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LONG TIME BEHAVIOUR OF A GENERAL CLASS OF BRANCHING
MARKOV PROCESSES

ALINE MARGUET AND CHARLINE SMADI

ABSTRACT. We introduce a general class of branching Markov processes for the modelling of
structured populations. Each individual has a nonnegative trait (size, quantity of parasites
or proteins, ...), which evolves as a diffusion with positive jumps. The growth rate, diffusive
function and jump rate of this trait may depend on the trait value. The individual death
rate also depends on the trait. At death, an individual gives birth to two offspring and its
trait is shared (unequally) between these two offspring. We study the long time behaviour
of the trait along a lineage and in the whole population.

KEY WORDS AND PHRASES: Continuous-time and space branching Markov processes, struc-
tured population, long time behaviour

MSC 2000 subject classifications: 60J80, 60J85, 60h10.

INTRODUCTION

We introduce a general class of continuous-time and space branching Markov processes
for the study of structured populations. Each individual in the population is characterized
by a trait whose dynamics follows a Markov process. Then, at a random time depending
on the individual’s trait dynamics, the individual dies and gives birth to two descendants,
whose traits at birth depend on the trait of the mother. We are interested in the long time
behaviour of these structured branching processes and in their biological interpretation in
terms of population dynamics. First, we focus on the dynamics of the process along a lin-
eage. We give criteria for the process along a lineage to be almost surely absorbed at 0 in
finite time, to converge to a positive random variable, or to follow some long time asymp-
totics. Moreover, in the case of almost sure extinction, we give bounds on the exponential
decay of the survival probability and in the case of survival with a positive probability, we
prove that the process grows at least exponentially. Second, we introduce a one-dimensional
auxiliary process, also known as spinal process, whose dynamics provides useful information
on the dynamics of the whole structured population, via a Many-to-One formula (see [2]
for instance). Combining couplings and results derived in the study of the process along a
lineage, we investigate the long time behaviour of this auxiliary process and prove that it
converges under some assumptions on the trait dynamics. Moreover, we show that this aux-
iliary process corresponds to the trait of a uniformly sampled individual in the population
and deduce some properties on the long time behaviour of the process at the population
level, extending previous results derived for a smaller class of structured Markov branching
processes (see [0 2, [10] for instance).

Notice that the study of the process along a lineage is of independent interest. It be-
longs to a class of processes recently introduced as strong solutions of Stochastic Differen-
tial Equations (SDE) in [30], and only few processes of this class have been studied until
now. This class of processes allows to take into account interactions between individuals as
well as the effects of the environment. The addition of interactions between individuals in
continuous-time branching processes has recently attracted a lot of interest. For instance,
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Feller diffusions and Continous State Branching Processes (CSBP) with logistic competition
have been studied in [22], 24] and [7], respectively, Feller diffusions with some nonlinear birth
rates have been studied in [33], and polynomial interactions have been considered in [25].
Li and coauthors [26] have recently introduced a general class of continuous state nonlinear
branching processes, and have investigated extinction, explosion and coming down from in-
finity for this class. However, in all these models, only positive jumps are allowed. They
result from large birth events, and were first introduced by constructing the continuous state
process as the limit of a sequence of discrete branching processes (see for instance [23, 5]).
In parallel, models where the interactions between individuals result from the fact that the
whole population is subject to the variations of the same environment have been intensively
studied recently, in particular in the framework of CSBPs in random environment. This class
of models, initially introduced by Keiding and Kurtz [21, 20] in the case of Feller diffusions
in a Brownian environment, have been recently generalised and studied by many authors
[9, B, B2, B1L 17, B0, 27, [4]. In this setting, negative jumps may occur, being for instance the
result of environmental catastrophes killing each individual with the same probability [3].
However, in CSPBs in random environment, the environment is independent of the popu-
lation state. In particular the rate of catastrophes does not depend on the population size.
We relax this assumption in the current work.

A classical method to obtain information on the distribution of one trait in a structured
branching population is to introduce a spinal decomposition and to prove a Many-to-One
formula. It consists in distinguishing a particular line of descent in the population, and to
prove that the dynamics of the trait along this particular lineage is representative of the
dynamics of the trait of a typical individual in the population, i.e. an individual picked
uniformly at random. In particular, we refer to [14], [16, [I0] for general results on these
topics in the continuous-time case. Using recent results of Marguet in [28], we exhibit an
auxiliary process for the class of processes under consideration, in the particular case where
the division rate is constant or linear in the individual’s trait. Then, to obtain properties at
the population level, we study this (time-inhomogeneous) auxiliary process. In particular,
we prove its convergence, using results in [29], and extending some results of the first part
of our study (concerning the process along a lineage) to the time-inhomogeneous case.

The main application that we consider for our study is the modelling of a parasite infec-
tion in a cell population. Some experiments, conducted in the TAMARA laboratory, have
shown that cells distribute unequally their parasites between their two daughter cells [36].
This could be a mechanism aiming at concentrating the parasites in some cell lines in order
to "save” the remaining lines. It is thus important to understand the effect of this unequal
sharing on the long time behaviour of the infection in the cell population. This question has
been addressed by Bansaye and Tran in [6]. They introduced and studied branching Feller
diffusions with a cell division rate depending on the quantity of parasites in the cell and a
sharing of parasites at division between the two daughter cells according to a random vari-
able with any symmetric distribution on [0,1]. They provided some extinction criteria for
the infection in a cell line, in the case where the cell division rate is a constant or monotone
function of the quantity of parasites in a cell, as well as recovery criteria at the population
level, in the constant division rate case. In [3], Bansaye and coauthors extended this study
by providing the long time asymptotic of the recovery rate in the latter case. Our work
further extends these results in several directions. First, we allow the parasites growth rate
and diffusion coefficient in a cell to depend on the quantity of parasites. Second, we add the
possibility to have positive jumps in the parasites dynamics, with a rate which may depend
on the quantity of parasites. Finally, we do not make any assumption on the monotonicity of
the cell division rate. This situation is much more difficult to study than the previous ones,
as the genealogical tree of the cell population depends on the whole history of the number of



LONG TIME BEHAVIOUR OF BRANCHING MARKOV PROCESSES 3

parasites in the different cell lines, whereas in [6] 3], the growth of the population is indepen-
dent of the parasites dynamics. Another application we can think of, similar in spirit, is the
modelling of the protein aggregates in a cell population. These latter, usually eliminated by
the cells, can undergo sudden increases due to cellular stress for instance (positive jumps),
and are known to be distributed unequally between daughter cells (see [35] for instance).

The paper is structured as follows. The class of branching Markov processes under consid-
eration is introduced in Section[I] In Section 2] we give results on the long time behaviour of
the process along a lineage. Section |3|is dedicated to the results on the long time behaviour
of the process at the population level. The proofs are derived in Section

In the sequel N := {0,1,2,...} will denote the set of nonnegative integers, R := [0, c0)
the real line and RY := (0,00). We will denote by CZ(R;) the set of twice continuously
differentiable bounded functions on Ry. Finally, for any stochastic process X on Ry or Z
on the set of point measures on R, we will denote by E, [f(X;)] = E [f(X:)|Xo = z] and

Es, [f(20)] = E[£(2))|Z0 = 6.).
1. DEFINITION OF THE POPULATION PROCESS

We use the classical Ulam-Harris-Neveu notation to identify each individual. Let

u:=|J{0,13",
neN
denote the set of all possible labels.

In this section, we define the structured population model, following the construction
detailed in [28]. We consider a branching Markov process where each individual in the
population is characterized by a trait. We assume that this trait evolves as a diffusion with
positive jumps. More precisely, we consider the SDE

t t t rp(X,-) ~
X=X+ / 9(Xs)Xsds + / V202%(X5)dBs + / / / 2Q(ds,dzx,dz), (1.1)
0 0 0 Jo Ry

where X( is nonnegative, g, 0 and p are nonnegative functions on Ry, B is a standard
Brownian motion, @ is a compensated Poisson point measure with intensity ds ® dz @ 7(dz)
independent of B and 7 is a probability measure on R .

An individual with trait  dies at rate r(z) where r is a nonnegative function on Ry and
is replaced by two individuals with characteristics at birth given by ©x and (1 — ©)x where
© is a nonnegative random variable on [0, 1] such that P(© = 0) = P(© = 1) = 0 and with
associated symmetric distribution x(df).

We denote by Mp(Ry) the set of point measures on R;. Following [12], we work in
D(R4+, Mp(Ry)), the set of cadlag measure-valued processes. For any Z € D(Ry, Mp(Ry)),
t > 0, we write

Zy =Y oxp, (1.2)
ueVy
where V; C U denotes the set of all individuals alive at time ¢ and for all v € V;, X{* denotes
the trait at time ¢ of the individual u. Some assumptions are needed to ensure that the
process is well-defined. The first set of hypotheses ensures the existence and uniqueness of a
strong solution to (1.1)) (see the proof of Proposition for details).

Assumption A. - The functions r, p and g are continuous, and for any n € N there
erists a finite constant By, such that for any 0 <z <y <n

lyg(y) — zg(z)| < Bu(y —z) (In(y —z) "' +1).



4 ALINE MARGUET AND CHARLINE SMADI

- The function p is locally Lipschitz and p(0) = 0.
- The function o is 1/2-Hélderian on compact sets and o(0) = 0.
- The measure T satisfies

/00 (z A 2% m(dz) < <.
0

Then according to [30, Proposition 1], there is a unique strong solution (X;,¢ > 0) to (1.1)).
It is a Markov process with infinitesimal generator G, satisfying for all f € CZ(Ry),

Gf(w) = xg(x)f'(x) + o*(x) f"(x) + p(x) /R (f(z+2) = fz) = 2f'(x)) 7(d2).
+
Following [28], we denote by (®(x,s,t),s < t) the corresponding stochastic flow i.e. the
unique strong solution to (|1.1)) satisfying X; = z and the dynamics of the trait between
division events is well-defined.
We also need assumptions to ensure the non-explosion of the process in finite time.

Assumption B. i) There exist ri,m9 >0 and v > 1 such that for all z >0
r(x) <rmz? +ro.
ii) There exist c1,co > 0 such that, for all x € Ry,

lim Ghyy(x) < c12” + co,
n—-+00

where v has been defined in i) and hy,, € Cf(R+) 18 a sequence of functions such
that limy, 4 o0 hp () = 27 for all x € Ry.

We can now properly define the population process Z. Let E = U x [0,1] x Ry and
N (ds,du,dz,df) be a Poisson point measure on Ry x E with intensity ds x n(du) x dz x
k(df), where n(du) denotes the counting measure on U. Let (®%(z,s,t),u e U,z € X,s < t)
be a family of independent stochastic flows satisfying describing the individual-based
dynamics. We assume that M and (®“,u € U) are independent. We denote by F; the
filtration generated by the Poisson point measure M and the family of stochastic processes
(P¥(x,s,t),u €U,z € X,s <) up to time ¢.

Proposition 1.1. Under Assumptions[A] and [B, there exists a strongly unique Fi-adapted
cadlag process (Zy,t > 0) taking values in Mp(R.) such that for all f € CZ(Ry) and t >0,

)=o)+ [ t [ 65012, () s+ 0a{ ()

t
1 X 1-0H)XL)— f(XL)M
[ Ly ey ) U OX) 7 (1= 0)X2) = £ (X2)) M (ds. b, ).
where for all t > 0, Mtf(a:) is a Fi-martingale.
The proof is a direct application of [28] Theorem 2.2].

