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HE modeling of electromagnetic devices using de-
formable materials involves the resolution of the me-

chanical and electromagnetic equations including coupling
terms in each physic. A classical method to solve numerically
such problems is the finite-element method [1]. However, for
devices with a huge volume of free space compared with
the active structure or high size ratio between the geometric
objects like micro-electro-mechanical systems (MEMS) [2],
problems of accuracy could be present [3] for the resolution
of the magnetostatic problem. To avoid this limitation, this
paper investigates the magneto-mechanical coupling of devices
composed of ferromagnetic and deformable materials in which
the magnetic problem is solved with an integral formulation
while the mechanical problem is solved by the finite-element
method.

Considering only static case and no magnetostrictive effects,
the equations of the magneto-mechanical problem can be
solved separately. The magnetostatic problem is an open
boundary problem for the magnetic field whereas the mechan-
ical part is restricted to the solid domain. In this case, the
integral formulations of the magnetostatic field problems are
particularly advantageous for the numerical solution of open
boundary problems which include magnetic materials. Indeed
only the active regions containing these materials need to be
discretized [4]. Therefore, a volume integral method is used
to solve the magnetostatic problem.

With the assumptions of no magnetostrictive phenom-
ena, only the magnetic forces are involved in the magneto-
mechanical coupling. A local application of the virtual work
principle has been proposed in [5], to compute the nodal

Fig. 1. Description of the magneto-mechanical problem.

integral method. This method is used here in order to compute
a source term of a finite-element description of the mechanical
problem. Advantage of this approach is to keep the same mesh
for both resolutions and to consider only the active regions.

This paper presents in the first part a description of the
problem with the associated equations. The second part is
dedicated to the magneto-mechanical formulation in which
a volume integral method is used to solve the magnetostatic
problem. A local application of the virtual work principle,
adapted to the framework of the integral methods, is proposed
to compute the local magnetic forces. The finite-element
method to solve the mechanical problem is also introduced.
Finally, an application is given in the last part to illustrate the
potential of the developed method.

II. DESCRIPTION OF THE PROBLEM

Let us consider the magneto-mechanical problem defined
by the 2-D regions, � f and �m , filled, respectively, with
ferromagnetic and nonmagnetic materials (Fig. 1). Each of
them has an isotropic linear elastic mechanical behavior. Both
regions do not overlap and their union is noted � = � f ∪ �m .
Let � f , �m , and � be, respectively, the boundaries of the
regions � f , �m , and �. The regions � f and �m are in contact
over the boundary �c = � f ∩ �m . The region �0 is associated
to the free space.
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Considering only the static case, the magnetic behavior is
governed by the Maxwell’s equations

∇×H = J (1)

∇ · B = 0. (2)

The magnetic soft behavior is considered linear. Therefore,
in an isotropic homogeneous ferromagnetic material without
magnetostrictive phenomena, the magnetic behavior law is
defined by

B = μ0 (H + M) (3)

where μ0 is the magnetic permeability of free space and M
the magnetization. The fields M and H are linked by

M = χH (4)

where χ is the magnetic susceptibility.
The mechanical behavior is governed by the application of

local equilibrium equations for a static case

∇ · [σ ] + f = 0 (5)

where [σ ] is the stress tensor and f the volume force density.
Only the magnetic interaction is considered (all other potential
energy fields are neglected as well as the frictional forces), thus
the volume force density is associated to the magnetic forces
acting on the ferromagnetic material � f . The mechanical
behavior law is defined by

[σ ] = 〈C〉 [s] (6)

where [s] is the strain tensor and 〈C〉 the stiffness tensor. The
materials are considered homogeneous and isotropic with a
elastic mechanical behavior. In this case, the stiffness tensor
〈C〉 can be expressed in function of Young’s modulus E and
Poisson’s ratio ν

Cijkl = E

1 + ν

(
ν

1 − 2ν
δklδi j + 1

2

(
δikδ j l + δilδ j k

))
(7)

where δ is the Kronecker’s symbol. With the assumption
of small deformations, the strain tensor is linked to the
displacement field u (specifying the position of a point from
a reference frame) by the linearized equation

