V,uVy.. Hence

Tou 0w 0w
i 0 0 qg %2’1 € %2’2 € %2’3 €
T _ T Ul _ | L ov gu gu
C. V,uC,=C; V,u 05 1 ol = 0o ey 7% ey 975 ey
o o1) |You ~ow ol
Me 32’1 ¢ 32’2 ¢ 82’3 ¢
Recall that e, (u) = % (Vmu + (Vmu)T> and define the symmetric tensor e, (u) by
11 ar O i‘) 9
T U u u
— - | (=== =~ .t - . 1
e;(u) = C; ey(u) Ce 2(7’6 oo e+ 97 c) 9% e * (3.16)
LlOu o 0y L0 0y 2n g
2\ 0z1  © Oz ) 2%0z Oz 2 Oz  ©

Now, we change the notation of the symmetric strain tensor. Due to the symmetry of this tensor, it can be
written as a vector with six entries. Write

T
Ew(u) = (%,117690,22769;,33,\569;,12,\569;,13,\@6@23) )

T
E.(u) = (62,1176z7227ez,33; \/§€z,12,\/§€z,137\/§€z,23) .

There exists a matrix C. € C1(P.)¢*6) such that

—
4
D)

M

L0 @ g

0 1 0 0 0 0

_ _ @2 o L o 2% o
E.(u)=C.E,(u) where C.= 05 0 6 1 6 o (3.17)

B , , Ye a2 Ye

\/§¢E O \/3;21:‘5 O 1 EYqE;s) O

,q>’£ 1

0 0 0 ’YE 0 ’YE

Observe that C. is an orthogonal matrix.
The gradient for the elementary displacement is a straight forward computation and composed of

oue oue oue

tE:d 'ts_dR' £ T & 5 7'135:_7?/' £ 71;5:7?' 5
071 U 1R - (22m, — z3€2) 975 n 97 es
oue oue oue

cey =dilUd - e — z3d1R -t — 23¢.v-R - n., -eo =0, -eg=—R-t.,
021 029 0z3
oue oue oue
—  n. =dilUU -n. + 20diR -t + 23¢.YR - €a, ‘n. =R -t -n, = 0.
071 029 073

To compute the complete strain tensor note, that it is a linear operation as well and we can consider the elemen-
tary displacement and the warping again separately. The symmetric gradient for the elementary displacement



(given by (3.16)) is obtained by combining the respective terms and yields e, 22(U®) = e, 33(U°) = e, 23(U°) =0
and the nonzero components

1
€Z’11(U6) = — [(dﬂ/ — ’YER N ta) “te —d1R - (ZQHE — deg)] R

€

ez,12(U6) = [(d1u - '75R A\ te) - €9 — Z3d1R . te} s

2

62’13(U6) = [(dlu —’)’ER/\tE) -ng +22d1R-t5] .

21e
In the following, we pass over to the new displacement defined in Definition and with the identity
did —¥.R-t. = (diU—-RAep) + P.diR Aes, a.e. in (0,L)

the strain tensor is transformed to

P
neezq1 = (iU—-RAer) -t +diR - ((76 + z3)€2 — Zom; ),

e
27]562’12 = (dlU —RA e1) -eg —d1R - (ZStg + (I)Eel), (318)
(I)E@/E

€

27756,3’13 = (dlU —RA e1) -n. +diR - (thg — 92).

The completion of the strain tensor for the full displacement e,(u) = e,(U®) + e, (@) includes the warping
terms again and with e, (u) = CI e, (u) C. given by (3.16).

4 The textile structure

Figure 1: A portion of the textile structure containing a part of the periodicity cell (which is 2¢). The right
picture shows the contact areas C,, of the beams.

In the subsequent work we omit the indication r for r-dependent functions, if there is a dependence on ¢ as
well. This is for the sake of comprehensibility and prevention of index-overloading.
Set

PW =1 eR?| 2 €(0,L), (22,23) €wr}, P® =2 eR3 |2 € (0,L), (21,23) €wr},
for the reference beams in the two directions. Then the curved beams are defined by
PO = fz e R o =yl9(:), 2 PO}, PN = {a e R |z =yl®P)(2), z€ PP,
with the diffeomorphisms
D (2) = MED(21) + z0e2 + 20l D (z1), PP (2) = MEP) (22) + 2181 + 230 (29),
and the corresponding middle line parametrizations
M3 (z1) = z1e1 + geey + (—1)7 B, (21)es, MEP)(25) = peer + zez + (—1)P . (22)es.

Then, the whole textile structure is given by

2N, 2N,
S.=JPrProulPEP. (4.1)
q=1 p=0



Moreover, observe the respective local Frenet-frames (tqu),eg,nélf‘J)) and (ehtf’” ), n,(gz’p )) with

. dM? .
tD () = o (z1), nD(z)) =t (2)) A ey, 21 €[0,L],
dM(va)
t§2’p)(z2) = d; (22), ngz’p) (22) = €1 /\tf’p)(@), 29 € [0, L].

Denote by CH? = (tglﬂ), e, ngl»Q)) and CPP) — (el,tg’l’), ngz,p)) analogously the respective basis-transfor-

mation matrix. Note, that we work mostly on the straight reference beams, i.e., with respect to (z1, 22, 23).
Thus set

2N. 2N,
Pl =[] (gze2 + PV) and PP =] (peer + P?).
q=1 p=0

Then, for every ¢ € L(S.), the couple (ot o) € L* (P[rl]) x L1 (PE}) is associated, with
o (gees + 2) = p(gees + 19 (2)), for g € {1,...,2N.} and a.e. z € PV,
o (pee; + 2) = o(peer + PP (2)), for p € {0,...,2N.} and a.e. z € P?.

Then, the integral over the whole structure is easily split

Jowia= [ @) det (ol@)lds+ [ o @] det (Vi) a:

S. Pl PP
2N, 2N,

= Z /P(l)gpm (gees + 2)| det (VY19 (2))|dz + Z /P(Q)QO[Z] (peer + 2)| det (VP (2))|dz.  (4.2)
g=1""r p=0""r

4.1 Boundary conditions

The only assumption applied on the textile-structure is a clamp-condition on its lateral boundary zo = 0 such
that every displacement there equals zero. In fact, due to the structure (4.1 only the displacements u®P) are

affected by this condition, i.e., u®P) =0 for every p € {0,...,2N_}.

|Z2:0

4.2 The contact conditon

The contact between the fibers is restricted to the portions, where the beams are right above each other. So
define the contact domains as small areas included in the lateral boundary of the beams

Cpq = Cpy x {0}, Cpq = (pe —rype +1) x (g —r,qe + 1) = (pe, ¢e) + wy, (p,q) € K.
Observe, that in these contact domains the centerlines of the beams reduce for a.e. (21,22) € Cpq to
MDD (2)) = z1e1 + geeg + (—1)PTres and MPP)(z;) = pee; + z0eq + (—1)PFH res.

Then, the beam-to-beam interaction is characterized by the non-negative gap-function g. : K. — [0, +00)® and
the condition

|u((11;11) — u((f’p)| < e, a5 a.e in Cpqv (pa (]) € ICE
for in-plane displacements, while the third direction
0< (u(l”” - u(2’p))(—1)p+q < Ge,3, aein Cpyy, (p,q) € Ke.

needs to account for the oscillating manner of the beams switching the vertical positions. Further restrictions
and specifications on the contact are given later in the work.



4.3 The admissible displacements of the structure

Given the structure, the boundary condition and the contact, the convex set of the admissible displacements
is denoted by

2N, 2N,
V., = {u = (u WD uB2Ne) ,(20) ,u(Q’QNE)) € H HY(PLD)3 x H HY (PEP)3 |
g=1 p=0
such that 0 < (uél’q) () — u;(f’p) (2))(=1)P*9 < ge 3(pe, ge), (4.3)

\ufj’q) (z) — u((f’p) (@)] < ge,alpe,qe), foraexzeCy, (p,g) €K,

(2,00 _ (2,1) _ _ u(2,2N£) —0 }

u|Z2:0 - u‘zzzo o ‘22:0

where g.;, i € {1,2,3}, is a non-negative function belonging to C(Q2). The space V. is equipped with the
semi-norm

(W ags.) Zn ) ||L27,<1q>+2|| PN, oy YuE VL

4.4 The elasticity problem

The original problem of the textile is stated in the three dimensional setting as typical elasticity problem on
the given space. Thus for a complete description a material law a is needed. Hereafter, we consider the usual
Hooks law satisfying

e a. is bounded: a.;jk € L™(S:)
® a. is symmetric: ae jjr = Qe jikl = Qe klij

e a. is positive definite: Jeg, Co > 0 @ co&ij&ri < e jint(2)&i&m < Co&ij&r for ae. x € S, where £ is a
3 X 3 symmetric matrix

It is also convenient to use the stress tensor o, instead of the material law a. where o, ;;(u) = ac ijrier ().
The textile problem in variational form reads as

Find u. € V. such that:

4.4
/ ace(ug) : e(ue dm—/ fer( ) dx <0, Vo € V.. (44)
SE
Moreover, later the vectorial notation of the problem is used. Thus, recall
Find u. € V. such that:
(4.5)

/ AcE (us) - Ep(ue ) dx —/ fe o (ue ) dx <0, Vo € Ve.
Se

where A, € L>°(S.)5%6 is bounded, symmetric and positive definite, which is easily deduced from the properties
of a.. Furthermore, it satisfies

col¢]? < Ac(z) ¢ - ¢ < Col¢)?, for a.e. z € S. and V(¢ € RS.

Note that the problem in the current form is solvable but not unique. This comes from the boundary
conditions which allows rigid motions, i.e. motions in the kernel of the symmetric strain tensor. Namely the
displacements u(1? can have an in-plane rigid motion, since they are only subjected to the rather loose contact
condition in V.. To circumvent this ambiguity equip the space with a glued contact at z; = 0 whereby the
ej-directed beams inherit the clamped condition at zo = 0. This does not change the limit behavior in the
following hence w.l.o.g. we omit this condition below in the estimates and the limit and just use it for the
uniqueness of the original problem.

With the additional condition (glued contact at z; = 0) existence and uniqueness of this problem is ensured by
Stampacchia-Lemma (see [I§]).

5 Preliminary estimates

This section is dedicated to the derivation of estimates on local and global fields. Furthermore, the extension
onto the plate-domain [0, L]? and the scale splitting of the fields is discussed.



5.1 An extension operator

The definition of global fields on = (0, L)? is characterized by an extension of the fields between the contact
midpoints (pe, ge). To characterize the extension, let ¢ be a function defined on .. We extend ¢ as a function
belonging to W1>°(€), denoted ¢, in the following way: in the cell &(p,q) +¢Y, (p,q) € {0,...,2N. —1}2, we
define ¢ as the Q1-interpolate of its values on the vertices of the cell e(p, q) + €Y.

Lemma 5.1. Let ¢ be a function defined on K. and extended as above in a function denoted @ and belonging
to Wh>(Q). One has

lelZz) < Ce® > lelpe, qe)l*. (5.1)
(p,q)EX.

Moreover ¢ satisfies

Op
@1, 22) = (21,9) + (22— 42) 5 (1.2

)
Vz1 € [0,L], for a.e. z2 € ((q—1)e, (g +1)e) N[0,L], ¢€{0,...,2N.}, (5.2)
)

Ple1,2) = 02, 22) + (51— pe) 52 (o1,
Vzg €[0,L], fora.e. z1 € ((p—1)e,(p+1)e) N[0, L], p€{0,...,2N.}.

Proof. Since the function ¢ is a Qi-interpolate, it is decomposed using the four Q;-basis functions {N;(z,y)}
fori=1,...,4 in the cell Y. Then, with ¢; denoting the four values on the vertices, we obtain

4 9 4 4 4
| loldady = [ |3 oiNia)| dedy <437 10 PIN Iy = 5 3 il
=1 =1 i=1

Consequently, with a rescaling argument transfer this to the cell €Y and the fact that every node is part of four
cells we obtain the claim by summing over all the cells.
A straightforward calculation gives (5.2)). O

This estimation of the interpolant is crucial for the upcoming estimates of the extended fields. Furthermore,
the defined extension leaves a function on 2 linear on the edges of the cells e(p, q) + €Y and thereby on the
middle lines of the beams, which is a desirable property for the next section.