2. BEHAVIOUR OF THE PROCESS ALONG A LINEAGE

To understand the long time behaviour of the population, we will first focus on the process
(X¢,t > 0) which describes the dynamics of the process Z in a lineage, for example the most
left lineage, and can be described by the SDE:

t t t (X, ~
Xt =Xo+ / 9(Xs)Xsds + / V202(Xs)dBs + / / / 2Q(ds, dx, dz) (2.1)
0 0 0 Jo Ry

t pr(X,-) 1
+ / / / (0 —1)X,~N(ds,dz,db),
0 JO 0
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where CNQ and B have been introduced in , and N is a Poisson random measure with
intensity ds ® dz ® k(df), issued from M by choosing (arbitrarily) that any division events
affects the particle on the left of the genealogical tree. Recall that by definition, N, Q and
B are mutually independent.

2.1. Solution of the stochastic differential equation. First of all, we state that under
some mild conditions, the SDE ([2.1)) has a unique pathwise strong solution. We will work
under these conditions in the sequel.

Assumption C. Assumption[4] holds and for any 0 <z <y <n

1{r(x)<r(y)}(yr(y) - 337“($)> + l{r(y)gr(w)}(yr(y) + .Z'?"(J)) - 2337“(:’/))
< By(y — ) (In(y — )+ 1).

The form of this assumption comes from the conditions of Proposition 1 in [30] that we
will use to get the next result.

Proposition 2.1. Suppose that Assumption@ holds. Then, Equation (2.1) has a pathwise
unique nonnegative strong solution.

In the proofs of Section [3|, we also need to consider a slight generalization of the SDE (12.1])
where an individual with trait « dies and transmits a proportion 6 € [0, 1] of its trait to its
left offspring at a rate r(x)l(6), that depends on 0, where [ : [0,1] — R, is a nonnegative
function. However, using the properties of Poisson random measures we can prove that a
solution to such an SDE can be rewritten as the solution to by modifying the death
rate r and the fragmentation kernel k.

Lemma 2.2. Assume that fol 1(0)k(df) < co. Let
-1

1 1
i(d9) = 1(6) ( /0 l(0)n(d9)> Kk(df), #(z)=r(z) /0 1(0)r(d),

and @, B and N be defined as in (2.1)). Then, there exists a Poisson random measure N’
with intensity ds ® dz ® £(df) such that X is the pathwise unique solution to

t t trp(X-) -
X, = Xo+ / 9(Xs)Xeds + / V202(Xs)dBs + / / / 2Q(ds, dx, dz)
0 0 0o Jo R,

b)) 1
+/ / / (0 —1)X,-N'(ds,dz,df),
0 JO 0

if and only if X is the pathwise unique nonnegative strong solution to

t t trp(X-) ~
X, = Xo+ / 9(Xs) Xsds + / V/202%(X)dBs + / / / 2Q(ds, dz, dz)
0 0 0o Jo R,

tpr(X,-) [y i)
+ / / (0 —1)X,-N(ds,dz,db).
0 Jo

The next two subsections are dedicated to the study of the long time behaviour of the
process X solution to (2.1]).

2.2. Absorption probability and convergence of the process. The first question we

are interested in is to know if the trait reaches 0 along a lineage. It depends on the behaviour

of the function o, controlling the diffusive part of the process, in the neighbourhood of 0.
Let us introduce the stopping times 7~ (x) and 77 (x) via

T (z) =inf{t >0: Xy <}, 7H(x):=inf{t>0:X; >z}, forxz>0 (2.2)
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and
77(0) :=inf{t > 0: X; = 0}, (2.3)
with the convention inf () := oco.

To study the absorption of the process X, we will extend [26, Theorem 2.3]. This extension
relies on the construction of a sequence of martingales satisfying the following assumption.

Assumption D. Let 0 < c<e<b, T =7 (c) A7T(b). For some a € Ry \ {1} there exists
a function G, such that

tAT
M = X} exp ( Ga(Xs)ds>
0

T
E. [X%“ exp </ Gy (Xs)dsﬂ < gl
0

Moreover, in order to be able to use coupling arguments, we consider an additional as-
sumption on the rate p.

is a martingale and

Assumption [EQ. The function p is nondecreasing.
We can now state the result on the absorption of the process.

Theorem 2.3. Suppose that Assumption is satisfied. Let X be the pathwise unique
solution to (2.1), 0 <c<e<band T =7 (c) AT (D).

i) If there exist a nonnegative nondecreasing function f going to co at oo, and a > 1
such that Assumption [D holds and

Gal(u) > —In(u™)/f?(1/u) (2.4)
for w small enough, then Py (77(0) < 0c0) =0 for all z > 0.
i) If there exist a <1 and n > 0 such that Assumption@ holds and
Ga(u) > In(u™) (ln(ln(zfl)))l—H7 (2.5)
for w small enough, then P, (77(0) < 00) > 0 for all small enough = > 0.
As Theorem extends [26, Theorem 2.3], the proofs of these two results are simi-
lar. However, several adaptations are needed as negative jumps may occur in our process.

Moreover, we give tighter bounds than in [26, Theorem 2.3] where (In(u~1))"/2,r < 1 and
(In(u=1))"/2,7 > 1 were considered instead of the right-hand sides of (2.4)) and (2.5).

In order to translate conditions and in terms of the functions controlling the
dynamics of X, we now construct functions G, satisfying Assumption [D] This requires some
conditions on the measure 7 and on the function p. Therefore, we slightly modify Assumption
to take into account those requirements.

Assumption E. The function p is nondecreasing, limsupy+ p(z)/z < oo and

/O " on(d2) < oo,

For the sake of readability, we consider Assumption [E]|instead of a weaker assumption that
would have been sufficient (we just need G4 (z) to be well defined for small ) but harder to
state. Next, we define

A= {a € Ry, /01 (01 — 1) K(df) < oo.}
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The set of functions G, for a € A, may then be introduced for x > 0 via
o*()

L) (e /O (6 — 1) x(do)

—p(:lt)/R (' 4 1) 1 (1 - a)ze V) n(d2). (26)

Ga(2) = (a —1)g(z) — ala —1)—

As an application of Theorem [2.3] we are now able to exhibit sufficient conditions on the
diffusive term o of the dynamics of X ensuring absorption.

(A1) There exist a > 1 € A, a nonnegative nondecreasing function f going to oo at oo,
and ug > 0 such that for all u < ug

7 < ()" /£(1/w). 27)
(A2) There exist n > 0 and up > 0 such that for all u < ug
"(u“) > (In(u™))"? (In(in(u1))) 772 (2.8)

We can now state results on the absorption of the process in terms of those two conditions.

Corollary 2.4. Suppose that Assumptions[C] and [E] hold.
i) If Condition|(A1) holds, then P, (77 (0) < 0c0) =0 for all x > 0.
ii) If Condition|(A2) holds then P, (77 (0) < c0) > 0 for x small enough.
iii) If Condition [(A2) holds and moreover, o(x) + r(x) > 0 for any x > 0, then for any
x>0 ands>0,P, (77(0) <s)>0.

The third point of Corollary refines the result on the probability of non-absorption by
stating that the probability to reach 0 at any positive time is positive under mild conditions.
This property will be useful in the study of the process at the population level.

The long time behaviour of the process X in a lineage depends on the interplay between
g, which tends to increase it, r, which decreases it, and the fragmentation kernel x which has
a less intuitive effect. From now on, © will denote a random variable distributed according
to k. We will always assume that the following condition holds:

/0 " 0r(db)

We consider the following possibilities for the relative strengths of g and r:
(BO) Condition (2.9) holds and there exist n > 0 and xo > 0 such that

g(x)+r(@x)E[In0] < —n, Vaz>ux.

(B1) Condition (2.9)) holds and there exist r > 0 and 7 > 0 such that r(z) > r, Vo > 0
and

E[lne]| =

< 0. (2.9)

M+IE[11[16)] <-n, Vz>0.
r(z)
(B2) Condition (2.9)) holds and there exist r > 0 and 7 > 0 such that r(z) > r, Vo > 0
and
L(m) +E[nO]>n Vz>0.
r(z)
The next result states that under Condition the division mechanism overcomes the
growth of X. In this case, the process X converges to a finite variable, which may be 0
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if X can be absorbed. To state this result, we need to introduce the following sequence of
stopping times. Let to > 0, Tp = 0 and for all ¢ > 1 and z¢ > 0,

T;(xo) = inf{t > T;_1(xo) + to, Xt < x0}. (2.10)

Theorem 2.5. Suppose that Assumptions @ @ and Condition hold for some xq > 0.
Then, for all x > 0, the process (X, t > 0) converges in law as t tends to infinity to Xoo
with distribution

T1(z0)
P(X. ) = E[Tll(xo)]E [/0 1{X56.}ds] , (2.11)

E [XOO (g(XOO) - T();“))} —0. (2.12)

Moreover, the distribution of X is the unique stationary distribution of the process X and
for every bounded and measurable function f, almost surely,

1t _
lim + /0 F(X,)ds = E[f(X.0))

t—oo t
Furthermore, if Condition holds and there exists ® > 0 such that info<y<zo4o7(y) +
o(x) > 0 for all x > 0, then Xoo = 0 almost surely and for all x > 0,

P, (3t < 00, X; = 0) = 1. (2.13)

satisfying

2.3. Classification of the long time behaviours. Finally, we provide some properties
on the long time behaviour of X under Assumptions |(B1)| and |(B2)| with xo = 0, extending
the classification for stable CSPBs with random catastrophes (corresponding to o(x) = ov/x
and 7 =0 or 0 =0, p(x) = z and 7 stable, r(x) = r and g(x) = g) given in [3, Corollary 2.
Proposition 2.6. Suppose that Assumptions[( and [E] are satisfied.

i) If Condition|(B1) holds for n > 0, then

lim X; =0, almost surely.
t—o0

it) If Condition holds for n =0, then

liminf X; =0, almost surely.
t—»00
iii) If Condition holds, if there exists € > 0 such that

/ S E(1 4 2)r(dz) < 0o
0

and if the function x — (0%(z) + p(z))/x is bounded, then
P, (liminf X, > 0) > 0.

In the last case, we additionally prove in the next corollary that with positive probability,
X grows (at least) exponentially. Moreover, when the diffusion term is large enough (o(z)
larger than /z, which corresponds to Feller diffusion), we are able to provide a bound on
the absorption rate in the two first cases.

Corollary 2.7. Suppose that Assumptions[C] and[E] are satisfied.

i) If Condition |(B1) holds for n > 0, and inf;>00?(z)/x > 0 then
- IfE[(© —1)InB] < n, there exists ¢; > 0 such that for any x >0

Po(X; > 0) < ¢qaelEIM/OI=m=1/2)t (4 4 o0,
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- IfE[(© —1)In®©] =n, there exists ca > 0 such that for any z > 0
P (X; > 0) < ot/ 2erEMY/OI=n=1/2)t = (3 _ ),
— IfE[(© —1)In®©] > n, there exists c3(x) > 0 such that for any x > 0
Po (X > 0) < e3(a)t3/2erEM1/Gl=m+E(O7=1DE = (3 5 ),
where T € [0,1) is the unique value such that E[ln1/0] —n+E[©7InO] = 0.

ii) If Condition holds forn = 0, and inf,>0 02(z)/x > 0 then, there exists c4(x) > 0
such that for any x > 0

Pu(X; > 0) < cq(z)t™2, (t = o0).

ii1) Under the assumptions of point iii) of Proposz'tz'on there exists a Lévy process Ay
with drift n and an increasing function p such that p(t) > rt and

lim inf Xye =0 = W (2.14)
t—o00

where W is a finite nonnegative random variable satisfying P(W > 0) > 0.

Absorption rates of CSBPs in random environment have been intensively studied during
the last decade [, 3, 32, 27, 4]. In these references, g is constant, o%(z) = o2z, for some
o >0, p(x) = x and r(x) = r is independent of X, whereas these assumptions are relaxed
in our case (notice however that we make moment assumptions on the jump measures).
Corollary provides thus bounds on the asymptotic behaviour for a new class of models.

3. BEHAVIOUR OF THE PROCESS AT THE POPULATION LEVEL

We now investigate the behaviour of the Markov process at the population level, and
introduce an auxiliary process providing information on the behaviour of a "typical individ-
ual”. To ease the statement of the results, we consider the case of the modelling of a parasite
infection in a cell population.

