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parabolic variational inequalities *

Jad Dabaghi'* Vincent Martin® Martin Vohralik™

August 29, 2019

Abstract

‘We consider in this paper a model parabolic variational inequality. This problem is discretized with
conforming Lagrange finite elements of order p > 1 in space and with the backward Euler scheme in
time. The nonlinearity coming from the complementarity constraints is treated with any semismooth
Newton algorithm and we take into account in our analysis an arbitrary iterative algebraic solver. In the
case p = 1, when the system of nonlinear algebraic equations is solved exactly, we derive an a posteriori
error estimate on both the energy error norm and a norm approximating the time derivative error. When
p > 1, we provide a fully computable and guaranteed a posteriori estimate in the energy error norm
which is valid at each step of the linearization and algebraic solvers. Our estimate, based on equilibrated
flux reconstructions, also distinguishes the discretization, linearization, and algebraic error components.
We build an adaptive inexact semismooth Newton algorithm based on stopping the iterations of both
solvers when the estimators of the corresponding error components do not affect significantly the overall
estimate. Numerical experiments are performed with the semismooth Newton-min algorithm and the
semismooth Newton—Fischer—Burmeister algorithm in combination with the GMRES iterative algebraic
solver to illustrate the strengths of our approach.

Keywords: parabolic variational inequality, complementarity condition, semismooth Newton method, al-
gebraic solver, a posteriori error estimate, adaptivity, stopping criterion

1 Introduction

Let Q C R? be a polygonal domain and let 7' > 0 denote the final time. Let H'(Q) be the space of L?
functions on the domain 2 which admit a weak gradient in [L?(2)]? and H}(Q) its zero-trace subspace.
Consider the affine space H; Q) = {v € HY(Q), v=gon 89}, where ¢ is a positive constant and denote
the dual space of H}(Q) by H~1(Q), with the duality pairing (-,-). Consider a bilinear continuous form

a(-,-) : [Hl(Q)]2 X [Hl(Q)]2 — R, coercive on [Hé(Q)]2 Let IC; be a nonempty closed convex subset of
H}() x Hj () and let K} be its evolutive-in-time version

IC, == {v € L*(0,T; H} () x L*(0,T; Hy (), v(t) € Ky a.e. in 0,T[}. (1.1)

We consider the following parabolic variational inequality: for the data f := (f1, f2) € [L*(0,T; LQ(Q))}2
and the initial condition u® = (u,u3) € Iy, find w = (u1,us) € KJZ such that d,u € [L2(O,T;H_1(Q))}2
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and such that for all v € KZZ

T T T
/0<8tu,v—u>(t)dt+/o a(’u,,'u—u)(t)dtz/o (f2v — wo(t) dt,

u(0) = u’.

(1.2)

Problem (1.2) belongs to the wide class of parabolic variational inequalities of the first kind, see Glowinski [1]
and Lions [2] for a general introduction. Evolutionnary variational inequalities have attracted recent interest
in a wide variety of applications. We mention the problems in modeling pricing of American options [3, 4],
the applications in stochastic control [5], and obstacle problems in mechanics [2, 6, 7, 8]. Existence and
uniqueness of a weak solution u € Kl; for (1.2) is classical, see [2, 9, 10] and the references therein.

For spatial discretization of variational inequalities, the finite element method is commonly employed,
see Chen and Nochetto [11], Veeser [12], Braess [13], or Ben Belgacem et al. [14] for a P; conforming solution,
and Biirg and Schroder [15], Dabaghi et al. [16] for a P, nonconforming solution. Discontinuous Galerkin
methods have been studied in Wang et al. [17] and Gudi and Porwal [18, 19, 20], finite volumes in Herbin
and Marchand [21], Berton and Eymard [22], and Steinbach [23], and discontinuous skeletal methods in
the recent work of Cicuttin, Ern, and Gudi [24]. The discretization in time often uses the backward Euler
scheme.

