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Abstract. This paper provides a semi-analytical approach for computing the flux linkage of a 2D meshed coil in
presence of a non-linear magnetic material. First, a method for flux computation is introduced given the field
obtained thanks to a volume integral method. Second, an analytical method for computing the magnetic source
field and magnetic vector potential induced by a 2D meshed coil is presented, those quantities being necessary for
the flux computation. Comparisons to the finite elements methods are carried out to conclude on the

performances of the new method presented.

1 Introduction

One of the key physical quantities while designing an
electrical motor [1,2] is the flux linkage of the inductors
since it allows to compute the back electromotive force
[3,4]. To do so, the finite elements method (FEM) is widely
used at an industrial level (see pre-design softwares such as
Flux Motor issued by Altair motorering). The FEM yields
fairly good results but the computation time can sometimes
be a bit long in a pre-design objective [5]. While the FEM
needs the whole geometry to be meshed (air, active
materials, sources etc...), the volume integral method
(VIM) only requires the meshing of active materials. For a
few years, the VIM has been widely studied [6-8] and is
know today as a good alternative to the FEM for solving
magnetostatic problems in the presence of non-linear
materials thanks to the robust acceleration method for its
resolution. The magnetic field in the magnetic materials
will thus be computed thanks to a 2D VIM presented in [9].
Consequently, the information regarding the magnetic field
outside of the active materials is unavailable without an
expensive post computation. It is thus necessary to use a
flux computation method that requires only the informa-
tion in the active materials. The method for the flux
computation is inspired from [10] and adapted in 2D. This
method will be tested with the calculation of the flux
linkage of the first phase of a three-phased synchronous
permanent magnet electrical motor. The results are
compared to those obtained with the FEM.

* Contribution to the topical issue “Numelec 20177, edited by
Adel Razek

* e-mail: qdebray@altair.com

2 Flux computation method

The flux computation method proposed is complementary
to the VIM since it only requires the magnetic field inside
the active materials. The vector potential can be split
into A=Ay+ A,, where A, is the vector potential created
by the coils in the vacuum and A,, is the vector potential
in the magnetic regions. The magnetic flux linkage of
a coil k associated to a domain )y can be expressed
as [10]:

®), = j g dor X AdQqor, = Pop, + Py (1)

where jo;is the current density vector that creates a current
of 1 A in the coil k. @, is the contribution of all coils and
@, is the contribution of the magnetized part. Let us
calculate the contribution of the flux coming from A,. One
can write Ay as:

Ncoi,l
Ho . .
AO = % - (ZZIQUIJOIG(T) de) (2)

with G(r) the 2D Green kernel: G (r) =log(1/|| r||), with r
distance between the source point and the target point of
integration. The contribution from the coils to the flux
linkage of the coil £ is:

N eoil
By — g—ijﬂokjok{ Z (iljﬂ()ljolG(r) onl) } dQop
Ncm’,l - (3)
= ZLklil
=0
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Fig. 1. Example of the meshed the coil of an electrical motor.

where 7 is the current through the coil [ and:

_ Mo o
Ly = o j QorJok j 0 JorG (1) dQo; dQop, @

= Qo Jor@or Ao,

where ag; represents the vector potential generated by
the coil /in the vacuum with a1 A current and L the self (for
k= 1) and mutual inductance of the coils in the vacuum.

The contribution from the magnetic parts can be
written as:

D, = f QppJor Am Qo (5)
that can be modified by the divergence theorem:

D = EQOkHOk'V X A dQo
+§r0kn-(Am x Hoy) dlop, (6)

where Hy,, is the magnetic field created by the coil k& when
crossed by a 1 A current, 'y, is the boundary of the domain
Qg The second part of equation (6) is equal to zero since
the potential and magnetic field are conserved through Ty,
[10]. We can thus obtain:

D = jQOkHOk'V X Ay dQo (7)
that can be transformed into [10]:

D = meMoHOk'Mde (8)

where (), represents the active materials domain and M is
the magnetisation. We finally obtain a general formula for
the flux linkage of a coil &:

Noob

D), = ZJQijok‘GOI dQort; + ijMOHOk'Mde 9)
=0

One can notice that the formula necessitates only the
information of the magnetic field in the active materials
(Q,,,). This makes this formula highly compatible with the
VIM. Nevertheless, the vector potential and the magnetic

P'(x.y)
*

RSP

L

Fig. 2. Shifting and rotation of the triangle 7.

