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Abstract

Our purpose is to examine the articulation between the Lorentz transformation (theory of
relativity) and the very construction of the concept of time. The latter does not exist ready,
waiting to be enrolled in the equations of mathematical physics. However, when deriving the
transformation, the existence of time is not contested. Under these conditions, the notion of a
clock is not the subject of any special discussion. We want to criticize this classic approach
because, if we want to deepen and contest this very existence of time, we are led to "open" the
clocks and look at what happens there... We realize that we always transform a movement into
time (a clock is a point of view on a movement). In these conditions, it is a question of taking
up in a concrete way, i. e. by looking at this or that particular clock, what is happening about
time. In the case of an atomic clock like today, it is a movement of light. In this context, we
are led to compare the relation of the same photon to two reference frames (at rest / mobile;
this is how we define the two clocks) while assigning it the same speed (second postulate of
relativity). The new approach leads to the study the writing of the transformation according to
the orientation of the movement defining time. The meaning of the y relativity factor is
extended, making it depend not only, as in the standard case, on the ratio p = v/c of the
velocity modules (the relative movement of the reference frames and light), but also on the
angle & between these two movements. A general relation y = y(B, 8) is proposed which
makes it possible to find in the same framework various transformations already known,
including Lorentz's (the intelligence of the word transformation is renewed in the sense of

accommodating a particular movement of light, and not all possible movements).

Keywords: Lorentz transformation; clock; space; time; movement; y factor ; factor g = v/c;
angle &; light; atomic clock; optical clock; reference frame at rest; moving reference frame;
second postulate; relativity theory.



1. Introduction

In relativity theory, the Lorentz transformation makes it possible to move from a collection of
space and time variables (X, y, z, t), evaluated in a reference frame R said at rest, to another
collection (X', y', Z', t') evaluated in a moving reference frame R’ at a speed v with respect to
the first’. Our purpose here is to examine the articulation between this transformation and the
construction of the concept of time. The latter does not exist ready, waiting to be enrolled in
the equations of mathematical physics. However, when deriving the transformation, the
existence of time is not contested: it is then a question of establishing its measurement and
comparing the estimated values in the two reference frames in relative motion, under various
constraints, in particular that of an equal "speed" ¢ of light in each reference frame (the
consequence is the relativity of time). In these circumstances, the notion of a clock is not the
subject of any special discussion: it is assumed that it is available as much as necessary.
Located at the various locations of the reference frames, the clocks give the local time; they
are even assumed to be punctual for the proper functioning of the reasoning (after the so-

called synchronization process, we can limit ourselves to one clock per reference frame).

We want to criticize this classic approach because, if we want to dig a little deeper and
challenge this very existence of time, we are led to "open" the clocks and look at what is
happening there... We realize that we always transform a movement into time (a clock is a
point of view on a movement). In the case of an atomic clock (also known as an optical clock)
used as a reference as today, it is a movement of light that is involved. The question then
arises as to how this movement of light is or is not in harmony with the movement of

"external™ light that we have just discussed.

The answer assumes that the same choices are made for the two or three (including the two
clocks associated with the two reference frames) lights, which are now only one from a
conceptual point of view. Indeed, we are logically led to make the same assumption "c = cte"
for the two internal photons of the two clocks as for the external photon. As a result, all three
photons play the same role and only one photon is required. The same photon serves both as a

clock, or as plural clocks (each point of view on it is a clock; we have one for each reference

! We will use the word speed (with or without quotation marks) here, although for light it is not appropriate (see
the discussions in the literature and in our work).



frame) and as support for the postulate ""c = cte". There is no other photon to consider, nor is

there any time that would flow locally here or there, to measure here or there.

Because of the relative displacement between the two reference frames, the direction of the
movements will then intervene: the movement in R does not have the same orientation as in
R'. Previously, there was no interest in the direction of the movement for two additional
reasons: - we did not open the clocks: a scalar time came out of them as if by magic; - we
were interested in all possible directions for the "external” photon (whose “constant™ speed
was taken). The orientation of the relative displacement between the two reference frames

was relevant for the offset of the origins, but not in the y distortion factor.

It is ultimately the understanding in terms of movement of time itself that presents itself to us
in Lorentz transformation. There is no longer time on one side (hidden in the clock) and light
on the other, it is the same thing; time being marked by the movement of light. This statement

ipso facto particularizes the direction of light in the "real” "clock”, and asks us not to

accommodate all possible movements (a summary of our approach is given in Figure 1).

In the context of today's optical clocks, expressing the identity of the properties of light
propagation in the two reference frames amounts to considering two points of view (that of R
and that of R") on a photon to which the same velocity is assigned, in a reasoning where the
implicit geometric content of the equations is as important as the explicit algebraic content.
The new approach therefore leads to the study of the writing of the transformation as a
function of the orientation of the photon motion defining time; various transformations are
then possible according to the directions of the axes of the reference frames with respect to
the displacements in play (reference frames, light). In doing so, the understanding of the word
transformation is renewed in the sense, as we have noticed, of accommodating a singular

movement of light and not all imaginable movements.

