
HAL Id: hal-02277682
https://hal.science/hal-02277682v1

Submitted on 26 Nov 2020

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

3D Hybrid FEM-BEM Using Whitney Facet Elements
and Independent Loops

Douglas Martins Araujo, Gérard Meunier, Olivier Chadebec, Jean Louis
Coulomb, Loic Rondot

To cite this version:
Douglas Martins Araujo, Gérard Meunier, Olivier Chadebec, Jean Louis Coulomb, Loic Rondot. 3D
Hybrid FEM-BEM Using Whitney Facet Elements and Independent Loops. IEEE Transactions on
Magnetics, 2015, 51 (3), �10.1109/TMAG.2014.2364978�. �hal-02277682�

https://hal.science/hal-02277682v1
https://hal.archives-ouvertes.fr


Fig. 1. Classical representation of magnetostatic problem: different domains,
materials, and magnetic sources.

To study the distribution of magnetic quantities (as magnetic
field h and induction b) in a given device and neglecting
temporal variations, Maxwell’s equations for a magnetostatic
problem are considered

curl h = j (1)

div b = 0. (2)

Magnets may optionally be introduced, leading to the
following constitutive Law:

b = μ(h − hc) where μ = μ(h) (3)

where hc is the magnet’s coercive field.
The total magnetic field is split into two parts, as follows:

h = h0 − grad ϕ (4)

where ϕ is the reduced magnetic scalar potential, h0 is
the source field created by the nonmeshed coil, and
hred = −grad ϕ is the reduced magnetic field.

Because vb = −hc + h, we have

vb = −hc + h0 − grad ϕ (5)

where v is the magnetic reluctivity.

III. FEM USING WHITNEY FACET ELEMENTS

The total induction b could be interpolated using facet shape
functions, as follows [4]:

b(x) =
N f∑

j
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I.  INTRODUCTION

NUMERICAL    tools    based    on    finite    element    met
hod  (FEM)  provide  to  the  user  an  effective  represen

tation   of   the   device.   Compared   with   analytical   methods,
the  geometrical  and  physical  properties  are  both  accurately
and  quickly  described.  Furthermore,  FEM  can  solve  a  wide
range  of  problems.  FEMbased  models  need  a  full  domain
representation  including  magnetic  nonlinear  regions  and  the
surrounding  region.  As  a  result,  the  number  of  degrees  of
freedom (DoFs) can dramatically increase.

To  tackle  this  problem,  integral  formulations  have  been
considered [1]. Integral volume methods can be used to repre
sent nonlinear regions and consider implicitly the surrounding
linear  region.  A  drawback  of  these  methods  is  the  building
of  a  fully  populated matrix.  Thus,  the  assembly  time  can  be
prohibitive.

The  boundary  element  method  (BEM)  is  used  to  model
linear unbounded regions. In this method, the DoFs are located
on the domains interface (bounded and unbounded).

The   use   of   Whitney   facet   elements   for   approximation
of  induction  in  FEM–BEM  magnetostatic  formulations  has
already been proposed in [2]. The originality of our approach
is to impose the solenoidality of b through independent loops
techniques  associated  with  an  equivalent  circuit  associated
with  the  dual  mesh  [3].  This  new  formulation  has  been
validated thanks to the modeling of a Ushaped contactor and
obtained result compared with pure FEM.

II.  MAGNETOSTATIC PROBLEM

We  suppose a magnetic domain � m , containing eventually
magnets  and  surrounded  by  an  unbounded  domain � 0  with
permeability μ0. The surrounded region contains a nonmeshed
coil in which flows an electric current density j. Fig. 1 shows
the problem.
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October  17,  2014. w j (x) j                               (6)

where w j  is  the j  facet  shape  function, j  is  the  magnetic
flux through the facet j, and N f  is the number of internal and



external faces generated from the discretization. Let us notice
the main property of this kind of element family: the normal
component of w j is conserved through each facet, ensuring the
conservation of normal induction. Equation (5) is projected on
the domain �m using facet shape functions to get a Galerkin
equation
∫

�m

wi ·vbd� −
∫

�m

wi · hredd�=
∫

�m

wi ·(−hc + h0)d�. (7)

With (6) and introducing the reduced scalar magnetic
potential, we get

N f∑

j

∫

�m

wi · vw j� j d� −
∫

�m

wi · grad ϕmd�

=
∫

�m

wi · (−hc + h0)d�. (8)