3.1. Construction of the auxiliary process and stochastic differential equation.
Recall from that the population state at time ¢, Z;, can be represented by a sum of
Dirac masses. We denote by (M;,t > 0) the first-moment semi-group associated with the
population process Z given for all measurable function f and z,t > 0 by

My f(x) = By, [Z f(XZ‘)] :

ueVy

The trait of a typical individual in the population is characterized by the so-called auxiliary
process Y (see [28, Theorem 3.1] for detailed computations and proofs) corresponding to the
following time-inhomogeneous semi-group for r < s <t, z > 0:
M (fMy—s1)(z)

Mt_rl((L') ’

P f(x) =

where 1 is the constant function on R equal to 1. More precisely, if we denote by m(z, s,t) =
M;_¢1(x) the mean number of individuals in the population at time ¢ starting from one
individual with trait x at time s with s < ¢, then, for all measurable bounded function
F :D([0,t],R;) — R, we have:

Es,

Y F(XYs < t)] = m(z,0,t)E, [F (Y;t),s < t)] . (3.1)

ueVy
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Here (Ys(t), s < t) is a time-inhomogeneous Markov process whose law is characterized by its
associated infinitesimal generator (Agt), s <t) given for f € D(A) and = > 0 by:

AD f(x) =G f (@) + 7 () /X (f (02) = f () &Y (w, dO),

where
DA) ={f¢€ CZ(Ry) s.t. m(-,s,t)f € CA(Ry), VEt>0, Vs < t}
and
G0 1(0) = (sfa)o + 2020 2050 i) [ (2D =D 1) ) )
+o?(@)f (&) + () /R (Flo+2) = f() = 2 @) "t 25 n(aa)
) = 2 (x mG;USStt (dh),

1 _].
Egt)(:l:,de) = 1{0§9§1}m(9;p,s,t> </ m(0Ozx, S,t)/i(d@)) k(d).
0

Explicit expressions for the mean number of individuals are usually out of range. However,
the computations are duable in two particular cases. In the first one, the parasites Malthusian
growth is constant and the cell division rate is a linear function of the quantity of parasites,
as stated in the next assumption.

Assumption F. There exist a > 0, g, > 0 such that g(x) = g, r(x) = ax + 5, and

/OO 22n(dz) < oo. (3.2)
0

Such a division rate corresponds for the cell to a strategy of linear increase of its division
rate in order to get rid of the parasites. Under Assumption [F] a direct computation shows
that if g # (3, the mean number of individuals can be written

ox ax
m(z, s,t) = ——eI=9) 4 <1 — > ePlt=9), 3.3
(2, s,t) py " (3:3)

As a consequence, we obtain the following expressions for G, 7 and &:

a (6(9*5)(’5*8) _ 1)
(9 — B) + az (el4=At=s) —1
oz (e(gfﬁ)(tfs) _ 1)

#2(@) [ (fat2) 1)~/ @) (1 L G 1)> r(d2),

g-—p5
(@) = (e + B) <1 + g— B+ ax (els=At=s) — 1)> ’

GV f () = (gfv+( *(2) + p(2)E [27]) )> (@) +o*(2) f"(2)

and
qg— 5 + OZG.I ( (g—,@)(t—s) — ]_)
( — /3) + ax (e(g—ﬂ)(t—s) — 1)

A (w, do) = 1{0<0<1}2 k(df),
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where Z is a positive random variable with law 7. For the sake of readability, we introduce
the following functions for y > 0, s,z > 0, and 6 € [0, 1]:

. ) W) (1)
fil)i=at <2yy R[5 > g9 B+ay (e —1)’

g— B+ aby (6(9*5)3 —1)
g—B+ay(eld=Fs —1)~

fQ(yv S, ‘9) = 2(ay + B)

and

az (6(9—/3)8 -1)
f3(y,s,2) =ply) | 1+ (g—B)+ay (oD —1) )

We thus obtain that A® is the infinitesimal generator of the solution to the following SDE,
when existence and unicity in law of the solution hold: for 0 < s < ¢,

Ys(t):YO(t)-i-/ [Y(tfl( t—u du—i—// /f3 ) 2Q(du, dz, dz)
/,/za Y(t) dB, //fﬂ( - ue/o(e—o YN (du,dz,d6),  (3.4)

where Q, B and N are the same as in

For the sake of completeness, we give in the appendix the expressions of the kernels and
functions (f;, 1 <4 < 3) in the case g = 3, as well as the proof of Proposition in this case.
We will not consider this special case in the sequel, as it entails additional computations and
does not bring new insights.

Before studying the auxiliary process, we prove that it can be realised as the unique strong
solution to the SDE under some moment conditions on the measure associated with
positive jumps. We need to consider an additional assumption on p that ensures that the
rate of positive jumps f3 of the process Y is increasing with the quantity of parasites.

Assumption G. For every x > 0,

p'(x) = p(z).

Notice that Assumption |G|is satisfied for any function p of the form p(x) = xz¥ In¥  with
x>0,9%>1and w > 0.

Proposition 3.1. Suppose that Assumptions@ and@ as well as condition (3.2)) hold. Then,
Equation (3.4]) has a pathwise unique nonnegative strong solution.

Remark 3.2. Notice that the reproduction law could be generalised to allow for a random
(1)

number of offspring (independent of the individual trait). In this case, the constant 2 in Ts
would be replaced by the mean number of offspring (see [2) 28] ).

The aim of the next sections is to derive properties on the behaviour for large ¢ of the
auxiliary process (Ys(t), s <t).

3.2. Linear division rate: Absorption probability and convergence of the auxiliary
process. In what follows, we set Ys(t) = Yt(t) for all s > t. As for the study of the process

along a lineage, we proceed by couplings of random processes several times in the proofs of
results stated in Sections [3.2] and [3.3]
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The next proposition is the analogue of Corollary on the absorption of the auxiliary
process in finite time and its proof is very similar, except that we have to deal with time
dependencies. Let

7, (0):=inf{l0<s<t: Y;(t) =0},
with the convention inf () := oco.

Proposition 3.3. Suppose that Assumptions @ @ @ and@ hold. Then points i) and iii)
of Corollary hold with 7, (0) in place of T~ (0).

Notice that in the current case, the assumptions of points i) and i) of Corollary are

the same, because r > 0 on R7.

In the case where the absorption of the auxiliary process occurs with positive probability,
we are able to prove the convergence of the last part of the auxiliary process trajectory on
a time window of any size.

Proposition 3.4. LetT > 0. Suppose that Assumptions@ @ @ and@ and Condition|(A2)
hold. Assume further that

lim sup <602($) +5E 2] p (x)> < %O‘E[@(l — 0% (3.5)

T—$00 x3

and that E [ZG] < o0o. Then, there exist C,¢ > 0 and a probability measure II on the
Borel o-field of D ([0,T],X) endowed with the Skorokhod distance such that for all bounded
measurable function F : D ([0,T],X) — R and for all x > 0,

‘E [F (Yt(jf),s < T) ‘YO(”T) - x} - H(F)‘ < Ce||F| x.

This convergence result allows us to establish a law of large numbers, linking asymptot-
ically the behaviour of a typical individual, given by the auxiliary process Y®), with the
behaviour of the whole population. To use the results of [29], we need to consider an addi-
tional condition on the division rate. This condition is needed to get Many-to-One formulas
for the whole tree and forks (see [28, Proposition 3.5, Proposition 3.6]), which are used to
control the fluctuations of the population trajectories in the proof of [29, Corollary 3.4].

Assumption H. For all z > 0,

¢
lim [ 7(X5)ds = o0, almost surely.
t—o0 0
This assumption is satisfied for instance if 5 > 0. Note that in [29], this assumption is
also required for the proof of the convergence of the auxiliary process but a close look at the
proof shows that it is in fact not needed.

Theorem 3.5. Under the assumptions of Proposition[3.]] and Assumptions[B and[H, for all
bounded measurable function F : D([0,T],X) — R, for all xg,x1 > 0, we have,

ZueVHT F (X;L—Fsa 5 < T) (t+T) (t+T)
U0t 7,0 2) 0o

where Ny := Card(V;).

—— 5 0 in Ly(6a,),
t——+o00

This result from [29] ensures that asymptotically, the trajectory of the traits of a sampling
along its ancestral lineage corresponds to the trajectory of the auxiliary process. Hence, the



LONG TIME BEHAVIOUR OF BRANCHING MARKOV PROCESSES 13

study of the asymptotic behaviour of the proportion of individuals satisfying some prop-
erties, such as the proportion of infected individuals, is reduced to the study of the time-
inhomogenous process Y. Notice that unfortunately, the conditions on p for Theorem to
hold are restrictive, as p has to satisfy

p(x)

limsup —= < oo, limsup
z—0t+t L z—00

x
&3) <oo and zp/'(z) > p(x).

x
However, these conditions still cover a class of functions not studied in this context until
now (in particular yz¥In“z, with y > 0, 1 < ¢ < 3, w > 0 (w = 0 if ¢» = 3)), and
include in particular the classical rate of positive jumps of CSBP (xx, x > 0). Moreover (see
Proposition [3.6) we can obtain results on moderate infection without Theorem In these

cases the assumptions on p are much weaker.

3.3. Linear division rate: Moderate infection. We show that if the individual divi-
sion rate depends linearly on the individual’s trait, the infection stays moderate, and the
population may even recover under some assumptions, as stated in the next result.

Proposition 3.6. Suppose that Assumptions[B, G, [E, [F], [G and[H hold, that g < B and that
condition (3.5)) holds.
i) If either limsupg+ 02(y)/y < oo or E [2°] < oo and|(A2) holds, then

1xu
lim lim P <Z“€Vi X2 5> 0.
K—o00t—00 Ny
it) If limsupg+ 0%(y)/y < oo, E [2°] < oo, and|(A2) holds, then

>uev, Lxp=0} .

N, 1 in Lg(dsz), (t— o00).

Notice that point 4) covers the classical diffusive function (02(z) = o2z, o > 0).

Proposition extends the results of [6] to a class of division rates increasing with the
quantity of parasites. It is similar in spirit to Conjecture 5.1 in [6] in the case of birth rates
increasing with the quantity of parasites, but Bansaye and Tran considered a case where the
division rate is bounded, which is not our case. Moreover, we consider positive jumps and
various diffusive functions for the growth of the parasites.

3.4. Constant division rate: Long time behaviour of the infection. We now consider
the special case of a constant division rate for cells (r(z) = 8 > 0) but keep the possibility
for the individual parasites’ growth rate g to depend on the quantity of parasites. In this
case we can observe moderate infections, but also cases where the quantity of parasites goes
to infinity with an exponential growth in a positive fraction of the cells.

When the function r is constant, the auxiliary process Y® follows a time homogeneous
SDE. Therefore, in this section, we drop the dependence in ¢t and we denote by Y the auxiliary
process. More precisely, applying the results of Section [3.1| we obtain that Y is the unique
strong solution to the following SDE. For all s > 0,

s s s p(Y,-) ~
Y, =Yy + / 9(Yo)Yyudu + / V20%(Y,)dB, + / / / 2Q(du, dz, dz)
0 0 0o Jo R,

s r268 rl
—I—/ / / (0 —1)Y,-N(du,dz,dd).
0 Jo 0

In other words, the auxiliary process has the same law as the process along a lineage with a
cell division rate multiplied by two (see [2, []).

