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I. INTRODUCTION

M
necessary to mesh the air [5]. But if the magnetic circuit is
open, both the air box and the mesh must be large. Moreover,
this method is known to suffer from numerical noise when
calculating magnetic fields around magnets. Another drawback
is that the forward relation between magnetization and stray
field in air is not explicit.

On the other hand, integral methods offer an explicit and
direct link between the magnetization and the field in the
surrounding air region. Moreover, this region does not have
to be meshed, and integral approaches are well known to be
very accurate if focused on the computation of stray fields.
This is why it is suitable and efficient to use integral methods
in the context of magnetostatic inverse problems.

A few papers have already been published on that topic.
In [6], an integral inverse formulation similar to the one used
in this paper is proposed, but it is limited to 2-D cases.
In [7] and [8], the approach is improved, also covering
ferromagnetic materials (with high permeability), but remains
limited to magnetic sheets and thus 2-D magnetizations. In a
more recent work, the determination of magnetizations of
3-D volumes is proposed. The forward relation is based on
a coupling between FE and surface integral methods [9]. The
uniqueness of the solution is ensured with an optimization
process, coupled with a regularization function. In this paper,
3-D magnetization distribution is also identified, but the use of
linear purely integral formulation is preferred. The uniqueness
of the solution is then implemented by truncating the matrix
spectrum.

The paper is structured as follows. First, the inverse prob-
lem formulation is defined; then, the experimental setup is
described, and finally, the method is used for the characteri-
zation of different samples.

II. INVERSE PROBLEM FORMULATION

A. Forward Integral Formulation

Let us consider a ferromagnetic domain � associated with
an unknown distribution of magnetization. This magnetization
creates an external flux density which can be expressed by the
following integral equation [10]:

B(P) = −μ0

4π
∇

�

M · r
r3 d� (1)
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ANY mechatronic systems include a permanent magnet
whose  magnetization  must  be  precisely  defined  and

known  [1],  [2].  For  example,  a  fault  on  a  magnet  can  dras
tically  reduce  the  properties  of  an  electric  machine  (through
increased detent torque or iron losses…). The standard method
to measure the magnetic moment of permanent magnets is the
use of a Helmholtz coil in combination with a fluxmeter [3].
This  approach only  makes sense  for  a  twopole magnet, and
the angle of the magnetization is quite complex to identify.

For a magnetization with more complex patterns than a mere
bipolar  orientation,  an  alternative  approach  must  be  applied.
It  is  possible  to  measure  the  magnetic  stray  field  of  the
specimen with a magnetic field sensor, typically a Hall effect
probe.  The  magnetic  moments  and  the  magnetization  angles
can  then  be  deduced  from  the  measured signals  by  using  an
adapted algorithm. For example, this measurement process can
be applied inline during the manufacturing process to detect
bipolar magnets with unknown orientation [4].

However, this task is not trivial and leads to the resolution
of   an   inverse  problem.  Starting   from  the   stray   magnetic
field  measured around the  magnet on several points (i.e., the
effect), the algorithm has to  reconstruct the local distribution
of  magnetization  (i.e.,  its  origin  or  sources).  This  kind  of
identification problem is known to be illposed, meaning that
the solution is not stable versus the measurement noise: math
ematically speaking, the solution is said to be “nonunique.”

Before solving an inverse problem, the first step is to solve
the forward one. In our case, Maxwell equations under magne
tostatic assumption have to be considered. A key point is the
choice of the numerical method. This choice will determine the
numerical  link  between  the  magnetization  and  the  generated
stray  magnetic  field.  Once  this  relation  is  determined,  it  has
to be inverted.

With  the  finite  element  (FE),  which  is  the  most  classi
cal  method  used  for  static  magnetic  field  calculation,  it  is



where B is the flux density (T), P is a point located in the
surrounding air region, M is the magnetization (A/m), and r
is a vector linking the integration point in � to point P. This
expression has the advantage of explicitly linking the source
which has to be determined (i.e., the magnetization) to its
effect (i.e., the flux density in the surrounding air region).