We denote by g. the extension of g..

5.2 Decomposition of the displacements of the beams structure S.
We decompose the displacements u(19), g € {1,...,2N.}, u®>?) p € {0,...,2N.}, as in Section (see (3.4)
w9 (2) = USD (2)) + RED (20) A (226 + 230D (21)) + 71 (2),
for a.e. x =P (2) e PLD . 5 e PO,
u®P) (z) = UPP) (25) + REP) (22) A (2101 + 230 3P (25)) + T3P (2),
for a.e. x = 3P (2) € PP z e P2,
Following (3.9), set ((pe,q:) € {0,...,2N.} x {1,...,2Ne})
v =yt — (~1)1 e RED Ney  and UG =y3P) — (—1)PO RZP) Aey.
Denote U, U®) and R(®, a = 1,2 the functions defined on every (p, q) € K., by
U (pe,qe) =U(pe),  UD(pe,ge) =UMD(pe),  RW(pe,ge) = R (pe), 53)
U (pe,qe) =UPP(ge),  UP(pe,ge) =UPP(ge), R (pe,ge) = R®)(ge),

and then extended to functions belonging to W:°°(Q) as defined in the previous section
Moreover, it is necessary to identify the remaining displacement covering the fast oscillations on the middle

lines. Thus, similar to (3.13]) set

UV qe) =UD() —UN (-, ge), U (pe,-) =UPP () U (pe, ),
ﬁj(l)('v qa) = U(l)q)(.) - U(l)(v q€)7 6(2) (pE, ) = U(27p)(') - U(2) (p€7 ')7 (pa Q) € IC&-
RO(,qe) = RED () = RW(:, ge), R (pe,-) = REP () = RP) (pe, ),
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These fields denoted with  are only defined on the lines

1) = U{qeeg +2z1 |z €(0,L)}, L® = U{psel + 22| 22€(0,L)},

q p

and are equal to zero on every knot (pe, ge) € K. Furthermore, they coincide with the fields U© and RO for
every single beam in

Note, that PL = L) x w,. and that ¢(®), R(®), T(®) ¢ Hl(Lga)). The following lemma, recalls the results
of Lemma [3.6] for the new setting.

Lemma 5.2. The fields HNJ(Q), R(@) satisfy the estimates
”U(Q)HL%LS’)) + EHaaU(a)HLz(Lga)) < C||6(u)||L2(5€),

R _ c
||R(a)||L2(L,(5a)) + 5||8aR(a)||L2(L(Ea>) < ;”8(’&)”[‘2(35)7

Proof. A direct consequence of Lemma [3.6] O

Concluding this section, note that the estimate on the warping (3.6]) is easily ported onto the complete
structure and we obtain

2N. 2N,

S (D12, o 2 IVE D2, i VS (TP, st 2 IVEEPI2, Lo ) <O el 3acs,y. (5:5)
q=1 p=0

5.3 First global estimates

Below we estimate the extended fields UM, U@, ¢/ 142 RM) R Lemma and estimate (3.8) give
rise to the following Lemma.

Lemma 5.3. One has
[0aR|L2() < \[ll e(w)llz2(s.)s 102U — R A eql|2() < \[H e(u)l|r2(s.)- (5.6)

Proof. Both estimates are easily obtained from (3.11)); and (3.10]);. Indeed, recall the definition (5.3)) of the
global fields and consider for instance (5.6]); for o = 1:

R RO 2
[ RO 22 (ot Lo o) = Re. o) RO((p+ 1)z, g¢) ~ RV e, )|
(p,a)eke (p e
where upon we apply (3.11)); and obtain (5.6));. The case a = 2 is analogous.
The second estimate (5.6))2 is a consequence (3.11))2 by the same means as for ((5.6));. O

Corollary 5.4. Furthermore, the fields satisfy

U8 220 + £ (IR oy + 107 [l 12 q) < —=lle@)lzas. (5.7)

||
\[
Proof. Use (5.6)), the Poincaré inequality and the boundary condition in order to get (5.7). O

5.4 Estimates on contact

The contact between the fibers gives rise to estimates on the global fields and their difference. The latter
is very important to determine the limits and whether or not they coincide. First recall, that for a.e. x € Cp,
(note that |z3| = r in C,,) the displacements reduce to

w9 (2) = UD (pe + 21) + RED (pe + 21) A (22€2 + (—1)PF1 " rey) +u 9 (z),
= U(l’Q)(pE +21) + RED (pe + 21) A z0e0 + 71D (), (5.8)
P () =UCP (g + 22) + RED (g2 + 22) A (mer + (-1 Hreg) + a0 (x), '
= U(Q”’)(qa + 22) + RPP) (ge + 2) A z1e1 + T3P ().

with 2z = (21, 22) € wy.
To estimate the fields U and R independently, it is necessary to start with the warping.

11



Lemma 5.5. Let u be in V., then we have

> (1@ e,y + 17PN Fec,,) < Celle()]Fzs.)- (5.9)
(p.g)eK.

Proof. Recall the classical inequality: for any ¢ € H'(0,7) we have
r|6(0)1* < 201611220, + 210172 (0.)-
This inequality applied in the third direction yields

2N,
> (I gy + 709 ac,) < OO (D12, o +r2IVE )2, L)
(p,a)EK: q=1

2N,
+ O Y (a2, o, + VAP, o) -
=0

Together with (5.5 this gives (5.9). O
Lemma 5.6. The global fields satisfy

|[u® — U(2)||L2(Q) +e(|RM — R(2)||L2(Q)) < O([lgellz2@) + Velle(u) | 2(s.))- (5.10)

The constant does not depend on & and r.

Proof. From the equalities (5.8, the jump conditions in the definition of V. (see Subsection[4.3) one first obtains

Z/ ’q) p€+z1)—|—R ’Q)(pe—f—zl)/\zzeg
— [U(2 P) (qs + 2’2) 'R(2’p)(qe + 22) N z1€1 |2d21d2’2

— — 2
< Z (||U(1’q)|\2m(cpq) + H“Q’p)\&?(cm) + £%|9-(pe, ge)|)-
p;q

Then estimates ( - and . ) lead to

C
Z |U(1"1)(pe) _ U(Z,p)(q5)|2+ &2 Z |R(1,q) (pe) — R(2:P) (qg)|2 < C’Z |ga(pe,q€)|2+ ;He(u)”%z(s )

X P, q
Now, applying Lemma[5.1] yields the claim. O

These estimates give enough information about the relation between the field, such that the estimates from
Lemma can be transferred to the corresponding fields Uél), U R(l)

Corollary 5.7. The global fields Uél), Uél), R satisfy

1
1052y + el RW a0y < € (Il 2y + fn elizs) )

. (5.11)
1

05 200y < O (llgelien + 2z letw)lzxcs.) )

Proof. A direct consequence of Lemma [5.6] and Corollary [5.4] O

5.5 The bending and membrane displacements

In this section, the estimates on the global displacements are completed. For this we use the estimates from
above, where especially the contact-driven estimates are important.

Lemma 5.8. The rotations R'*) and bending displacement U:(),a) fulfill

C C
IR0y < —=lle()llzas.) + lgell 2@,
NG € (5.12)
; .
eVe

o C
1057 0y < —lle@llzas.) + Z llgellzz)-

12



Proof. First, (5.1)2 and (5.10)) give

C c
195U5” = 95057 I12(0) +2(105RY = 05RP 12(0) < Zlgellecer + Zle(@lzas.)

Then, using (5.10); one obtains (5.12);. Estimate ([5.12)); together with (5.6)), (5.11]) yield (5.12))5. O

The next lemma estimates the components e;2(UM)) and e12(U)) in the strain tensor.
Lemma 5.9. One has
e (UMl 2 () + lera(UP) L2 (@) < = (VElle(u) | p2(s.) + llgell 2 (o)) -
Proof. Observe, that
100 + 8,01 (| 120y <[[(01UD = RD Aey) - eall 2y + (U@ —RP Aey) - €1 120
+ 18205 = 9,0 2y + RS = R 2(ey

Then from (5.6)2 and (5.10); 2, it yields

lerz(UM) |20y < = (\/H (W)llz2s.y + llgellz2 )

o Q

In the same way one estimates ||e12(U®)]|p2(q). O

The estimate on the symmetric gradient allows to transfer the estimation onto the membrane displacements
itself. The next corollary uses the 2D-Korn-inequality to obtain the H'-estimates on U,

Corollary 5.10. The membrane displacements and Réa) satisfy (o, B) € {1,2}?)

a o C
N0 iz + IRE lLz2y < < (VElle(w)lzacs.) + llgelzaqo). (5.13)
Proof. By the clamp-condition at zo = 0, the estimates in Lemmas and the 2D-Korn inequality we
deduce the estimate on U,(Ba). The estimate for Réa) is a consequence of the first one and ([5.6)). O

5.6 Final decomposition

Since UM and U® (respectively R and R(?)) converge to the same limit with a contact ||g.| < Ce°.
Hence, it is convenient to define a combined field and we set

1 1 1
_ Lo Lye _Lirow L re 0 — g _ye (9) —
U= (U0 +U®), R=3(RV+R®), 1O =W 1), R

Observe that these fields vanish on z, = 0 by definition and moreover one has

Uy U+ U(g)’ U® =y-— {U(y)’ RO =R + 'R(g), RA =R — R(g)’

(RW —R@). (5.14)

N |

and for the original beam-displacements
UGD = U(-, ge) + U9, ge) + UL, URP) = U(pe, ) — U9 (pe,-) + UZP)

N _ (5.15)
RUD = R(-, qe) + RO (-, qe) + RLD REP) = R(pe,-) — R (pe,-) + RGP,

The Lemma below is an immediate consequence of the above results for global fields.

Lemma 5.11. One has

1Rl < fn e(w)lla(s.) + allgelzzca
[Us| < 7||€(U)H + g” [
3llHL(Q) = e L2(S.) - gellL2(Q)
C
U1l 0) + 02l g1 0) + (R3]l L20) < \[H e(u)l|2(s.) + ;HgsHL?(Q),

041 - R A ealzz@) < Zllelzzen + el
and

1
U] o+ VU] o) + RO o + E2IVRO 1200 C(Ilgellmmﬂr%Ile(U)llm(sE))-

Proof. The estimates on the gradient on U and R(9) are the consequences of the fact that all these fields are
piecewise linear between two knots (pe, ge). O
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5.7 Assumption on the right hand side

The elastic energy corresponds directly to the force applied to the structure and with the estimates on the
displacements, one can show that the force f(®) € HY(Q) (o = 1,2) with

(o) = sTfl(j’;)el + ETfQ(:);)eQ + €T+1f§i)e3 (5.16)
and then restricting to the middle-line of every beam, i.e. for (p,q) € K.:
LD (z) = fD(21,qe) forae. z1 € (0,L),  fPP)(z) = fP(pe,20) for ace. 2o € (0,L).

is sufficient to estimate the elastic energy. Henceforth, write indifferently f. for the collection of the forces
fO9D and f2P) in the beams, since the difference is in most cases obvious and a distinction is not necessary.
Indeed, the estimates from Section [5]lead to

| /S e weda] < CH( F O gy + 1D o) le(we) Lz, + (= + VE) lgellna)

=

Then by the coercivity of the problem, we obtain for ||g.||r2(n) < Ce™

Colle(e) 325,y SCTH2(1f Doy + 17Dl o) [lle(ue)llzas,) + 772
and thus

le(ue)llzz(s.) < Ce™ 21 fF VNl + 1F Pl ) < Ce™2. (5.17)

6 Asymptotic behavior of the macroscopic fields
From now on, we assume that the gap-function g. = e2g with g € C(Q)? satisfies
ge =€g, g €C(Q)’, hence g, € C(Q)® and ||gc|20) < Ce’||gllL~()- (6.1)

This condition bequeath much information and regularity for the whole problem.
Furthermore, we assume that the elastic energy satisfies

le(ue)llL2(s.) < C™2, (6.2)

which is achieved by estimate (5.17)) for a right-hand side in the form (5.16]) and = = 2.