Proposition 3.7. Suppose that Assumptions|B, [C, [E] hold, and that r(z) = 3 > 0.
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i) If there exists n > 0 such that for x > 0, g(x) + 2BE[ln O] > n, the function x —
(0%(x) + p(x))/z is bounded and there exists e1 > 0 such that

/ 2In' (1 + 2)7(dz) < oo,
R
then fore >0

" 1 U~ e(n—re) U 1 u>e(n—e)
2uev, {ﬁt >e t}] >0 and {limsup Zuch {Jét - t}} - {Yt(t) >0,vt > 0}'
t t—o00 t

liminf E
t—o0

i) If there exists n > 0 such that for x >0, g(x) + 20E[In 6] < —n,
Zuevt 1{X;‘>e}
Ny
iit) If Assumption |(A2) holds and if there exist n > 0 and x¢ > 0 such that for x > xg,
g(x) + 26E[ln®] < —n, then
2 uev, L{xy=0}
Ny

Proposition extends Theorem 4.2 in [6] allowing for non constant parasite’s growth
rates, a general class of diffusive functions, and positive jumps.

— 0 in probability, (t — o0).
—1 as., (t— o0).

4. PROOFS
4.1. Proofs of Section [2.1]

Proof of Proposition[2.1. The proof is a direct application of Proposition 1 in [30]. First
according to their conditions (i) to (iv) on page 60, our parameters are admissible. Second,
we need to check that conditions (a), (b) and (c) in [30] are fulfilled.

In our case, condition (a) writes as follows: for any n € N, there exists A4,, < oo such that
for any 0 < z < n,

oo rl
/ / ‘(9 - l)xl{zgr(x)” dZIi(d@) < An(l + $)
0 0

But we have the equality

oo 1
/ / (0 = Dalg,<p(p)y| dzr(df) = %xr(aﬁ),
o Jo

and thus (a) holds, as r is continuous.
To satisfy condition (b), it is enough to check that for any n € N there exists B,, < oo
such that for 0 < x <y < n,

00 1
|xg($)—yg(y)|+/0 /0 (1_0) |x1{u§7‘(ac)} - yl{ugr(y)}‘ du&(dﬂ) < Bn(:y_x) (ln ((y - x)il) + 1) :

Indeed, the function ¢ : x — x(In(1/x) + 1) is concave and non-decreasing on [0,1/e], and
satisfies f0+ 1/¢ = co. Now we have the following series of equalities:

/0 |21 fusr(@)) — Y usr()y| du =

/0 (v = D)L pu<r@rrw)y T Ylir@)<usr)} + 2@ <usr(@)) du

= 1 @)<r) W) — 2r(2)) + L) <r@)y (Wr(y) +ar(x) — 22r(y)).
This yields that condition (b) holds under Assumption
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Finally, let us focus on (c¢), which can be rewritten as follows: for any n € N there exists
D,, < oo such that for 0 < z,y < n,

|o(x y)l ~|'/ / Luspi)2 = Tugp) 2] A [Lugp@)? — Lugp?| ) (dz)du < Dnlz—yl.

The first term fulfills the condition as o is 1/2-Hélderian by Assumption [A| The second term
is equal to

/ooo(z A 22)m(dz) /0°° Lusp@@) — Lugpiy) | du = </0°°(z " Zz)ﬂ(dz)> pie) = vl

This ends the proof, according to Assumption [A] O

4.2. Proofs of Section We first prove Theorem As mentioned previously, the
proof is close to the one of [26] Theorem 2.3]. However, as we extend this theorem, several
steps of the proof are modified. For the sake of readability we provide the whole proof,
including parts which were done similarly in [26].

Proof of Theorem [2.3 We first focus on point 7). Let n € N be such that n > 2 and let
0 < € < b be such that e < 1 and (2.4) holds for all uw < b. Let T,, = 77 (¢") A7 (b). By
assumption, we have for a > 1

Tn
Ga (Xs) dS)] > EE [lew;a exXp (—TnZ(@, e’;‘n)) 1{7—*(6")<7—+(b)}] s
(4.1)

el=2 >R, {leq;a exp <
0

where
Z(0,e") =In((0") ") (f((©e") ™))~
and O is a random variable distributed according to x and independent of X, - This bound

comes from the fact that z + In(1/x)f(1/x)~2 is a decreasing function and it also holds if
X reaches €™ without jumping. Let

o (gl ns2) wone (a—1)/2(nlne™!)
dy = E[Z(0,e7)] > f((©e") 1) E[n© 1)) +nlne !

As a > 1, we have X1 L (emy<rtv)) = (€ myl= “L(7-(en)<r+p)} - Then, we get from (@.1),
cl-a > (En)l_a E. [exp (—=dnZ(0,e™)) 1{7—(5”)<T+(b)/\dn}]
nl—a a—1)n Z(0,e" o
> (8 )1 E |:€Xp <1H (8( 1) /2) IE[Z((('-)gi)]>:| Pg (T (5 ) < ’7'+(b) VAN dn) ,

because O is independent of X —. Using that for all o, 6 > 0,

— 00, (n— 0).

E[e 0] > B [e 501 50m2] > P (2 < 6E[Z)) > e2(1 - 67))
yields for all 6 > 1
gm0 > (1 — 7 1)ell-angla—1nd/2p_ (T7 (") < 7T (b) A dy) .
We thus get that for all 1 < § < 2,
P. (77 (e") < 7T (b) A dy, )_
By the Borel-Cantelli Lemma, we have
P. (77 (e") <7H(b)Ad, i0.) =0, (4.2)
where i.0. stands for infinitely often. As a consequence we get that, P.-a.s.,
77(e") > (b)) Adp

Sa=1)((2=6)n—2)/2

-1
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for n large enough. If there are infinitely many n so that
(") > do, (43)

then we have 77 (0) = oo. If (4.3)) holds for at most finitely many n, then by (4.2), we have
77(e") > 77(b) for all n large enough. We conclude that for all 0 < & < b such that (2.4)
holds for all u < b,

P. (17(0) =0 or 77(b) < 77(0)) = 1. (4.4)
We will now use a coupling to show that P.(77(0) < oo) = 0. Let for N € N,

L M

(which is finite as r is a continuous function) and X be the unique strong solution to

-~ o~ b t - t rp(X,-) ~
X =Xy +/ 9(Xs) Xsds +/ \/202(X)dBs +/ / / 2Q(ds,dx,dz)
0 0 0o Jo R,

t 0,N] 1 .
+/ / / (0 — 1) X N(ds, dz, do),
0 Jo 0

where the Brownian motion B and the Poisson random measures @ and N are the same as
in . We will use four properties of this equation.
a) First it has a unique strong solution according to Proposition
b) If XM and X®@ are two solutions with )Z'él) < )?52), then )Z't(l) < )?,5(2) for any
positive ¢ (because p is a nondecreasing function according to Assumption .
¢) If X is a solution with Xy = X, then X; < X; for any ¢ smaller than 7~ (0) A7+ (N)
(using again Assumption [E)).
d) Equation holds also for X.

Our aim now is to prove that
P. (77(0) < o0) =0, (4.5)

where the 7’s are defined as the 7’s in (2.2) and (2.3) but for the process X. Using the
coupling described in point ¢), it will imply that

P. (t7(N) <7 (0)) =1,
and letting N tend to infinity, we will get
P. (77(0) = o0) = 1.
Before proceeding to the proof of (4.5)), let us notice that from coupling b) we have:
o [e—”’ 1 (e)<oo}] <, [e—” “(e1 {;_(E)@}} Vb <b. (4.6)
Now the strategy to prove (4.5)) will be to show that for any A > 0
1 ~_
AN, ) = / . [e*” <0>1{;7(0)<00}} K(df) = 0.
0
For any 0 < 6 <1, (4.4) yields
Eoe [e_vf(o)l{%—(o)@o}} = Eoe |:e_)\;7(0)1{77+(b)<7~'—(0)<oo}]

< Epe [ O o | B [ O Lz 0oy
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where the last inequality comes from the Markov property combined with (4.6)). Moreover,
using again the Markov property, we have

E, [e*”*(o)l{?f(okoo}} =E [6*” D1 (ot Bx [eih (0)1{F’(0)<°°}H '

The process can cross the level e either because of the diffusion or because of a negative
jump. In both cases, Xz () > €O almost surely, where © is a random variable distributed
according to k and independent of the process before time 7~ (¢). Then, using again (4.6)),

. . 1
, 67)\7' (0)1{3:’(0)<oo}} <E, |:ef)\7' (5)1{?*(6)<oo}] /(; Eg: |:€7)\T (0)1{?*(0)<oo}} :‘Q(d&)
We thus get

AN, e) <Ep [e_ﬁf(a)l{;f(e)@o}} AN, ).

Ey [efﬁf(g)l{;f(s)@o}} <1,
we conclude that 20(\, ) = 0, which ends the proof of point ).
Let us now focus on point ii). Let 0 < a < 1,7 >0, < (3 —2a)"* and ¢ < e~ (1=

such that (#.14) is satisfied. Let T = 7~ (¢'1°) A 77 (¢17%). By Assumption @ for all z > 0
such that !0 < z < g179,

l—a
(XT+<61—6>) exp ( /0 Ga (Xu) d“) 1{T+(615)<T(61+6)}]

> 1-0)1-a)p_ (T+(51—6) < 7'_(61+5)) 7

(e 9)
Zl—a Z Ez

where we have used that if (2.5)) holds, then G,(z) > 0 for z small enough. Therefore,
P, <T+(61_6) < T_(€1+6)) < g0-D{-a) 1-a (4.7)

Similarly, for every ¢t > 0

t
Zl—a > Ez [(Xt)l_“ exp (/ Ga (Xs) dS) 1{7'*(515)7'(51“5)00}]
0

> 2,_:(1+5)(17a)€t1n(<€’(1’5>)ln(ln(af(l*‘s)))1+77]P>Z (T+(6176) _ Tf(glJr(S) _ OO)

)

so that
P, (77(e170) = 7 (e) = o0) < 2 7em(FI0 exp (¢ In(eP ) In(In(e 701 )
Letting t tend to infinity yields
P, (T+(51—5) = 7 (e10) = oo) —0. (4.8)
Let
() = (n(n(=0-9)) ", (4.9)
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We have, using ([2.5]),

(XT—(EHJ))l_a exp (/OT_(

—(1— —(1— 1+n 1-a
> exp [ln(e (1-9)y (ln(ln(s (1 5)))) 75(6)} E. [(XT(EM)) 1{t(s)<7—(51+5)<7+(515)}:|

€1+§)
zlfa ZEZ

Ga (Xu) du) 1{t(€)<7’_(51+5)<T+(61_5)}]

l—a
:5—(1—5)Ez |:<X7.—(€1+5)> 1{t(5)<7.—(51+6)<T+(51—6)}:|
26—(1—5)6(1+6)(1—Q)E[@1—Q]PZ <t(€) < T_(€1+6) < 7_+(€1—6)) ’

where we used as before that for all y > 0, X-(,) > y© almost surely where © is a random
variable distributed according to x independent of the process before time 77 (y). We deduce,

P, (t(e) <7 (M) < T+(sl—5)) < E[ol9~Lat(a=2)9 1-a (4.10)
Combining ([@.7), (.8) and (@.10)), we get for all z > 0 such that e!*° < z < g!=9,
P, (T—(€1+6) > t(€)> < E[@l—a]—1€a+(a—2)5zl—a 4 2(=1(1=a) 1-a
_ (6-1)(1-a) 1-a (E[Gl—a]—161—5(3—2a) + 1)
1—a
< (B[O +1) (0702) (4.11)

as by assumption J is smaller than (3 — 2a)~!. By the strong Markov property,

~ _ n _ n+1 "
]P)Z (ﬂ {T (5(1+5) ) < oo, T (8(1+5) ) o 97_,(8(1+5>n) S t(€(1+5) )}) (412)
n=0

u“ _ n+1 n
=E, [H PXF(E(H&)") (T (149 + ) < t((149) ))] ,
n=0

where 05 : D(R4,R;) — D(R4,R;) is the shift operator (0;X)(t) = X (s + t).
There are two possibilities. If

s 1+t

)