[s (u)] = 1

2

(∇u + ∇uT)
. (8)

III. MAGNETO-MECHANICAL FORMULATION

A. Magnetostatic Formulation

The magnetic field is written as the sum of the reduced
magnetic field created by the magnetic material Hred and the
magnetic source field created by currents flows H0

H = Hred + H0. (9)

The Maxwell’s equations (1) and (2) are satisfied when the
reduced magnetic field Hred is expressed at any point of
coordinates r by [6]

Hred (M, r) = − 1

4π
∇

(∫
�a

M
(
r′) · (

r − r′)
|r − r′|3 d�′

)
. (10)

The magnetic field H (11), solution of the magnetostatic prob-
lem, verifies the (10) and (4) at any point of the ferromagnetic
region � f

H (r) = Hred (χH, r) + H0 (r) . (11)

The simply connected region � f containing no current
sources, the magnetic fields H and H0 derive, respectively,
from the scalar potentials 	 and 	0. The integration of (11)
leads to the following volume integral equation [7], [8]:

	 (r) + 1

4π

∫
� f

χ
∇	

(
r′) · (

r − r′)
|r − r′|3 d�′ = 	0. (12)

The region � f is meshed with tetrahedra elements using first
order shape functions

	 =
∑

i

αi	i (13)

where αi and 	i are, respectively, the shape function and the
degree of freedom of the potential 	 associated to the ith node
of the mesh. A collocation method at mesh nodes is used to
solve (12) and leads to solve the following system of algebraic
equations

([I ] + [A (χ)])	 = 	0 (14)

with

Ii j = δi j (15)

A (χ)i j = 1

4π

∫
� f

χ
∇α j

(
r′) · (

ri − r′)
|ri − r′|3 d�′ (16)

where ri is the coordinates of the ith node. There are no direct
analytical expressions for the source potential 	0. A numerical
approach presented in [9] is then used.

The volume integral method allows to mesh only the active
materials. The main drawback is that the interaction matrix
[A] is full. The compression methods can overcome this
limitation [10].

B. Local Magnetic Force Computation

Several methods are available in the literature to compute
the local magnetic forces: Maxwell’s tensor, virtual works,
equivalent source or charge methods, eggshell method [11]
etc. These methods are several times compared each other [12].
The virtual work principle is more general [13] and has already
been successfully applied to compute magnetic forces inside
electro-magnetic MEMS [1]. Considering that, an adaptation
of the virtual work principle in the framework of the volume
integral method is used [5].

A virtual displacement un is applied on the mesh node n.
According to the virtual work principle [14], the component
along un of the nodal magnetic force Fn

u is deduced from

Fn
u = dωco

mag

dun

∣∣∣∣
I

(17)

where I is the electric current which is kept constant and ωco
mag

the magnetic co-energy. This last could be written [15]

ωco
mag = ωco

ferro + μ0

2

∫
�∪�0

H0 · H0 d� (18)



with

ωco
ferro = μ − μ0

2

∫
� f

H · H0 d�. (19)

The expression (18) is used in (17) to obtain

Fn
u = dωco

ferro

dun

∣∣∣∣
I
. (20)

The relation (20) is well suited for the integral formulations,
due to the fact that the domain of the integral (19) is limited
to the ferromagnetic region.

Using the change of basis between the physical mesh
element �e and the reference element �̂ described by the
Jacobian matrix of the transformation [Je], the expression (20)
can be developed into

Fn
u =

∑
e

μ − μ0

2

∫
�̂

[(
H · dH0

dun
+ dH

dun
· H0

)
|Je|

+ (H · H0)
d |Je|
dun

]
d�. (21)

The computation of each derivative term has been discussed
in [5].