Zy{a.b)
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Fig. 3. Parametrization of the two rectangle triangles.

field created by the coils are required in the formula (9).
The second part of this paper introduces an analytical
method to obtain those values.

3 Magnetic field and vector potential
induced by a 2D meshed coil

Since the shape of the coils within an electrical rotating
machine are not basic shapes (e.g. squares, circles),
computing the magnetic field and vector potential
generated by those coils is not easy. We have adopted a
semi-analytical approach that consists on meshing
the inductors with triangles and computing analytical
magnetic field and vector potential per triangle
Figure 1. Contrary to the 3D situation where Urankar’s
formulas are well known [11-14], There are no analytical
formulas for the field and potential created by a triangle in
2D. Let T be a triangle of the mesh, we can shift and rotate
this triangle so that it is in a reference frame (longest edge
along the O, axis) and cut it in two rectangle triangles (see
Fig. 2). We can thus compute analytically the field and
vector potential created by both triangles T} and T, (see
Figs. 2 and 3). We could have chosen to work with a
normalised reference triangle and a geometrical Jacobian
transformation [15] but our approach is more straightfor-
ward and easier to implement, that is why we decided to
present it here. Moreover, the use of a jacobian
transformation is less effective regarding the computation
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time since more mathematical operations are required for
the computation of the field and potential created by each
triangle. We use the complex potential created by each
triangle defined as [16]:

P() =~ falog(z — =)d0 (10)

where () is the triangle surface crossed by a current density
J and z the complex coordinate of the target point. From
this potential can be extracted the magnetic field and
vector potential:

dP(z)
dz

— —iH*=—H,—iH, (11)

A = Re(P(2)) (12)

where ¢ is the imaginary number.

Let us compute the complex potential created by T;
and T5 described in Figure 3. The formula for the complex
potential yields:

J a .
J305  tog(z — (e +im) dnds (13)

P(Z)Tl = -

—(§+in))dnds  (14)

J (afb-b
P(2)py, = _%jojo S/aIOQ(Z

Let us focus on the potential created by T;. We use the
fact that a primitive of log(u) is u[log(u) — 1]:

fo n)(log(z — & —in) — 1)]¢"di
—ifs{—s%— =~ Hlog(= &

T 9x

e e -2

(15)

which leads to, with 2 =0, 2, = a, 2, = a+ ib:
2
— 1
Cfe % (log(z — zl) — 5)
(z— 20)

- TZ (log(z — ) - %)

- ﬁ (“"T@)Z (log(z — ) - %)

= gy 1))]

P(Z)Tl 27_[

(16)

We then use the equations given in equation (11) to get
the vector potential:

2w A

1
e Do 5 +P0<—— 109(7“0))

1
_Dl% + P (109(7‘1) - 5)

1 1
+— 142 7 <D2 + Py (2 — log(r2)>

b
. 1 log(ry)
a
D=~
+1+%< 2<4 2

log(re) 1
2 4

—Paay + Dy (

;) 2, and P;=(z— ;) (y— ¥,

where D= (y—1v)° — (z—
For the magnetic field:

—2nH,
J

xl g( > + ylon — ag) + alog(r)

;z:log( ) + y(ag — a2) — alog(rs) + bas

+ 2
1+5

b ((109(2) + (e — o) — blog(r2) — ac
T2 12
a 1_|_a_2

(18)

2nH,
J

T
= ylog <r_0> + z(ag — 1) + aoy
1

ylog( ) + z(ag — o) — aaa
2
1+5

+

b :rlog( ) + y(og — ap) — bay
+- 3
a 1+5

(19)
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Fig. 4. Description of test case.

The analytical formulas for the vector potential and the
field created by T, are obtained the same way:

2mrA B

(o)) 1 o
=Dy—+ Py|=—1 —D;—
7 05 + 0(2 09(7‘0)) 15

1 1 o 1
p, (1og<r1> - —) L (Dl % p (— - zogm))
2) 1y \T 2

a9 1 b 1 lOg(rl)
—Dy—+ P51 —— -2 Di|-—
o5 (ot -5) ) - (2155

l 1
7P10[1 + D2 ( og;m) — Z) P2a2) (20)
—2rH,
# = zlog (:—0> + y(on — ap) + alog(rl)
1

zlog (T—1> + y(a2 — a1) — alog(rl) — bag

2

+ D
1+5

ylog(%) + z(ag — 1) — blog(r2) + aay
2
1+5

b
"ra
(21)