6.1 First limit of the macroscopic fields

Lemma 6.1. Let {u.} be a sequence of displacements belonging to V. and satisfying (6.2]). Then there exist a
subsequence of e, still denoted ¢, and functions Uy, Us € HY(Q), Uz € H*(Q), Ry € HY(Q) and Z, € L*(Q)3
such that the following convergences hold ((a, 3) € {1,2}?):

E%Ugg) — 0 weakly in H(Q)3, éRS) — 0 weakly in H'(Q)3, (6.3)
and 1 1
gvaw ;Ug@ — U, weakly in H*(Q),
1Ug,g,, 1@233) — Uz weakly in H* (),
1 g ’ (6.4)
“Rea gng@ — Re weakly in H(Q),
Elg(aatus R A ea) 2, weakly in L2(Q)*.
The fields satisfy the boundary conditions U(-,0) = R(-,0) = 0. Moreover, in the limit the identity
Uz = —Ra, 0 Us = Ry (6.5)

holds true.

14



Proof. Lemma [5.11] gives

||R5||H1(Q) < Cg, ||RE,3||L2(Q) < 0527 H801U6 - R Aeoe”L"’(Q) < 0527
1Ucallze) + [Uellmo) < Ce?, ||Us|l i) < Ce

and

|RY +e| VRO |2y < Ce%,  |[UD ||,y TEl|VUD | o < CEP.

)HL"’(Q) () (O]

Hence, there exist a subsequence of ¢, still denoted &, and functions Uy, Uy, Uz, Ry and Ry in H*(£2) such that
the convergences ((6.3))-(6.4)) hold. Moreover, one has

1

g(% U. — R. Aey) - e3 — 0 strongly in L(€),
from which we obtain (6.5)). As byproduct this shows that Us belongs to H2(£2). For the boundary conditions
we refer to the definition of the fields, then U;(-,0) = R4(+,0) = 0 is an immediate consequence. O

Beside the weak convergence of the rotation field R, we have in the limit that R3 = 0 by estimate (5.13))2
in Corollary

6.2 The unfolding operator for the middle-lines

In this section, we introduce the unfolding operator especially for the global fields U, R, U@, R U(*)
and R(®). Therefore, set ) = (0,2)?, the periodicity cell of the global fields. Furthermore, set

ye= | {(zl,b) | 21 € (a,a+ 1)} U {(a,zQ) | 20 € (b,b+ 1)},
(a,b)e{0,1}2

Y€ ={(@b) | (@b e{0.1,2)?}.

for set of lines and set of knots in ). Note, that the cell ) contains nine points, i.e. Y, where the beams are
in contact and the local fields are equal to zero.

Definition 6.2. For every measurable function ¢ in the domain Q define the measurable function Tz(p) on
QxY by

T-(9)(s, X') = ¢(2peer + 2qees +eX')  for ace. s € (2pe,2qe) +eY, X' €.

Note, that 7 maps LP(2) into LP(€2 x )). The properties of the unfolding operator can be found in [I1].
The most important one is in the next Lemma.

Lemma 6.3. The unfolding operator Tz : L*(Q2) — L*(2 x )) satisfies for every p € L*(Q)

1 7e(0)]l L axy) < Cllel

where C' is a constant only depending on Y

L5 ()

Proof. This is a consequence of the results in [I1]. O

For the determination of the limits, especially for the limit-contact, a special property of the unfolding
operator is needed.

Lemma 6.4 (see [7, Lemma 11.11]). Let {(u.,ve)}e be a sequence converging weakly to (u,v) in the space
HY(Q) x HY(Q)2. Assume furthermore that there exist Z in L*(Q)? and v in L*(2; H},, ())? such that

per,0

1
E(Vug + ’UE) — Z  weakly in LQ(Q)Q,

T-(Vv.) = Vo +Vx0  weakly in L*(Q x Y)**2.
Then u belongs to H*(Y) and there exists w € L*(Q; H},,.o(Y)) such that, up to a subsequence,
1
gﬁ(Vue + 1)5) —~ Z4Vxu+7 weakly in L*(Q x V)%
To conclude this subsection define the spaces of special Q!-interpolates by

QYY) = {<p € Wh(Y) | ¢ is the @ interpolated of the values on the points in yK},
per (V) = Q1 (V) N Hye, (V).
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6.3 Unfolded limits of the macroscopic fields

Lemma 6.5. There ezist U, Ro € L*(QL,,. (), Us € L*(; HL,,(¥)), U9, R € L2(Q;Q],,(V))® and
Rs € LA QL (V) (€ {1,2})

1 ~
—Te(VUe o) = VU, + VxU, weakly in L*(Q x V)2,
5
1 ~
fﬁ(VRe,a) — VRa+ VxRa weakly in L*(Q x Y)?,
1 -
2T( c3) — R3 weakly in L*(Q;Q*(Y)), (6.6)
1 T ; 2/0.Nl 3
ng(Ugg)) —~ U9 weakly in L*(; Q" (V))*,
1 ~ .
;27;(7%29)) —~ R weakly in L*( Q" (V))?,

Moreover, one has

1 ~

527 (81[[}5 — R A e1) -e1 — 01Uy + 0x, U1 weakly in LQ(Q x V),

1 ~ ~

6—27'5(81[[}5 — R A e1) cey — 01Us + 0x,Us — R3 weakly in LQ(Q x ), (6.7)
1 ~ ~

6—27;(81[[}5 — R A e1) -eg — Z13+ 0x,Us + Rao weakly in L2(Q x V).

and
7—5(82U5 —R:A 62) -e; — 0,U; + 8X2®1 + 7/?\,3 weakly in LZ(Q X y),

To(0:Uc — Re Aea) - ex — 95Uy + dx, Us weakly in L2(Q x V), (6.8)
7}(621U5 — RE N eg) ez — 223 + 8)(2[[/33 — 7%1 weakly mn L2(Q X y)

Proof. Convergences are the consequences of the estimates in Lemma and the convergences in Lemma
(see [11]). Convergences (6.7)1,2 and 1,2 are the immediate consequences of , while convergences

(6.7)5 and (6.8)5 come from the convergence (6.4)., Lemma and denoting Us = . O
Set

Vab = (a,a+1) x (b,b+ 1), (a,b) € {0,1}>.
In Lemma below we precise the function @3

Lemma 6.6. There exists Us € L2(S); Qper(V)) such that
~ ~ 1 1
U?)(';XlaXQ) = US('aXlaXQ) - i(Xl - 1)2811U3 — §(X2 — 1)2822U3. (69)

Proof. Write
Rs a — ME(RE,a) + (Ra,a - Me(Ra,a))

where

1
M(Re) = 57 /y T (Re)(+ X1, Xa)dX1dXo.

One has from the estimate of R, ,, convergence 2 and Theorem 3.5 in [T1]

O0R. R,
82’1 * (X2 - 1) (92’2

Hence, due to 3 and 3 together with the above convergence, we obtain the following weak convergences
in L2(Q x V) (recall that 9,Us = —Rs, and 9;Uz = Ry):

1
=

7—5(7?’5,04 - Me(Re,a)) - (Xl - ]-) + R Weakly in Lz(Q X y)

1 ~ OR OR
637;.(61@ —M(R)Aey)-e3 = Zi3+dx,Us — (X1 — 1)8712 — (X5 — 1)37;’

=23+ 8X1®3 + (X1 —1)011Us + (X2 — 1)012Us,
1 OR1 OR1

?7—5(82{[}5 — M (R:) A 62) — Zos + 8X2U3 + (X1 — 1)87 +(Xo—1)— 92y

=Z53 + 8X2U3 + (Xl - 1)812U3 + (Xg — 1)822U3.
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Set

~ ~ 1 1
Us(-, X1, X2) = Us(-, X1, X2) + §(X1 —1)2011U3 + §(X2 —1)%092Us3.

This function belongs to L?(2; H!,.())).

per
Now, observe that by construction 7z (01U )(+, X1, X2) is piecewise constant with respect to X; and linear with

respect to Xo in each domain YV, conversely T¢ (92U )(-, X1, X5) is piecewise constant with respect to Xo and
linear with respect to X7 in each domain Y,,. As a consequence, the function 0;Us(, X1, X2) is piecewise
constant with respect to X; and linear with respect to X5 in each domain Y,;, and 9:Us(+, X1, X5) is piecewise

constant with respect to Xs and linear with respect to X; in each domain ),;. It means that Us belongs to
L5 Qpe, (V) O

per

7 Asymptotic behavior of the unfolded fields
7.1 Unfolding for the Textile
Set
Cylt®) = bey + (0,2) x (—k, k)%, Cyl®» = aey + (—k, k) x (0,2) X (=K, K),
CylsM = CylMO uCcyl™Y oyls® = Cyl®O uCyl®V,  Cyls = Cyls™ U Cyls?.

[e]

Definition 7.1. For every ¢ measurable function in the domain Pg¢ -, one defines the measurable function

He[ga](ap) in Q x Cyls'® by (a € {1,2})
(o) (2, X) = ©(2peer + 2gees + €X), z € 2pee; + 2qees + €Y, X € Cyls'™.
Furthermore, for every ¢ € L*(S;) (s € [1,+00)) we define the unfolding operator
() = (M (M), TP (7))

as a mapping from L*(S.) into L*(Q x CylsM) x L*(Q x Cyls?)) and we set

1/s
”Hs(‘P)”LS(Qnyls) = <||H§1)(80(1))\ ZS(QXCy[s(l)) + ||H§2)(g0(2))||‘ZS(QXCylS<2))) .

In fact, the unfolding operator 7., defined in is a restriction of the unfolding operator II[% of the
complete textile. Indeed, we find for a function ¢ defined on K. and extended as in Subsection [5.1] into a
function belonging to W1°°(£2), denoted ¢, then

M (e ) (5, X) = ((2per + 2qe2)e + cbes + cX1e1) = To()(s, X1,b),
s € (2pe; + 2qes) +€Y, be{0,1}, X;€(0,2), (p,q) €{0,...N.—1}2. (7.1)
The second direction
2 )y ) (5, X) = ((2per + 2qez)e + caer + eXoez) = To(p)(s, a, X2),
s € (2pey +2ges) +¢Y, ac{0,1}, X,¢€(0,2), (p,q) €{0,...N.—1}* (7.2)

is derived analogously.

To characterize the unfolded functions, it is necessary to give a relation to the original function. Note, that
this unfolding operator changes the convergence-rate, since a dimension reduction is directly incorporated. To
address this individually, it is possible to define it as composition of an unfolding operator and a rescaling
operator, see e.g. [7, [16].

Lemma 7.2. For every ¢ € Ll(P[Ta]), one has

/ o(z)dz = E/ / 1 () (s, X)dsd X, a € {1,2}.
plel 4 Jg Cylslal
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Proof. Tt is an easy consequence of the transformation of integrals and the definitions above. Indeed, we have
fora=1

/P,[,l] p(z)dz = %;%;/

; eCyls(D)

N N

©0(2qeey + 2pee; + 2)dz = &3 Z / v(2gees + 2pee; +eX)dX
Cyl€<1)
q

3
= ©(2qees + 2pee; + eX)dXdz
4e? Z Z /Qpeel +2geex+(0,2¢)2 \/C'yls(l)

/ / M () (2, X)dX dz.
Cyls()

Analogously for a = 2 which yields then the claim. O

Lemma 7.3. For every p € L?(S.), s € [1,+00] one has

Coe'* e ()| s (axcoyts) < lellpe(s.) < Cre'* e (0) || (x cys) - (7.3)
Proof. First assume s € [1,+00). As consequence of the above Lemma and (4.2)), one gets for every ¢ € L*(S;)
Iolles.y = | letelde = Z s+ 1 et (900
+ Z/ o (peer + 2)[°| det (V2P (2))]|dz.

<Ce(IMD ()3 @yisin) + TP @5 aoyinen )

Since the Jacobian’s are bounded from below, we also obtain

Ce (IO ()13, @xptstny + TN oy ) < I3,
Hence (7.3)) is proved for any s € [1,400). The case s = 400 is obvious. O

Actually, the most important in the following is the case s = 2 where
c 2
ITL (0)[| L2 (@x oyis) < %HWHB(SE), Vo € L7(S.).

7.2 Limits of the unfolded elementary displacements

Lemma 7.4. Under the assumptions of Lemma the following convergences hold (o, B) € {1,2}2):

H[a] (U(a)

. 3‘3,/55) — Us weakly in L*(Q; H(Cyls'®)),

,H[Q] (REOZ D}ls) - Rﬁ weakly mn L2 (Q’ Hl (Cyls(a))),

=+ la] (1)
H (Ueﬂ‘y“

) — Ug weakly in L*(S; HY (Cyls@)Y),
where the limit fields are given by Lemma 6. 1.

