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SIMULATED ANNEALING IN RY WITH SLOWLY GROWING POTENTIALS

NICOLAS FOURNIER, PIERRE MONMARCHE AND CAMILLE TARDIF

ABSTRACT. We use a localization procedure to weaken the growth assumptions of Royer [8], Miclo
[4] and Zitt [9] concerning the continuous-time simulated annealing in R?. We show that a transition
occurs for potentials growing like aloglog |z| at infinity. We also study a class of potentials with
possibly unbounded sets of local minima.

1. INTRODUCTION AND RESULTS

1.1. Notation and main result. We adopt, in the whole paper, the following setting.
Assumption (A). We work in dimension d > 2. The function U : R? — R, is of class C*°, satisfies
lim| ;| o0 U(7) = 00, mingege U(z) = 0. For z,y € R?, we set

E(z,y) = inf { e U(t) —U(x) = U(y) : v€C0,1,RY),4(0) = z,7(1) = y}

and we suppose that c, = sup{E(z,y) : v,y € R?} < co.

Actually, ¢, = sup{E(x,y) : « local minimum of U, y global minimum of U} and represents the
maximum energy required to reach a global minimum y when starting from anywhere else.

We fix 29 € R%, ¢ > 0 and By > 0 and consider the time-inhomogeneous S.D.E.

1/t log(1+t
(1) Xi=wo+Bi— 5 / B,VU(X,)ds where B; = fo+ @.
0

Here (B;)i>0 is a d-dimensional Brownian motion. For R > 0, we set B(R) = {z € R?: |z| < R}. We
will work under one of the three following conditions.

Assumption (Hi(a)). There is Ag > 2 such that - VU (z) > a/log |z| for all x € R?\ B(Ay).

Assumption (Hz(«)). There are dg > 0 and three sequences (a;)i>1, (bi)i>1 and (0;)i>1 such that
0<a; <by<as<by<... and, foralli>1, 6; > dg, b; > a; + ad;, and

T 1
ibil = - > —.
|| € [ai, b 2] VU (z) 5,

We say that a set Z C R? is a ring if it is C*°-diffeomorphic to C = {x € R? : |z| € (1,2)}. A
ring Z is connected, open, bounded and R?\ Z has precisely two connected components, one begin
bounded (denoted by Z7), the other one being unbounded (denoted by Z%).

Assumption (Hs(a, ). There are € > 0, three sequences (u;)i>1, (vi)i>1 and (k;)i>1 and a family
of rings {Z; : i > 1} such that Ui>1Z; =R® and for alli > 1, (Z;7)° C Z;,,, v; > u;+amax{1,ex;},
0Z; C{x e R*: U(z) = w;}, 02 c {x e R*: U(x) = v;} and

AU(x)

S Z_i = |VU(:L‘)| € (Oaf%’] and W S (—OO,B].
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Our main result is as follows.

Theorem 1. Assume (A) and fix ¢ > ¢, and By > 0. Assume either (Hi(a)) for some a > ¢(d—2)/2
or (Ha(a)) for some oo > ¢ or (Hs(a, o)) for some o > c¢. The S.D.E. (1) has a pathwise unique
solution (Xi)i>o0 and U(Xy) tends to 0, in probability, as t — co.

It is well-known that, even with a fast growing potential, the condition ¢ > ¢, is necessary, see
Holley-Kusuoka-Stroock [1, Corollary 3.11] for the case where R? is replaced by a compact manifold.
The following example shows that in some sense, (Hy(a)) is sharp.

Proposition 2. Assume thatd > 3. Fiz oy =0, ¢ >0 and a € (0,c¢(d—2)/2). Fora € (a,c(d—2)/2),
set U(x) = alog(1+log(1 +|z|?)), which satisfies (A) with ¢, = 0 and (Hy(a)). For any x¢ € R?, the
solution (X;)i>0 to (1) satisfies P(lim;— o U(X;) = 00) > 0.

The next example shows that one can build some oscillating potentials, growing more or less as slow
as one wants, such that Theorem 1 applies. Hence in some sense, (Hj(a)) is far from being satisfying,.

Proposition 3. Fiz d > 2 and p > 1. We can find U satisfying (A) with c. = 1 and (H2(2)) such
that log® |z| < U(x) < 3log®” |z| outside a compact. Theorem 1 applies when c € (1,2).

1.2. Motivation and bibliography. The problem under consideration, called simulated annealing,
has a long history, see the introduction of Zitt [9]. The goal is to find numerically a global minimum
of a given function U : R* — R, by using a gradient approach, perturbed by a stochastic noise. One
thus considers the S.D.E. dY; = \/o,dB; — %VU(Y})dt. The noise intensity o; has to be small, so
that there is some hope to spend most of the time close to a global minimum, but large enough so
that one is sure not to remain stuck close to a local minimum. Changing time, one can equivalently
study (Y7)i>0 or the solution (X; = Y),)i>0 to (1) with 8, = 1/0,,, where (p)¢>0 is the inverse of
(fot 05ds);>0. The important point is that for ¢ > 0 fixed, as t — oo, 8; ~ ¢ !logt if and only if
o ~ c(logt)~!. In each of the the references cited below, one choice or the other is used.

After a first partial result by Chiang-Hwang-Sheu [3], this question has been solved by Royer [8]
and Miclo [4] when assuming that U grows sufficiently fast at infinity, always assuming at least that
(2) | llirn U(zx) = | llirn |[VU(z)] =00 and VzeRY AU(z)<C+|VU(z)?

xr|—0o0 xr|—0o0
for some constant C' > 0. The case where R is replaced by a compact Riemannian manifold was
solved by Holley-Kusuoka-Stroock [2, 1]. All these studies deeply rely on some Poincaré and log-
Sobolev inequalities that require, in the non-compact case, some conditions like (2).

These conditions (2) imply that all the local minima of U are located in a compact set. Also, if
U behaves like U(x) = |z|" for some some r > 0 outside a compact, then (2) holds true if and only
if > 1. In [9], Zitt weakens the condition (2), using similar (but more involved) functional analysis
methods, relying on some weak Poincaré inequalities. However, many technical conditions are still
assumed, which in particular imply that all the local minima of U are located in a compact set, and
that U(z) > [log |z]]" outside a compact, for some r > 1.