By integrating by parts, the second integral of (8) is
∫

�m

wi ·grad ϕmd�=
∫

�m

ϕmwi ·nd�−
∫

�m

ϕmdivwi d�. (9)

Looking at the right side of (9), both terms could
be interpreted as averaged reduced potentials. Because
wi · n = 1/Si , Si being the surface of element i , we can
conclude that the first integral represents the averaged
potential on this boundary face

∫

�m

ϕmwi · nd� = ϕ̄�m. (10)

Similarly, the second integral represents the averaged
potential on the volume of elements. Considering an element e
and one of its facets j , then divw j = ±1/Ve, where Ve is the
volume of element e, we get

∫

�m

ϕmdivw j d� = �ϕ̄m . (11)

Let us notice that the sign of the preceding term depends on the
orientation of facet j . Hence, (8) can be rewritten, as follows:

[R]� −
{
�ϕ̄�m
�ϕ̄m

}
= U (12)

where �ϕ̄m is the variation of averaged potentials between
adjacent volumes elements, �ϕ̄�m is the variation of averaged
potentials of a volume element and a face on boundary if the
face is located on �m , � is the magnetic flux through the facets
and surface, and [R] is the stiffness matrix, sparse which is
similar to a matrix obtained during a classical FEM assembly,
such as

Rij =
∫

�m

wi · vw j d�. (13)

U is the source term from coils and magnets, such as

Ui =
∫

�m

wi · (−hc + h0)d�. (14)

System (12) can be considered as a matrix representation
of an equivalent electric circuit. The centroids of elements
of the primal mesh are now the nodes of the dual mesh [5].

Fig. 2. Primal and dual meshes. Black points: centroid of elements. Dotted
lines: branches of the dual mesh. Both of the averaged potential configurations
are shown (internal and border branches).

Similarly, the facets of elements of the primal mesh are now
the branches of the dual mesh.

Each DoF carries two different quantities. The first one is
the magnetic flux of branches and it represents the analogy
of electric current for magnetic problems. This flux is the
same that crosses the faces and was presented in the previous
equations.

This electric circuit has to be completed. To impose
div b = 0, a circuit solver will be used (Section V). Fig. 2
shows an example of dual mesh used to build an equivalent
circuit from the primal mesh and the different potential
averages involved.

The external part of the circuit has to be considered.
BEM involves two quantities: the magnetic potential and the
magnetic flux on boundary. This will allow us to develop a
perfect coupling between the method presented above and the
BEM and complete the electric circuit.

IV. BOUNDARY ELEMENT METHOD

The main idea is to solve Laplace equation transforming the
volume integral equation over all domain �0, into a surface
integral on the boundary �m . This transformation can be made
thanks to Green’s identity [6].

Considering the third Green’s identity applied in the air
region to the reduced magnetic potential ϕ, we get

c(x0)ϕ(x0)=
∫

�m

(
∇n G(x0, x)ϕ−G(x0, x)

(
1

μ0
b−h0

)
· n

)
d�

(15)

where ϕ(x0) is the reduced magnetic scalar potential at
x0 point, G(x0, x) is the 3-D Green’s function (1/r), r is
the norm of a distance vector linking x0 and a point x of
the boundary, and c(x0) is the solid angle subtended by the
boundary �m at x0.

Let us consider a uniform distribution for the potential
and its normal derivative on the border (zero-order interpo-
lation function for both equivalent to degenerated facet shape
functions on �m ) [4]

ϕ(x) =
N�∑

j

w j (x)ϕ j , �(x) =
N�∑

j

w j (x)
� j

S j
(16)

where � j = bnj S j and N� is the number of facets of
the boundary. By applying Galerkin projection to (15) and
choosing the same weighting functions and interpolation func-
tions used to describe reduced magnetic potential and normal



Fig. 3. Primal and dual meshes. Black points: centroid of elements and
the imposed potential at the infinite. Internal and external contributions are
represented.

magnetic induction distributions (16), we get

[H]ϕ�ext + [T]�� = [T1]h0n. (17)

[T], [T1], and [H] matrices are associated to the following
expressions:

Ti j =
∫

�mi

1

μ0Sj

∫

�mj

G(xi , x j )d�d�, T1i j = Sj Ti j

Hi j =
∫

�mi

(
cii −

∫

�mj

∇n G(xi , x j )d�

)
d� (18)

where cii is similar to 2π , integration point being located
on the regular �m surface. There are many ways to perform
integration of (18) [7]. The simple layer potential integral
is computed thanks to well-known analytical expression.
Integral associated with double layer is expressed thanks to
a Gaussian quadrature rule. Let us notice that [H] matrix is
an invertible one.