Proof. These convergences are the consequences of the definitions ((5.14)), the convergences in Lemmas and
the definitions of the unfolding operators H[Ea], Te and (7.1)-(7.2). O

Denote

H3(0.2) = {w € H'(0,2) | $(0) = p(1) = v(2) = 0}.

Recall, that the fields U., R. and Ugg), Ré” have to be restricted to L(®), the center lines of the beams, to
build the actual beam displacements, cf. (5.15]).
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Lemma 7.5. Under the assumptions of Lemma [6.1] there exist a subsequence of {e} (still denoted {e}) and
Rad) [led) ¢ L2(Q; H3(0,2))3 such that the following convergences hold ((a,b) € {0,1}2, (o, B) € {1,2}?):

1 - S by .
S (RYY) = Rajxams + Rifx,_, + R5™ weakly in L (@ H'(Cyl™?)),
1 ~ ~ ~
1 (REL) = Ry, —a — R, _, + RE weakly in L*(; H' (Cyl*)), -
7.4
1 ~ ~
EH[” (8 R[l] ) — hRp + 0x,Rp|x,=p + 3X1R(ﬁg|)x 5t alegl’b) weakly in L? (9 x C’yl(Lb)),
1 = 5(2,a .
EH?] (azRLQ]ﬁ) — 02Rp + 9x,Rp|x,=a —9x,R B\X ot 3)(273%2’ ) weakly in L2(Q x Cyl29),
and
1 ~ ~ ~
;2 (31 Ulj ) = 1Us + 8X1U(ﬂﬁ)X2:b + 0x,Up|x,=p + GXIUE;’Z’) weakly in L*(Q x Cyltb)),
(7.5)
1 -~ Y (2,0 .
- s ](32 U ) — 0,Ug — (9XQU(;|)X1:G + 0x,Up|x,=a + 6X2U(;’ ) weakly in L2(Q x Cyl>9),
Moreover
1
—H lo, Ul — RM A e) —
= (9)
01Uy +8X1[U1|X2 =b Ox U(l’b/)\ (C{)X1U1?X2 ~ .
01Uz + 6X1U2|X2 b— R3|X2 b | T 5X1U(1 Z) R(i Z) + aXleé\];( - R?sz =b (7.6)
Z13 + 8X1[U3|X27b + 'R2|X27b Ox [U ) 4 R( ) 3X1U§j;< L Réﬁ&z b
weakly in L*(2 x Cyl(H%))3,
and
L2, p12 — g2
Ha (6QUE _Re /\82) —
Y e~ ~(2,a 5(2,a m3(9) 5(9)
U1 4 0x,Usx,=0 + Rijx,=a ax, U i+ R 0x,Uix, = = Jr Ryix,=a .
92Uz + 0x,Us|x,=a + A8)2(2U§2’“1 N x, U 2|X1 (7.7)
2oz + 8X2U3|X1:a o Rl‘Xlza 8X2Ui(’> - Rg ) aXZU:())‘?;(l =a R§|;(1 =a

weakly in L?(Q x Cyl?»)3,
Proof. First, as a consequence of estimates (5.4]), there exist a subsequence of {e} (still denoted {¢}) and

R0 Ulee) e L2(; HL,(0,2)) such that the following convergences hold (¢ € {0,1}, (a, 8) € {1,2}2):

1 ~ ~

E—QHLQ] (R)) — R(*) weakly in L2(Q; H'(Cyl(™?))3,
7.8)

1 - . (

g—gng'l (U) — U weakly in L2(Q; H' (Cyl(>?))3.

Furthermore, note that the displacements are split according to (5.15). Hence, with Lemma we obtain
the restrictions onto the beam centerlines for the limit fields.

In fact, it is a priori not clear if the limit functions admit a trace. Actually, to obtain this result note that
due to the piecewise-linear character of the functions, one has

C C
[[01Ue — Re Ae1] - €3] 12(q) + €02 [(01Uec — Re Aer) - es]ll 2y < %HE(U)HL?(&) + Zllgellzzo) < Ce?.

As a consequence the restricted unfolded function equals the unfolded restricted function, i.e.
H[El] ( [81[[}5 — RE N el] . eg) |X2=b = H‘[Sl] ( ([ZMUE — RE A el] . eg)ngl) )
and we have by Lemma
||H[61] ( [61U5 - Re AN el] . 93) \X2:b||L2(Q><(§ﬁ{X2:b}) < 062.

The second direction is analogously.
Observe that the resulting restrictions only apply to the variable in the ”lateral” direction, i.e. X5 = b for
the fields corresponding to the fields with index (1,b) (or Xy = a for (2, a) respectively).

Then convergences l- ) are the consequences of the above those in Lemmal[6.5] and l-l From
we also derive (7.6))12-(7.7))1,2. For the convergences (7.6))3- .3 we use Lemma 6.5 and .
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Remark 7.6. The limit displacements itself converge strongly

@ X ‘
e (u[ﬂ ]e) — Up — (73 + ‘I’) 05Us, strongly in L?(; H' (Cyls'™)),

1 o '
EH[ ](ug i) — Us, strongly in L?(; H' (Cyls(®))).

Note, that for ® = 0 they coincide with the usual Kirchoff-Love displacement for a plate.

7.3 The limit of the warping

Now, set for the convergences of the warpings
w = {v(l) = (0 Dy e HY(CylsM) | v (2, Xy — b, X3) = v (0, Xy — b, X3)},
W@ = {0(2) = (29 @Yy e HY(Cyls@) | v@D(X) - a,2, X3) = 0>V (X — a,0,X3)}.

Lemma 7.7. There exists a subsequence, still denoted by ¢, and ©'®) € Lz(Q;W(a))3 such that the following
convergence holds

513 e @lel) = a9 weakly in  L*(Q; HY(Cyl'™))?,  ae{1,2}, ce{0,1}.
Furthermore, the fields a™?, b € {0,1}, satisfy a.e. in Q x (0,L)

/ a0 (-, X)dXpd X5 = 0, / a1 (L X) A (X2 — b)es + X3n(X1))dX2d X3 = 0. (7.9)
or respectively for w*®, a € {0,1}

/H(Z’“)(~,X)dX1dX3 =0, / 729, X) A (X1 — a)er + X3n(Xz))dX dX3 = 0. (7.10)

Proof. From ({3.6)-(7.3]) we have for the warping terms the estimates

O (| 2 —| r
||H[a ](U[g ])||L2(Qxcyzs(a>) = %HUL ]”L?(Se) < C%He(ue)ﬂw(sg) <Ce’

9 o
= ()
HaXi € (ug ) L2(QxCyls(@)) el|llg (821 € L2(Qx Cyls(@) (7 )
\[Hazl L2(S.) — \/>|| (UE)HLQ(S )y > g3
The conditions (7.9) and (7.10)) are the result of the conditions (3.5 on the warping. R

For simplification define the spaces

W(l) = {U cew® | v satisfies }, W {v c W | v satisfies (|7.10 }

To conclude this section, note that the limit of the warping strain tensor is directly inherited of (3.16]), i.e. the
symmetric gradient of one beam, resulting in

1
67,11[;4 (e. (@) = €9 @) weakly in L*(Q x Cyl(*9)33 ¢ {0,1}
with
1 (1,b)
Waxltp -t * *
1 1
5§(1’b)(<?)= 2(q axl e+ Ox, - t(l’b)) Ox, - €2 * (7.12)
1 1
5 Waxlso ‘) 4 x5 - t(Lb)) i(axz@ ‘nlh? 4 x5 - 92) x5 - n*?)
8X1(p e * *
2,a) 1(8 -t -eq) L ——0 (2 *
8 (p)=[ 2\ e ) OXa P (7.13)

1

T Oxap 1 40,0 430) Oy, n®

1 1
5(0xp 0 toxpe)  S(ag

for the first and second direction respectively.
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7.4 The limit strain tensor for the elementary displacement

For the strong limits ®(@? ~, t(®? and n(®® see Appendix

First note that the strain-tensor admits a weak limit in form of a weak convergent subsequence. Indeed
assumption (6.2]) gives rise to the estimate:

1 o o 1
| ) (e (o) < <75 (o)l s < C.

L2(QxCyls(®)

Hence, there exists a weak convergent subsequence. However, to state the actual limit problem this is not
enough. For this all convergences in the section above are needed. To simplify the representation of the limit
strain tensor we split the limit into two main parts

1
10 (s (ue)) —~ BOY + M @IY)  weakly in L2(Q; H'(Cyl™"))?, b€ {0,1},

where E(1?) denotes the limit of the strain tensor for the elementary displacements.
Recall, the form of the strain-tensor for one beam (3.18). Then for every field use the decomposition
developed in Sections [3}{5| and with the convergences above we find for the elementary displacement the limit

strain tensor entries Egé? ESQI’Q) = Eilg? =0 and

N -~ 5(9)
) 01 U1 + 0x, Uy x,=p ?lewgl’bi , ?);IUl(\]X2A( :
ME 11 =| [ 01Uz + 0x, Ugjx,=p — Ryjxo=p | + | 0x,U 1 b) RE b) + 5X1U2£\7X =b R?sz:b ] £
1,
Z13 + 0x, U3z x,—p + Ra|xy=b aXl )+ R( ) Ox,U 5&2 -t Rz\xz b
~ o (1:0)
+ (01R + 9x, R xpmp + axln@ O, R (( + X3)es — (Xo — b)n1?)
~ ~ )
01Uy + 0x, Uy x,= 3X1U§1’b) 3X1[U§“7X2
onE(LY — U v U _R +18 @(Lb) B 7/@(176) +1o U(g) R(g) e
Mz 12 1U2 + Ox, Uz xo=b — R3|x5=p x, Uy 3 X1 Y91 X,=b 3\X2 b 2
=(1Lb) | SLb
213+ 9x, Usjxtu=p + Rajx,= ax, U + REMY Ox, U, _, + RS,
— (81R + axlﬁ‘xzzb + 8X17€‘(§{)2:b + 8X17§(1’b)) . (th(l’b) + (P(l’b)el>
~ =~ (9)
" O + 03, Dy, o3, 00 O

2T’Ez,i3 - 81U2 —|— aXl/[\U2\X2:b —FB‘X2:b —+ 3X1£J%7Z) _ 7}%7:) + 6X1 2|X - R3|X2 —p ] n(l’b)

Z13 + 0x, U3 x,=p + Ro|x,=b 8X1U§ b4 Rg b) dx, 3|;(2 Tt Ré&z b

~ ~ ~ O gy B0

+ (1R + 0x, R o + Ox, RIY,_, + 0x, RUD) - ((Xa — byt — +e2).

To simplify this tensor field E(?) define the purely microscopic displacement
o b)_(U|X2 b+ U(g) _+ @(Lb))
+ (Z + ﬁ\Xg:b + R‘(g() - + ﬁ(l’b)) AN ((I)(l’b)eg + Xgn(l’b) + (Xg — b)eg) + ﬂ(l’b) (714)

where

1
Z = —Z53e1 + Z13e9 — 5(61[[}2 — 62U1)e3.
Then the strain tensor limit for the elementary displacement can be rewritten
E(Y + 5)({1’17)@(1@) — b 4 5;1’1’) @)

or equivalently write directly

1
?ngﬂ(ez(ug))45<1b>+51b>( at )y, weakly in L2(Q; HY(Cyl™Y))?, b e {0,1}, (7.15)
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) 1 e11(U) 012U3 P(1.b)
& (U) :W e1n(U) | - t0D 4 | —,,Us | - ((Xs + p” ) e — (X —b) n(l’b)>

0 0
- 1 e (U) 012Uz
5 U) =5 | | e12(U) | oo — | =0Ty | - (Kot + 000y )| (7.16)
" 0 0
1 [ (D) 012Us B0 g, (D)
£ () Top(Lb) [ e12(U) | -n™ 4 | =011 Us | - <(X2 — bt — lez) .
me 0 0 vy

and 82(;!’) = Séé’b) = 52(;)’[’) = 0 include all macroscopic fields. Note, that for this representation the identities

(6.5) were used.