Here is what our plan will be. We will start with a few brief reminders on the standard

Lorentz transformations (closed clocks), section 2. We will then focus our discussion on the y

transformation factor (it is it that retains its originality), by presenting a new formulation: it

will take into account a temporal movement of any direction, both in relation to the coordinate

axes and the direction of the relative movement of the reference frames (section 3). We will

then look at some remarkable special cases (section 4), before making proposals for complete
4



general transformations explaining the offsets in the origins of the reference frames, in
addition to the scale factor y (section 5). We will then be able to discuss some problems
related to the composition of non-collinear Lorentz transformations (section 6), before
concluding and briefly discussing what this approach brings to the approach to natural
phenomena (section 7). Some borrowings from older texts will be highlighted, with the
present set providing new formulations and conceptual insights. The reference (Guy, 2016)

gives access to many of our works (see also Guy, 2011, 2017 a and b, 2019).

2. Some reminders on the Lorentz transformation

There is no question of proposing a panorama, even partial, of everything that has been
written about Lorentz transformation. We will simply comment on it quickly through the
delicate points already discussed by us: these concern on the one hand the composition of
non-collinear transformations, with the related question of additional rotations (Guy, 2010),
and on the other hand the twins paradox, the relativity of time and the expected time gaps
(Guy, 2015), the previous references giving access to an already abundant literature.

Let us first look at the classic situation where the question of clocks is not yet raised. The
Lorentz transformation is first presented for a relative displacement of the reference frames
parallel to a coordinate axis. We are brought back to study the transformation of a pair (x, t) in
the reference frame at rest into the pair (X', t') in the reference frame moving at the speed v
with respect to the first. The other coordinates are not modified (y = y'; z = z'). The constant
speed of light constraint, recalled above, is written along the x-axis (if x = + ct, then X' = +

ct’). The vector v is parallel to the x-axis; we obtain the well-known formulas

X' = y(X - vt)
t' = y(t - vx/c?) with v = (1 - v¥/c?) ™2 )

The yfactor
The previous transformation shows the product of two different terms: - one expresses the
offset of the origins between the two reference frames (in the spatial term (x - vt) and its

temporal correspondent (t - vx/c?), - the other a distortion of scale in the y factor; this



depends only on the velocity ratio = v/c. This two-fold separation results from the different
constraints imposed on the structure of the equations of relativity (homogeneity, linearity,
etc.) and detailed in the original articles and treatises (e. g. Lorentz, 1904; Poincaré, 1905;
Einstein, 1905; Lévy-Leblond, 1976; Rougé, 2002). As we have already argued, it is the y

factor, discussed in the next section, that gives the Lorentz transformation its originality.

In the first derivation proposed above, we observe a perfect symmetry between the two
variables x and t (x' and t'), already noted by Poincaré and clearly visible by taking ¢ = 1. The
corresponding transformations are called special transformations or "boosts". They define a
group; i.e. the composition of two transformations with respective velocities v; and v, is a

transformation of the same type, of velocity vs, a function of v, and v, (we write vz = vi @ V,).

The next natural step is to extend the previous result to relative movements between any
reference frames, i. e. such that the velocity v is not parallel to the coordinate axes. The
approach consists in making a first rotation of the rest reference frame to position its x-axis
along the speed v. A special Lorentz transformation is then performed as just now. We then
return to the initial directions of the reference frames by reversing the previous rotation. It so
happens that this process leads to a series of difficulties: in our analysis, they are due to the
fact that we no longer have the symmetry between spatial and temporal variables that we had
for the couple (x, t) of the special transformation; the group structure is lost. The solution
proposed in the literature consists in releasing the constraint of light propagation at a constant
speed along a single direction (the x-axis containing the speed v in the boosts) and writing it
in all directions; this is done by preserving the quadratic form ds® = dx? + dy? + dz* - cdt?. In
addition to translations, the geometric operations allowed by the constraints then include a
priori rotations of the axes. With regard to the composition of several non-collinear Lorentz
transformations, we find a mathematical coherence (group structure), adding new rotations (in
addition to the previous ones) depending on the speeds of the different displacements to be
composed (they are called Thomas rotations, cf. Guy, 2010). This approach, which has been
extensively analysed in the literature, raises many questions, particularly about the physical

nature of what is written?.

2 Our second announced point of view on Lorentz transformation, on the side of the twins paradox, will be
discussed below.



3. New approach. Proposal of a y factor taking into account the direction of light

propagation

We do not repeat our contribution to this discussion, to which the reader is invited to refer.
We are not encouraged to retain the various rotations we have just mentioned, insofar as we
feel that a resumption of the Lorentz transformation is necessary. This must be done on the
occasion of an "opening" of the clocks and the consideration that time is associated with a
movement; as we have said, it is now that of a photon in an atomic clock. The position of this
photon is described by three space coordinates, ty, t, and t,, and the scalar time corresponds, at

least momentarily and locally, to the norm t = (&, + t,° +t,%)"?