The questions we address in this paper are thus the following. First, can one find the minimum
growth rate required for the simulated annealing to be successful ? Second, can we allow for some
potentials with unbounded set of local minima 7 We give answers to these questions, thanks to a
localization procedure, using as a black box the results of [1] in the compact case.

1.3. Comments on the assumptions. We could probably treat the case where d = 1, but some local
times would appear here and there, this would change the definition of rings, etc. Also, (H;(a)) might
be weakened in dimension 2, as is rather clear from Theorem 1, since we assume that a > ¢(d — 2)/2.
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This is due to the fact that the Brownian motion is recurrent in dimension 2. To simplify the
presentation as much as possible, we decided not to address these problems.

Assumption (H;) is rather clear and allows for very slowly growing potentials. Any potential
U : R? — R satisfying, outside a compact, U(z) = |z|" or U(z) = (log|z|)", with r > 0, satisfies
(Hi(a)) for all @ > 0. And, of course, if U(z) = aloglog|z| outside a compact, (Hy(a)) is satisfied.
Proposition 2 shows that in some loose sense, the condition (Hi(a)) with a > ¢(d — 2)/2 is optimal.
Observe also, and this is rather surprising, that (H;(a)) does not guarantee at all that the invariant
measure exp(—pU(x))dz of the S.D.E. de =dB; — %VU(Xf)dt with § > 0 fixed, even large, can
be normalized as a probability measure.

We tried a lot to replace (Hi(a)) by its integrated version U(z) > aloglog|z| outside a compact,
and we did not succeed at all, even with the idea to get a much less sharp condition. This integrated
condition would be much more satisfactory, in particular since it would allow for potentials with
unbounded sets of local minima.

Assumption (Hz) is less clear, and might be improved, although we tried to be as optimal as
possible. The main idea is that a potential U satisfies (Hz(«)) if there are infinitely many annuli
on which U increases at least of «, sufficiently uniformly. Between these annuli, the potential can
behave as it wants, and in particular it may have many local minima. Observe that (Hz(«)) does not
imply that lim|,|_,. U(x) = co. However, one easily gets convinced that (Ha(«a)), together with the
condition a > ¢, implies that lim|,|_, U(z) = .

Assumption (Hj) resembles much (Hs). It is less general in that some conditions on AU are
imposed, but more general in that a ring allows for much more general shapes than an annulus. Much
less radial symmetry is assumed.

Finally, (H2) and (Hj3) are not strictly more general than (Hy). They are more intricate and thus
harder to optimize. The following examples, that illustrate this fact, are not very interesting from the
point of view of (Hz) and (H3), since the potentials below are radially symmetric and increasing, but
they give an idea of the possibilities.

o If U(x) = (log|x|)", outside a compact, with r € (0,1), then U satisfies (H1(a)) for all @ > 0. But it
does not satisfy (Ha(«)) for any a > 0, because we would have, for i large enough, &; > b;(log b;)* =" /r,
whence b; > a; + b;(log bi)lf’”/r. This is not possible, since b; must increase to co as i — oco. If d > 3,
neither does it satisfy (Hs(a,3)) for any o > 0 and 8 > 0, since lim,|_,o |[VU (2)|2AU (z) = occ.

o If U(x) = klog|z|, outside a compact, with x > 0, then (Hy(a)) is satisfied for all a > 0. Next,
(Hz(cv)) is fulfilled if > «: choose, for i large enough, a; = ¢*, b; = a;+1, 6; = ¢'T'/k, with ¢ > 1
such that ¢ > 1 + ag/k. Finally, (Hs(a, 8)) is met if & > 0 and 8 > (d — 2)/k: choose, for i large
enough, Z; = B(exp(v;/k)) \ B(exp(u;/k)) with u; = i and v; = u;41 and k; = 1.

o If U(x) = (logl|z|)", outside a compact, with r > 1, then U satisfies (Hy(a)), (H2(«)) and
(Hs(ar,B)) for all a > 0, o« > 0, 8 > 0. For example, (Ha(«)) is satisfied with, for ¢ large enough,
a; = 2i, bi = Qj+1 and 61' = bz/(204)

As a conclusion, although we found some new results, the situation remains rather unclear.

1.4. Main ideas of the proof. Assume (A) and fix ¢ > ¢,. First, it is rather natural to deduce the
two following points from the compact case [1].

(a) Under the condition, to be verified, that sup,>q |X¢| < oo a.s., then U(X;) — 0 in probability.

(b) If G is an open connected set containing xo and the global minima of U and such that 0G C
{x € R?: U(x) > a} for some a > ¢, then P(Vt >0, X; € G) > 0.
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The proof under (H;) then follows from two main arguments. First, a careful comparison of
(IX¢])¢>0 with some Bessel process shows that X cannot tend to infinity, and thus visits infinitely
often a compact set. Second, each time it visits this compact set, it may remain stuck forever in
it with positive probability by point (b). With some work, we bound from below uniformly this
probability. Hence the process is eventually stuck in this compact set, so that we can apply (a).

The proof under (Hs) or (H3) is rather easier. On the event where sup,~|X;| = oo, the process
must cross all the annuli (or rings) in which U is supposed to be sufficiently increasing. But using
some comparison arguments and point (b) above, there is a positive probability that the process does
not manage to cross a given annulus. Here again, there is some work to get some uniform lowerbound.
At the end, the process can cross only a finite number of annuli (or rings), so that we can apply (a).

1.5. Plan of the paper. In the next section, we recall some results of Holley-Kusuoka-Stroock [1]
and deduce points (a) and (b) mentioned in the previous subsection. We finally recall some classical
facts about Bessel processes. The other sections can be read independently. Sections 3, 4 and 5 are
respectively devoted to the proofs of Theorem 1 under (Hy), (Hs) and (Hj). We conclude the paper
with Section 6 which contains the proofs of Propositions 2 and 3.

As a final comment, let us mention that we use many similar comparison arguments. We gave up
producing a unified lemma, because it rather complicates the presentation, since the time-life of the
processes vary, etc, and because each time, the proof is very quick.

2. PRELIMINARIES

We first recall some results of Holley-Kusuoka-Stroock on which our study entirely relies. Recall
that the constant ¢, concerning U, was introduced in Assumption (A). When considering a similar
constant for another potential, we indicate it in superscript.