7.4.1 The limit strain tensor for the es;-direction

For the sake of completeness, the limit strain tensor for the es-directed beams is adressed hereafter. Never-
theless, due to the very similar character only the end result for the elementary displacement is shown. Besides

Efﬁ) = E,(z%i?’,) = Efg‘;,) =0, one has

ES EN =~(2,a =(2,a m(9) 5(9)
) 0oU; + aX?U”Xlia + R31x1=a 8X2U§2’ /)\—i— 7?,52’ ) 8X2U1|Xli? ')"RS\Xlza
B = 02Uz +0x,Uzix,=a + Aaézl[)JgQ»ai(Q ) - AaXzU;Xlia £
223 + 8X2U3|X1:a o Rlle:a aXZU?) - Rl " 8X2Ui(ﬁ;(1=a B Rﬁgﬁ:a
~ ~ ~ & (2:0)
— (R + 0x, R x,—a — Ox, RIY, _, + 0, R*D) - (( + X3)er — (X1 — a)n®%),
EN =~ =~ S my(9) 5(9)
) o U; + 6X2U1\X1ia + R3‘X1:a 8X2U§27a) + R:(f’a) aleUl‘\gXlia + 7zi&?X1=a
277E(Z713) = 02Uy + 8X2U2|X1 —a + GXZng’“) - 8X2U(25"§{1:a ] €1
T ) =3(2,a 5(2,a = =
ZQ?’ + 8X2U3‘X1:a o Rl‘Xlza 6X2Ui(’) ) - Rg ) aXzUI(;\];ﬁ:a - Rﬁ;ﬁ:a
+ (0sR+ 0, R x, =0 — Ox, R _, + 05, RP)) - (Xt 4 62 ey),
=5 = L a = a A( ) A( )
) 82U1 + 8X2U1|X1ia + RS\Xlza aXQIUE27 ) + Ri())l ) aXzUl‘(\]Xlia + R37X1:a
277Ei»5§) - 02Uz +0x,Uzix,=a + AaéQI[)jég’ai(z ) - 3x2U§T§ﬁia ] e
Zo3 + 8X2U3|X1:a - Rl\xlza 6X2U3 - Rl “ 6X2U:($(1:a - Rﬁ;ﬁ:a
~ ~ ~ d(2:9) g P(2:0)
— (1R + 0x, Ryx,=a — Ox, RIZ _, + 0x, RED) - (X1 — a)t @) — +e1)_

Define analogously to ([7.14)), the microscopic displacement

2= (U)x,0 — U2 _, + T*)
+(Z4Rix,—a — RIY_, + RED) A (@@Yeg + Xan@) + (X —a)e;) +T7>. (7.17)

For the same reason the limit strain tensor splits into two parts

%HE] (ex(us)) = @9 4+ €3 (@) weakly in L2(Q x Cyl>)?
[3)
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collecting global

(2.0) 1 e12(U) 022U3 $(2.0)
£2"(0) T pa) en(U) | -t — | —01,Us '((X3+ ¥ )el_(Xl—a>n(27a)> :

0 0
) 1 e12(U) 022U3
£ (0) =5y || e2) ] e+ | -00Ts -(th@’“)—i—(b(?’“)eg) : (7.18)
0 0

. 1 e12(0) 022U3 $(2:0) 4 (2.0)
52(37 )(U) :2 2,a) [ e22(]U) n®9) —012U3 | - <(X1 —a) (2 — e1> .
m= 0 0 y

and local displacements Sg’a)(ﬂ(z’“)) in the form (7.13]).

7.5 The limit contact conditions

Recall the decomposition in the contact parts, see (5.8)), and note that it reduces to

ullD (2) = UND (pe + 21) + R (pe + 21) A 2080 + 71D (),
ulP) (2) = UPP) (ge + 22) + RPP) (g + 22) A 2101 + TP ().

for a.e. & € Cpy or equivalently z = (z1,22) € w, and |z3] = r. Using additionally the splitting (5.15), we
obtain for the displacements in the contact parts

utD () = U (pe + 21, ge) + U (pe + 21, ge) + ULD (pe + )

+ {RE (pe + 21, q¢) + R (pe + 21, ¢e) + RUD (pe + zl)} A zpeg + T (z),
uP) (z) = U.(pe, e + 22) — U9 (pe, qe + 22) + UPP) (ge + 25)

+ {Rg(pa, ge + 22) — RY (pe, ge + 22) + REP (ge + z@)} A zrey + T3P (x).

From (|5.2)), one obtains (same identities for R)

0
U (pe + 21, qe + 2z2) = Uc(pe + 21,¢¢) + 2287;(175 + 21, q¢ + 22),
2 V(z1, 22) € wr.
oU,
U (pe + 21, qe + 2z2) = Uc(pe, g + 22) + 2187(175 + 21, G5 + 22),
1

These identities yield for a.e. € Cp, that the difference between two beam-displacements in contact can be
written as

U, oU.
97 *Rs/\62>(p€+21,q5+22)+Z1(6zl

+ U9 (pe + 21, ge) + U9 (pe, ge + 2z0) + UHD (pe + 21) — UPP) (ge + z5)

ugl"”(x) _ ug,p)(x) — fZQ( —Re A el) (pe + 21,96 + 22)

(7.19)

OR. ~
+ {—2282(195 + 21,96 + 22) + Rgg) (pe + z1,4¢) + Rgl’q)(Ps + 21)} A zo€9
2

OR ~
+ {zl W;(ps + 21, q¢ + 22) + R (pe, g + 22) — RPV(ge + zz)] A zie; + @D (z) — 7P ().

This expansion allows to estimate the jump and obtain the correct convergences via the following Lemma.

Lemma 7.8. The difference of ugl’q) and u§2’p) satisfies

Z ||u§1’q) _ ugz,p)Hiz(Cm) < CeS.
(p.a)EK:

Proof. The estimate of the Lemma is an immediate consequence of (7.19) and the Lemmas as well as
the estimates ([7.11)). O
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To obtain the limit, it is necessary to introduce a third unfolding operator. Therefore, let

1
= U Cubs Cap =wy +ae; +bey, (a,b) € {0,1}2,
a,b=0

denote the limit contact domain. Then, the unfolding operator for the contact is defined for every ¢ €
Ly (U(p,q)elce CPq) by

TE () (21, 22, X1, Xo) = (26 |:2ZI:| te (Z) te (X/ - (Z>)> ’

with Tz (p) € LP(2 x C). Note, that this operator is related to the previous defined unfolding operators via the
identities
TE (@) X1, X2) = Te(P)laro (- X1, Xa),  for p € LP(Q), (7.20)
TE(@)( X1, Xa) = T (9) 0 = T (@) (-, X1, Xo, (~1)H40), for p € LP(PI)), (7.21)

g
The following Lemma gives the main property of T
Lemma 7.9. The unfolding operator TS satisfies
ITE@)len@xo) < CleliaUy pex, 0r Joreverype L7( | Cpo)
(p,.9)EK.
Proof. Follows directly from (7.20)); and Lemma O

Due to Lemmas and the following weak convergence is obtained (- represents the
macroscopic variable z = (z1, 22)):

1 0L U + 8X2®1 j— 7/?\,3 01U + 8X1U1
. [TE@) = TE @] = = (X2 =b) | Us+0x,Us | + (X1 —a) | 81U+ 0x, U5 — Ry
223+ 0x,Us — Ry Z13 + 0x, Us + Ry

+ 0@, X1, 0) + U9 (-, a, Xo) + TV (-, X7) — U9 (-, Xy)

— (X2 = b)2(32R + 9x,R) (-, X1, X2) A ea + [RO(, X1,b) + RED (-, X1)] A (X2 — b)es

+ (X1 —a)? (AR +0x,R) (-, X1, Xa2) A ey + [RO (-, a, X5) — R®D(, X)] A (X1 — a)e

+a M (X, X, (1) T ) — 7B (X, X, (—1)*TPk)  weakly in L*(Q x Cgp)®.
Now, since Uq (-, X1, X5) belongs to Qper(Y), one has in w x ([a,a+ 1] x [b,b+ 1])
( X17X2) [[/ja('7a7X2)7
( le ) ﬁa(',leb)7

— (X1 — a)9x, Ual-, X1, Xo) — (X2 = 0)0x,Ua -, X1, Xo) = Ua (-, X1, ) = Ua (-, 0, X2)

and similar ones for R, and Us. Using (6-9)), one obtains in w x ([a,a + 1] x [b,b+ 1])

(X1 — a)dx, Us(-, X1, X2) — (Xa — b)dx, Us (-, X1, Xo)
. . 1
=Us(-, X1,0) — Us(-, a, X2) — §(X1 —a)?011Us + 2(X2 — 0)?022Us3.

Taking into account the fact that R = d;Use; — 01Usze,, equalities ((7.14)-(7.17)) and the above identities the
limit is equal to

0.Uy 01Uy

1
— (X2 — b) 02U, | + (Xl — a) 0105 | — (XQ — b) O29Uses + — (Xl — a) 011Uzes
Za3 243
+ ﬁ(l,b)(_ ) — U9, X5) + U, X1,b) = U, a, X3) + U9 (-, X1, b) + U9 (-, a, Xs)
+ [7/3\’ + R(g)( b) + ﬁ(lb)('le)] A (XQ - b)eZ +ﬂ(17b)('a X17X2a (_1)a+b+1"€)

— [R(-ya,Xa) = RO(,a, Xa) + RED(, Xo)] A (X1 — a)er — 7PV (-, X1, X, (—1)7+0k)
M,,(U)(X1, X2) + ﬂ(l’b)(-,Xl,Xg, (71)“+b+1/{) _ a(Z,a)(.le,X27 (71)a+bﬁ)'
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with the macroscopic part
(X1 —a)er1(U) — (X2 — b)ei2(U)
Mab(U)(Xl,XQ) = (Xl — a)€12(U) — (X2 - b)EQQ(U) . (722)
%(Xl — a)2811U3 — %(Xg — b)2822TU3
Now, remember that g. = e3g with g € C(Q)? (see assumption (6.1))). Then, the unfolded limit contact condition
for (uM,u®) € L2(Q; W) x L2(Q; W?)) is defined by

IMa.ap(U) + a1 — 02| < g, ae. in Qx Cup, (a,b) € {0,1}2 (7.23)
0 < (=1)* (M 0 (U) + a5 — ) < g5 ae. in Qx Cap, (a,b) € {0,1}?, (7.24)

for the in-plane and outer-plane components respectively.

7.6 The limit space

Consequently, after investigating the limit displacements it is possible to define the limit space for the
unfolded problem. Thus, set

H' () ={VeH(Q)|V=00n2z=0}, HQ={VeH(Q)|V=0V=00nz=0}
Then, the limit fields (Ul, Us,, Us, a, ﬂ(z)) belong to the convex set
X = HYQ)? x H2(Q) x L2 WD) x L2(Q; W),
In fact, together with the contact condition one has

X = {(Vl,vz,vg,a<1>,a<2>) e X \ Moy (V) + 000 — 520| < g ae. in Qx Cap, (a,b) € {0,112,
(7.25)
0< (=) (M 3(V) + 07 = 357Y) < g5 ae. in Qx Cup, (a,b) € {0, 1}2,}

The space X is a closed subset of the space
X CHY D)2 x H2(Q) x L2(Q; HY (CylsM)3) x L2(Q; HY (Cyls?)?)

endowed with the product norm. However, X is not a subspace and hence not a Hilbert space.

8 The test-functions

In this section the used variables have to be split according to the splitting in of the unfolding operator,
i.e., the "cell-number” and the local variable in the cell. Hence, note that for z € R? there exits a unique
decomposition

z = [z] + {2}, z€7? {z}€(0,1)? forae. z€R% (8.1)

The composition of the test-functions has to take the contact into account, i.e., the test-functions have to satisfy
the contact condition in (4.3]) for every e and the limit conditions (7.23)-(7.24)). To ensure this behavior, it
is necessary to choose the test-functions in a special way. First, we split the cell-domain further according to

Figure
Let (V1,Va, Vs, 00, 53) be in the space X N €2(2)2xC3(Q) xC1 (4 WD) xC1(Q; W?) such that 5 (-,0) = 0
vanishes at the boundary z; = 0. Now, we replace v by ©' where

oY — b 4 %(alvg —0:V1)es A (@ Pes + X3n) + (X, — bes),
7 (20 = 52 4 %(81\’2 — 0,V1)eg A (<I>(2’a)e3 + X3n®) 4 (X, — a)ey).
We easily check that (Vl,Vg,Vg,ﬁl(l),ﬁ/(z)) satisfies the following contact conditions
My o (V) +5,1Y =59 < go e in Qx Cap, (a,b) €{0,1)7,

0 < (=) (M 5 (V) + 5, —5*Y) < g5 ae. in Qx Cyp, (a,b) € {0,1}2,

(X1 — a)en(V) — (X2 — b)82V1
w(V)(X1,X2) = | (X1 —0a)01V2 — (X2 — b)exa(V)
%(Xl — 0)2811V3 — %(XQ - b)2022V3
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Cp+1,q

Figure 2: The 2D-cells for test-functions, with the different areas.