Among the spectrum of methods for the solution of the systems of algebraic inequalities arising from
discretizations of (1.2), let us mention the interior point method of Wright [25], the active set strategy
by Kanzow [26], the primal-dual active set strategy by Hintermiiller et al. [27], and the the family of
the semismooth Newton methods (see [28, 29, 30, 31]). In this work, we use a saddle-point Lagrangian
formulation giving rise at each time step n to a nonlinear system of algebraic equations of the form

S"(X;) =0, (1.3)

where S is a nonlinear operator and X;' € R™, m > 1, is the unknown vector of degrees of freedom. We
employ any semismooth linearization procedure starting from an initial guess X ;L’O € R™ and giving at each
step k > 1 the system of linear algebraic equations

An,kle;LL,k _ 1_771,16717 (14)

where the matrix A™*~1 € R™™ and the vector F™*~1 € R™ are constructed from X;;’k_l e R™.
Solving (1.4) with a direct method may be very expensive. A popular approach is to employ an inexact
algebraic solver giving at each iterative linear algebraic step i > 0 and each linearization step k¥ > 1 a
residual vector RZ’k’Z € R™ defined by

RZ,]fﬂ' . k=1 An’k_IX;’k7i. (15>

In the present work, we focus on answering the following questions: To which precision should (1.4) be
solved? To which precision should (1.3) be resolved? Can we estimate the total error, as well as each error
component (discretization, linearization, algebraic) of the overall numerical approximation? Can we reduce
the typical number of iterations of both linearization and algebraic solvers?

Our key tool to propose answers to the above questions is the a posteriori error analysis. A huge
amount of work has been performed in the recent past on a posteriori error estimates for partial differential
equations. We can mention the pioneering work of Prager and Synge [32], Babuska and Rheinboldt [33],
Ainsworth and Oden [34], and Verfiirth [35] for a general introduction. For elliptic variational inequalities,
we can mention the contributions [36, 37, 38, 15, 11, 12, 13, 18, 20, 39]. In contrast to the last references,
in Biirg and Schroder [15] and Dabaghi et al. [16], a IP,, conforming finite element discretization, yielding a
nonconforming approximation of variational inequalities for p > 2 are employed. In [16], three components
of the error are distinguished: the discretization error, the semismooth linearization error, and the iterative
algebraic error.

In the context of parabolic problems, a posteriori analysis has received significant attention over the
past decade. For parabolic equations, we mention Verfiirth [40], Bernardi, Bergham, and Mghazli [41], and
Ern, Smears, and Vohralik [42, 43], where in particular in [42], local efficiency in space and in time for the
estimators is proven. For parabolic variational inequalities, the edifice seems still under construction. We



can mention Moon, Nochetto, Petersdorff, and Zhang [44] for a study of the Black—Scholes model, Achdou,
Hecht, and Pommier [7] for a study of the parabolic obstacle problem, and Gimperlein and Stocek [45] for
a large variety of parabolic variational inequalities. In the present work, we follow the methodology of [42]
and [16] to derive a posteriori error estimates for a parabolic variational inequality with distinction of each
component of the error. In particular, this enables us to define adaptive stopping criteria for nonlinear
semismooth and linear algebraic solvers, which is new to the best of our knowledge. Importantly, it enables
to save many unnecessary iterations.

To exemplify our approach, we consider the system of unsteady parabolic variational inequalities as
an extension of the stationary model problem studied in [16]. Two important difficulties arise for the a
posteriori analysis in this setting:

1) Denoting by uZTz = (ulf,;,ug,;) the space-time numerical approximation, where the indices k,i

indicate the presence of inexact linearization and algebraic solvers and where uZTZ is piecewise affine and
continuous in time and piecewise polynomial of degree p and continuous for each variable in space, uf”?
is nonconforming in the sense that ui; ¢ K;. Denoting by /\2: the discrete counterpart of the Lagrange
multiplier A, the same phenomenon occurs in the sense that )\’,z: is not also conforming. 2) We cannot
easily provide, as for the parabolic heat equation, an a posteriori upper bound for the time derivative