Theorem 4 ([1, Theorem 2.7 and Lemma 3.5]). Consider a compact connected finite-dimensional
Riemannian manifold M, as well as a C* function V. : M — Ry satisfying ming, V= 0. We
introduce ¢} = sup{Ev (x,y) : z,y € M}, where

By () = inf { max V(2(1)) = V(&) = V(y) : 7 € C(0,1], M),7(0) = ,9(1) = }.

)

Consider ¢ > c¥ and By > 0, set B; = Bo + [log(1 + t)]/c and consider the inhomogeneous M -
valued diffusion (Yi)i>o with generator L1¢(y) = 1div[Vé(y) — BiVV (y) - Vo(y)], for y € M and
¢ € C(M), starting from some yo € M. We denoted by div and V the Riemannian divergence and
gradient operators.

(i) It holds that V(Y:) — 0 in probability as t — oo.

(ii) Fiz a € (cY,c) and consider a connected open subset G of M satisfying the conditions that
{reM:V(z)=0}CGanddG C{x e M :V(z)>a}. Ifyo€ G, then P(Vt >0, Y, € G) > 0.

Actually, only the case where §y = 0 is treated in [1], but this is not an issue. Under (A), VU is
locally lipschitz continuous, whence the following observation.

Remark 5. Assume (A). The equation (1) has a pathwise unique mazimal solution (Xt)seqo,c), where
¢ takes values in (0,00) U {oo} and with P({¢ = oo} U {¢ < 00, limyq¢ | Xy| = o0}) = 1.

We now show how the above results of [1] may extend to the non-compact case.
Lemma 6. Assume (A), fiv ¢ > c. and By > 0, and consider (X)ieo,¢) as in Remark 5.

(i) Fiz o € (cs,c) and consider a bounded connected open subset G of RY such that zo € G,
{xeR:U(x) =0} CG and 0G C {x e R*: U(z) > a}. Then P({ =oc and ¥t >0, X, € G) > 0.
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(ii) Assume that P(¢ = oo and sup,>q | X¢| < oo) = 1. Then U(X;) — 0 in probability as t — oo.

Proof. For R > 0, we introduce the flat torus Mr = [-R, R)¢, i.e. R? quotiented by the equivalence
relation z ~ y if and only if (z; —v;)/(2R) € Z for all i =1,...,d.

We also fix ¢ > ¢, and « € (¢4, ¢) for the whole proof.
Step 1. For all A > 1, there exist R4 > A and a C* function V4 : Mg, — R, such that ¢4 < a,
miny,  Va =0, {z € Mg, : Va(z) =0} = {x e R*: U(z) = 0} and U(z) = Va(x) for all z € B(A).

Indeed, let myg = maxg4) U + 1, and Dy = {z € R? : U(x) < ma}, which is compact, since U
is continuous and satisfies lim|,| o U(x) = co. Hence there is R4 > A such that Dy C [—(Ra —
1), (R4 — 1)]% We then introduce the continuous map V4 : Mz, — R, defined by

Va(x) = min{U(z),ma} = U(x)1(gepny + Mal{ventn, \Da}-

Since f/A is constant outside D4 and since f/A = U on D4, one easily checks that C*VA < Cq.

We next consider Vs : Mg, — Ry of class C™ such that Va(z) = Va(z) = U(x) for z € D4 and
such that sup,enr, | |Va(z) — Va(z)| < €, where € = min{o — ¢,, 1} /4. We thus have miny,, Va =0
and {z € Mg, : Va(x) =0} = {z € R? : U(x) = 0}, because min U = 0, because U = V4 on D, and
because U > m4 > 0 and V, > f/A —e=my —€>1—1/4> 0 outside D,. Finally, we also have
c/a < cf“ +3e < . + 3e < a, since € < (a — ¢.)/4. This ends the step.

Step 2. For each A > max{1, |xo|}, we consider the inhomogeneous Mg ,-valued diffusion

1 t
(3) YA =20+ B, — 5/ BsVVa(Y)ds  modulo 2Ry,
0
where, for x = (z1,...,24) € R%,
z modulo 2Ry = (33 — 2R, {%D € [~Ra, Ra)".
2RA 1=1,...,

This is a Mg ,-valued time-inhomogeneous diffusion, starting from xzg € Mg,, with time-dependent
generator Ly¢(y) = 3div[Ve(y) — B;VVa(y) - Vo(y)]. By Theorem 4 and since ¢ > c/* by Step 1,

(a) Va(Y;Y) — 0 in probability as t — oo;

(b) if @ € (c¥4,¢) and if G is an open connected subset of Mz, such that {x € Mg, : Va(z) =
0} CG,0G C{x € Mg, :Va(r) >a} and 2y € G, then P(Vt >0, Y;* € G) > 0.

Step 3. For each A > max{1, |zo|} set Q4 = {¢ = 00, sup;5q|X¢| < A}. It holds that Q4 =
{sup,5 |V < A} and Q4 C {VE >0, X, =Y}

Indeed, let 74 = inf{t > 0: |X;| vV |V;| > A}. Since R4 > A, the modulo 2R, is not active in
(3) during [0, 74]. Then a simple computation, using that V4 = U on B(A) and that VU is lipschitz
continuous on B(A), with Lipschitz constant C4, shows that a.s., for all ¢ > 0,

t
|Xt/\TA - Ytﬁm| < CA/ /85|X5/\7'A - YSI?\TA|dS'
0

Since (B)i>0 is locally bounded, sup;>q |Xiar, — YyA,,| = 0 a.s. by the Gronwall lemma. Hence X
and Y4 coincide until one of them (and thus both of them) reaches A. The conclusion follows.

Proof of (ii). We fix € > 0. For A > max{1, |xo|}, by Step 3 and since V4 = U on B(A),
PU(X1) > €) <P(Q%) + P(U(X:) > € Qa) < P(QG) + P(Va(¥,h) > ).
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By Step 2-(a), we conclude that limsup,_, .  P(U(X;) > €) < P(Q) for each A > max{1, |zo|}. But
by assumption, P(24) — 0 as A — oo, whence the conclusion.

Proof of (i). We fix G as in the statement. Consider A > max{1,|zo|} such that G C B(A4). We
thus have G C Mp,, {Va =0} ={U =0} C G, and 9G C {U > a} N B(A) = {Va > a} N B(A). We
then know by Step 2-(b) that the event y, = {Vt > 0, Y, € G} has a positive probability. Using
now that @y C {sup,s¢ |V;}| < A} =Qa C {¥Vt >0, X, = YA} by Step 3, we deduce that we also
have Q, C {( =occand V¢ >0, X; € G}. Thus P(( = oo and V¢ > 0, X; € G) > 0 as desired. O

We next recall some well-known facts concerning Bessel processes.