Hereafter, we describe how to define the functions VS&(, qe) € WHe(0, L) and Vi}%(«,qs) € W2>=(0,L),
g €{0,...,2N.} (resp. VE(pe, ) € WH(0,L) and V) (pe,-) € W>>(0,L), p € {1,...,2N.}).

1
Below denote 2’ = (21, 22) and p = [%}, q= [Z; + 2]. Then define

Va(pe, qe) + (21 — pe)01Va(pe,qe) in Cpy,

v () =
a,oz(z ) - 1 1
Vgc)y linear interpolated in the stripe wz()q),
92Vs(pe, qe) + (21 — pe)012Vs(pe, ge)  in Cpy,
(82Vy) V(") =

(82V3)§1) linear interpolated in the stripe wz(,(lz),

and

1 .
V(l)( /) V3(p€a qE) + (Zl - p8)81V3(p57 qE) + §(Z1 - p€)2811V3(p€a q&‘) m Cpqa
£,3 )=

Vglg cubic interpolated in the stripe wz(,fz).
2)

On the strips in direction ey define Vi 5 accordingly by

Va(pe,qe) + (22 — qe)02V o (pe,qe) in Cpy,

V) =
, linear interpolated in the stripe "‘)1(31)’
N V3(pe,qe) + (22 — qe)012V3(pe, qe)  in Cpy,
CADSUCOE

(81V3)§2) linear interpolated in the stripe wz(fz),

and

1 .
V(2)( ) Vs(pe, ge) + (22 — qe)02V3(pe, qe) + 5(22 — qe)?022V3(pe, ge) in Cpy,
£,3 z)=
Vf?), cubic interpolated in the stripe wz(fz)'
At last, the remaining displacements 7! and 9(?) are subjected to an analogous transformation. Hence,
define ,
ﬁ(l’b)(pe,qa,X) a.e. in Cpy X (=K, K),

oM X) = {

linear interpolated with respect to z; in the stripe w(b)

pq
~'(2,a) i _
ﬁ;(Q’“)(z’, ) {v (pe,qe, X) in Cpy X (=K, K),

linear interpolated with respect to z3 in the stripe wz(a?;)'
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Lemma 8.1. The test-functions satisfy the following strong convergences:

kel (yie ) —V  strongly in L*(Q x Cyls(®)?,

(s, v ) — 0,V strongly in L*(Q x Cyls(®))3,

Hé"‘ Y ) — 0aa V3 strongly in L*(Q x C’yls(o‘))7
It ((8.V ) ) = Vs strongly in L*(Q x Cyls™),
HE1 (0 (82V3) ) = 012V3  strongly in L*( x Cyls(l)),
1 (Vv ) ) = a1 Vs  strongly in L*(Q x Cyls?),
H[E2 (6 (81V3) ) = 021 V3 strongly in L*( x Cyls(2)),
il oA 0.9 - 5@ strongly in L*(; H (Cyls'™))3.

Proof. The proof of this Lemma is an easy consequence of the unfolding properties and the regularity of the
test-functions. O

Then, compose the full test displacements in the respective directions e; and ey by (recall that 2’ = (21, 22)
and z = (21, 22, 23))

V() = Ve(lb()+v(1b)(z 2{ }2{52} bzgi’) (8.2)

V29 (5) = V0 (5) 4520 (z’, 2{;} —a, 2{ zz} Z?’). (8.3)

The elementary displacements for the e;-directed and the es-directed beams are defined respectively by

‘/'66(1717): ijz%zi + Ei(ggzavsf)(ili) (¢(1 b) ( { }) e3 + (2{272} - b) €2 + (1 b) (2{2}> )7
EV;;)) 01 - N - )
ye(2.a) Eziﬁ;i + E-:22({92Vg?))(2) (@(2 ,a) ( { }) + ( {ﬁ} ) + n(? ( {22 }) )
E =1 52,)2 —€ (86V3)€ 2J) 2e “1 2e .

The test-functions are build to satisfy the contact-conditions before and after the limit and to yield the same
strain tensor in the limit, which we show hereafter.

The unfolded limiting strain tensor of the test-functions is an immediate consequence of their definition and
the convergences in Lemma [8.1] and the limit is written in the same way as in Section [7.4]

Corollary 8.2. The unfolded strain tensor of the test-functions[8.3 satisfies
1
8—21'1(1) (ez(Vg(l’b))) — £LO(V) 4+ 5(1 ) (@18), strongly in L*(2 x Cyls™))3%3,
1 a) -~ .
6—21_[(2) (ez(Va(z’a))> — ) (V) + Sg’ )(v(z’a)), strongly in L*(Q x C’yls(Q))3X3,

where E1Y) and Sg(l’b), respectively £ and 5)((2’{1) are the same as in (7.16), (7.12)), (7.18) and (7.13)).

Proof. Easy consequence of Lemma and the properties of the unfolding operator. O

8.1 The contact condition of the test-functions

It is necessary to check the contact condition for the test-functions, as they must satisfy this cone-condition
to be in the V.. Due to the special choice of test-function in the section before, this is an immediate consequence.
Indeed, since the function on the contact parts C,q are chosen such that a Taylor expansion of the macroscopic
fields is exact and does not admit any remainder terms. To check this, note that, on the contact area C,, the
elementary test-functions reduce to
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. SVAEN 2@V e
VN () = 2V |+ | —2avlen | A ({5 ) -0)e
eVl () 0

VI () 5232“’2)(2/) z1
e(2,a a 2
T, (<1t = | VA | + | —2(0v) ) | A (25} o)
eV ()
€,3

Now, consider the difference of the two test displacements in C,:
21 —pE Zo—qe
2201V (pe, qe) — 2702V (pe, ge)

@gl’b) (Z/, (71)a+b+1r) _ @(2,(1) (Z/, (71)a+b7,) — 3 zl%fs(i)lVZ (P5> qE) szqs a2“/2 (pE qE)
%811V3 (pe. qe) — (Z22SZ 022V3(pe, ge) (8.4)

~ Z1 — PE Z9 — Q€& o — DE Z I
8500 (pe, ge, T B () ) - 202 (e, ge, R 2 (1)),
3 9 9 3

Note that by the conditions on the test functions, see , the microscopic contact in as well as in
the unfolded limit — immediately and even includes the case of a rigid contact where g = 0. Hence,
the contact conditions are satisfied for every € by the definition of the test-functions.

Finally, we conclude this section by density of the spaces

CHO) NHYQ) C HY(Q), C2Q)NHAQ) C H2(Q), C' (W) c L2 W),

Hence, the convergences of the unfolded strain tensor and the contact condition hold for all functions in X.

9 The limit problem

In this section, all tools and results developed in this paper are summarized and lead to the homogenization
of the textile elasticity problem. Thus, recall the initial variational inequality in the vectorial notation:

Find u. € V. such that:

9.1
/ AcE.(us)- E dxf/ fe - (ue ) dz <0, Vo e V.. (9-1)
Se

Let us denote by C9 the orthogonal matrices as in (3.17) for the different beam directions, such
that B9 (w(@9)) = CIYE, (u(@9) and define the matrices ALY = (C10)=1 41D CLa) and A(Q’p)
C@»p) *1A§2’p)C(2’p) respectively. Then, unfolding the problem (9.1) we obtain (for every ¢ € V.

¥

([ A DBl ) B0 = p00) [0z = [ |0 @b — 00 [y0]az) 0

NE
+3 ( ACPE, (D). B, (P — p2P) |y19)|d: _/ £ (uP) — p20) |n§2,p)‘dz) <0
PP P

For the following analysis we introduce a new notation in order to simplify the expressions of the different
microscopic and macroscopic problems.

Notation 9.1. Set

(X1 —a)G1 — (X2 = )G
M (€)( X1, Xo) = (X1 —a)Ge — (X2 —b)(3
(X1 —a)?¢ — 5(X2 — b)%¢s
Moreover, define the displacements
. G (6
WED(OX) = 00(X0) [ G | + [ —Ca | A(Ba(Xi)er + 61 (X1) (X — b)er)
0 0
o
[ =) A (60D (X )es + Xan (X)),
0
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. G2 G
WE9(0)(X) = 01(X2) (43) + <—26) A (O2(X2)ez + (X1 — a)fi(X2)er)
0 0

Cs
N /\(¢>(2’“)(X2)e3+X3n(2’a)(X2)).
0

where 0, € C},,.(0,2) (resp. 05 € C}.,.(0,2)) is 2-periodic and satisfies

per

%(t—c)z) a.e. infc—k,c+k], ce{0,1}.

Then the difference on the contact area can be expressed by

01(t) =t —c (resp. 6s(t) =

WED((X) = WEDQX) = Ma(O)(X1, X2)  ae on Cap

and hence resembles the original contact condition.

Similarly, define the strain tensor in vectorial notation in the according form

6
E(Q) = 5(1’17)(()101/15(1,17) + 5(2’(1)(()]103115(2@) = ZCnE(en)v

with

(c/-(a,c)(c) (5(0‘ ,c) S(O‘C (a c) \[51(3 ,c) fg \fg(a c))

Cl Cﬁ (1,b)
51(1717)(0 :ﬁ |:(C02) (1) + (—0@) . (<X3 + ‘I)’Y ) e — (Xo —b) n(l,b))} ’

(1,b) 1 (G C6 , ,
&1 (C) GG (o ea— | =G ] - (th(l’ ) 4 oL )91) ’
10\ g 0
G Co L) g, H1:b)
G| a4 ¢ - ((X2 — b)) — dleQ> ,
0 0 Y

and 82(%’17)({) = 535:1)),17)(0 = 82(;’17)({) = 0. Accordingly, the tensor €29 (() is defined by
G G P(2.a)
G -t — | =G | - <<X3 + ) e; — (X1 —a) H(Q’a)> )
0 0 v
G2 G
G|-er+ |G| - (th(2,a) + @(2@)92) ;
0 0

G2 G (2,0) 1 (2.0)
u 1 (29 4P
82% )(C) :W [ (CO:;) .02 < Cﬁ) . <(X1 —a) t(Za) _ 7e1> 1

and £17(¢) = £557(0) = £ () = 0.

Additionally, without renaming rewrite the local strain tensor in vectorial form, i.e.

and

a 1
£57(0) =

£ = (), €05, €5, VL), VS, VaESS))

Furthermore, for the sake of comprehensibility and readability define

2 1 2 1
AX) =3 AP X) Loy (X), => Z E8 (D) Loyistan (X)
a=1c¢=0 a=1c
2 1 2 1
n(X)=> Y 0 (X)Leygea0 (X)), PX)=D") o |Cy13(a B Loyistee (X)
a=1c¢=0 a=1 c=0
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Finally, define different function spaces accounting for different contact conditions. First, for every w =
(@D, 5®) e WO x W get

> / D9 dX = @dX.
(anc)e{1,2}x{0,1} Y Culs(®) Cyls

Then, define

Wiin = {@ = (@D, 0®) e W x W® | 50 = 5 g.e. onCqp, (a,b) € {0,1}2, /
Cyls

@dx =0}
and K¢, and K. the convez subsets of W) x W® | (¢, 2) e RS x Q)
K. {v = (oW, 5?) ¢ WO x W )| [Map.a () + 03P — 52| < go(2) a.e. on Cy
a+b ~(1,b) _ ~(2,a) ~ _
0< (1" (Map3(¢) +05 7 —057") < g3(2) a.e. on Cop, and / wdX = 0},
Cuyls
K, i{ = (W, 5?) ¢ WO x W )| o) — 52| < go(2) ace. on Cap,

0< (—1)a+b(ﬁ§1’b) §2 a)) < g3(z) a.e. on Cyp, and / wdX = 0}.
Cyls

9.1 The unfolded limit problem
Lemma 9.2. Let (w,0) be in Wlm X V/\\/'lm (resp. in K, x K,, K¢, x K¢ ) satisfying
Ex (W) =Ex (V) a.e. in Cyls (9.7)

then

v=w a.e in Cyls.