H@t (u — uﬁ;) H . To tackle this difficulty at least for p = 1 and exact solvers, where we
[L2(0,T5H - ()]

simply denote uj, = ulf”l, we construct an element z € Kl; such that ||u — z||[ 2 is closely

L2(0,T5Hg ()
linked to [|0; (w — wnr)l{p2(0,7.77-1())> @nd such that the a posteriori error estimate holds as

2
[L2(0,T;HE ()]

2 2 2
2+ H’LL - z||[L2(O,T;H5(Q))]2 + ||(u - uhT) ('7T)||L2(Q) < (n(uhT)) ) (1'6>

[ — wnr |
with n(up,) depending only on the approximate solution wp.

This contribution is structured as follows. We first present the model problem, its weak formulation,
and its discretization with the backward Euler scheme in time and the conforming P, (p > 1) finite
element method in space. In particular, we show that our nonlinear system may be seen as a system of
parabolic partial differential equations with complementarity constraints. Then, we present the concept
of inexact semismooth Newton methods to solve our system of algebraic inequalities at each time step.
Next, we provide the a posteriori analysis following the approach of the equilibrated flux reconstructions.
In particular, we derive an a posteriori error estimate for affine finite elements (p = 1) at each time step n
when the semismooth Newton solver as well as the algebraic iterative solver have converged. Then we can
estimate the error as shown in (1.6). We next provide a second a posteriori error estimate, valid for any
p > 1 at each semismooth linearization iteration k£ > 1 and at each iterative algebraic solver iteration ¢ > 0.
This estimate only bounds the first component on the left-hand side of (1.6), but distinguishes the different
error components, namely the discretization error, the semismooth linearization error, the algebraic error,
and the initial error, taking the form

ki
u Uy

ki ki ki ki
[L2(0,7;H} ()] < M0k ) < e+ i Tl it
This lead us to a proposition of an adaptive inexact semismooth Newton algorithm for parabolic problems.
Finally, we present numerical experiments when p = 1 with the Newton-min algorithm as well as with
the Newton—Fischer—-Burmeister algorithm in combination with the GMRES algebraic solver, assessing the
strengths of our approach.



2 Model problem and setting

Let © C R? be a polygonal domain and T > 0 be the final simulation time. The model problem we consider
here is to find uy, ug, and A such that

Oyuy — Auy — A= fi in x1]0,T]
Orug — oAug + A = fo in Q2 x10,T]
(ug —ug)A =0, u3—uz >0, A>0 in Q x10,T7
uy =g on 00 x10,T] (2.1)
us =0 on 00 x 10,7
u1(0) = ul, ug(0) = u3, ud —ud >0 in Q

Here, the real coefficients p; and pg are supposed constant and strictly positive, and, for the sake of
simplicity, we assume that the Dirichlet boundary condition g > 0 is also a constant. The source term
f := (f1, f2) is supposed to belong to [LQ(O,T;LQ(Q))]Q. Finally, the initial conditions are supposed to
satisfy u® := (uf,ud) € H}(Q) x Hg(Q) and uf —uf > 0 a.e. in Q. The two first equations of (2.1) are
of parabolic type. The third line of (2.1) states linear complementarity conditions expressing that either
u; —uz = 0and XA > 0, or uy — ug > 0 and A = 0. Observe that when u; — us > 0 and A = 0 everywhere in
0x]0, T, problem (2.1) is equivalent to solving two separated heat equations. On the other hand, when f;
and fo are independent of time and dyuq = dyua = 0, (2.1) becomes the stationary contact problem between
two membranes studied in [14, 46, 47, 16].