Proposition 7. Fiz § > 0, r > 0 and let (W;)i>0 be a 1-dimensional Brownian motion. Consider
the pathwise unique solution (Ry);>o, killed when it reaches 0, to

§—1 [Tds
R, = W+ —— —.
¢t =1+ Wi+ > J, R
Such a process is called a (killed) Bessel process with dimension § starting from r.

(a) If 6 € (0,2), (Ry)t>0 a.s. reaches 0.

(b) If 6 > 2, (Ry)1>0 does a.s. never reach 0.

(c) If 6 > 2, we a.s. have limsup,_,..(tlogt)"*/?R, = 0 a.s.

(d) If § > 2, we a.s. have liminf; . t~/?(logt)" R; = oo, where v =4/(5 — 2).

We refer to Revuz-Yor [7, Chapter XI| for (a) and (b). For (c), we actually have the more
precise estimate limsup, .. (2tloglogt)™'/?R; = 1 a.s., see [7, Chapter XI, Exercise 1.20]. Fi-
nally, (d) is proved in Motoo [5], when § > 3 is an integer, as a corollary of a general result
about diffusion processes that also applies to the case where § > 2 is not an integer. More pre-
cisely, we have liminf; oot /2f(t)R; = oo as. if f : Ry — [1,00) is increasing and satisfies
JoS(+ )7 f(1)]39/2dt < co. See also Pardo-Rivero [6, Subsection 2.3], where this result is stated
in terms of squared Bessel processes.

3. PROOF UNDER (H;)

First, we verify that the solution to (1) is global and that it always comes back in B(Ag), where
Ao > 2 was introduced in (Hp(a)). This lemma really uses that a is large enough.

Lemma 8. Assume (A), fit ¢ > 0 and By > 0, and suppose (Hy(a)) for some a > 0. Consider the
unique mazimal solution (Xt)iepo,c) to (1), see Remark 5.

(i) The solution is global, i.e. P({ = c0) = 1.
(ii) If a > c¢(d—2)/2, for allT >0, all z € R\ B(Ap), P(inf{t > 7 : |X;| = Ag} < 00| X, = x) = 1.

Proof. By (A) and (Hy(a)), there is C' > 0 such that z - VU(x) > —C for all z € R%. For n € N, we
define 7, = inf{t > 0 : | X;| > n}. By Itd’s formula, we have, for any T > 0,

T
El|X1ar, 2] < |zol® + dT + C/ Bsds =: Cr.
0

Consequently, P(7, < T) < P(|X71ar,| > n) < Or/n?, so that ¢ = lim,, 7,, = oo a.s., which proves (i).
Concerning (ii), we fix |z| > Ay > 2 and r > 0 and we split the proof into several parts.

Step 1. Conditionally on X, = x, the process (Xt)tzo = (Xy+r)1>0 solves (1) with zo, (8;)i>0 and
(By)i>0 replaced by z, (Br44)i>0 and (By)i>0 := (Bitr — By )i>0. Observe that (X;);>o does never hit
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0 by the Girsanov theorem and since d > 2. We thus may use It6’s formula to compute

N tod—1 X - VU(X,
Xl =lol + W [ (G2 - Bt Xe))as,
0 \2|X,] 2| X,

where W; := fg Xr)'zd\?s is a 1-dimensional Brownian motion. We define p = inf{t > 0 : |X;| = Ao}

and recall that our goal is to prove that p < oo a.s. We next introduce (St);e[o,0] solving

trd—1 af
= — 5 ds killed =inf{t >0:5 = Ap}.
S |a:|+Wt—|—/0 (255 25510g5’5) s killed at o =inf{t>0:.5; o}

We claim that {p = oo} C {0 = oo}. Indeed, using (Hi(a)) and that 8,45 > S, one checks
that [8r4:Xs - VU(X)]/12|Xs]] > [aBs]/]2]Xs| log | Xs|] for all s € [0,p]. Hence, setting b(s,r) =
(d—1)/(2r) — [aBs]/[2rlogr] for s > 0 and r > Ag, we have

d, - -

g (Xl = 5¢) < (b(, 1Xe]) = b(2, 5))

for all t € [0, p A o). Hence, setting z; = max{z, 0},

d - 5 5 5 By 5
E(|Xt| = 80)% <2(1X¢| — S0+ (b(t, | X)) = b(t, Sp)) < 2Co(|1X¢| — Sp)4 || Xe| = S| = 2C(| Xe| — Sp)7,

Ct being the global Lipschitz constant of r — b(t,r) on [Ag,00). Since Sp = | Xo| and since t — C;
is locally bounded on [0, 00), we conclude that (|X;| —S;)2 =0 for all ¢ € [0,p A o) a.s. Hence, on
the event {p = 0o} N {o < oo}, we have S; > |X;| > A for all t € [0,0], whence ¢ = oo. Thus
{p =0} C {o = 0}, so that our goal is from now on to verify that o < oo a.s.

Step 2. We next introduce the Bessel process (Ry)¢>o0

d—1 ["ds
R, = Wy + —— —.
t |117| + t + 2 o Rs
Since d > 2, we know from Proposition 7-(b) that R; does never reach 0. It holds that a.s., S; < R;
for all t € [0,0): it is sufficient to use that Sy = Ry and that for t € [0, o), since a3;/[2S; log S;] > 0,
1 1

%(St — Ri)1 < (d—=1)(Ss — Re)+ (E - E) <0.