We also have

Ve Wi, @] 1 (cyisy < CllEx (D)2 (cyis),
Ve K., @] 1 (oyisy < C(I1Ex (@) L2(cyis) + 9l () (9-8)
Ve KC,27 H@HHl(Cyls) < C(HSX(’&)\)HL2 (Cyls) + HgHLOC(Q + |C|)

Proof. Let (w,?) be in \/7\\7”” X Wzm satisfying (9.7). Set r(1:0) = @(1.0) —5(Lb) and r2:@) = (20 —5(2:9) with
(a,b) € {0,1}2. These displacements are rigid mOthIlS S0 we write
r (X)) = AMY 4+ BEY A (Xiep + 01 (X )es) + BEY A ((Xs — b)es + XanY) (X)),

9.9
r29(X) = A®Y 4 B2 A (Xoey + 03 (Xo)es) + BEY A (X1 — a)er + X3n?9(Xy)), (99)

Furthermore, they are periodic in the respective direction. Hence (%) (0, Xy, X3) = 7(10)(2, Xy, X3) yields
BMY) Ae; =0 and 2% (X1,0, X3) = (3% (X,2, X3) analogously B A ey = 0.
They also satisfy the contact conditions, hence

rbO) (X)) Xy, (—1)°PR) = rPA (X)) Xy, (—1)2TP k), VY (X1, X32) € Cup
The first condition yields

ALD 4 B0 A Yoy = A0 L BEO A X6, V(X Xy) € (=5, K)2.

That gives B0 A ey = B9 Ae; = 0 and then taking into account the preceding equalities one has B(1:0) =

B9 =0 and also A9 = AR0) In the same way, we obtain
BIY = @b —o ALY — AZa y(q,b) € {0,1}2

Thus the difference of @ and D is constant and there exits A € R? such that @ — 9 = A. The last condition in
the definition of Wy;,, implies A = 0. The Korn inequality gives 1.

Now, if (@,7) belongs to K, x K,. The periodicity yields again B4* Ae; = 0 and B?% A ey = 0. The
difference between the two cases lies in the contact conditions and we obtain e.g. on Cgyg

1ATD — AP0 < g (2),  |ASY — AP < go(2),

V(Xl,XQ) € Cyo (910)
0< AN £ x, B0 — AR 4 x, B < ga(2),
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Since (X1, X2) € (—k, k)2, the third condition in (9.10) gives 0 < Aél’o) - Agz,o) < g3(z) as well as 2%(|B§1’0)| +
|B§2’O)|) < g3(z). In the same way, we get similar conditions for the other contact parts:
A — ABD| 4 [BEI| 4 [BEY| < gl ¥(a.b) € {0,132

Set

A== (ALY 4 AGD 4 AR 4 421

| =

One has
|ATY) — Al < Cllgllp=(), |A®Y — A < Cllgll=@)  ¥(a,b) € {0,1}%.

That leads to
||7“(1’a) - A”LQ(Cyls(lv“)) + ||7"(2’0) - A||L2(Cyls<2"’)) < Cligllze=(e) ¥(a,b) € {0,1}*. (9.11)
Finally, the above inequalities and the Korn inequality give
1@~ 9 — All gz eyrston + 1@ =D — Alla oy < Cllgllei@y  Vab) € (0,1}

The last condition in the definition of K, implies A = 0. The Korn inequality gives 2.
In the last case (@,?) in K¢, x K¢ , we replace (9.11) by

() — AllL2cyistoy + >0 — AllL2(oyisemy < C(IC+ 191l @) v(a,b) € {0,1}*.
The conclusion is analogously. O
Theorem 9.3. Suppose that féa) is defined as in and that
g. =g, gec()?. (9.12)

Moreover, assume that AL = A (7) satisfies assumptions of Section with A1) € [L>(Cyls(*))]9¥6.

€
Let ue = (uMD), . u(12Ne) (2000 (22N)) € V. be a solution to problem (9.1). Then there exists a
subsequence, still denoted by €, and (U, u) € X such that the fields satisfy the unfolded limit problem

Find (U, @) € X such that for every (V,v) € X:

~/Q><C'yls PK{S(C) +5X(ﬂ)} . [E(C—f) +5X(a—5}\)} In| dzdX < /QF.(U_V) dz,

(9.13)

where
¢ = (e11(U), e12(U), e22(U), 011Us, 022U3, 012Us), & = (e11(V), e12(V), €22(V), 011 V3, 022 V3, 012V3).

The tensor-fields £ and Ex are defined in (and in Section and F = f) 4 f2),

Proof. Choose the test-functions according to Section Then the limit is a consequence of unfolding for
integrals, the assumptions and the convergences in Sections [7] and [§] The form of the right-hand side follows
by integrating over the other parts of the displacement, which vanish due to symmetry reasons.

Note, that until now the test-functions are in the space

(V,3)) e XN [C'(Q)? x C2(Q) x ' (@, W]

The density-argument of this space in X is a bit more involved due to the cone-condition coming from the
contact. This issue is resolved by truncation and regularization of the functions, which then allow together
with the typical density argument to conclude the claim. O

Before investigating the existence and uniqueness, it is necessary to describe the homogenized problem
completely. Hence introduce the correctors and their respective problems. In fact, since the problem is
nonlinear, it is split into multiple problems, of which most are linear but one remaining problem captures the
non-linearity.

The corrector-problem for the field @ is obtained by choosing V' = U in leading to the following
microscopic problem:

For (¢, z) in R® x Q, find ¥, € K¢ .,

. X I " 0.14
| AlE©) + x| - Ex(Ge. - Dl dX <0, V€ K 1
Cyls
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This variational inequality admits solutions by the Stampacchia-Theorem (see [18]). Two solutions v; , and
We,, of this problem satisfy
Ex(v¢,2) = Ex(g,z).

Indeed, consider the problems of the two solutions with specific test-functions

| eR[E0)+ Ex(ic)] - Ex (e = el aX <0,
yls

| pA[E© +Ex(@c)] - Ex(@cs — Tlnl dxX <o
Cyls
Adding these two inequalities yields
/ pAEX (.. —Vc.2) - Ex (.. — Tc.2)|m| dX < 0. (9.15)
Cyls

wherefrom it follows that Ex (V¢ ) = Ex (W, ) since by coercivity (9.15)) is also non-negative. Thus solutions

of (9.14]) differ only from rigid motions, see Lemma and there exist rigid displacements réij’c), (o, c) €
{1,2} x {0,1} such that

DY =) =0, (ay0) € {1,2) x {0,1).
One has

1% 2 ogisteeny < C(IC+ lgl=(@),  (a,¢) € {1,2} x {0,1}.

Now, we introduce the six typical linear corrector problems as the solution of the following variational
problems:

Find Xn € WO x W® such that X0 4 Wb (e,) = 2 4 W29 (e,) ae. on Cgp,

~ o~ 9.16
/ pA[E(en) + Ex(Rn)| - Ex(@)n| AX =0, V@ € Wi, ne (L6} (9.16)
Cyls

with n € {1,...,6} and the unit-vectors e, € RS. Due to the definition of Wi the problems (19.16) admit
unique solutions.
Denote S the vector space generated by {X1,...,Xs}. Every function v € K¢ . is uniquely written as

6 6
7= Gt @, Y GNES, GeK..
i=1 i=1
Hence, the solution of ((9.14) is uniquely decomposed as

6
U¢,x = V¢, tin + XC,2 Ve, lin = Z GXi €8S, X¢.» € K. (9.17)
=1

The additional corrector X¢,. takes into account the nonlinearity and is the solution of the variational problem

For (¢, 2) in R® x Q, find X¢,. € K.,

< —~ A N . R 9.18
/ pA [5(@ + Ex (V¢ tin) + SX(XC,Z)] “Ex.k(Xe,» —W)|n| dX <0, Y e K. (0.18)
Cyls

This variational inequality admits solutions by the Stampacchia-Theorem [I8]. Here also, two solutions X¢,.

and ¢, of (9.18)) differ only by rigid motions (see Lemma . Hence ,there exist rigid displacements ré‘?‘z’c),
(a,c) € {1,2} x {0,1} such that

R - =l (a,0) € {1,2) x {0,1)

Y4

and one has
15 2 eyisoery < Cllgllmqeys  (ane) € {1,2} x {0,1}.

Lemma 9.4. The map ((,2) € R® x Q — Ex(Xc,») is continuous. Moreover, one has
||8X(§<\C*Z)’|L2(Cyls) < C‘C'»

V(¢,2) € RS x Q, R
HXC,ZHHl(cylS) < C(‘C' + ||g||L°°(Q))

(9.19)
The constants do not depend on ((, z).
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Proof. First, choose w = 0 in (9.18]), that leads to the estimate (9.19);. Then (9.19)2 is a consequence of
Lemma [0.21 B
Now, we prove that the map is continuous. Let ((, z) be in R® x Q and {((,, 2n) }nen a sequence satisfying

(Cny2zn) € RS x 0, (o — ¢, and 2z, — 2.

Due to (9.19) and Lemma the sequence {X¢, 2, tnen+ is uniformly bounded in H'(Cyls)3. Hence, there
exist a subsequence {n'} and Yo € H'(Cyls)? such that

X¢,r,2,, — Xo weakly in H'(Cyls)?,

. and  X¢, . ,(X) — Xo(X) fora.e. X € Cyls. 9.20
X¢, /.2, — Xo strongly in L*(Cyls)? Xtz (X) Xo(X) Y ( )

en

First, using the definition of K, and passing to the limit gives ((a,b) € {0,1}?)
(1) (2, atb(o(1h) (2, -
K6’ —Roa| € gal2). 0< (~)"(R63” ~ X5") <9a(2), e on Cap, and / RodX =0,
Cyls
which implies that Xo € K. Then, from (9.18) one has for all @, € K, , that

/ PAEX (Rer ) Ex (R oz, )l X < —/ PAE(Grr) - Ex (Reyr i — W) |m| dX
Cyls Cyls (9.21)

- /C PAEX (T, 1in) - Ex Ry o) — )] AX + /C PAEX(Re, =) - Ex (@) ] dX.

yls yls

Now, for every w € K, we build a sequence w, s of admissible test-displacements strongly converging to w in
WO x W), Set (i € {1,2,3}, a € {1,2})

(60, - 2 ) warnpe (), (@), #0010

Clearly, due to the continuity of g, the sequence {(127,(11,), @g))}n/eN strongly converges to (0", @) in WO x
W@, Then, observe that the left-hand side of is converging by weak lower semi-continuity of the integral
and the weak convergence of Ex(X¢,,,-,,)- In the right-hand side we have a sum of integrals with a product of
a weakly L2-convergent term with another which converges strongly. Hence for all @ € K, one has

/ PAEX(R0) - Ex(Ro)Iml dX < lim inf/ PAEX (R, o) Ex(Re, .z, )Ml AX
Cyls n’—0 Cyls

< limsup/c l PAEX (e, )  Ex(Re, oz, )M dX < —/ pAE(C) - Ex(Ro — @) || dX
yls

n’—0 Cyls

- / PAEX (Te.1im) - Ex(Ro — @)lm| dX + / pAEX(R0) - Ex (@)|m] dX.
Cyls Cuyls

Therefore, the field Xo solves the problem (9.18). Recall that
Ex(Xe, z,,) — Ex(Xo) weakly in L*(Cyls)®.