. A slightly different way of
understanding the three parameters useful for defining time is to see them as defining the
direction of photon motion (see below). We thus limit ourselves to a particular clock, i.e. the
movement of light that travels through it (the clock is here the point of view on the standard
photon). We can also specify in which reference frame we locate the direction of the standard
movement (the orientation in the other reference frame derives from it, taking into account the
relative movement). We will consider it here in the moving reference frame R', and will also
look at the movement of the photon from the reference frame at rest R, while decreeing it to
keep the speed c in the two reference frames (reversing the points of view does not only mean
changing v to — v, but changing the reference frame where we start to designate a direction of
light - we have done so here in R'; by reversing the points of view, it is in R that we must
designate the direction of the speed of light- ; see also Guy, 2015). In total, it is no longer a

question of postulating the conservation of the "speed" of light in all directions®.

Notations

Let us set the notations that we will use later. We will use, in addition to the vector v of the
standard Lorentz transformation, a vector c¢' for the movement of light in R', corresponding to
a vector ¢ in R. The orientation of the velocity v is defined by the direction cosines®, or ratios,
o, such that vy = ay.v, vy = oy.V, V; = a,.v. The coordinates vy, vy and v, make it possible to
define the module v (we will only rarely distinguish vector and module by different notations,
the context allowing to understand). The two vectors ¢ and ¢’ have the same norm (it is the

expression of Einstein's second postulate), but different directions a priori. The corresponding

® We can continue to use the interval ds® by adding constraints; we no longer envisage a multiplicity of
movements of light, with a time on its own side, but a single movement to define a time that respects the "logic"
of a clock.

* The direction cosines o; define the orientation of a unit vector carried by v and check o’ + a,® + a” = 1.
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times t and t' are the scalars that scale the progression of the photon along the directions ¢ and
c'. The associated t and t' vectors are carried by the ¢ and c' vectors respectively in the two

reference frames. The link between them is written
rd 1 7 ’
t= =ct and t'==c't

where it is important for a good understanding to distinguish between vectors ¢ and t and
scalars ¢ and t (vector modules), as well as for ¢ and t with respect to ¢' = ¢ and t'. The
orientation of the vectors c or t, on the one hand, c' or t' on the other hand is defined by the
direction cosines w; and w’; respectively. These ratios check: ty = wy.t, ty = oy.t, t; = ..t (rest
reference frame); t'x =o'\.t', ty =o'y.t', t'; =»',t' (moving reference frame); or, by multiplying
these relations by the constant c, (ct)x = ctx = wx.Ct (t is a vector in the first term, and its

module in the third one) and also for the other components and in both reference frames.

The last relations can still be written cx = ®y.C, Cy = ®y.C, C; = ®,.C for vector ¢, and similarly
with the ratios ’y, »’y and »’; for vector c'. In order to formulate Lorentz transformations for
the vector t (ty, ty, t;), in association with the position vector (X, y, z), we will then reason

about the vectors t and t' rather than the vectors c and c'.

Case of two dimensions of space

To simplify the calculations, we will reason in the case of two space dimensions x and y as in
Figure 2. In this case, the notations », ®’ and a denote angles such as: ® x = Cos®, ®y = Sinw;
ox = Cosa, ay = sina in the rest reference frame; and w'x = cos®’, w'y = sin®’ in the moving
reference frame. The vector v is seen in R under the angle o and under the same angle o = o’
in R" (we will use o for both). Neither the z-direction nor the variables and parameters
associated with this direction are involved. It is useful to define the angle 6 = ®’ - o’ between
the vectors c¢' and v (we will not use the equivalent notation 6° = o’- o’), i.e. between the
relative displacement of the reference frames and the movement of the photon marking time
in the moving reference frame (we have said that we locate this movement first). We have
here two factors expressing the relations between two movements: the ratio  of the two
modules, the angle 5 between them. The three angles o, ®’, o (a’) and the parameter = v/c

are linked together by the relation (Al) : ® = ®’ - Arcsin{p sind} (see Annex 1).



Expression of the second postulate for an optical clock

It is therefore for the movement of a photon P marking time, another name of a clock, that we
will formulate the second postulate of relativity. Looking at the photon from O, time in R is
identified by OP = ct; looking at it from O', time in R' is identified by O'P = ct' (relational and
not substantial approach). In both cases, the factor c is the same; that is the expression of the
second postulate. The offset of the origins is marked by OO' = vt. Refer to Figure 2.