By Proposition 7-(c), limsup,_, . (tlogt)~'/2R; = 0 a.s., so that liminf; .., logt/log R; > 2, whence
{o0 =} C {ligrlinflogt/ log S, > 2} C {litminfﬁt/ log S; > 2/c}.
— 00 —00

We fix n € (0,1) such that 6 := d—2a(1 —n)/c € (0,2), which is possible because a > ¢(d —2)/2. We
then know that 7 = inf{t >0:V s> ¢, 55/logSs > 2(1 —n)/c} is a.s. finite on {o = oo}.
Step 8. We now fix K > 1 and L > Aj and we introduce Qg = {0 = 00,7 < K, Sk < L}, as well
as the Bessel process (S{**),>1 with dimension & € (0,2), issued from L at time K: for all t > K,
§—1 (' ds

Sf’L:L—F(Wt—WK)—F— W

5 killed at ox.; = inf{t > K : S/% = A4,}.
K

We claim that Qg 1, C {0k, = c0}. By definition of 7 and since 6 = d — 2a(1 — n)/c, we see that on
Ok, forallt € [K,ok,1), we have
d—1 aPy 0—1 5—1(1 1 )

— — < -
28, 2S1ogSy 28T T 2 \S KL

d
a(st -5t =

Ifd = 2, one may conclude here, since R is then recurrent.
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whence, for all t > K,

d 1 1
a#&—sﬁﬂig@—qx&—sflpﬁg—g?z)gu
t
Since furthermore S < L on Qg 1,, we have (SK—SII{(’L)Jr = 0, so that, still on Qg 1, StK’L > Sy > A

for all t € [K, 0 1), whence ok, 1, = oo (else, we would have Ag = SI5 > S5, > Ag).

Step 4. But we know from Proposition 7-(a), since § € (0,2), that ok, < oo a.s. We conclude
that for all K > 1, all L > Ag, P(Qk 1) =0, i.e. P(o = 00,7 < K,Skx <L) =0. Letting L — o0, we
find that P(c = co,7 < K) = 0, since Sx < 00 a.s. on {0 = co}. Letting K — oo, we deduce that
P(o = 00) =0, since 7 < o0 a.s. on {o = oo} by Step 2. The proof is complete. O

We now bound from below the probability to remain stuck forever in a certain ball when starting
from the circle with radius Ay.

Lemma 9. Assume (A), fir ¢ > 0 and By > 0, and suppose (Hi(a)) for some a > 0. Consider the
unique (global by Lemma 8) solution (Xi)i>o to (1). There is B > Aq such that

p:= _ inf ]P’(sup |X:| < B

r>0,[z[=Ao t>r

XT=$)>0.

Proof. In view of Lemma 6-(i), the only difficulty is get the uniformity in r > 0 and |z| = Ag > 2.

Step 1. We fix r > 0 and 2 € R? such that |z| = Ay and we set (X;)i>0 = (X,1¢)i>0. Exactly as
in the first step of the previous proof, we can write, conditionally on X, = =z,

d—1 _ ﬂTJrsXs : VU(XS))dS
2| X,| 2| X,| '
We claim that a.s., |Xt| < Ag+ R, for all t > 0, where R; is (0, co)-valued and solves

t
|Xt|:A0+Wt+/ (
0

trd—1
R:1+W—|—/ — B.b(Ry) )ds,
! A (235 ( ))

with b(r) = ar/[4(A% +r?)log(A2 +1?)]. The fact that R does never reach 0 follows from Proposition
7-(b), since d > 2, and from the Girsanov theorem, since b is bounded.

To check this claim, we first observe that, thanks to (Hi(a)),
Brytr - VU(‘T) afs
2|| ~ 2Jx|log |z
the last inequality following from the fact that b(r) < a/[2(Ao + ) log(Ao + r)] for all » > 0, because
log(Af +7%) > log(Ao + 1 +1?) > log(Ag + 1) and 4(A7 +12)/r > 2(Ao +7)? /(Ao + 1) = 2(Ag + 7).
Consequently, using that (|X¢| — Ag — R¢)+ > 0 implies that |X;| > Ay + Ry > Ao, we see that

d—1 BreXy - VUXy) d-1 + Btb(Rt)}

|I| ZAO —

= Bab(lz| = Ao),

d, = -
(%] = Ao = R)3 =2(1%4] = Ao — Ro)s |

2 X¢| 21| 28,
5 d—1/ 1 1 5
L2(]X¢| — Ao — Re)y [T (@ - E) — Be[b(|Xe| — Ao) — b(Rt)]}

< —2B,(|1Xs| — Ao — Re) 1 [b(| Xe| — Ag) — b(Ry)]
<2CB(|Xe| — Ao — Re)+ || Xe| — Ao — Ry
<20B:(|1X¢| — Ao — Ry)3,

where C is the (global) Lipschitz constant of b. The claim follows, since |Xo| — Ag — Ry = —1 < 0.
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Step 2. Since the law of (R;):>¢ does not depend on x such that |x| = Ag nor on r > 0, it suffices
to check that there is K > 0 such that P(sup,»o R: < K) > 0. By Step 1, the conclusion, with
B = Ay + K, will follow.

Set V(y) = aloglog(A2 + |y|?)/4 — aloglog(A3)/4 for all y € R% consider yo € R? such that
lyo| = 1, as well as the diffusion process

1 t
Y, =yo+ B - 3 / B VV (Y)ds.
0

Observe that V satisfies (A) with ¢, = 0. We consider now the bounded connected open set G = B(K),
where K > 1 is large enough so that for y € 9G, V(y) = aloglog(A% + K?)/4 — aloglog(A3)/4 > c.
We also have {y € R? : V(y) = 0} = {0} C G. By Lemma 6-(i), since yo € G, we conclude that
P(Vt >0, |Yi] < K) > 0. Finally, one can check that (|Y;])i>0 = (R¢)i>0 in law, by applying the It

formula, using that ﬁ -VV(y) = b(lyl). All'in all, P(sup;>o R < K) > 0 as desired. O

We can now give the

Proof of Theorem 1 under (A) and (Hi(a)) with a > ¢(d — 2)/2. We consider the solution (X;);>0 to
(1), which is global by Lemma 8-(i), denote by F; = o({Xs,s € [0,t]}), and recall that B > A
and p > 0 were introduced in Lemma 9. We introduce the sequence of stopping times Sy < T <
S1 < Ty <S5 < .., with So = 0 and, for all n > 0, T,41 = inf{t > S, : |X¢| > B} and S,,11 =
inf{t > Tp,41 : |Xy| < Ap}, with the convention that inf () = co. In particular, T,, = oo implies that
Sy = Ty = oo for all k£ > n. Our goal is to verify that a.s., there is N > 1 such that Ty = oo, implying
that limsup,_, . |X¢| < B, so that sup,~q |X:| < 0o a.s., whence the conclusion by Lemma 6-(ii).