XT_(6(1+5)”)
then we can apply (4.11)) with e(1*9" instead of ¢, and we get
_ n+1 n —a1— _ n l1-a
IP)XT—(E(I-HS)") <T (5(1+5) ) < t(5(1+5) )) >1— (E[@l ] 1 1) (5(5 1)(1+9) XT_(g(Ha)n))
1— (E[@ka]q i 1) (8(5,1)(1%)”5(1%)”)

1_ (E[elfa]fl i 1) (85(1+6)”>1_a

l1—a

v

Else if

146 n+1
X (o) < g™

then

Py (T*(€(1+6)"+1) < t(€(1+6)")) —1>1— (E[elfa]fl +1) (66(1+6)”)

= (c(1+0T)

l1-a
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Combining this inequality with (4.12]), we thus obtain
m
P, (ﬂ {77(5(1+6)n) < 0, 77(5(1+6)n+1) © 07'* ((1+)™)) < t(€(1+6)n>}>
n=0
m
> [ (1= (BlO* oyt + 1) im0
n=0
> [ e-2(BOM eI 1)t _ a(ger—e) 1) Ef 000" (1.13)
n=0
where the last inequality holds for
In 2\ 1/6(1-a) 1 1/6(1—a)
— —_—— 4.14
<(%) (o) e
because x + 1 — x — e~ 2 is positive for x < In(2)/2. Next,
S _(1-a)d(10)" _ _(1-a)3 N (1-a)3((149)"—1) < (1-a)6 N~ (1-a)s? gll—e¥
—a _ —a —a - —a —a n
>c =elm) e <ellm) e < o
n=0 n=0
(4.15)
Combining (4.13]) and (4.15)) and letting m — oo, we get by monotone convergence
oo
_ n _ n+1 n
P, (ﬂ {T (149") < oo, 7 (€)™Y 0.0, Lsamy < t(e1FD )})
n=0
> 6_2(]]4:[@1—@}—1+1)€(1—a)§(1_€(1—a)52)—1.
Since under P,
oo
Z 1+5)n+1 00 (146)m
(e )
then
< _< Z (1+8)" ) e—z(E[el-a}—1+1)5(1—a>5(1—s<1—a>62)—1
Notice that for g, := (149"
—(a=s)a4symyy) A “1yy—(14n)
tHen) = (In(In(e )) — (nln(1+8) +In(1 = §) + In(ln(e 1)) "7
In particular, for large n,
t(en) ~ (nln(1 + 8))~4F"
This ensures that
oo
e
n=1
We thus have
P, (77(0)— < o0) > ¢ 2(EIO1 1) (e g
This proves point ii). O
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We now prove that the functions G, defined in satisfy the conditions of Theorem
Let us first prove that under Assumption [E] the part corresponding to positive jumps
(with associated measure 7) in the definition of G, is bounded for small z. Note that by
Taylor’s formula with integral remainder (see Lemma 2.1 in [26]), we have

p(m)/R (zz7 '+ 1)1 =1 — (1 —a)zz™ ") 7(dz)

=a(a — 1)p(z)z 2 /R+ 22 </01(1 + zz )71 — v)dv) m(dz).

To show that this term stays bounded in a neighbourhood of 0, we divide the integral into
two parts. First

fimsup <p(x)x_2 /O 2 < /O 14 ety v)dv> 7r(dz)>
< limsup <p(:c)x_1 /O xizw(dz)) < (lin(l)fupp(aj)x_1> /R enldz) < o

where we used Assumption [E] For the second part, we have

liH(lﬁs_up <p(x)x2 /:o 22 </01(1 + zz ) TIT(1 - v)dv) w(dz))
< lirr(l)fup (p(ac):r_2 /;O 2 </Ox/z dv) + (/x;(l + za o) “dv)

— lim sup <p(g;)x2 /;o 22 [f — = [+ 2z~ )79 x/z >

o+ z az

)

x X

= limsup (p(ac)xz /xoo 2 [— + =27 = (1+ 2z~ )*“}] (dz

z az

>)
< (lirréfupp(m)x_l)/o [1+ 22 “] T

This allows us to prove the following Lemma.

Lemma 4.1. Suppose that Assumption[C] and [E] hold. Let t > 0. For allb >¢e > ¢ >0, let
T =71"(c) ANTT(b). Then, for all a € A, the process

Zyny = (Xenr) ™" exp ( Ga (Xs) ds>
0

is a martingale and

E. | X1 %exp TGa(XS)ds <ele, (4.16)
e ([ Gexa)
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Proof of Lemma[{.]. We follow the ideas of the proof of [26, Lemma 5.1]. Let a € A.
Applying 1t6’s formula with jumps (see for instance [19, Theorem 5.1] , we have for all ¢ > 0

X =x= o [ [0 g X~ (- a)aX; "o ()] ds

0
t 1—a l1—a —a
[ e+ X = X1 = (1 @)= X ()

+

t pr(X,—) pl
+ / / / (0"~ —1) X17*N(ds, du, df)
0 JO 0
¢ t rp(X,-) ~
+(1—-a) / X17\/20%(X,)dB; + / / / [(Xe- +2)'7 = X7 Q(ds, db, d=)
0 0 Jo Ry

t
=X~ /O X17G,(Xs)ds + My,

where G, has been defined in (2.6) and (My,t > 0) is a local martingale. Next, using inte-
gration by parts we get

tAT tAT s
Zt(/(i)T :Xéia + 0 Ga (Xs) stS + /0 exp (/0 Ga (Xr) d’f‘) d [Xl_a]s ,

so that (Z(a)

st > 0) is a local martingale. Similarly to [26], we have

sAT

E. [sup (Xnr) ™% exp (/ Ga (X;) drﬂ < 00,
s<t 0

using Assumptions and so that from [34] p. 38, (Zt(%ﬂ, t> O) is a martingale. Finally,

(4.16]) follows by Fatou’s lemma as in [26]. O

From Lemma we know that the set of functions G, introduced in (2.6)) satisfies
Assumption @ Next, notice that Assumption (2.7) implies (2.4) and (2.8) implies (2.5).
This proves points i) and i) of Corollary We now prove point #ii).

Proof of Corollary iii). Assume that for any positive z, r(x) + o(xz) > 0. Let 9 > 0 be
such that

Py(77(0) < o0) >0, Vy < xo.
Let y > xo. If r(y) > 0, there exists n; > 0 such that r stays positive on [y —n1, y+m] as it is
a continuous function according to Assumption [C] Hence, for ny > 0 small enough, starting

from y, the intersection of the following events happen with positive probability during the
time interval [0, 72]:

e the sum of the positive jumps is smaller than 7, /3:

n2 rp(X,—)
/ / ZQ(dS,dZL‘,dZ) < 771/3a
0 0

due to Assumption
e the integral with respect to the compensator of the point process with positive jumps
has an absolute value smaller than 7 /3:

/0 " DX )adsm(dz) < m /3,

due to Assumption [E]
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e the continuous variation due to ¢ and o is smaller than r;/3:

72
/ 9(Xs)ds + sup / V20%(Xs)dBs
0

<2
e there is a negative jump whose size 6 satisfies 6 < zo/(y + n1).

< 771/3

As a consequence,
Py(XTD <) >0,
and using the Markov property, we obtain
Py (77(0) < 00) > 0.
Now assume that 7(y) = 0 but o(y) > 0. As o is continuous, if o(z) > 0 for z € [z, y] then
Py(Xs <x0) >0, Vs>0

thanks to the diffusion and we end the proof by applying again the Markov property. Else,
if o is only positive on an interval of the form (z1, y] with xg < x1 < y, then by continuity of
r and o given by Assumption Al r(z1) > 0 and we are back to the first case. We thus have
proven that

P, (7~ (0) < o0) >0, Vy>0, (4.17)

as soon as r +o0 >0 on RY.
Now, notice that (4.17)) implies that for all y > 0, there exists K, > 0 such that

P, (77 (0) < K,) > 0.

Let us define Ko = inf,~¢ K,. To obtain a contradiction, we suppose that Ky > 0. It implies
in particular that for any y > 0,

P, (Xak,/3 = 0) =0,

and as a consequence, for any y > 0, the Markov property yields

P, (X4k,/3 = 0) = E, [Pszo/s (Xoro/3 = 0)] =0,
which is a contradiction. Therefore, Ko = 0 so that for any s > 0, we can find x,/, such that
Py, ,,(17(0) < s/2) > 0.
As X cannot reach 0 by a jump, we know that there exists 0 < y < z,/5 such that
Py(t7(0) < s/2) >0 and o(y) >0.
Now let © > 0. As 7+ 0 > 0 on R and o(y) > 0 similar arguments as previously imply
Py(Fv < 5/2, Xy = ys2) > 0.
The strong Markov property allows us to conclude
P.(77(0) < s) > 0.
This ends the proof of iii). O

We now turn to the proof of Theorem First, we prove that if the division mechanism
of the cells is stronger than the growth of the parasites in the sense of for some zg > 0,
then the stopping times T;(xo), defined in (2.10)), are finite a.s. for all 4 > 0.

Lemma 4.2. Under Assumptions @ and@, and if g > 0 is such that s satisfied for
some n > 0, we have E[T;(zo)] < oo for all i > 0.
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Proof of Lemma[{.2. To simplify notations, we write T; = T;(x). According to the strong
Markov property, we only have to prove that E(77) < co. We consider two cases.

1) If Xto < i) then T1 = to. Hence E(Tl]'{XtOSZO}) < to < 00.

ii) Assume X;, > xo. By It6’s formula, we have

tATh tATy 0.2 (Xs)
In(X¢ar,) =In(Xy,) + / 9(Xs)ds — / ~2 ds + Mty
to to s

tATh tATh
+ / P(X) [IN(Xs + 2) — In(Xs) — 2/Xs] 7(dz)ds + / r(X,)E [In©] ds,
to to
where (Msary, s > to) is a martingale with null expectation independent of F;,. Notice that
by the Mean Value Theorem, In(z + z) — In(z) — z/2 < 0 for all ,z > 0. Therefore, for all
t >t

tATY
In(Xinz;) — In(Xy,) < / (9(X,) + r(X,)E I(O)]) + Mnr,

< -—n(EATy —to) + Miar (4.18)

using But at time 77, X may be equal to zq if there is no jump, or equal to XTf@
where XTf > xp, O is distributed according to x, and is independent of X, - and X;,. As a

consequence,
Xinty Oz
" < Xy > Hotzeop 2 18 (Xt HXigzeo

0

Thus, combining this last inequality with (4.18]), we get that

1 X
E[(Tl A t)l{Xt >x0}] < E [ln (@;O> 1{Xt0>x0}:| + 1o < 00,

and we obtain the result letting ¢ tend to infinity. O

Proof of Theorem [2.5, Apart from the proof of Equation (2.13)), the proof of of Theorem
follows directly from Lemma and [8, Theorem 7.1.4]. It is very similar to the proof of
the second point of [I8, Theorem 1] for instance and we refer the reader to this paper for

details. Equality is obtained by taking expectation in .

Let us now prove . Let x¢p > 0 such that is satisfied for some n > 0 and let
0 > 0 be such that info<y<zo1o7(y) + o(x) > 0 for all > 0. In order to control uniformly
the extinction probablhty for any initial state in the interval [0, xg + 9], we first introduce a

coupling with a process (Xt,t > 0) defined as follows: X is the unique strong solution to the
SDE

~ b t = t rp(X,-) -
Xt:X0+§/ Xsds—l—/ \/20‘2(X3)st+/ / / 2Q(ds,dx, dz)
0 0 0o Jo Ry
t T 1 .
+/ / / (0 —1)XsN(ds,dz,db),
o Jo Jo

g:= sup g(x), r:= inf r(z),

0<z<z0+0 0<z<zo+0

are finite according to Assumption |A| and B, @ and N are the same as in (2.1)). For y > 0,
let us introduce

where

Sy :=inf{s >0, X, >y} and §y .= inf{s > 0, X, > y}.
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Then, using that p is an increasing function (consequence of Assumption, forany t < §x0+a
we have X; < X;. We obtain in particular for any x < zg and for any ¢ > 0

]P)x(Sxo—‘rD > t) > Px(Sonra > t)

Finally, notice that if 1 < x5 < xg, for any ¢t > 0,

sz (Sﬂﬁo-i-b > t) < ]P)m(sfco-‘rb > t)

because the division rate r is independent of the process current value and p is an increasing
function. Hence we deduce that for all ¢ty > 0,

inf  Pp(Xy = 0) > Py (X, = 0, S g0 > to). (4.19)

0<z<zg
We will now prove that for every ¢y > 0, there exists a(ty) > 0 such that
Pz, (Xto =0, 52040 > to) = a(to).