We define the sets

A= {XGLQ(Q), x > 0 a.e. in Q} and W := L*(0,T;A).
We also introduce the nonempty closed convex set
ICy = {(v1,02) € Hgl(Q) x Hy(Q), v — v > 0 ae. in Q}, (2.2)

as well as its evolutive-in-time version ICZ defined by (1.1). Note that since (g,0) € L*(0,T; H,(2)) x

L2(0,T; H}(2)), K}, is nonempty. The compact notations

a(u,v) = Z,ua (Vua, Vug)g, b, x) = (x,v1 —v2)g (2.3)

a=1

will be useful henceforth, where u = (uy,us), v = (v1,v2), a is continuous and coercive as described in the
introduction, and b is a continuous bilinear form on [H 1(Q)]2 x L*(Q).

The weak formulation of problem (2.1) is given by the parabolic variational inequality (1.2) and it is
well-posed. To illustrate the construction of the numerical discretization in Section 3 below, let us also
mention that alternatively, one could look for (u1,us,A) € L?(0,T;H}(Q)) x L*(0,T; Hj(Q)) x ¥ such
that dyu, € L2(0,T; H *(Q)), o = 1,2, and satisfying for almost all ¢+ € ]0,T[ and for all (vy,vs,X) €
HY(Q) x HE(Q) x A

S (Ota (), va) + 3 fa (Vita(t), Vo) — (A1), 01 = va)g = 3 (falt)va)g -

o . o=t 2.4
(X — A(t),ui(t) — ua(t))q > 0, (24)
u(0) = u’.

The second line in (2.4) can also be interpreted as a linear complementarity constraint, cf. a derivation in
the case of a stationary problem in [47, 16], reading as

(ur —u) (1) >0, A(t)>0, At) (w1 —us2) (t) =0. (2.5)

Finally, standard notations V and V- are used respectively for the weak gradient and divergence opera-
tors. For a nonempty set O of R?, we denote its Lebesgue measure by |O| and the L?(0) scalar product for



2
[wallo

u,v € L*(0) by (u,v)y, := [, uv dx. We also use the notations ||UH?9 = (v,0)p, ||'w|\?9 =D s
for w = (w1, wy) € [L2(0)]?, and HVUH?9 = (Vv,Vv),. Then, we define the space energy norm:

2 3
Vo = (v1,v2) € [Hy(O),  |[vllp == {Z [ ||Vva|?9} : (2.6)

a=1
For a function v = (v, ve) € [L2(0,T; H}())]?, we then define the space-time energy norm by

2

llollor = {/0 vl (t)dt} : (2.7)

3 Discretization and semismooth Newton linearization

The discretization relies on the backward Euler scheme in time and on the conforming finite element method
of degree p > 1 in space.

3.1 Setting

For the time discretization, we introduce a division of the interval [0, 7] into subintervals I, := [t,_1, 5],
1 <n < Ng, such that 0 =ty < t; < --- < ty, = T. The time steps are denoted by At, = t,, — t,_1,
n=1,---,N;. For the space discretization, we consider a conforming simplicial mesh 7;, of the domain €2,

i.e., Tp is a set of triangles K verifying

U K=0

K€7-h
where the intersection of the closure of two elements of 7, is either an empty set, a vertex, or an edge. The

set of vertices of 7, is denoted by V}, and is partitioned into interior vertices Vi* and boundary vertices
VXt We denote by Nj™ the number of interior vertices. The vertices of an element K € Tj, are collected
in the set Vi. Denote by hx the diameter of a triangle K and h := maxge7, hx. Furthermore, for the
vertex a € Vy, let the patch wjr C Q be the domain made up of the elements of 75 that share a. The vector
n,e stands for its outward unit normal. In the sequel, we use the discrete conforming space of piecewise

polynomial and continuous functions
XV = {vy €C°(Q); vn|lk € PH(K) VK € T} C H'(Q),

where IP,,(K) stands for the set of polynomials of total degree less than or equal to p on the element K. We
also denote by V¥ the set of the Lagrange nodes of the space X! and by N7 its cardinality. The internal
degrees of freedom are collected in the set Vi et