Using the strong Markov property, one deduces that for all n > 1, {T,, < oo} C {S,, < oo} by
Lemma 8-(ii), while P(T,,4+1 = 0o|Fg, ) > p on the event {S,, < co} by Lemma 9. Hence for all n > 1,

P(Tht1 < 00) = E[l(s, <co}P(Tns1 < 00| Fg, )] < (1 = p)P(Sn < 00) = (1 = p)P(T5, < o0).
Hence P(Ni>1{Tx < 00}) = limy, 00 P(N}_ {Tk < 00}) = lim,, 00 P(T}, < 00) = 0 as desired. O
4. PROOF UNDER (Hz)

Under (Hs), the proof is rather simpler. It entirely relies on the following lemma.

Lemma 10. Consider a 1-dimensional Brownian motion (Wi)i>o. For ¢ >0 and § > 0, consider the
(0, 00)-valued pathwise unique solution (SP)i>o to

d—1 [tds 1 [
5 _
St_05+Wt+T ) S—g—2—c5/010g(1+8)d8
For any d9 > 0 and n > 0, it holds that

p(60,7) f P(supSf <ei(1 +77)) > 0.

= in
6>d0 t>0

Proof. The strict positivity of S follows from Proposition 7-(ii) and the Girsanov theorem, since
d > 2 and since the additional drift is bounded (locally in time). First, R) = (do/ 6)5?5 /59)2¢ SOlves

d—1 ['ds I )
= R_g_ﬁ/o log(1 + (5/60)2s)ds,

where W} = (80/8)W(s/5,)2¢ is a Brownian motion. We introduce H° solving (4) with W? replaced
by W. We claim that for any § > do, Hf < M, for all t > 0 a.s., where M solves

d—1 (" ds I
& log(1 + s)b(M,)ds,
2 J, M, 2050/0 og(L + )b(M,)ds

(4) R = cdg + W) +

My = cbg + Wi +
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where b(r) = (€2 + r2)~Y/2r, with € = efo[(1 4+ 1) — (1 +n/2)?]/(2 + n). Indeed, we write as usual
d 1 1 1

st 0 (405

T | + = [1o8(1 + 0b(34) ~log(1 + (3/60)%1)]) <o0.

Hence for all § > g, we have

]P(sup S < c5(1+77)) = ]P’(sup R < c50(1+77)) = ]P(sup H} < 050(1+77)) > ]P’(sup M, < c50(1+77))
>0 >0 >0 >0

and it suffices to prove that p := P(sup,>o My < cdo(1 +n)) > 0.

We introduce V (y) = (€2 + |y|?)!/2 — ¢, which satisfies (A) with ¢, = 0. We consider yo € R? such
that |yo| = cdo, as well as the diffusion process

1 [tlog(l+s
Sftzyo+Bt—§/ g(CT)VV(YS)ds.
0

One can check that (|Yi|)i>0 = (Mi)i>0 in law, using the It6 formula and that ‘—Z‘ -VV(y) = b(Jy|)-

We then observe that V' satisfies (A) with ¢, = 0 and we consider the the bounded connected open
set G = B(cdo(1 +n)). We have yo € G, {y € R? : V(y) = 0} = {0} C G and, by definition of ¢,
0G C {y € R : V(y) = cdo(1 +n/2)}. Applying Lemma 6-(i) (with ¢ replaced by c¢dy > 0 = c,), we
conclude that P(V ¢ > 0, |Y;| < cdo(1 +1n)) =PVt >0, Y; € G) > 0 as desired. O

Once this is seen, we can give the

Proof of Theorem 1 under (A) and (Ha(a)) with o > c. We consider the solution (X¢):e[o,¢) to (1) as
in Remark 5. By Lemma 6-(ii), we only have to verify that a.s., {( = oo and sup,q | X;| < oc.

Step 1. In Assumption (Hs(«)), we have lim; o, a; = 00, because a;+1 > b; > a; + ad; > a; + adp.
We thus may consider 79 > 1 such that a;, > |zo|. We introduce F; = 0(X1{¢ss,5 € [0,1]), as well
as the sequence of stopping times T; = inf{t > 0 : |X;| = a;} and S; = inf{t > 0 : |X¢| = b;}, for
i > ig, with the usual convention that inf () = co. We have 0 < T;, < Siy, < Tio1 < Sig41-... It
suffices to prove that lim;_, . P(S; < c0) = 0.

Indeed, this will imply that P(Ng>1{Sk < oo}) = lim;_oc P(S; < 00) = 0, so that there will a.s.
exist I such that S; = oo. Consequently, we will a.s. have ( = oo and sup,sq |X¢| < by < occ.

Step 2. We fix n > 0 such that o > ¢(1 + n). It suffices to verify that for all ¢ > i, we have
P(S; = oo|Fr,) > p(do,n) on {T; < oo}, where p(dg,n) was defined in Lemma 10.

Indeed, this will imply that lim;_, . P(S; < oo) = 0, because for all ¢ > ig + 1,
P(S; < 00) = E[1{7, <0} P(Si < 00| Fr;)] < (1 — p(d0,n))P(T; < 00) < (1 —p(do,n))P(Si—1 < 00).
Step 3. To conclude, we fix ¢ > iy and apply the Itd formula: on {7; < oo}, for ¢t € [0,{ — T5),
S od—1 [t ds 1 [ Br s Xtys - VU(X7,45)
X1t = ai + Wi+ / ——/ - - ——ds,
Xz T ) Rl 2, X
the Brownian motion W} = TiH(I))g—ZIl{S«} + uly,>¢y) - dB, being independent of Fr,. Here we

T;
introduced some arbitrary deterministic unitary vector u € R%. We introduce, still on {T; < oo},

. d—1 [tds 1 t
Ri—ch + Wit~ | =2 log(1 + s)ds.
e =it Wt | R 2c5i/0 og(1 +s)ds

This process is well-defined, see Lemma 10. We now check that a.s. on {T; < oo}, it holds that
| X1, 4¢] < a; + Ri for all t € [0,S; —T;). Observe that this makes sense, because ¢ > S;.
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Using that ¢ € [0,5; — T;) implies that |X7,4¢| < b;, that (|X1,4¢] —a; — R})+ > 0 implies that
| X7, 44| > a;, and that |x| € [a;, b;] implies that z - VU (z) > |z|/d;, we see that for all ¢ € [0,5; — T3)

d 7
&(|XTi+t| —a; — R}

_ . 1 11 Br4eXrqe - VU(Xp4e) | log(l+1)
(X7, el = ai = R}y ((d - 1>[| i le - o )
<X el a0~ B (- 2t BUEDY

since finally 87,1 > ¢ tlog(1 +t). Since — R}y = —cb; <0, we conclude that indeed, on
{T; < oo}, it holds that | X7, +¢| < a; + R for all t € [0, S; — T;).