First, note that we can apply Corollary i11) because by assumption r + o(x) > 0 on Ry.
Therefore, for any x > 0, tg > 0, P5(X;, = 0) > 0. Next, we have

0 < Pp(Xyy = 0) = Ppy (Xpy = 0, Sap 40 > to) + Puy (Xig = 0, Spyro < o).
Suppose, to derive a contradiction, that
{Xs, = 0| X0 = 20} = {X3, =0, Spyro < to|Xo = 20}
This implies
Py (Xiy = 0) = Puy (X4y = 0, S0 < t0)

P,
Pao (X3, otto = 05 Seoro < t0) < Pug (Szo+o < 10)Pag+a(Xeg = 0)

IN

using the strong Markov property and that Pg_ (X4 = 0) < Pyyio(Xy, = 0). Finally,

Szo+o
using again that X is increasing with its initial value and that its division rate is larger than
a positive constant, we get

Py (Xip = 0) < Py (Sagso < t0)Pay (Xip = 0) < Py (X5, = 0),
which yields a contradiction. Therefore,
Pay(Xtg = 0, Sugi0 > to) > 0
and we deduce from that for any ty > 0 there exists a(tp) > 0 such that,
inf P,(Xy =0) > alty). (4.20)

0<z<zo
By the strong Markov property and , we get for all z > 0
Po (X144 = 0|(Xy, t < Ty), T; < 00) > aty).
Applying Lemma [4.2] and the strong Markov property, we deduce that for any = > 0,
P, (X: >0,Vt>0) <P, (Vi>0, Xp4¢, >0) =P, (Vi >0, X544, >0, T; <o00)=0.

This concludes the proof. O
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4.3. Proofs of Section [2.3l

Proof of Proposition[2.6 Let us introduce the following time change:

Xt - ont T(Xs)ds'

According to Theorem 1.4 in Section 6 in [II], there is a version of X satisfying (4.21]) for a
process Y that is a solution of the martingale problem with associated generator

(4.21)

o"(z)
()

o / (f(z +2) = f(z) = 2f'(2))n(d2),

rg\xr 1
Gy fla) =20 gy 4 T gy /0 (J(02) — f(x))n(d0)

and is a weak solution to

" Yig(Ys) 20%(Yy) /t/l /1
Y, = ds + dB, + 6 — 1)Y, N(ds,dz,df
Tl ) Py Jy O D )
CopV S
+// / 2Q(ds,dzx,dz), (4.22)
0o Jo R,

where we choose on purpose the same Poisson Point measures as in the definition of X in

(2.1). In fact, as (4.22) admits a unique strong solution (see the proof of Proposition [2.1)), YV
is even pathwise unique. Now let us introduce the processes (K, t > 0) and (Z;,t > 0) via

¢ t 1 gl
9(Ys) / / /
K ::/ ds + InON(ds,dz,db
! o 7(Ys) o Jo Jo ( )

Ly = Y}e_K’f.

Then an application of It&’s Formula with jumps gives

2 —)/r(Y,-) "
Zy = Yo+/ \/20 dB / / / K- 2Q(ds, dx, dz).
R

Hence (Z;,t > 0) is a non-negative local martingale. In particular it is a non-negative
supermartingale and there exists a finite random variable W such that

Yie Kt =W, as., (t— o). (4.23)

and

Under the assumptions of point i), K is smaller than a Lévy process with drift —n. As a
Consequence e~ Kt goes to +00, and we deduce from (4.23)) that Y goes to 0. As by assump-
tion fo s)ds > rt, we deduce from the time change - ) that X goes to 0.

We turn to the proof of i) and consider the associated assumptions. In this case, K is
smaller than an oscillating Lévy process, and we have liminf; ..o Ky = —oo. This implies
liminf; o Y; = 0. Again, we deduce from the time change (4.21)) that liminf, ,,, X; = 0.

Let us now prove i) as well as point 4ii) of Corollary We use arguments similar
to the ones needed to prove Corollary 2 in [3]. As we are in a more general setting, we
need to adapt several of these arguments. Most adaptations are obtained by couplings with
well-chosen processes.

We denote by M a finite bound of the function z — (0%(z) +p(z))/(zr(x)). The first step
consists in showing that P(W > 0|K) > 0. To this aim, we look for a function o4(s, A\, K,Y),
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differentiable with respect to the variable s, such that F'(s, Zs) is a martingale conditionally
on K = (Ks,s > 0), where

F(s,x) = exp{—zv(s,\, K,Y)}.

By an application of It6’s Formula with jumps, similarly as in Equation (2.8) in [3], we obtain
that ¥y has to satisfy for every s <t,

iﬁt(s, NEY) = oy (5(s, N, K, Y)e 80 Y,) ot N K, Y) = A, (4.24)
where
7 _ o*(x) o plx) [ —pz
Yoo, x) = W(x)cb + (@) /0 (e -1+ ¢z) 7(dz). (4.25)

In particular

E, [e_AZt

K| = T OMEY), (4.26)

Let us now introduce a function v:(s, A\, K), differentiable with respect to the variable s,
and satisfying.

%vt(s, N EK) = e (vi(s, A K)e ™), vt A K) = ),

where
=M (¢? T e 1 d ) .
Yo(@) (¢ + /0 (7% =1+ ¢2) m(d2)
Then for every A,z > 0,
do(A,x) < 1ho(N)

and as a consequence, for all s <&, A >0
vt(sa )‘7 K) S 7715(87 >‘7 Ka Y)
Combining this last inequality with (4.26)), we obtain that

E, [e_)‘z’f

K:| S e—y’l}t(O,A7K)'
Taking A = 1 and letting ¢ go to infinity we get

)

E, [e’W‘K] < e w(0LK) g

where the last inequality comes from [3] (see the proof of Corollary 2 on page 7). This allows
us to conclude that

P(W > 0|K) > 0.

Under the assumptions of point i) K is larger than a Lévy process with drift 7 and as a
consequence, e~ 5t goes to 0. From (4.23) and the previous inequality, we deduce that

liminf Y; = oo
t—o0
with positive probability. In particular, this implies that
liminf X; = liminfY
t—o0 t—o0

£ (i 2 lminf Y, >0

with positive probability. As fg r(Xs)ds > rt, we also obtain ([2.14]). O
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Proof of Corollary|[2.7. Point 44) has been proven with point iii) of Proposition we thus
focus on points i) and ). The idea of the proof is to compare the survival probability of X
with the survival probability of a Feller diffusion with jumps, whose asymptotic behaviour
has been studied in [3].

Let us recall the definitions of © and 1/;0 in and , respectively. Now, according
to|(B1)| inf,>o7(z) > 0 so that by assumption, inf,>o(z)/(2r(z)) > 0. Therefore, there
exists a > 0 such that for every ¢,z > 0,

Po(¢, ) > ag?.

Hence, if we introduce v as the solution to

%ﬁt(s, MK = ae K (Gy(s, 0\ K))2 L Gt M K) = A, (4.27)

we obtain that for all s <t¢, A > 0,
ﬁt(sa A: K) Z ’lN)t(S, A7 Ka Y)7
implying, using (4.26)),

E, {e_)‘Zt

K} > ¢ Y (OAK).
Letting A go to infinity yields

P, (Y; = 0|K) = Py (Z; = 0| K) > e vt(000.K),
But has an explicit solution, and

t
14(0, 00, K) = (a/ e_K“du>
0

We thus deduce that for any ¢ > 0,
P, (Y;>0)<1-E {e—y(ufg e_Kud’u,)—l:| '

-1

A direct application of [3, Theorem 7] with F'(x) = 1—ey(oa)™! gives the long time behaviour
of the right hand side of the previous inequality. Finally,

Py (X; > 0) =Py (Yjt oy > 0) <Py (Yo > 0) <1 [ens@lite ]

4.4. Proofs of Section [3.1]

Proof of Proposition[3.1 In this section, we provide the proof of the proposition in the case
g # (B and we refer the reader to Appendix [A] for the proof in the case g = 3. The proof is
a direct application of [30, Proposition 1]. Notice that in the statement of [30, Proposition
1], the functions b, g and h do not depend on time, whereas it is the case of our process.
However this additional dependence does not bring any modification to the proofs (which
are mostly derived in the earlier paper [13]). First according to their conditions (i) to (iv)
on page 60, our parameters are admissible. Second, we need to check that conditions (a),
(b) and (c) are fulfilled.

In our case, condition (a) writes as follows: for any n € N, there exists A4,, < oo such that
for any 0 < z < n,

1 0
/ / (0 = D)2l ocpy @500y | d26(d0) < An(1 + ).
0o Jo

We have for any 0 <z <n

1 [e'e] 1
/ / }(9 — 1)$1{2Sf2(m,s,9)}| dzk(d) :/ 2(1 = )z(ax + B)k(dO) < n(an + ),
0 0 0
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and thus (a) holds. Now, to satisfy condition (b), it is enough to check that for any n € N,
there exists By, (t) < oo such that for 0 < s <tand 0 <z <y <mn,

o) =)+ [ [ 00 ey~ s (@) < By ~ .
First, we have
o (e(g—ﬁ)s — 1)
— B+ ax (els=Fs — 1)’
where F(z) := 20%(z) + E [2?] p(z). For 0 < 2,y < n,

xfi(z,s) = gw—i—F(x)g

F(z) B F(y)
g— ﬂ + ax (6(9—5)5 — 1) qg— 5 + ay (6(9—5)5 — 1)
(F(x) — F(y))(g — 8) + o (el9=75 — 1) F(x)y F(y) )
(9—B+ay (=5 —1)) (g — B+ ax (els=F5 — 1))
lo(z) —o(y)[? o p(x) = p(y)| | [a (=P — ) B
=2 TR T T o (F@y - Fwel

lo(z) — o) 27 p(@) = p(y)| | a (D" +1) _ _
<2 lg— B +E [Z ] lg— B + (g — B)2 (F(2)|ly —z|+|F(x) — F(y)| ).

Therefore, using Assumption [A] there exists By, 1(t) > 0 such that
o (e(g—ﬁ)s — 1) a (6(9—6)5 — 1)
q— ﬁ + azx (6(9*5)5 — g— ﬁ + ay (6(9*5)5 — ]_)

To prove that (b) holds, it remains to prove that for any n € N, there exists By, 2(t) < 0o
such that forall 0 <z <y <n, and 0 < s < ¢,

F(x) < Bna(t)r —yl.