B. Integral Computation

Let us mesh the domain � into n volume elements.
We assume that a uniform magnetization is associated with
each of them. Integral (1) presents a (∼1/r3) singularity.
Computing it directly by numerical integration can lead to
significant inaccuracies, especially if the flux density has to
be expressed in close proximity to the magnetized material.
An alternative is using the well-known equivalent magnetic
charge distribution based on Coulombian approach [10]. The
magnetization M is constant for each element, so its diver-
gence vanishes such as no volume magnetic charge exists.
Thus, the field is created only by surface charge distributions
M·n, located on the surfaces delimiting volume elements, with
vector n being the external normal of volume elements. The
advantage of this approach is to present a reduced singular-
ity (∼1/r2) as compared to (1) (∼1/r3). Thus, we get [7], [8]

B(P) = −μ0

4π

n∑
i

n f∑
i

∫

S j

Mi · nj
r

r3 d Sj (2)

where Sj is the j th face of element i , nj is the external
normal vector, and nf is the number of faces associated with
one element of the mesh. The integral can be very accurately
computed using well-known analytical expressions, even if r
is very small (i.e., when sensors are located very close to the
ferromagnetic material). Equation (2) can be interpreted as the
linear relation linking the magnetization to the flux density
measured by one sensor.

C. Linear Inverse Problem Formulation

Let us consider that m field probes are located in the “air”
region surrounding the magnetic structure. In addition, a carte-
sian vector basis is associated with each volume element,
leading to three degrees of freedom for each unknown mag-
netization. Thus, we get the following linear matrix system:

Bmes = [A]M (3)

where Bmes is the 3 ×m measurement vector, [A] a (3 × n,
3×m) matrix, and M represents 3×n vectors of the unknowns.

This inverse problem is classically ill-posed [11], and its
solution is not unique. In fact, even a very low noise on
magnetic measurements can lead to huge variations of the
solution. If so, the resolution process of the inverse problem
needs to be stabilized. Many different techniques exist, but a
good strategy to solve (3) is to use single value decomposition
to compute the pseudoinverse of [A] and to truncate its
spectrum in order to limit the noise amplification

M = [A]†Bmes. (4)

A discrete evaluation of the magnetization is then obtained
for the defined mesh.

Fig. 1. (a) Shape sample. (b) Experimental setup of the proposed method.

Fig. 2. Measured field (magnetic flux density) versus angular position.

III. EXPERIMENTAL SETUP AND TEST PROCEDURE

To measure the magnetic stray field of a given specimen
presented in Fig. 1(a), a three-axes Hall effect sensor is used
(Senis, model F3A-03C02C-A.2T2K5J-E). The full scale of
this sensor is ±0.2 T for a total measurement accuracy below
±0.1%. A sensitivity study shows that the relative position
between this sensor and the magnet must be accurately known.
For this purpose, a homemade precision positioning bench is
used [Fig. 1(b)]. The Hall sensor is fixed on an aluminum
fixture and a non-magnetic support made of Ertacetal (POM
plastics) tailored to fit the magnet geometry is fixed to the posi-
tioning bench. These non-magnetic surroundings of the magnet
minimize potential risks of disturbing the measurement. The
control of the positioning bench and the acquisition of the
data are completely automated, effectively mitigating operator
influences on the measurement process and thus its results.

For samples with an annular (or circular segment) shape
[Fig. 1(a)], the sensor is fixed in position, while the specimen
is rotated. With this experimental protocol, it is possible to
measure the field on equidistant curves (arcs) surrounding the
sample (Fig. 2). This operation is repeated for 11 different



Fig. 3. Magnetization of the magnet deduced by the method. Overlay:
visualization of magnetization vectors.

Fig. 4. Magnetization of the magnet deduced by the method (three
measurements).

curves around the sample, which allows us to properly map
the surrounding field.