collected in the set V**. The Lagrange basis functions of X? are denoted by (wh,wz)glg}\/g for x; € VY.
We recall that vy, », (2;) = 1 for all &; € VY and ¢y, », () = 0 for all (wl/)lﬁl’?ﬁlgﬂff € V. In the particular
case p = 1, the set V} coincides with V), and the Lagrange basis functions are the “hat” basis functions that
are denoted by ¥y, ¢, @ € Vy. Still in this case, we denote My := (¢Y1.4,1) o = 1“1 We also introduce the

wp 3

whose cardinality is N§"™, and the boundary ones are

boundary-aware set and space
Xy, = {vn € X}, vp =g on 00} C H,(Q), XB, =X, NH;(Q),
and the convex set

ICZ;L = {(U1h7v2h) € Xgh X Xy vin(®r) — van(x1) > 0 V(mlhgzg]\/g € Vg}- (3.1)

Recall the defintion (2.2) and observe that K:;h C K, holds in the case p = 1 but th ¢ Ky for p >

2, see [11, 12, 14, 16]. For o = 1,2, let us introduce the piecewise constant in time functions f, €
L2(0,T; L*(Q2)) such that

(fa)‘fn = i/j fa(t) dta and denote fg = (fa)hn € L2(Q)7 f:: (fla.fQ)v fn = (.flnaf;n) (32)



3.2 Discrete reduced problem and discrete saddle-point problem

Let
2

1
Cn (uhavh) At Z (ughavah)gv 1 S n é Nt~

a=1
Given u% € KZZ ,» the discrete reduced problem corresponding to (1.2) consists in searching for all 1 <n < Ny
uj, € K}, such that for all v, € K},

en (up —up v —up) + a(ul,vp —uf) > (f”,vh —up), (3.3)
Following the Lions—Stampacchia theorem [48], we have:
Proposition 1. The discrete problem (3.3) admits a unique solution.

Recall that when p > 2, u}} is typically nonconforming in the sense that u} ¢ KC,. Moreover, following
the methodology of [16, 14, 18, 15], knowing u}, the solution to (3.3), we define for 1 <n < N and for all
a = 1,2 the functions A7, € X} by

n « 1 n n— n n
(Aons Zan)y, = (=1) {_ At, (uah - uahlvzah)n = ta (Vugp: Vzan)g + (fa’zah)g Vzan € Xy,

< ah» ¢h :13[>h = O vxl E Vp EXt,

(3.4)

where for all (wp,v;) € XP x XP,

(wn,vn)y, = > wa(@)vn(@)My if p=1, and (wn,vn), = (wp,vn) i p>2.
acVy,

Lemma 3.1. Let 1 < n < Ny be a time step and (u}y,,ul,) € ICI;h be the solution of the reduced discrete
problem (3.3). Then, the functions A}, and A3, defined by (3.4) coincide.

Proof. From (3.4) and taking 215 = 2o, = ¥n,e, With &; any internal Lagrange node, we get

2
1 - -
<)‘711h )‘th wh mz T Z ah ’wh ml) + (NaVUZha th,mz)g} - (f{l + f;bv wh,ml)g

Taking v, 1= ul), + Un,z, and vap 1= uf), + Y 2, s0 that (vip,ven) € ICgh, we see
Y = AB hwn >0 YI=1.. NP (3.5)
In the same way, taking vy, := uy), — Y2, and vep == uly — Yp x,, we have (vip, vap) € Kl’g)h and we get
AT, = A ha)n <O VI=1.. NP (3.6)
The conclusion follows the last lines of [16, Lemma 2.1]. O

Following Lemma 3.1, we can set A} := A}, = A}, € X}. Moreover, A} satisfies the following property:

Lemma 3.2. Let 1 < n < N, let (uly,uly,) € KJ?h be the solution of the reduced discrete problem (3.3),
and let A} be defined by (3.4). Then, there holds

,int
< vah,ml>h > 0 vwl c Vg m .