Hence {T; < 0o,sup;sq R} < cdi(1+n)} C {Ti < 00,5upse(0,5,—77) | XT, 14| < @i + ¢di(1+n)}, which
is included in {S; = oo} since finally a; +¢d;(1+n) < a;+«ad; = b; by assumption. Hence on {T; < oo},

P(S; = o0lFr,) = P(sup R} < cdi(1+ 1)) = p(do, n)
t>0

by Lemma 10, since d; > dg. The proof is complete. O

5. PROOF UNDER (Hs3)

The proof under (Hs) is very similar, in its principle, to the proof under (Hy). We start with the
following variation of Lemma 10.

Lemma 11. Consider a 1-dimensional Brownian motion (Wy)i>o. For ¢ > 0 and k > 0, consider the
(0, 00)-valued pathwise unique solution (Rf)i>o to

Rt—c—i-Wt—l——/——— log(1 + s/(2r)%)ds
For anyn > 0, any € > 0, it holds that
q(n,€) = mf ]P’(sup Ry < cmax{er, 1}(1+ 77)) > 0.

>0
Proof. As in Lemma 10, R" does never reach zero by Proposition 7 and the Girsanov theorem.

We observe that T}° = (2/@)*1R’(‘2H)2t solves, with the brownian motion W, = (2/@)*1W(’§N)2t,

TF= =+ Wr+ _1/——— B (1+s)d
r=g / 50 og s)ds.

Hence T has the same law as S°, see Lemma 10, with § = 1/(2k). Thus for all x € (0,1/€],
Psupeso B < (14 1)) = P(supso Ty < (¢/25)(1+ 1)) = p(e/2,n).

If now £ € (1/¢,00), since ¢/(2k) < ce/2 and 2k > 2/e, we see that, in law, T} < SE/Z by a
comparison argument. As a consequence, P(sup;~q Rff < cen(1+n)) = P(sup;>o 1) < ce(1+1)/2) >
P(sup;> Sf/z < ce(1+n)/2) > p(e/2,n). The conclusion follows with ¢(n,€) = p(e/2,7n) > 0 which is
positive, see Lemma 10. O

Proof of Theorem 1 under (A) and (Hs(c, o)) with a > c. We consider the solution (X¢)¢eo,¢) to (1)
as in Remark 5. By Lemma 6-(ii), we only have to verify that a.s., ¢ = 0o and sup;> | X¢| < oc.

Step 1. Since Z; increases to R? by assumption, we can find ig > 1 such that zo belongs to the
interior of Z; . We also introduce F; = 0(Xs1(¢>s}, 8 € [0,1]), as well as the sequence of stopping times
Ty =inf{t >0: X, €02 }and S; = inf{t > 0: X, € 9Z;"}, for i > ig, with the usual convention that
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inf ) = oo. Since Z;; C (Z)°C 2, C (2],

suffices to verify that lim;_, ., P(S; < oo0) = 0.

Indeed, this will tell us that P(Ng>1{Sk < o0}) = 0. There will thus a.s. exist I such that S; = oo,
so that X; € Z;, for all £ > 0, whence the conclusion, since Z; , is bounded.

)C...,WehaV60<T%0SSiOSTiOJrlSSiOJrl.... It

Step 2. We fix n > 0 such that o > ¢(1 + 7). As in the proof under (Hz(«)), it is enough to verify
that for all 4 > 1, we have P(S; = oo|Fr;) > q(e,n) on {T; < oo}, where g(e,n) is defined in Lemma
11 and where € > 0 is the constant introduced in Assumption (Hs(a, £)).

Step 3. Recall Assumption (Hs(a, 8)) and that for ¢ > 1, Z; is C*°-diffeomorphic to the annulus
C={zeR?:|z| € (1,2)}. It is a tedious but classical exercise to prove that for each i > ig, we can
build a smooth function V; : R — [0, 00) such that V; = U on Z;, such that V; < u; on Z7, Vi >y
on Z, |VVi| < 2k; on R and VV;(z) # 0 for all z € R?\ {z¢}. Observe that since VU does not
vanish on Z;, it holds that V;(z) = U(z) € (u;,v;) for all z € Z; because else, U would have a local
extremum inside Z;.

Step 4. In this whole step, we fix ¢ > g and work on {T; < oco}. For all ¢ € [0, — T3),

t ) 1 t
VilXna) = [ V)l + 5 [ [AVCE 1) = B VU (X)W )] ds,
0 0

the Brownian motion V[/tZ = 5i+t(%l{s<c} + u]_{SZ(}) - dB;s being independent of Fr,. We
introduced some deterministic unit vector u € R? and used that a.s., X; # x¢ for all t € (0,¢) (by the

Girsanov theorem, recall (1) and that d > 2) and thus |[VV;(X;)| > 0 for all ¢ > 0. We next introduce
the time-change 6} = fg |VVi(X71,45)|?ds, which is continuous and strictly increasing on [0, ¢ — T5), as
well as its inverse 7/ : [0,60¢_7.) — Ry. Forall t € [0,6;_r,), we have

1/t{ AVi(Xr,471)
0

v‘/;(XTH-T;) ’ VU(XTH-T;)
5 5 — B 2 }dsv
2 |v‘/;(XT¢+T;)

Vi X yri) = u; + W) + —_—
Krir) : VViKr4rs)

for some Brownian motion W* independent of Fr,, which can be built as follows: for a Brownian
motion W independent of everything else (this is useless if 92_@ = 0 a.8.), set

. T AN C=T) ) t .
W;:/O |VI/i(XTi+S)|dW;+/ aw..
t

NOE_
with the convention that 7/ A (¢ —T;) = ¢ — T; for all t > 6% ;.. We next introduce

; _.od—1 ("ds 1 [*
Y =c+ W, —i—T/O Yi %, log(1 + s/(2k;)?)ds.