Due to the uniqueness of the strain tensor of the solution to problem (9.18)), one has Ex(Xo) = Ex(X¢,2)- As a
consequence the whole sequence {Ex(X¢,.z,) fnens converges to Ex(Xo) = Ex(X¢,z)- That gives the continuity
of the map (¢, 2) € RS x Q — Ex(X¢.2)- O

Remark 9.5. Denote U¢ the solution of (9.14) with g; =1, ¢ =1,2,3. Then consider the variational inequality
(9.14) with g1 = g2 = g3 = G. In this case one has

Ex(Xe¢,2) = G(2)Ex (X¢/a(z))-

Proposition 9.6. Under the assumptions of Theorem the function A"™ defined by (n € {1,...,6})
Ap™(2,¢) = /C l PA[E(C) + Ex(Bc2)] - (E(en) + Ex(Rn)) Inl dX (9:22)
yls

with V¢, the solution of problem (9.14)) is of Caratheodory type and monotone.
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Proof. First note that from Lemma the map (¢,z) € R% x Q +— Ex(7¢.) € C(R® x Q; L*(Cyls))°
continuous. Hence, the map ({,2) € R® x Q = A"™(¢, 2) € C(R® x Q;RY) is continuous. Moreover, due to

(9.17) and (9.19)1, it satisfies

|ARo™ (2, ¢)| < C|¢| for every (z,¢) € Q x RE. (9.23)
Monotonicity is easily shown by
(APm(2,0) = AP (2,€)) - (¢~ ©)
- /Cl PALE(C — &)+ Ex(Des —Ve2)] - [E(C— &) + Ex (e — Te,.)] In| dX

4 /C PRIEC =+ Ex@e — )] - Ex(Res — o) inl dX
yls

The last integral is non-negative by problem (9.18) and the first one by coercivity of the matrix A. Hence,
using the above Lemma[0.7] we arrive at

(A" (z,0) = AM™(2,€)) - (( =€) = C - E(C =€) +Ex (B = Be.2)* dX 20 (9.24)
yls

with constants independent of ¢, £, z and C > 0. O
Lemma 9.7. There exist two constant Cy, C' > 0 such that
V(z,0) € QxR (|2 Cillgllpe@) = A"™(2,0)-¢ > C[¢*
Proof. Step 1. In this step we show that there exists a constant Cy > 0 such that, if the equation
E(Q)+Ex(0) =0
admits a solution in K¢ -, (¢, 2) € RS x Q, then |¢| < Collg| p()-

The solution of the above equation is given by

= ABD L BAVA (X, — b)es + Xan(X)),  92Y=ACD L BERUA (X - a)e; + X3n(Xa))

with
6 Cs
BUD (X)) =bMY — (X —1) [ =G|,  BPI(Xy) =b®Y — (X, - 1) cs :
0
G Ce
ALY (X )= alb (X — 1) [bEYAe — | & ||~ X1 —1)? 4 Aey— @D (X )BIY (XA es,
G2 C5
A(Q’a) (XQ): a(2’“)+(X2 - ].) b(2,a)/\ es— | (3| — X2 - ]. —(g |Nexy—® (2 a)(X2)B(2,a) (XQ)/\ es,
0 0

where b(1:0) | a(1b)  H(2:0) - 5(2:9) helong to R3.

First, note that the functions X; — (X; —1)? and X3 — (X5 — 1)? can be extended in 2-periodic functions.
Then, the periodicity of AM? and BM) (resp. A and B(>%) ) with respect to X; (resp. X3) yields
G=@=0u=(=C=0and

bgl’b) 0
b(l’b) _ 0 ’ b(2,a) — béZ,a)
G —C2
This reduces the displacements tremendously to
(1,b)
1
7D (x)y=a® — [ o | A [cb“»b)(xl)e3 + (X2 — bes + X?,n(lvb)(Xl)} :
G2
0
520 (X) = a® — | p2 | A [<p<2’a>(x2)e3 + (X1 —a)ey + X3n(2’a)(X2)} .
—C2
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Then the displacements on the contact parts read as

bgl,b) 0
(X)) =al® — | 0 | A(Xy—bles,  TED(X)=a®) — | PV | A(X) - a)e,
G2 —G2
Hence
—2(X2 = b)(2
Mab(C) + E}\(l’b) _ 6(270') _ a(Lb) _ a(27a) + 2(X1 _ a)CQ

(X2 — BB 4 (X1 — a)bsH?

and thereby 2k[G| < [|g/[ L ()-
Step 2. In this step, we prove by contradiction that there exists a constant Ci||g||z(q) > 0 such that for all
(2,() € Q@ x R and all ¥ € K, it holds

IC] > CillgllL~ () = 2CollgllL>@) == /C (£@©) +5X(5))2dX > CngHLOO(Q)‘CF- (9.25)
yls

Suppose ([9.25)) not satisfied. Then, for every n € N* there exists (2,,(,) € @ x R? with [¢,] > C1lg]| = (0) and
Un € K¢, -, such that

/C (E(C) + Ex (7)) dX < %|gn|2, neN". (9.26)
yls

e Case 1: a subsequence of {|(,|} is bounded. From (9.26) and (9.8); the sequence {©,}, is bounded in
WO x W), Then, there exists a subsequence of {n} (still denoted {n}) such that

G — G, U, =0 weakly in V\V(l) % \/7\\/'(2)'

One has [(| > C1l|gllz(n). Now, passing to the limit in (9.26)) gives

/ (£(0) +Ex (@) dX < liminf/ (E(Cn) + Ex(Bn))* dX < 0.
Cyls Cyls

n—-+oo

Hence

£(¢) +&x(v) =0.

C o
Using Step 1, this yields that |[¢| < M

€12 Cillgllz= (o) Hence lim |¢a| = +oo.

= Col|g||Le=(q), wich obviously contradicts the fact that

CillgllLoo (2)6n Cillg (@) 5
[Cnl

o Case 2: lir_irrl [Cn] = +00. Set ¢, = and ), = % n- Then one has (]| = C1l|g|l L= ()
n——+00 n

and from ((9.26))

’ ~7 1) 2 1o 012 2
(E(C) +Ex (@) dX < ~|GI° < =gl T (o)
Cyls n n

Then, proceeding as in the first case one obtains a contradiction and (9.25) is proved.
Step 3. In this step we show

V(ng) € Qx Rgv ‘C' > Cl||g||L°°(Q) g Ahom(z,g) ' C > C/‘C|2

For every (z,() € Q x R? such that [¢| > C1]|g||=(q) one has

Ahom(z.¢) - ¢ = . ZPA [E(C) + Ex (¢, 1in) + Ex(Xe,2)] - (E(C) + Ex (Tc,1in)) Im| dX
= /C /"& [E(O) + Ex(@c.) - [E() + Ex B Inl dX = | lpfx [£(C) + Ex(Tc,2] - Ex (Re.2)Im| dX.

The last integral is non-negative by problem ((9.18]). For the first term we apply Step 2 and the coercivity of
the matrix A. We conclude thereby that

APom(z.¢) - ¢ > )¢ -
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Theorem 9.8. Under the assumptions of Theorem the homogenized problem

Find U € [H*(Q)]* x H*(Q) such that:
hom 1 2 2 (927)
/QA (1) € do = [ PRV 2, YV e @) < ()

with

(= (ell(U),612(U),€22(U)7511U3,322U3,312U3), = (611(V)7612(V),€22(V),311V3,522V37812V3)

and the nonlinear differential operator (m € {1,...,6})
Ay = [ pRIEQ) +Ex() - [Elen) + Ex(Tu]InlaX. (9.28)
yls

admits solutions.

Proof. The solvability of the problem (9.27) is a direct consequence of the Caratheodory-type, monotonicity,
coercivity and boundedness (9.23)) of the function A"™. O

The operator-structure of the homogenized problem is known as Leray-Lions-operator.

9.2 The Linear Limit

As seen in the section before the limit-problem is a overall non-linear problem due to the contact. In
particular, this corresponds to the contact g. ~ €3 but in the case where g. = 0 or at least g. ~ €379 with
0 > 0 the problem reduces to a linear problem in both the microscopic and the macroscopic level. Indeed, in
this case the limiting contact-condition is just

M (¢) + ath? —ath? =0 (9.29)

with ¢ = (e11(U), e12(U), e22(U), 811Us, 920Us3, 012U3) as above. Thus, we find that the corrector problem ({9.14])
reduces to (9.16]). Hence, all necessary information is already captured by the linear correctors and the nonlinear
corrector vanishes X¢ . = 0. This reduces the homogenized operator to a matrix with the entries

Anot =/C l pA [E(en) + Ex(Rn)] - [E(em) + Ex(Xm)] Inl dX,  m,n € {1,...,6} (9-30)
yls

and leads to the homogenized problem

Find U € [H'(Q)]? x H?(Q) such that:

/ Ahomiline ey = / FVdz, VYVe[H(Q)xH(Q) (0.31)
Q Q

with
¢ = (e11(U), e12(U), e22(U), 011Us, 022Us, 012Us), & = (e11(V), e12(V), €22(V), 011 V3, 022V3, 012V3).

Theorem 9.9. Under the assumptions of and additionally that the contact satisfies ||g|| < €3+ with § > 0
the problem (9.31)) is uniquely solvable.

Proof. The existence is a direct consequence of Theorem The uniqueness is a consequence of being a
coercive bilinear form and the Lax-Milgram-Lemma. O

10 Appendix

Remark 10.1 (Transformation . and its Jacobian determinant). Recall that
Ve(2) = Mc(21) + 22€2 + 230(21), M (z1) = z1€1 + Pc(21)es3.

Then by differentiating and the Frenet formulas the Jacobian

Vipe(z) =

dM(Zl) dl’ls (Zl)
( le t le

‘62 ne(zl)) = (75(,21)(1 - zgce(zl))tg(zl)fe2|ng(z1))
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is eastly obtained as well as the Jacobian determinant
det(Vye)(2) = n=(2) = 76(21)(1 - 2365(21))'

One has 1 < ~.(z) < C for every z € P, (see (3.2)).
To show that ¥ is a diffeomorphism, it is left to show that 0 < 1 — z3¢c(2z1) < C. But the boundedness is
immediately clear form the boundedness of ®. and 7"<I>'5' in L for fized k small enough. Recall that

"

(bs (Zl)
Ce(z1) = —==.
)= e
Hence
7" 121‘4‘;2
1—zgee(21) 2 1= 7| [0,y 21— =202

and thereby Kk < Rk = %. While for the upper it suffices that n. is piecewise C?> on a compact interval.
For the beams in eg-direction we have similarly

VI (2) = (e1 | 7e(22)(1 - z6(22))62) (22) | 0 (22)) (10.1)

where we denoted all functions with the index (2) to distinguish them from the beam considered before.

Lemma 10.2 (The unfolded limit of V). The oscillating function ®. converges strongly
1
EH(Q)(@L‘D‘]) — &) strongly in L*(Q; H (Y***)) (10.2)

with &Y (X,) = (=1)*t*®(X,). Moreover, we have the following strong convergences

e (1) — ¢ (X, — o)= m(ea +dx, @) (X, — c)es) strongly in [L*(2; H'(0,2))]°
1
M (nl) = n(*9 (X, — )= m( —dx, 9 (Xo — c)eq +e3)  strongly in [L*(Q; H'(0,2)))*
d% ®@9)(X, —c)
el (eloly - @@e) (x, — )= X = trongly in [L*(Q; H'(0,2
e = e c) (X — o) strongly in [L*(Q; H*(0,2))]
H[Ea] (nga])—> n(a’c)(Xa —¢, X3)=v(Xo — c)(l — XgE(a’C)(Xa — c)) strongly in L2(Q X C’yls(a))

with y(t) = /1 + (@’(t))2 and thereby

HLl](VQle]) — (n(lvb)t(Lb) ‘ es ’ n(lvb))’ HLQ](vaQ]) — (el ’ rrl(zva)t(zva) ‘ n(2va‘)).

Remark 10.3. Note that the identity n. = t. A eo remains for all the original, the unfolded and the limit
(1,b)
n

vectors. Additionally also the curvature fulfills its identity = —¢(1b) ’yt(l’b) at the limit.

Lemma 10.4. Let {¢.}. be a sequence of functions in L?(Q) satisfying
0

£
821

<C

L2(Q)

el zee +e

where C' does not depend on €. Then, up to a subsequence, there exists qAS € L*(Q x Y) such that (;AS 1s 2-periodic

1o}
with respect to X, and % S L2(Q x V). Moreover
1

Te(¢e) = ¢ weakly in L*(Q x V),

0p.\ 99 -
67;(8,21) X, weakly in L*(Q2 x V),

7;(¢E)|X1:a — $|X1:a weakly in L? (Q x (YN {X; = a})).

Proof. These convergences are easy consequences of the properties of the unfolding operator 7. O
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