Proof. For x; € V(’;’int, observe that (vip,ven) = (uf}, + Vnm, uyy,) € K}, . Using the reduced problem (3.3),

the characterization (3.4) with z1, = ¥, € X{),, and Lemma 3.1, we get for all [ =1... f’im

1 n n— n rn
E (ulh - ulh 1’ djh,w[)g + /1’1 (Vu1h7 V"/Jh,wl)ﬂ - (fl 7¢h,mz)Q = <)\h7/¢}h,ml>h 2 O'



Following Lemma 3.2 we suggest the following definition for the discrete convex set associated to A}

Definition 3.3. Let, for allp > 1,
AZ;L = {Uh S XZ; <vh7wh7wl>h >0 Va,; € V(I;’int, <'Uh7'(/}h,m,,>h =0 Va; € Vg’em} . (37)
Remark 3.4. Observe that A} ¢ A for p > 2. In the case p =1, A} reduces to
A} = {vn € X{p; vp(@) >0 VaeV™} C A (3.8)

For p = 1, the construction above provides the positivity of the discrete Lagrange multiplier A} in
internal vertices of the mesh. In the case p > 2, the positivity of A}’ € A} only holds in a weak sense, which
will in particular allow for the equivalence stated in Lemma 3.5 below. We also note that for any x} € A}
and any vy, € Klzh,

(Xhs VT — V3p)p = Z (01, — vap) (@) (Xhs Yhozi ), 2 0. (3.9)
mlevg,int

It will be useful to also consider the discrete formulation corresponding to problem (2.4). Given

0 0 14 : ; — : : n n n p p p
(ulh,u2h) € Ky, it consists, for each n = 1--- NNy, in searching (uf,,ul,, A}) € Xon x Xop, X A} such

that for all (z1p, 220, Xn) € X&), X X, x A},

2 2 2
1 — n n n
At Z (T Uzhl,zah)g + Z pa (Vugy,, Vzan)g — (Ah, 21 — 22n)), = Z (f2, zan) o (3.10)
n a=1 ’

a=1 a=1

(Xn — A, uiy — “3h>h > 0.

Let us also construct the basis (Op,a,); <j«p» of X}, dual to (Yn,a,); < < pv, satisfying
>bxJVg —="=""d

(Ohz Vha)y, =1 Yo e Vi,

3.11
<@h,m”¢h,m;‘>h = 0 \V/ml* S Vga Zy= # Ty, ( )

as in [16]. Note that each vector ©p, 5, of the dual basis can be determined by inverting a diagonal (lumped
mass) matrix for p = 1 and the finite element mass matrix for p > 2; importantly, all ©j, 4, 1 <1 < NP™

belong to A}. Note also that the support of ©, 4, is typically not local. We can now link formulations (3.3)
and (3.10):

Lemma 3.5. Let 1 < n < Ny be a time step. For any solution (u,,ul,, A\}) of problem (3.10), the pair
(uly, uby) is a solution of problem (3.3). Conversely, for any solution (u},,ul,) of problem (3.3), defining
the function A\} = A\l a = 1,2, by (3.4), the triple (ul},, ul,, A\}) is a solution to problem (3.10).

Proof. For the case p = 1, the proof is a direct extension of [46, Lemma 13] and for p > 2 it employs the
arguments of [16, Lemma 2.3]. Let p > 1 and let (u},, u3,, A7) be the solution of problem (3.10). The first
lines of [16, Lemma 2.3] prove that the discrete vector uj is an element of th. Now, we prove (3.3). Let
(v1p,vap) € th- Taking z15 1= vip — uy, € X{), and zop 1= vop — ul), € X{, as test functions in (3.10)
provides

(AL V1 — van), — (AL, uly — udy)), = a(uy, vy —up) — (f”,vh — uﬁ)Q +cp (u}i — uzfl,vh — uZ) . (3.12)
Using (3.9) with A}y € A}, and v, € IC}), and taking x, = 0 € A}, in (3.10) gives
</\7};7'U1h - U2h>h >0, <_)‘Z7u?h - u§h>h > 0. (3'13)

Combining (3.12) and (3.13) provides (3.3).