1) _F(y)

/01 /000(1 —0) |21y fo (25,0 — YL {u< fo(y.5.0)} | dur(df) < Bpo(t)|y — .
But for any |z|, |y| < n,
|[2Lusfo@s0) — Yl (s0)| < 7 |Lugpa@s0) = Lughawso| 17 = Yluzpe.s0-
Hence
/OOO |2 i< fo(a5.0) — Ylu<rp(ys0)| du < nlfo(w,5,0) = fa(y, 5,0))| + |z — ylf2(y, 5,0).
Next,
| fo(,8,0) — fa(y,s,0))]

g— B+ abx (el —1)
g— B+ azx (6(9*5)5 — 1)

g— B+ aby (9= —1)
g— B+ ay (e(g*ﬁ)s — 1)

< 2afe — y| + 208 (=W — 1) [z -y,

< 2|(ax + B)

— (ay + B)

and
oo
/ |27 us fo(0,5.0) — YLu<fa(ys.0)| < Bra(t)lz —yl,
0

where By, 2(t) = 20 + 208 (e'g_ﬁ‘t —1) 4+ 2(an + B) and condition (b) holds with By (t) =
g+ Bn,l(t) + 1/23n,2(t)'
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It remains to check that (c) is satisfied i.e. for all 0 < s < t, z > 0 and v > 0 that
T+ = + h(z,s, z,u) is nondecreasing, where h(z,s, z,u) = 21{y<fy(z,s,-)} and that there
exists Cy,(t) such that for all 0 < z,y,<n and 0 < s <1,

lo(z) — o(y)|* + /0 /0 (|l(z,y, s, z,0)| A (I(z,y, s, z,u))Q) dur(dz) < Cp(t)|x —y|,

where l(x,y,s,z,u) = h(x,s,z,u) — h(y, s, z,u). First, notice that for all 0 < s < t and
z >0, x — f3(x,s,z) is nondecreasing thanks to Assumption |G|so that z — =+ h(x, s, z,u)
is nondecreasing. Next,

A (’l((lﬁ, Y, s, 2, U)‘ A (l<$7 Y, S, 2, u))2) du = /0 (Z A Z2) |1{u§f3(ac,s,z)} - l{ugfg(y,s,z)}‘ du

=(zA 22) |fa(x,s,2) — f3(y,s, z)|.
Moreover,
|f3(z,5,2) — f3(y, s, 2)]
p(x) B p(y)
g—p+ax (6(9*5)5 — 1) g—pB+ay (6(9*5)5 — 1)

< Io(e) = o)+ ax (o210 1) (DB () fapto) )] )

< Ip(@) = ply)] + az [el=* — 1]

Finally, we get the desired inequality using that p is locally Lipschitz, fooo 227m(dz) < oo and
that o is 1/2-Holderian. O

4.5. Proofs of Section [3.2]

Proof of Proposition [3.3. This proof is very similar to the proof of Theorem [2.3]and Corollary
The only modifications are due to the time-inhomogeneity of the auxiliary process, and
to the fact that the time interval is restricted to [0,t]. We proceed by coupling to overcome
these two difficulties.

First, we prove that Theorem and Corollary still hold if the rate of positive jumps
depends on time and jump size. Let ¢ > 0 and consider a process X solution of the SDE
(2.1) with the difference that the rate at which a jump of size z > 0 occurs, when the time
s is smaller than ¢ is denoted by p;(X,-, s, z) and satisfies for x > 0

p(z) < pi(w,s,2) < pl)(1 + cz), (4.28)
where ¢; is a finite and positive constant depending on t. As before, we define
G (x) :=(a — 1)g(z) — ala — 1)"1(;’) —r(x) /01 (6"~ — 1) x(db)
— pe(z, s, z)/R (z2 '+ D —1— (1 —a)za™!) w(dz)
+
Using the upper bound in we can show as in page [20[ that under

Jim sup <:13_2 /OOO pu(z, 5, 2) 22 </01(1 +oaaly)lme(1 — v)dv) 7r(dz)> < 0.

o+

Then, applying It6’s Formula with jumps we can check that Lemma still holds with
G (Xs) instead of G4(Xs). The proofs of Theorem and Corollary are thus un-
changed and the results hold also for processes whose rate of positive jumps satisfy (4.28]).
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Let us first consider point i) and introduce Y the unique strong solution to

o t t — t rf3(Y,— t—s.2) _
Y, =Y, +/ gYsds +/ \/202(Y5)dBs +/ / / 2Q(ds, dz,dz)
0 0 0 Jo R

+
t r2aY,—+p8) rl _
+// /(0—1)Y5N(ds,dz,d0),
0o Jo 0

where the Brownian motion and the Poisson random measures are the same as in (3.4]), and
by convention we decide for instance that f3(z,u,z) = 0 if u < 0. Notice that for all y > 0,
0<s<t,0<0<1,and z >0,

fi(y,s) > g, fa(y,s,0) < 2(ay + ),

and f3(z,t—s, z) is increasing in = (thanks to Assumption . In particular this implies that

if Y is a solution with Yy = Yo(t), then Y, < Ys(t) for any s smaller than ¢. But Y satisfies
assumptions of point 7) of Corollary and thus does not reach 0 in finite time. We deduce
that Y ® does not reach 0 before time .

Now, let us prove point 7). First notice that there exist two positive constants A; and By
depending on ¢ and such that for any > 0 and s < ¢, the function f; defined on page []

satisfies
Ay

fil@,s) < g+ (20%(2)/z + E [2°] pla) /o) g=m 7 =

: ge(x).

Now, introduce (Y, s > 0) as the unique strong solution to

s s s rF(0) pl1
Y, =Y, +/ (V. Yudu+/ 272 (Y, dBqu/ / / 6 —1)Y, N(du,dz,df
o+ ) 5 () V2t () ) O DY N )
s poo pfs(Y,_t—sz) _
+/ / / 2Q(du, dz, dz), (4.29)
0 JO 0

with again f3(x,u,2) = 0 if u < 0, and where B, N and C~2 are the same as in (3.4) and for
all z>0,s>0and 6 € [0,1],

7(0) :== 208 < fo(z,s,0).
Then, for all 0 < s < t, Y, > Ys(t). As a consequence, if we introduce
77(0) ;== inf{s > 0: Yy = 0},
and prove that for any 0 < v <,
P(77(0) <v) >0, (4.30)
it will end the proof. Indeed implies that
P(r, (0) <v) >P(7(0) <wv) > 0.

To prove , we apply point i) of Corollary to the process Y. Notice that here,
unlike in Corollary the division rate 7 depends on 6. However, according to Lemma [2.2
the dependence in 6 in the division rate can be removed by considering a new Poisson point
measure N’ with a modified fragmentation kernel so that all the results derived above still
hold. It ends the proof. O
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Proof of Proposition [3.4]. We prove the convergence of the auxiliary process by verifying
a Foster-Lyapunov inequality and a minoration condition, both stated in Lemma be-
low. Those standard conditions were exhibited in [29] as an extension of [I5] to time-
inhomogeneous processes. The Foster-Lyapunov inequality (Condition i) in Lemma
ensures that

E, [v (}/S(t)ﬂ < V(@) + g (1— o),

where a and d are positive constants, so that the process is brought back to the sublevel
sets of V. The minoration condition (Condition i) in Lemma ensures some type of
irreducibility of the process on those sublevel sets. Combining those two conditions yields
the convergence of the auxiliary process (see Proposition 3.2 in [29]).

Let
V(z)=x forzeR,.

Lemma 4.3. Under the assumptions of Proposition we have the following:
i) There exist a,d > 0 such that for all 0 < s <t and x € Rj‘r,

ADV (2) < —aV(z) +d.

it) There exists R > 2da~"t such that for all r < s < t, there exist as_, > 0 and a
probability measure v on Ry such that for all Borel set A of Ry,

inf P (Y;(t) € A‘Y;(t) = x) > as_rv(A).
<R
Proof. 1) We have

1
ADV (2) = fi(2,t — )a — /O Folat — s, 0)2(1 — 0)r(do)

< gx+ (20(1‘)2 +E [ZQ] plz) 20E [O(1 — @)]> z2.

3 3
According to (3.5)), there exists A > 0 and a > 0 such that for all z > A,

where we have used the inequality
E[O(1-0°)]=E[0(1-0)(1+0+6>+6°+06")] <5E[0(1-0)].
Hence, there exists d > 0 such that for every = > 0,
ADV (2) < —az + d.

ii) Let R > 2da™', where a, d are given in ). We will prove the minoration condition with
vs = 0p, where dg is the Dirac mass at 0. Consider again Y, defined as the unique strong

solution to the SDE (4.29). We recall that Y, > Ys(t)7 for all s < t. Therefore for all r < s <¢
and all Borel set A of Ry,

P (Y;t) c Al = x) > P (Ys(t) =0y, = g;) So(A) > P (Y = 0|, = z) 69(A).

Next, notice that if Y, Y? are two solutions to with respective initial conditions at
time r satisfying }7;1 < }7;2, then 5751 < }782 for all r < s <t. Hence, for all z < R,
P(Y,=0]Y,=2) =P (Yo =0[Yo =2) > P (Y,, =0|Yo = R)..
Finally, using point i) of Corollary on Y, there exists as_, > 0 such that
P (Yeer =0|Yo = R) > as_r,
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which ends the proof. O

4.5.1. Proof of Theorem [3.5. We now prove the convergence of the process corresponding
to the trait of a sampling to the limit of the auxiliary process as ¢t goes to infinity. It is a
direct application of [29, Corollary 3.4]. Assumptions A, B, C in [29] are satisfied thanks
to Assumptions and (3.3). We proved that Assumption D in [29] is verified in Lemma
It remains to check that Assumptions E and F in [29] are satisfied. Note that in our
case, the function c¢(x) defined in [29, Equation 3.3] is equal to max(g, 5) and the first point
of Assumption E in [29] is satisfied because g + 5 # 0.
Next, we set some notations, introduced in [29]. For all z,y > 0 and s > 0, we define

B m(x,0,s)m(y,s,t)
ps(z,y) = ‘i‘;‘? m(2,0.1) ;

and for all measurable functions f: Ry — R and « > 0,

1
x) = 2/0 f(Ozx) f((1—0)x)k(dI).

The next lemma amounts to check the second point of Assumption E in [29].

Lemma 4.4. For all x > 0,

supE, [r (¥,7) J(1v V(D ) (%7)] < .

>0

Proof. Note that if z = 0, Yt(t) = 0 almost surely for all ¢ > 0. Therefore, we only need to
consider x > 0. First, notice that for all t > 0 x > 0, and y > 0,

(14 ) (1+ m)

min <|g ﬂl’l)

or(z,y) <

Next, for all z > 0,

E, {r (Y#”) J((AVV ()t (z,9) (Y;(t))]

2
lg—Bl+az \? (®) ' ®) ®) ay,”
g(mm(a%g_mQ E, (ozYt +6)2/0 (1v0Yt )(1\/(1—0)Yt ) 1+|g_ﬁ| k(d6)

For all £ > 0, we define

7w =22 (v0)']

and we end the proof of the lemma by showing that,

sup sup f5(t) (x,8) < 0.
>0 s<t

According to It6’s formula, we have for k > 2,

FO(x, 5) =k /0 E, [(Yﬁ)k A (Yu(t),t - u)} du+ k(k— 1) /O E, [02 (yp) (Yu(t))“] du
+/0 /R E, [ )t —u 9) (Yu@)k (6" — 1)} x(d6)du

+

+/0 /R E, | f [ u(t - uz) ((YJ” + z)k _ (Yu(t))k ~ ke (Yu(t))k_1>] r(d2)du,



LONG TIME BEHAVIOUR OF BRANCHING MARKOV PROCESSES 33

Differentiating with respect to s and using that for all > 0 and s > 0, 2" f;(x, s) < gz* +
20 ()22 2+ E[Z2%]p(2) 2" 2, folx, s,0) > 20z for all 6 € [0,1] and f3(z, s, 2) < (z+2)p(z)/x
for all z > 0, and applying Taylor’s formula with integral remainder, we obtain

0u1t5) <ok [ (19) ] 48 [ (@ 008 (1) w12 (79)) ()]
" k+1
_ /RJr E. [204 (YS( )) 0(1 — 9’“)] x(d6)

z s(t> _
1) /R+/O (z —u)E p<Y ) (Ys(t) +u)k i (Ys(t) +2’)] dum(dz).