2nH,

r
= yl0g<r—0> + z(ag — 1) + aoy
1

ylog (%) + z(o; — a2) — aoy + blog(rs)

+ 2
1+5

b xlog(%) + y(a2 — a1) — bas — alog(ry)
Ta 145
(22)

o Mean Error H_x-+Mean Error H_y = Mean Error A

Max Error H_x —Max Error H_y —~Max Error A
1,00E+02
1,00E+01
© 1,00E+00 e e ——
o — .
.
—
@ 1,00E-01 >
c
g 1,00E-02 : : -
1,00£-03
1,00E-04

1,00E+03 1,00E+04 1,00E405

Number of unknows - FEM method
Fig. 5. Results of the test case.

Thanks to those formulas, it is possible to compute the
magnetic field and vector potential created by any
unspecified triangle and thus by any 2D triangularly
meshed coil. Consequently, those formulas allow us to
compute the flux with the semi-analytical equation (9).

4 Validation of the analytical formulas

We validate our analytical formulas with the test case
presented Figure 4. It consists of three triangularly shaped
coils with a current of 1000 A and we computed the field
and vector potential along the curve C. We compared the
values obtained with our analytical approach to a FEM
solution: We plotted the mean difference between the
analytical solution and the solution yielded by the FEM for
several mesh qualities:

Nl )
1 H' e, — Hopyre

MeanErrorH, = ~¥ g anal ~% - FEM %
=1 Z.f{a%v(HFEM'ez)

N | i i
1 H e, —H -e
_ anal ~Y FEM “~y
MeanErrorH, = N E . ( . o)
i=1 i:Hll N Hiypparey

1SN |A  — A
MeanErrorA = —Z M (23)
N i=1 iglla:XN(AFEM)

where N is the number of points along the curve C (we
chosed N=1360). The results are displayed Figure 5. The
graph shows that the better the FEM problem is meshed,
the closer its solution is to the analytical solution, which
validates our analytical formulas. The reader can notice
that the error on the potential vector is an order of
magnitude less than on the magnetic field. This can be
explained by the relative “smootheness” of the potential

vector due to the fact that it is a primitive to the magnetic
field.
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. 1 2
Computation of L, and L,

Yes =

'Ly =L

(Ly—Ly)/ Ly <e|
No, i=2

» Computation of L}

i=i+1 |
1 " T 1 Yes -
No I, L)L <o} ——L, =Ly

Fig. 6. Algorithm for the computation of the inductances.

COIL A (1000 A)

X component
a 2,12 mm
¢ b 1,4 mm
C 3mm
d 3 mm
COILA e 3,53 mm
b (1000A) ¥
o d = f 3,5mm
\'\G)/; ¢ @ | x/4 rad
\/ |
COIL B (500 A)

Fig. 7. Test case for the flux computation in the vacuum.

5 Flux calculation in the vacuum

Since the integration of ®, is semi-analytical (ag; is
computed analytically with the formula described above),
we decide to use an adaptative number of Gauss points to
ensure the convergence of the calculation, which mean we
stop increasing the number of Gauss points when the
variation of the flux is less than a certain value (in this
paper this value is 0.001%). This allows us to use the
coarsest mesh for the coils and still get an accurate value for
mutual and self inductances Ly in equation (4).

We use the algorithm shown Figure 6 to do the
calculation, where L, is the value of the mutual inductance
between coil £ and coil [ computed with a number of Gauss
points ¢ on the Q) domain. We used a value of 10 for ¢.
One has to keep in mind that the further the two coils are
from each other, the less Gauss points the calculation
needs.

To validate our flux in vacuum computation method,
we compute the flux in the coil B of the test case Figure 7
with our adaptative semi-analytical method. To validate
our approach we use a FEM reference solution, obtained
with a sufficiently fine mesh (around 300 000 second order
elements). The FEM yielded a value of the flux of
1.792688 x 10 ° Wb while our adaptative computation

=Semi-analytical Error +Semi-analytical comp. time

1000 0.06
100 & 005 T

- — A * R L
3 10 . o
5 . : 004 =
i} , g
foa) =
= 01 LN 003 F
o 0.01 “m a
£ . 002 g
X 0001 _— S
™ > L 0.01

0.0001 5

>
0.00001 ¥ L 0
0 5 10 15 20 25

Gauss Points Number for integration

Fig. 8. Error and computation time for several Gauss points
number used for integration.