By comparing the two times t and t' in the ratio y (as in classical relativity), we can simply say
that the ratio is lower or greater than one. Avoiding a misunderstanding, because of the
reflexes acquired by the standard Lorentz transformations®, we will not ask ourselves what is
seen deformed or not deformed in one reference frame or another, thinking in terms of
dilation and contraction of time and length: there is no substantial time or space, waiting to be
dilated or contracted; no influence of a movement on the flow of time (which does not exist).
We only see movements compared to each other (there are no longer clocks on one side and
rulers on the other, positions on one side and times on the other; cf. Guy, 2013). Seeking a
stable basis for comparison, we are drawn into an infinite regression, which is "temporarily"
stopped by simultaneously decreeing the construction of a reference frame and the adoption of

a standard signal within it (the photon).

This discussion refers to the debate between Bergson and Einstein on the interpretation of the
"flow" of time, and its changes compared between two reference frames (cf. the twins
paradox). Without going into detail on the positions of the two scholars (see some elements in
Guy, 2015), we dare to say that these two authors were both wrong in their belief in a
substantial time (which the first considered unique, the second multiple). Bergson was
somehow right when he spoke of a parallax or perspective effect to explain the differences
expressed by the y factor; there is indeed a change according to the point of view (OP and O'P
are different) but the parallax is original because the effect is not necessarily symmetrical (see
above and Guy, op. cit.). And he was wrong in denying any reality at one time in the moving
reference frame (he was talking about its fictional, imaginary, fantastical character!): there is

something that can be attributed to the R' reference frame. On this point, Einstein was right:

® Whatever the interpretation given, the convergence of the two approaches (the classical approach / ours)
towards identical equations for particular cases constitutes a certain assurance that we are not getting lost; the
functioning of the equations has a meaning in itself.



the distance of the photon from its origin, i.e. the time in this reference frame, is not illusory

(by repeating it in our own words).

Derivation of the y factor
To connect t and t', in the y factor, the Pythagoras theorem gives us: OP? = OH? + HP*= (OK
+ KH)? + (PH' + H'H)?, what is written :

c?t? = (vtcosa. + ct'cosw’)? + (visina + ct'sinw’)?

c2t? = v%cos?a + c’tcos’m' + 2vctt'cosocosm + VAtPsinZa, + cltsin‘e’ +

2vctt'sinasine

c?? = vt (cos’a + sina) + cit?(cos’e + sin‘®’) + 2vctt'(cosacosm’+

sinasin®’)

c?t? = VAt + ¢’ + 2vctt'cos(w’- o)

(c? - VAt - 2vctt'cos(o’ - a) - 2= 0

Where traditional trigonometric relations have been used. We obtain an equation of the
second degree of t as a function of t' and the parameters v, ¢, and angle (o’ - o). The reduced

discriminant A’ is equal to :

A" = VAt? cosi (@ - o) + (€% - vA)cit? = et (vicosi (o’ - ) + ¢ - VP)

= c’t?(c? - visind(o” - o))

This discriminant is always positive and the problem has two solutions. The square root of the

1/2

discriminant is ct'(c? - vsin*(®’ - a))"%, and the solutions are

vet' cos(w — @) £ct'\[c2 — v2sin?(0 — @)

CZ—UZ

That we can write t = yt' with

10



v , v? . ,
Ecos(a) — a)i\/l—ﬁsmz(a) - a)

}/:

Where vy is a function of v, ¢, and ®’ - a.. Using the relative notations B = v/cand 6 = ®’ - a

we write :

[cos 5+ fl—ﬂzsin25

V= -y (2

This fundamental relation (2) y = y(B,9) is a function of the ratio of the modules of v (relative
movement of the reference frames) and ¢ (movement of light defining time), and of the angle
between these movements; y does not depend on o which will play in terms of the offset
between the origins. For the time being, we consider that this is indeed the y factor of a
Lorentz transformation (in a modified sense as explained above), although we have not
completely derived it. There are two arguments for this: - the similarity of approach with that
derived from the standard transformation (in terms of time "dilation™), - that of the connection
with the standard expression (see below). These points may be developed in the future.

Discussion of the sign #in the expression of »

What meaning can we give to the choice of sign in the relation (2)? The second term of the
numerator and the denominator having a constant positive sign, we must at first sight make a
possible change of sign on the first term of the numerator, that is fcosd. Let us write the
factor y as y = a £+ b. If we take the + sign, we have y = a + b. If we take the sign -, we have y =
a - b, that we write y= -(-a + b). In this form, we see that, by keeping the same sign for the
second term b of the numerator, we can change the sign, not only of the first factor a, but also
of the whole expression of y. We interpret this as follows: a) the change in sign of the entire
expression of y = t/t' means changing orientation of one of the two t or t'; b) the change in sign
of the first term a = 3cosd is obtained either by changing v to - v, or by changingto dto 6 + «
(the cosine then changes sign). In total, we will consider that the choice of the sign in the

expression of y refers to questions of orientation of the axes bearing v, t and t', as well as the

11



angle 6. We can choose a sign for one y from which to find others for other choices of

direction.