Ys(t)

Moreover, for all y > 0,

[ [0t s w2 2 duntas
p(y) k—1 _py) 2 zkil k=1 1 k1
S/R+22y(y+z) W(dz)—s/ﬂhyz l_0< ; )yz m(dz)
) [ aNR (LY ket gy s PO (a2 e
_y/R+ l0<l>y n(d) + DB 7]

Combining the last two inequalities, we get

01w ) <k(A + B + 1Y),

with
k k
4uﬁ¢Wﬂ,mu&pmemwy
) k 2
C :(kz—l)/ . < ) lk+1l ©(d2),
where

H(k,y) = (k+1) Z(y) + kE[2?] ; y) _ 2o [@(1 - @’C)} .

k

To end the proof we consider the case k = 5. According to (3.5)) and using that o and p are
continuous (Assumption , there exist C7,Cy > 0 and A > 0 such that for all y > 0,

H(5,y)y" = H(5,y)y Ly ay + H5,9)y <y < —C1y°Liysay + Calyyen
< Oy + C1 A8 + Co.

Moreover, limsupy+ p(z)/x < 0o according to Assumption [E| lim sup., p(z)/23 < oo thanks
o (3.5) and E [25] < oo, which yields

Cr < Cs(f3(@,5) +1),
for some C3 > 0. Combining the last two inequalities, there exist Dy, Dy > 0 such that

05 £ (@, 5) < D1(F (2, 5) + 1) — Dot (a, 5).

Applying Jensen inequality, we have fét) (z,s) > fét) (z, 5)6/ 5. Finally, we obtain
0. (. 5) < F (f(,5)) .
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with F(y) = Di(y + 1) — Doy't1/5. Any solution to the equation i’ = F(y) is bounded by
y(0) V g, where zg = (5D1/6D,)° and so is fét) (x,-). It ends the proof. O

Finally, we need to control the value of the second moment of the population size relatively
to the square of its mean. It corresponds to Assumption F in [29].

Lemma 4.5. Suppose that Assumptions[B, [C, [E], [F] hold. Then for all x > 0,
(9 — B —ax)’+ (9 - B)*(1 - 2az/(g — 28))
(9 — B — azx)?

Proof. According to 1t6’s formula, we have for all ¢ > 0 and = > 0,

E%[A?]Nnﬂ¢m0¢)<1w<ﬁ-%1wgm >, (t — o).

t
E%Uﬁ]:1+%ﬁ%JmmW+ﬁNQﬂ+2Mﬂ%

t
:1+m(egt—1)+2a1‘/egsE5[ ds+6/ Es, [N, ds+2ﬁ/ Es, [NZ] ds.
g 0
Using (3.3)), we get

2,2
Es, [Nz] 28t 4 20 (1_ ax )<€(g+ﬁ)t_€2,8t> _i_%(ezqt_ez@t)

g—> g-—> g-—>
v L(gt_%t) 19 (%t_ Bt) 431
g—2ﬁg—66 e + s e e’). (4.31)
Moreover,
2za 220’
2,0, %L+447(éﬁ@t_§&)+ <gm_24wﬂﬁ+ewﬂ.
m(@0,8)" = 9-8 (9 — B)?
We end the proof by letting ¢ go to infinity. O

We checked that all required assumptions to apply [29, Corollary 3.4] are satisfied. This
ends the proof of Theorem [3.5]

4.6. Proofs of Section [3.3l

Proof of Proposition[3.6. We first prove point 4) and assume that limsupy+ o%(y)/y < oo.
The first step consists in proving that holds for Y, but a direct application of Theorem
is not possible because of the time-inhomogeneity of the process Y. Therefore, we couple
Y with a process (Ys, s > 0) defined as the unique strong solution to

~ s s - s pr(Yu,0) p1 .
n:ﬁ”ﬁ/mnmmw/\mﬂmmﬂﬁ/ / /@—U%M@@mm
0 0 0 JO 0
s 00 fg(f/}“t—s,z) _
+/ / / 2Q(du, dz, dx), (4.32)
0 JO 0

where f3(y,t —s,z) =0 for s > ¢, B, N and Q are the same as in (3.4) and for x,s > 0,
0<0<1,

o o o*(x) p(z) ; o
g(x) =g+ 5 _gton (2 " +E[Zz] " > > fi(z,s), 7(x,0):=20(ax+ B) < fo(x,s,0),

where the first inequality holds because 5 > g. Then, for all t > 0 and 0 < s < ¢, Ys(t) <Ys.
In particular, for all ¢ > 0,

v\ < Vi (4.33)
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According to Lemma there exists a Poisson point measure N’ on Ry x [0,1] x R with
intensity du ® &(df) ® dx such that Y is also a strong pathwise solution to

. s N . s R s r(f/u) 1 .
v, =y ¢ / g(Yu> Vodu + / \/ 202 (Yu)dBu+ / / / (0 — 1)V, N'(du, dz, d)
0 0 0o Jo 0
s foo fg(ffu,t—s,z) _
—i—// / 2Q(du,dz,dz). (4.34)
o Jo Jo

As the jump rate f3 in the integral with respect to @ depends on z and time, we need to
prove that Lemma still holds under these modifications. Following the same steps as in
the proof of this lemma for Y instead of X we have, when 17 > ¢,
R R tATy R tATy UQ(Y) tATy R 1
In(Ving,) = In(¥i,) + / §(Ve)ds — / =) ds 4 Mip, + / r(V2) ( / In 0/%(d9)> ds

to to s to 0

AT . R . .
n /t Fa(Vart — 5,2) [m(ys +2) —In(Y;) — z/YS} (1+ 2/Vy)m(dz)ds, (4.35)

to

where (Msar,,s > 0) is a martingale. Let us check that is satisfied. Let © be a random
variable with law &. We have

§(z) + r(2)E [m é} g+ (20%(x)/z + E [2%] p(z)/2) + 2(azx + B)E[On O],

o«
B—g+azx
and is satisfied using (3.5) and the fact that the function
z€(0,1] = 5Inl/z — (1 —2°)

is nonnegative (which is obtained by the study of the function’s derivative). Moreover, notice
that the dependence on z and on time for the jump rate in the integral with respect to @
does not modify the proof of Lemma as the last term in is still negative. If we
look at the proof of for Y, we see that we only need to check that there exists 0 > 0
such that

0< inf (g(x)+r(x) < sup (9(x) +r(r)) < oo

0<z<z0+0 0<z<z0+0

which is true under our assumptions. Hence holds for V. Applying Theorem to
the function F(X¢ ;s <T) = 1xu —o} concludes the proof of point ).

Let us now prove point 7). If g < 8 and limsupy+ o2(y)/y < 0o, Y is still well-defined as

a strong solution of (4.34]) and satisfies according to (3.5). Then, from Theorem
Y; converges in law to Y, with distribution given by (2.11)) and using (4.33|) we obtain for
all K >0

; - ®
P(YOO>K)ztlggoP(n >K).

By Markov inequality,

1ixu Es, |2 ey, Yxusk
]P)5m <Zu€vt {X}I>K} > E) < 571 [ eV, H{Xp> }:| _ €,1P (n(t) > K), (436)

N; m(z,0,1)
where the last equality comes from (3.1]) applied to the function
F((X{ s <) = Lixps k-

Finally, taking the limit in (4.36)) in ¢ and K yields the result. In the case where the assump-

(t)

tions of Proposition are satisfied, according to this latter proposition, Y,/ converges to
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a nondegenerate random variable, which implies

lim lim P(Y,") > K) = 0.

K—oot—00

We conclude as before using (4.36)). O
4.7. Proofs of Section [3.4l
Proof of Proposition[3.7, Let us begin with the proof of point ). From Proposition ),

we have
Y, —0 a.s.

and combining Equation (3.1)) and the fact that Es,_ [V;] = €%, we obtain that

E D uev;, L{xp>e}
Oz T Bt

}—>0, (t — o0).

Moreover, the fact that (N;,¢ > 0) is a Yule process also entails that N;e™? converges in
probability to W (1), exponential random variable with parameter 1, when ¢ goes to infinity
(see [I] Chap.III Section 5). Hence, we have

Zuth Lixpsey _ Zuth Lixpsey y 1 P
Nt ebt Ntefﬁt

when ¢ tends to infinity. It ends the proof of point ).

0,

We now prove point 7). Applying Equation (2.13)) in Theorem to the process Y, we
obtain that
P(Y; #0) — 0, (t— o0).

From this, similarly as for the proof of point i) we obtain

Yuev Lixp=0)
Ny
To prove that the convergence of 4ii) holds almost surely we follow the proof of Theorem

4.2.(i) in [6] where the authors prove that the convergence in probability implies the almost
sure convergence by using a technical result on Yule processes (see [6, Lemma 4.3]).

— 1 in probability, (¢ — 00).

We end with the proof of point 7). Applying Corollary m) to Y, we obtain that

lim inf Y;e 2@ = W,
t—o0

with P(W > 0) > 0 and where A is a Lévy process with drift n and p(t) > ¢. Writing, for
e >0,
Yie (18t = y,e Mo ehowy —(1—8)t

and noticing that A,y — (7 — €)t goes to oo when ¢ goes to oo, we get
P, (liminf Yie™ =9 > 0) > 0,
t—o00
and thus by Fatou Lemma
liminf P, (Yie 79" > 0) >0,
t—00

Hence, using Equation (3.1]) we obtain

liminf Es,

t—o0 eﬁt

2uev, 1{X#e<"f>*>°}] > 0.
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Now notice that Cauchy-Schwarz inequality yields

2
Zuth l{Xz‘e—(”—6>f>0} <E Z"EVt I{Xge_(n_g)tw} E & 2
ebt = Ny o eft

| (5]

where the last inequality comes from the fact that the term in the first expectation in the
right-hand side is smaller than one. Noticing that the last expectation converges to 1 as ¢
goes to infinity we obtain

2
Ej,

<Es

ZUEVt l{Xg‘e—("_g)t>0} E

Zuth 1{Xﬁe*(77*5)t>0}
ebt

.. 2
0< hggg)lf K5, N,

] <liminf Es,
t—o0

ZuEVt 1{X;‘e(”5)t>0}]

This ends the proof of the first part of point 7). The proof of the second point of point )
follows the proof of Theorem 4.2.(ii) in [6]. O

APPENDIX A. AUXILIARY PROCESS, CASE g = (3
In the case g = 3, the mean number of individuals takes the form
m(z,s,t) = (1 + aa(t — s))e? =,

As a consequence,

G0 1(0) = (g0 + (20°) + a2 [2%) ) ) 400 )
, az(t —s)
v [ ()= 1) - o) (14 P ) ),

1 2+ 200z(t — s)
T osos1 Ty az(t —s)

ﬂst) (z) = (ax + B) (1 + W) and /’%gt) (z,d0) k(dB).

Moreover, the functions (f;,1 < ¢ < 3) take the form

f1(y, s) :=g+<2‘72;y)+1@[g2]) as 1+ afys

_ =2
1—|—Oéy87 f2(y7876) (ay—i_ﬁ) 1—|—ays

Y

and

fa(ys5,2) == p(y) <1 . jay> |

Proof of Proposition[3.1. We keep the notation of the proof in the case g # 3 and only
provide the computations which differ from this case.

2 as 2 as =
— < Bpi(t)|x —
@) = ) o] < Bt ),
with B, 1(t) = ot (1+ ot (supj<pey, 02() + 1)),
x y ~
E[2° - < Bpa(t)|zw —
2] s | e — 7| < Bua(Ole i,

with Emg(t) =E [Z?] at and

Oo ~
/0 |x1u§f2(;r,s,0) - yluﬁfg(y,s,é‘)’ du < Bn,3(t)|$ - yl,
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with B, 3(t) = 2a + 4(an + B)at + 2(an + ) and condition (b) holds with B, (t) = g +
2B, 1(t) + Bna(t) +1/2B,3(t).
Moreover,

|f3(fE, S7Z) - f3(3/73a2')‘ S ’p(.%') _p(y)‘ + @Zt‘.%'p(flf) - yp(y)’7
which ends the proof. O
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