IV. RESULTS AND DISCUSSION

A. Deduced Magnetization

The magnetization of the sample can be deduced from
the field measurement with a numerical method. The chosen
method is the magnetostatic moments method (magnetosta-
tic MoM) [8], [12]. As explained in Section I, the MoM is
more powerful than the classical FE because surrounding air
does not require any meshing and especially since MoM can
easily be inverted. This method is thus well adapted to identify
magnetization patterns. In this paper, numerical problems are
solved with a software package using the magnetic moment
method and called LOCAPI. Results of the sample presented
in Fig. 1(a) are shown in Fig. 3. We can conclude that the
sample has a diametrical magnetization.

B. Uniqueness of Solution

It is important to determine whether the calculated magneti-
zation is the unique solution of the problem. To check this, the

Fig. 5. (a) Radial and tangential magnetization of samples A and B.
(b) Remanent flux density angle versus angular position.

non-observable space magnetization must be determined [13].
The solution vector M is projected onto the null space of the
matrix A using the adapted projection operator

Mno = (I−[A]†A)M. (5)

If Mno is sufficiently low compared to M, the solution
can be considered as unique. From a physical point of view,
the component Mno which satisfies A·Mno = 0 is a magneti-
zation which does not leave any traces on the sensors. Thus,
Mno is the non-returnable information using the inversion
procedure.

It is interesting to note that A is only a function of the
geometry of the problem (sample geometry and mesh, location
of the measurements). Therefore, the only way to overcome
this issue is changing the sensors’ spatial positions or the
sample mesh. Mathematically, this equals reducing the non-
observable space (i.e., null space of A). It is thus possible to
determine whether the measurement definition and the mesh
are properly adapted before even launching the test sequence.

C. Sensitivity Study

To illustrate the reproducibility of the method, the same
sample has been characterized three times, using the same
experimental and numerical methods. These three measure-
ment runs are completely independent of each other. The
magnetization results are given in Fig. 4.



The standard deviation is less than 0.04 T (0.06 T) for
radial (tangential) remanent flux density on an angular aperture
of ±60° (the angular aperture of the magnet is ±70°). So the
reproducibility of the method is sufficient to clearly identify
the magnetization of the magnet.

However, the standard deviation is five times larger at
the tips of the magnet (−70° to −60° and +60° to +70°).
This phenomenon is due to a difference between the phys-
ical magnet position during the measurements and the the-
oretical magnet position used in the numerical model. The
magnetization at the end of the magnet is therefore either
oversized or undersized.

V. APPLICATION OF MEASUREMENT METHOD

We then propose to study two samples A and B with the
same physical shape [Fig. 1(a)] but different magnetization
patterns. Both samples are what we call “three-pole magnets”
(e.g., a N / S / N pattern), one of which has a radial
magnetization and the other one a sinusoidal magnetization.
The radial and tangential magnetizations are given in Fig. 5(a).
Both samples are clearly different, but it is simpler to evaluate
when comparing the flux density versus the angular position
[Fig. 5(b)]. It is evident that sample A is radial (visible steps
at the pole transitions) and sample B is sinusoidal (linear flux
rotation).

VI. CONCLUSION

The proposed approach allows deducing 3-D magnetization
distribution of a magnet from stray magnetic field mea-
surements. It is based on the inversion of a pure volume
integral formulation of the magnetic field regularized with a
matrix spectrum truncation. Being a non-destructive approach,
it involves a combination of experiments and inverse problem
using the magnetostatic moment method. The procedure was
applied to samples with identical geometry but different mag-
netization patterns. The results allow us to reliably distinguish
samples without any ambiguity. A major advantage of the
method is that it can be applied whatever the geometry of

the sample. Further improvement may be possible by adding
a probe positioning sensor on the test fixture. This should sub-
stantially increase the reproducibility of the method. Moreover,
it may make sense to find a way to automate the localization
of measurement points, depending on geometry and mesh of
the sample to be investigated.
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