This process is well-defined and positive, see Lemma 11. We could replace the strong repulsion
term (d — 1)/(2Y}) by a (weaker) reflection term, but this allows us to make Lemmas 10 and 11
more similar. We now check that a.s. on {7; < oo}, it holds that Vi(Xy, i) < u; + Y, for all

t €[0,05 _p). Using that ¢ € [0,0% _;.) implies that 7/ < S; — T; and thus that Vi X, 4rs) < i,
that (Vi(Xq,4r) —ui — Y;)4 > 0 implies that Vi(X1,47i) > u;, and that Vi(z) € (u;,v;) implies that
x € Z;, whence AV;(z)/|VVi(z)|> = AU(z)/|VU(2)|? < By and VV;(z) - VU(z)/|VVi(x)|? = 1, we
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see that for all t € [0,05 ),

d i i
Vi) —w =Y )3 =(ViXny ) —ui = Y+
y ( d—1 | AViXgn) Vi Xqy o) - VU(X7, ) N log(1 + t/(2m)2))
R oo e A s o | :

log(1 + t/(2l€i)2)) <0.

C

<(VilXpyqrp) —wi — Yti)+(50 — By +

For the last inequality, we used that By, s = Bo 4+ ¢ 'log(l + 7/) and that 7 > ¢/(2;)* for all
t €[0,07_r,), because 0 < (2x;)°t for all t € [0,¢ — T;), recall that [VV;| < 2r;. But Vi(Xr,) — u; —
Yy = —c <0, whence indeed, V;(X7, ;i) < u; + Yy for all t € 0,05, 7).

On {T; < 00, sup,sq Yy < cmax{1, ex;}(1+4n)}, we thus have V; (X7, | ;) < ui+cmax{1, er;}(141)
for all t € [0,0% _;.), so that V;(Xr,4¢) < u; + cmax{1,ex;}(1 4 n) for all t € [0,5; — T;), whence
S; = 00, because V;(z) = U(z) = v; > u; + amax{l,ex;} > u; + cmax{1l,ex; }(1+n) for all z € IZ;}.
Hence on {T; < oo},

P(S; = ool Fr,) = P(sup ¥} < cmax{L,eni}(1+m)) = qle,)
t>0
by Lemma 11. 0

6. OTHER PROOFS
We first verify that in (Hi(a)), the condition a > ¢(d — 2)/2 is sharp.

Proof of Proposition 2. We assume here that VU (z) =

(1+‘w‘2)(13_°{§g(1+|w|2)), with 0 < a < ¢(d—2)/2.

Step 1. Considering the 1-dimensional Brownian motion W; = lel |§—s| -d By, which is independent
from X7, and denoting Sy = | X1/, the It6 formula reads (recall 5y = 0)
d—1 t@_g/t Sslog(2 + s)ds
2 Jo Ss cJo (1+S2)(1+1log(1+52))
Step 2. We set § =d —2a/e>2,8 =(§+2)/2 € (2,0) and consider the Bessel process
§—1 [tds
2 J, R
By Proposition 7-(d), we know that a.s., liminf; . t~*/?(logt)"R; = oo, where v = 4/(§' — 2).
Hence limsup,_, . [log(2 + )] /[1 + log(1 + R?)] < 1 a.s. We fix n = (§ — 2)c/(4a) > 0, which gives
(d=1)/2—a(l+n)/c= (6 —1)/2 and we consider K > 1 large enough so that P(Qx) > 3/4, where
log(2 +t)
ECET N
1+log(l1+ R?) — +n
Step 3. There is A > 0 such that, P(Q | So > A) > 3/4, where Q% = {Sk > Rx + 1}.
Indeed, Sk — Rx > So + Zk, where Zx = Wi — a/c fOK log(2 4 s)ds — Rk is independent from
So. As a consequence, P(Q | So > A) > P(Zx > 1 — A), that goes to 1 as A goes to infinity.

Step 4. We show that {So > A} N Qx NQ C {Vt > K, S; > R,}. This will conclude the proof,
since limy_, o, Ry = o0 a.s. and, (i being independent from Sy,

Sy = So + Wi +

Ry =1+W;+

O = {for allt> K, R, >1 and

1
P({S0> A} N QK N0) = B N | So > AB(Sy > 4) > SB(Sy > A),
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which is positive by Girsanov’s theorem, whatever the initial condition zg.

We thus work on {So > A} N Qx N Q% and introduce 7 = inf{t > K : S; < R;}. For all t € [K,7),
we have

d d—1 Sy log(2 + t) y-1_§-1,1 1
el _ _ _ _ > el
ALY 25, 1+ S%)(1+1log(1+S2) 2R, — 2 (st Rt)’

because Sy/(1+ S?) < 1/S;, because log(2+1)/(141og(1+57)) <log(2+1t)/(1+1log(1+ R?)) < 1+7n
since t € [K,7) and since we work on Qg, and because (d —1)/2 — «(1 +7n)/c = (6’ — 1)/2. Hence,
still for ¢ € [K, 7),

d 0 -1 -1

et _ > _ _ > _

dt(St Ry) > SRS, (St — Ry) > 5 (St — Ry),
since S; > R; > 1 by definition of 7 and Q. Finally, as Sk — Rx > 1 by definition of -, we conclude
that S; — R, > exp(— (¢’ — 1)t/2) for all t € [K, 7), and this implies that 7 = co as desired. O

Finally, we give the

Proof of Proposition 3. We fix p > 1 and set up = 0, vg = 1, and u; = exp®?(i), v; = u; + 1 for
i > 1. We define the function g : [0,00) — [0, 00), continuous and linear by pieces, by g(u;) = 2i and
g(v;) = 2i + 3 for all i > 1. We then introduce a smooth version h of g, with the very same table of
variations, such that h(r) = g(r) for all r € U;>o({u; } U u; +0.1, v, — 0.1]U{v;} U[v; + 0.1, w41 — 0.1])
and such that U : R — [0,00) defined by U(x) = h(|z|) is C*°. Then, U satisfies (A) with ¢, = 1.
It also satisfies (H2(2)), with a; = u; + 0.1, b; = v; — 0.1, 6; = 1/3. Indeed, |z| € [a;, ;] implies
that & - VU(z) = h'(Jz]) = 3, and we have b; — a; = 0.8 > 2§;. Finally, for all # € R? such that
|z| > exp®P(1), we have |z| € [u;, u;v1] with i = |log®” |z||, whence U(z) € [2i,2i + 3]. Hence we
clearly have log®” |z| < U(z) < 3log® |z| as soon as |z| is large enough. O
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