Three-dimensional calculation

Our previous reasoning focused on two dimensions of space x and y. The calculation for three
dimensions X, y and z does not present any difficulty in principle. It brings nothing new from
the point of view of the fundamental relation (2) that we have demonstrated. Indeed, what is
at stake is on the one hand the ratio of the modules of v and c, and on the other hand the angle
d between the vectors ¢' and v. Since the three vectors v, ¢ and c', or OO', OP and O' P' are
coplanar by construction (the path of the same photon P is followed), the useful calculation
can be done in two dimensions in a plane, even if this plane is immersed in a three-
dimensional space. In this case, the value of the angle & as a function of the direction cosines

of vectors ¢' and v is given in Annex 2, relation (A2).

4. Study of some special cases (6 =0, 6 = n/2)

We are not going to do a general study of the function y(3) to given B (relation (2)) for the
moment. A first way to assess the relevance of our fundamental expression is to report

specific values of the angle o.

Parallel movement
In the case of a movement of light parallel to the vector v, we have 6 =0, i.e. o = ®’, (we will
also have ® = ®”); we then have cosé = 1 and sind = 0. These results are also valid for both

angles o and o’ simultaneously zero. There remains

_ p£1
V= 1 7 ®3)
By taking the + sign, we have
y=(L-p)t=(L-viey*t (4)

12



This is the value already found for parallel transport in Guy (2015), corresponding to Elbaz
(1984); the formulations given by these two authors contribute to transformations in the

renewed sense announced in our introduction.

If we take the sign -, we have y =- (1 + B)* =- (1 + v/c)* by changing vto - vand tort'to - t

or - t' in the previous expression (value also proposed by the previous authors).

Perpendicular movement

In the case of a movement of light perpendicular to the direction v of the relative movement

of the reference frames, we have 8 = ®’ - a = /2. Then cosd = 0 and sind = 1, and:

Ty (5)

Or
vy = + (1 _ BZ)-l/Z =+ (1 _ VZ/CZ)-I/Z (6)

The sign =+ referring to the choice of orientation of the t or t' axes. This value corresponds to
that given in Guy (2015) for perpendicular transport, with or without round trip®. It is also the
classic value of Lorentz transformation (1904)’. There is then a coincidence, for the
formulation of y, between the choice of a particular path for light (our point of view) and that
of accommodating all directions (classical point of view). Various authors (e.g. Hoffman,
1980; Rougé, 2002) have chosen this particular perpendicular path when they want to find a
pedagogical way to make the standard Lorentz transformation understood. They then identify
without saying the "passage of time™ with the motion of the photon. One would be tempted to
ask these authors why they did not choose parallel transport (which does not give back the

standard expression)? In a similar intellectual approach, effective measurements on an optical

® We talk about round trip when the motion of the photon is not indefinitely rectilinear but is reflected on a wall,
for example.
" One may wonder why the standard transformation corresponds to this geometric configuration?

13



clock displaced perpendicular to the movement of light give a very interesting return to the

standard y factor (Chou et al., 2010)®.

It is precious for us to find the y factor of Lorentz classical formula, as well as that of Elbaz or
our own work, as particular cases of a more general formula where the angle between the
directions of the movements of interest of the problem now appears. Table 1 gives various

cases of y factors that we believe can all be found by using the fundamental formula (2)°.

Positioning of the movement Lorentz Transformation
associated with time with y factor Bibliographical references
respect to the relative
movement of the reference With g=vic
frames
Angle value 5

Parallel movement in the @-p)* Elbaz (1984)
same direction

6=0
Parallel  movement in (1+p)* Elbaz (1984)
opposite direction

6=0
Parallel round trip 1-pH*t McCarthy (1999)

5=0
Parallel round trip (1-pAH™* Lorentz (1904)
Double (x =+ ct, X' =+ ct))

3=0
All directions (3D)
Perpendicular displacement (1-pA)? Hoffman  (1980), Rougé
(with or without round trip) (2002), Guy (2015)

d=m/2
Table 1

Some special cases of the y factor depending on the angle & and the type of light movement chosen (single,
multiple, with or without round trip). The sign of each factor § and y can be changed according to the orientation
choices discussed in the text.

& To our knowledge, this type of experiment has not been done on a parallel trip?

® McCarthy's article quoted discusses the general case of physical phenomenon of propagation, measured by
clocks based on the same phenomenon of propagation; said brutally, the author's aim is to disqualify the theory
of relativity. We will not go that far, the underlying problem of recursivity, posed by all measurements, being
inevitable because of our situation inside the world (there is no clock independent of phenomena...): relativity is
a way to face it.

14




The vy factors can also take the inverse values from those reported in the second column of
Table 1 if, during the exchange between v and - v, the angle o' is still imposed in the same
reference frame R', without then offering this possibility to the angle ® of the reference frame
R. A discussion on the symmetry or asymmetry of the two points of view on the two reference

frames can be found in Guy (2015).