PHASEC (I(4)=0)
PHASEB (I(4)=0)

PHASEA (I(4)=0)

Non linear material
B, =1T, u, =1000

Radial permanent
magnet (1T)
orange : north,
yellow : south

Fig. 9. Test case for the flux computation.

yielded 1.792684 x 10" Wb (less than 3 x 107°% error).
We plot Figure 8 the relative error and the computation
time of our adaptative approach for several numbers of
Gauss points. We can see that we used 25 Gauss points,
computing the result in less than 0.05 s. To obtain this level
of precision with the FEM, at least 10s and a very refined
mesh (200000 elements and 3 gauss points per elements,
almost as refined as our “reference solution”) are required
while we used only 18 triangles Figure 8.

6 Flux computation through the phase of an
electrical motor

In order to validate our flux computation method, we used
a 24 slot — 8 poles permanent magnet electrical motor (see
Fig. 9). We calculated the flux in the phase A of the motor
with no current in the coils for several positions of the rotor
(from 0 to 7/4). Three qualities of mesh have been used for
the resolution of the magnetostatic problem via the VIM:
70, 205 and 371 unknowns for one anti-periodicity of the
motor. A comparison between the 70 and 371 unknowns
mesh can be found Figure 10.
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371 unknowns
mesh

70 unknowns
mesh

Fig. 10. 70 and 371 unknowns mesh for the used for the flux
computation.
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Fig. 11. Flux linkage of the phase A of the test motor for several
positions of the rotor.
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Fig. 12. Flux linkage of the phase A of the test motor for several
positions of the rotor (zoomed).

We compared the solution obtained by our flux
computation method with one solution obtained via the
FEM with a very high quality mesh (around 400000
elements). The plot of those four curves (one for the FEM
reference and three for our method at different qualities of
mesh) can be found Figures 11 and 12 while the relative
differences between the reference and our method can be
found Figure 13. The plot of the computation times
required for the FEM and the VIM and the analytical
method approach can be found Figure 14.

—VIM 70 =\IM 205 ~VIM 371

45
— 35 -~ ,’II ;
S L Nl
o 3y / AN
o [~ .
= /
— - 4
- K LV 0
L \ !
i ) ) /
o o

0.5 gty s N

D .
0 10 20 30 40

ROTOR POSITION (DEGRES)

Fig. 13. Difference between the reference and the semi-analytic
solution for several positions of the rotor.

~VIM+SA comp. time ~FEM comp. time

~VIM + SA method error FEM error
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(=]
= s
"q'}' —
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E LoE01 &
= naciest w
c <
o " )
= W
8 i . @
5 10602 §
£ £
o bad
] =
[ F1

01 = 1,0E-03
V] 500 1000 1500 2000

Number of unknows in the active region

Fig. 14. Error and computation time of FEM and VIM + the
proposed semi-analytical approach (per position for the compu-
tation time).

One can notice that even with a very low number of
unknowns, our semi-analytical method yields very accurate
results for a very reduced amount of calculation: indeed,
while the mean difference between the FEM reference and
the solution obtained with 70 unknowns is 2.28% with a
maximum difference of 3.81%, the computation time is less
than 0.3 s per position of the rotor. This low computation
time makes this method very effective in a pre-design
context (which was the aim of this study). In opposite, the
FEM takes at least 1.5s per position for the same level of
precision (we used a 5000 elements mesh) compared to the
reference.

7 Conclusions

Original analytical formulas for the computation of the
magnetic field and the potential created by a 2D
unspecified triangle have been introduced. Those formulas
have been rigorously validated with a Finite Elements
model. They allow us to calculate semi-analytically the flux
linkage of a 2D meshed coil of any shape. This semi-
analytical method of flux computation is very well suited
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for the post processing of a solution yielded by a VIM. We
thus used the coupling of the VIM and the proposed
method to compute the flux linkage of the phase of a
permanent magnet synchronous electrical motor. This
coupling allows to gather good quality results rather
quickly compared to the Finite Element Method. We can
see that in addition to being as precise as the FEM for
normally meshed problems [7,8,17] is very efficient in a pre-
design context, which was the aim of this study.
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