Each component of the nodal magnetic force Fn is obtained
taking the virtual displacement un , respectively, as the basis
vectors (e1, e2, and e3). Therefore, using the relation (21) the
nodal magnetic force Fn is given by

Fn =
3∑

k=1

Fn
ek

ek . (22)

This adaptation of the virtual work principle allows computing
local magnetic forces without computation in the free space.
Its main drawback is the resolution of two systems of algebraic
equations for each mesh node and each space dimension.

C. Mechanical Formulation

Let us consider the region � is submitted to mechanical dis-
placement on boundary �u and to applied mechanical stresses
on boundary �σ . The corresponding boundary conditions are
defined by

[σ ] · n = fσ on �σ (23)

u = u0 on �u (24)

where �σ and �u are the parts of the boundary � (Fig. 1).
The weak formulation associated to the mechanical problem

(5) is defined by∫
�

w∇ · [σ ] d� = −
∫

�
w · f d� ∀w (25)

where w is a test function verifying the boundary condition
(23). Using the rule product for the divergence, the Stoke’s
theorem and the boundary conditions (23) and (24), the weak
formulation (25) can be written∫

�
[s (w)] [σ ] d� =

∫
�

w · f d� +
∫

�σ
w · fσ d�, ∀w.

(26)

Fig. 2. Description of the MEMS.

The region �m is meshed with tetrahedra elements using first
order shape functions

u =
∑

i

αi Ui (27)

where αi and Ui are, respectively, the shape function and the
vector degree of freedom of the displacement u associated to
the ith node of the mesh.

The finite-element method applied to the weak mechanical
formulation (26) leads to the resolution of the algebraic
equation system

[K ] U = F + Q (28)

with

Kij =
∫

�

[
s
(
λj

)] 〈C〉 [s (λi)] d� (29)

Fi =
∫

�
λi · f d� (30)

Qi =
∫

�
λi · fσ d� (31)

where λi is the vector shape function associated to the vector
degree of freedom i . The vector F is equal to the vector of
the nodal magnetic force (22).

IV. APPLICATION

Let us study, a MEMS actuator (Fig. 2) [16] in which
an iron plate is fixed to a beam which is embedded at its
extremities [u0 = 0 for the boundary condition (24)]. No
external force is applied to the structure [fσ = 0 for the bound-
ary condition (23)]. The description of the MEMS and the
corresponding mesh are presented on the Fig. 3. The magnetic
behavior of the MEMS is considered linear with an isotropic
homogeneous ferromagnetic material of magnetic permeability
1000 (H/m). Its mechanical behavior is considered elastic with
a homogeneous and isotropic material of Young’s modulus
E = 110 GPa and Poisson’s ratio ν = 0.3. The MEMS is
actuated by a magnetic field produced by a source. Without
magnetostrictive effects, the magnetic forces are the origin of



Fig. 3. Model of the MEMS with the boundary conditions.

Fig. 4. Magnetic field distribution.

Fig. 5. Nodal magnetic forces distribution.

Fig. 6. Displacement distribution with the new position of the MEMS.

the magneto-mechanical coupling and generate torsional strain
of the beam which rotates around its axis.

The previous volume integral method (14) is used to solve
the magnetostatic problem. The computed magnetic field is
given in Fig. 4. The virtual work method (22) is applied
to compute the magnetic nodal force distribution which is
presented on Fig. 5. These nodal forces become the source
term of the mechanical problem which is solved using the
finite-element method (28). Fig. 6 represents the computed

displacement with the new position of the MEMS and the
reference configuration. This is in agreement with the torsion
motion of the beam which rotates around its axis.

V. CONCLUSION

A magneto-mechanical coupling problem is solved in the
framework of the volume integral and finite-element methods.
The resolution of the magnetic behavior with the volume
integral method allows to compute efficiently the nodal mag-
netic force distribution by an adapted virtual work principle
formulation. This force distribution is then a source term for
the mechanical problem which is achieved by finite-element
method. Associated to an accurate magnetic force computa-
tion, the advantages of this approach is to consider only the
active regions during the magneto-mechanical resolution, and
to use the same mesh during the resolution steps. A work in
progress is the investigation of the nonlinear case.
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