Group structure

We will discuss later on the question of the group structure of the complete transformation
which integrates the y factor and the offset in origins. The composition of several offsets is
especially important when the different directions of relative movement are not parallel. If we
stick to the y factor that is a scalar, we do not have at its strict level any composition problem;
we check that we have the group structure, i. e. that it is possible to find a v3 such that y(v3) =
1(v1®Vv,), where @ is the law of relativistic addition of the speeds of modules vi. One will
check on various examples that y(vs) = y(va®va) = y(v1).y(v2)(1 + viVvp), in particular for

parallel and perpendicular transport as defined above™.

5. The writing of the Lorentz transformation in the most general case

We do not repeat here the demonstration of the complete derivation of the Lorentz
transformation in the general case, nor do we examine its proper functioning in the context of
our new proposal, postponing this necessary examination to a later work. For the moment, we
are content to propose expressions that are consistent with the "geometric” choices made and
with the whole process. In doing so, we follow a direction of reasoning that is the opposite of
the usual direction where the factor y appears as a consequence of the complete derivation.
We have proposed a factor y first. Equipped with this factor, expressing the distortions
between durations (or lengths), the complete Lorentz transformations also involve origin
offsets for the space and time coordinates in the relative movement of the reference frames at

velocity v. This approach in the sense: y factor — Lorentz transformation was described in

19 When a velocity v, is expressed as dx'/dt' in the moving reference frame at velocity v, (where x' and t' are
given by a usual Lorentz transformation) the expression of the velocity composition is independent of the y
factor.
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Guy (2004). It leads to a transformation involving on the one hand the space coordinates X, y
and z, and on the other hand the coordinates of the photon useful for the definition of time,
namely ty, ty and t,. In the end, we have to manipulate a vector with 6 components (x, y, z, ty,

ty, t;). For space coordinates, transformations are written:

r= f(F— W) )
What is developing in:

X' = y(X - Vyt) y' =v(y-wt) Z'=7(z - vit) 8

In (7), it is the module or scalar t that measures the displacement of R’ relative to R in the

vector vt, where v is the vector.

For time coordinates, it is necessary to take into account the different directions of t and t'
(intervention of w; and ®’;), but also the orientation of v with respect to t' and t' (intervention

of w;j and o). We then have the following equations, where v is a scalar:

/

oy VX @,
t’x = V(tx - )
Wy c? a,
/
@ vy oy
t’ — —y]/(t - 2 2
y y 2
COy C Q’y
1o Ol _ vz oz
tZ - Wy 7(tz c2 oy (9)

For which we do not have a synthetic vector expression: we could write
- _ . INTD \% . N
t" = W Proj(t,t")t — = Proj(v,t)r) (10)

subject to defining two projection operators of t on t' and v on t', Proj(t, t'), a function of w;

and o’;, and Proj(v, t), a function of ®’; and «; (as discussed in the next section).
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In the simplified two-dimensional case of space (X, y), already discussed, the previous
transformations are written by replacing oy, oy, by cose and sinm, and oy and oy, by cosa and

sina ; so for t'y and t'y as a function of ty, x, and t, and y, we have :

" cosa « VX COS®
= Coswl VT 2 cosa
r  __ sine' __ vy sin
ty - sina)y(ty c? sinz}) (11)

In the case where o = ® and therefore ® = ®’, we find the formulas already given in Guy
(2010, 2015), which we noted :

=y(t-—>r) (12)

developed in :
1 V 1 V ] V
tX:]/(tX_C_ZX) ty:7(ty_c_2y) tz:y(tz _?Z) (13)

With v(vx, vy, V;) of module v. The scalar time is built by 2 = t,2 + t,2 + t,2 and can be
enrolled in a four-component vector (X, y, z, t), from the six-component vector (x, Y, z, ty, ty,
t,).

Commentary

In all the previous equations, the expression of the y factor is given by the general formula (2).
Established in our two-dimensional reasoning, this relation is valid for three dimensions as we
have said. The angle 6 is then defined in the plane (v, ¢') and its value as a function of the

directions of the vectors in the three-dimensional space is given in Annex 2 as recalled above.

The formulations given in Guy (2010, 2015) deserve discussion. For the space coordinates,
we wrote vector terms in vt, where the vector is t and the scalar v, unlike what we said just

now in the relation (7). This is written vty, vty, vt; in the developed expressions. The latter are
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accurate because, in our past work, we have asked for parallelism between vectors v and ¢ and
c', or between v, t and t'; this leads to vyt = Vi, vyt = vty, v,t = vt,. But the old relations are not
valid in general: it is necessary to write vyt and not vty, because t is the parameter that counts
(and not such or such ty) to move along v, that we project in vyt etc. This explanation
reconciles the two points of view (compare to other authors who have used a three-

dimensional parameter to define time: Franco, 2006; Tsabary & Censor, 2005).

6. Composition of non-collinear Lorentz transformations

What can we say now about the composition of several reference frame displacements? It is
now necessary to conceive this composition in a general way, within the framework of a time
understood itself as a displacement, and by using its projections according to the various
useful directions. When composing any velocity displacements, we will have to correlate
oriented changes of standards, associated with changes in velocity directions. We can divide

the problem into two sub-problems.