V. COUPLING BOTH METHODS

As Fig. 3 shows, the circuit built using the dual mesh will be
completed by adding the contribution of the external reduced
potential averaged in the air �ϕ̄�ext. BEM will be used to
evaluate this potential.

Because the potential is imposed ϕ(∞) = 0, we get

�ϕ̄�ext = ϕ� − ϕ(∞). (19)

To ensure the solenoidality of b, a variational formulation
can be used [2]. In our approach, a circuit solver resolution
based on the determination of independent loops [8] is used.
The general principle consists in finding small topological
loops, by minimizing the number of branches, allowing a very
quick research of independent loops.

The boundary condition can be easily considered in the
formulation, by simply suppressing the associated DoFs in
the equivalent circuit located on �m . There are no nodes of
the dual mesh at the magnetic boundary and the last branch
connects the centroid of a volume element and the infinite
node

�ϕ̄� = �ϕ̄�m + �ϕ̄�ext. (20)

The last term of (20) is deduced from (17), as follows:
�ϕ̄�ext = [H]−1[T1]h0n − [H]−1[T]��. (21)

Fig. 4. Magnetic circuit with a linear permeability and a nonmeshed coil.

Fig. 5. Distribution of magnetic induction.

Fig. 6. Comparison between FEM and the formulation presented for the
computation of magnetic force.

Fundamental circuit equations are expressed in terms of
external and internal average potentials

[M]
{
�ϕ̄�

�ϕ̄m

}
= 0 (22)

where [M] is the branch-loop matrix. By correlating (12), (21),
and (22), we get

[M]
[

R+
[ [

H−1T
]

0
0 0

]]
[M]t�M =[M]

[
U+

[
H−1T1

]
h0n

0

]

(23)

where �M is the loop’s magnetic flux. By solving the linear
system, we obtain the currents flowing on each branch by
applying the following equation: � = [M]t�M.



TABLE I

DEGREES OF FREEDOM

Fig. 7. Relative error for magnetic force. FEM with very dense mesh is the
reference.

VI. RESULTS

Fig. 4 shows a magnetic circuit with a coil. The distribution
of magnetic induction was studied and it is shown in Fig. 5.

The magnetic force versus variation of the air gap is consid-
ered and compared with an FEM reference (Fig. 6) computed
with a very dense mesh. Meshes with different number of
DoFs are considered: FEM reference, FEM dense, FEM–BEM,
FEM–BEM medium, and FEM–BEM coarse (Table I).

Once the problem has been solved, the numerical evaluation
of magnetic force is achieved thanks to sources method [9].

Fig. 7 shows the relative error of each solution, FEM
with a very dense mesh being used as reference. The new
B-oriented H(div)-conforming formulation provides increased
accuracy on the normal component of the magnetic induction.
Therefore, it is well adapted to magnetic forces evaluations in
which good accuracy is obtained using only a very few DoFs.
This is the main advantage of our approach compared with
the classical FEM–BEM formulation [10].

This comparison was used to validate our new approach.
The convergence analysis shows that for the real case
FEM–BEM is outperforming FEM in terms of DoF for the
magnetic force evaluation. Further discussions concerning
computation time, when accelerating techniques are applied,
have been extensively made in [11].

VII. CONCLUSION

In this paper, we have presented an original hybrid
FEM–BEM formulation using facet elements. The formulation
has a small relative error in comparison with a 3-D reference
FEM with a high mesh density. The convergence of the results

is quickly reached and with very coarse meshes, we get
acceptable results. This new formulation seems very attractive
because it enables an easy treatment of the unbounded region
without meshing the air. Coupling of FEM and BEM by using
Whitney facet elements which degenerate to zero-order shape
function on the boundary is natural and does not necessitate
interpolation process. Moreover, multiple connected regions
are naturally treated.

The obtained matrix is composed of a fully dense matrix
from BEM and sparse matrix from FEM. Using equivalent
circuit representation, the problem is changed, the DoF becom-
ing magnetic flux in loops instead of faces. As a result, the
dimension of the system to be solved is decreased.

As we have no element in the unbounded region, the
total number of DoF decreases drastically. If the number of
elements on the boundary increases, the time spent on the
matrix integration and solving becomes prohibitive. However,
to solve problems involving a high number of DoF, numerical
techniques can be used to reduce time and memory storage
consumption. Using, for example, fast multipole accelera-
tion technique, we observe a great reduction in computation
time [11].
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