The first is set by the directions in which the clock photon is seen from the different
reference frames; it is assumed that the choice of the reference frame where this direction is
imposed has been made beforehand, the other directions being deduced from this, taking into
account the relative speeds of the reference frames. This problem was addressed in the case
of two reference frames, and projections useful for connecting standards were highlighted in
the relation (10). The angles a, ® and o’ appearing in the developed relations (9) show the
various projections to be made on the coordinate axes to refer to comparable terms, taking
into account the different orientations of the vectors concerning times and displacements.

The second sub-problem concerns the actual composition of the movements of the reference
frames at speeds v, V', v etc. The two problems are intertwined, but in order not to
complicate things and limit ourselves to the composition of movements, we decide to neglect
the first problem, or, more exactly, to assume that it does not arise; this is another way of
saying that we have taken the different 6 equal to zero, or that we have already made the
projections announced in a relation such as (10). Otherwise, these projections will have to be

added to those we will see later. Let's call (C) this choice (the 5 = 0). If we limit ourselves to
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the composition of the scalars y, we have seen above that the group structure was acquired
(the difficulty arises for the offsets of the origins mixing "vector" spaces and times from

different directions).

Let us therefore look at how we can compose two Lorentz transformations (as defined in the
previous section) along any two directions v and v’, knowing that the vectors t and t' of the
first and second reference frame are parallel to v, and that the vector t" of the third reference
frame is parallel to v", according to the choice (C)™. The relations we have given can be

written in a six-dimensional space for vectors
m=(rnt)=(XY, 2 t,t, t)" with t= (t +t,° +t,° +t,%)°

and m' of analogous expression as a function of r' and t' (the exponent "T" means that a

transposition is performed). Transformation is written:
m'=L(v).m

by continuing to use the notation L(v). In reality, we are dealing with a single space of
dimension three counted twice, r and t (r' and t') both belonging to it. In the first reference
frame, time is defined by the propagation of a signal along a certain direction t, which also
makes it possible to define the ruler used to measure distances; t and v have the same
direction (choice (C)). If the direction v is changed and displacements along a new direction
V' are considered, length and time standards (marked by the movement of the mobile marking
time) along this new direction must be considered; thus all useful vectors (having both
temporal and spatial significance) must be projected onto the new direction before writing
the Lorentz transformation linking the two reference systems. Let us designate by m, (ry, t)
the vectors considered according to the direction v and by my (ry, t) their projections
according to v' (all the components of m are subjected to the projection operation). Let us call
Proj(v,v') the matrix giving the projection of a vector considered along the direction v' on the
direction Vv'. It is a diagonal matrix whose coefficients are ratios of the direction cosines of
the directions v and v'. Without changing the notation, we consider that Proj(v,v') can be

written in a two-times three-dimensional space, repeating the coefficients a second time to

1 The following text, up to but excluding Section 7, is from Guy (2010), with some modifications.
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have a 6-dimensional matrix. We check that these projection matrices commute with the

matrices L. Thus, when passing from v to v' we write:

my = Proj(v,v)my
The Lorenz transformation concerns two vectors m and m', where the components are
measured using the same direction of the standards; for the first transformation we therefore
have:

m'y = L(v).my

To deal with a new Lorentz transformation according to v', we must first express the previous

relation along this new direction:

m'y: = Proj(v,v").L(v).my

before expressing the new transformation by:

m"y> = L(v)m'y;

By projecting everything onto the initial direction v by

m"y = Proj(v',v).m",

it finally comes

m", = L(v).L(v).m,

where the property that the matrices L and Proj commute is used, as well as the identity

Proj(v',v). Proj(v,v') = 1. We see in total that, by composition, we have:

L(v") = L(v).L(v") (13)
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in vector writing. So we can project in any direction we want. We can compose the vector
relations giving r' and t' as a function of r and t then r" and t" as a function of r" and t'. Each

time v and v' multiply a vector, the modules are written. The speed composition law is then:

V'=vev=s ——— (14)

where v and V' are vectors of modules |v| and |v'|. Each component behaves like a scalar and
projects on the coordinate axes (taking into account the remarks given above that t.vy = tx.v
etc. - choice (C)). We obtain, for example for the component along the x-axis:

"o Vx+vx
M (15
1+
C

and so on for the other components.

These new relations, thanks to a better symmetry between "vector" time and position, allow
us to find an internal composition law and an abelian group structure. There is no need to add
rotation after the fact. The proposed coordinate transformation and velocity composition
formulas do not pose the same problems as non-collinear velocity compositions and Thomas
rotation. We will verify that, in total, the proposed transformations and their compositions do

not present any of the difficulties discussed in Guy (2010).

7. What about natural phenomena? Conclusions

What is the relation between the previous formalism and physical reality? Every physical
system carries its own clock, a way of talking about the tracking allowed by the movements of
particles and photons that occur within it. The proper "rhythm" of this clock is accessed
through the measurements made on the "at rest" system that the observer has in front of him.
If the system is now moving relative to the observer, it will be understood after the previous

calculations that the times associated with the starting system are modified, "dilated” or not. A
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wide variety of movements can be imagined, both for the interplay of phenomena within the
system and for the relative movements of the system in relation to the observer. Undoubtedly,
the complicated movements within the system of interest to us are difficult to reduce to a
single parameter «’, which rather represents a kind of average of different movements

(likewise does the standard Lorentz transformation reflect an average behavior?).

The quantitative values of temporal distortions, which can be calculated by a factor such as v,
are then varied: there is no generality and work is to be done in each case. We have given
only one new way of posing problems from which to examine at new expense the
interpretations already given in the literature (and sometimes subject to debate): from the
examination of relativistic muons (whose lifetime is seen to be longer in their displacement
than in their resting state) to that of clocks embedded in aircraft and for which the time
distortion seems to vary according to the direction of rotation around the globe. We will also
have to look at what is derived from the mathematical form of the y factor on the structure of
other physical relations (relating to energy for example): do we need a finer representation of
the y factor, function of what we know about the system? It is because we have spatialized
time, that is, closely associated with a movement, that we have been able to make the
proposals contained in this text. A number of points, detailed in the foregoing lines, deserve

further elaboration.
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Figure 1
Illustration of the steps of our proposal

In 1a, the situation described by the classical approach is represented. Two reference frames R and R' of origin
O and O' are relatively moving to the speed v (OO' = vt). Each of the two reference frames is equipped with a
clock, H and H'. We consider the displacement of a photon P and assume that its displacement speed is the same
viewed from R and from R'. This photon can move in all directions: this possibility has been represented by the
wave surface centered on O', i.e. a two-dimensional circle (on which two photons P have been pictured, we could
put as many as we want).

In 1b, the clocks H and H' were opened and we found that each uses the movement of a photon, Py and Py. We
now have three photons, Py, Py and P, counting the latter as an infinity in the different directions.

In 1c, the approach was unified, being led to postulate the same behavior for the different photons that are now
one at the conceptual level. To have clocks that are needed to "measure time" in both reference frames, we are
thus led to particularize a photon that will serve both for time in R and in R' (while "embodying" the second
postulate of relativity). The two clocks H and H' as defined in Figure 1a are destroyed (or forgotten, they were
fictions).

In total, this proposal makes the relativistic approach coherent: one could wonder (within the understanding 1a)
by what mystery the clocks offered a time that shifted from one reference frame to another, to satisfy the
properties of a photon whose journey was external to them, a time that was variable with the relative movement
of the reference frames'.

12 The inconsistencies of the relativistic approach have been analyzed by critical physicists, but, in our opinion,
without any new proposal.
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Figure 2

Two reference frames R and R' are represented in two spatial dimensions, in relative motion at velocity v at an
angle a to the Ox O’x' direction. In R' the movement of the clock photon P is done in the direction of angle o’;
from the reference frame R, this movement is seen with the angle w, taking into account the relative movement
between the reference frames. During the "time interval” t (measured by a piece of movement), the reference
frame R' moved according to OO', the photon P according to O' P in R" and according to OP in R. It is decided /
assumed that the photon is seen moving at the same "speed" in both reference frames. We therefore have OP =
ct, and O’P = ct', with the same factor c ; the latter being much larger than v, the lengths OP, O’P are much
larger than OQO" in length vt, which has not been respected for the readability of the figure.
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Figure 3
Measurements of the angles and sides of the OO'P triangle
These measurements make it possible to determine the angle ’ from the angles ® and a, and the ratio p= v/c.
The angles of the OO'P triangle are determined from the definitions of o, ®’ and  given in Figure 2.
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Annex 1 Relation between the angles o ®’ and a

The three angles o, ®’ and «, and the ratio B = v/c are related to each other. The trigonometric
relations in any triangle are applied here to the POO' triangle (see Fig. 2). The angles and
lengths of the sides are shown in Figure 3 and the relations are written:

ct’ vt ct

sin(w—a) sin(e — ) sin(z+ a— o)

We specify o’ and o, and we want to know «. Equality is derived from the second and third

terms:

sin(w’ - ®) = v/c sin(nta-m') = v/c sin(w’- o)
Hence

®’ - ® = Arcsin{v/c sin(®’- o)}
Hence

® =’ - Arcsin{v/c sin(®' - o)}

Which we can also note (taking into account the definitions of 3 and d):

® =’ - Arcsin{ sind} (Al)
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Appendix 2. Calculation of the angle & as a function of the direction cosines

of vectors v and ¢’ (in the case of three spatial dimensions)

Let ay, oy, and o, be the direction cosines of vector v, and o'y, ®'y and ®'; those of vector c'.
The cosine of the sought angle 6 is equal to the scalar product of the vectors v and ¢ divided

by the product of their modules vc. We derive 3 from it by the relation :

o = Arc cosJaxw’X + aydy + 0, (A2)
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