Conversely, let (ufy,,u3,) € KV, be the solution of the reduced problem (3.3) and let (z1n,z20n) €
Xb x XP be arbitrary. The Lagrange multiplier A} defined by (3.4) combined with Lemma 3.1 and
Lemma 3.2 yields A} € A}. Next, considering the first line of (3.4) with & = 1,2 and subtracting these



equations gives the first line of (3.10). It remains to prove the second line of (3.10). Let now (vip, vap) € Klgh.
The first line in (3.10) now implies (3.12) and the reduced problem (3.3) yields

— (An,uly —ugp), + (A, vin —van), >0 YV (vip,van) € K:ih' (3.14)

For vyp, := uf), — Z urh () Vh,a, € X;’h and vop, 1= 0 € X{, (vin,von) € KZgh, and using the definition

:czEfo‘im
of A}, we have (A}, v1;, — vap), = 0 and the inequality (3.14) yields — (A}, ul;, — uby,), > 0. To conclude
the proof, we use (3.9) with uj; € K, and for any x5, € A}. O

As a consequence of Lemma 3.5 and Proposition 1, problem (3.10) is well-posed and admits a unique
weak solution for each n =1,--- | Ny. We finish this section by the following remark:

Remark 3.6. Taking in (3.10) xn = 0 and neat x, = 2A} € A} gives (A}, ul), —uby), = 0. As ujl € lCZh
and X} € A}, we obtain a discrete equivalent of the complementarity condition (2.5) valid for all polynomial
degrees p > 1 :

(ufy — uby) (1) > 0 Va, € VE™ (7 W), > 0, Yy € VI (N ), = 0 Vay € VB,

o N (3.15)
(Ah,uly — u2h>h =0.

3.3 Numerical resolution and discrete complementarity constraints

Let n be fixed in {1,..., N;}. We write in an algebraic form the discrete problem (3.10), using the expres-

sion (3.15) for the constraints. We employ the subset (®h7ml)1gl§j\[§,int of the basis (@h@l>1§l§/\/§ of A},
dual to (@[’h@l)lglg/\/j"‘“ in the sense of (3.11). For the first component of the discrete solution uf, € Xgh,
we use the lifting 7, = uj;' +g¢ where uj;" € X}, and g > 0 is the constant boundary value. The algebraic

representation of the lifting is denoted by X7} € RS ’im, so that

Nj},int
ufy = Y (X)) ¥na +g where (X1h) = uiyl (21). (3.16)
=1

The second component of the discrete solution uj), is expressed in the Lagrange basis (¥n,a,);<j< ppoint a8
SISNG

p,int
NY

Uy, = Z (X30) Yha, where (X3},), = ugy, (@) (3.17)
=1

The initial value uj € IC?) is decomposed ip the same way into (u}? + g,u3,), and (u}},u3,) € [XE,]? is
represented by X,? = [X?h, Xgh]T € R2V™ | The discrete Lagrange multiplier A} is decomposed in the
basis (eh,wz)lglgNg’ as
N(i),int
F= ) (X5),One, with X3, e RMT (3.18)
=1
because A} € AY and thus the components for ; € V5" are 0.
In algebraic form, the first line of (3.10) reads

ElX) = F",

where X} := [ X7}, X;‘h,Xg’h]T € R3V™ is the unknown algebraic vector and E; € RN SN s the
rectangular matrix defined by

| mS+ ﬁt"M 0 —Iq

E": ,
P 0 oS + ALtnM +14



Iq € RVY NTT s the identity matrix, and the finite element mass matrix M and the stiffness matrix S
Lint Lint
belonging to RVa ™ Na™ are defined by

Ml,m = (ql)h,a;, 3 ¢h,wm)Q 9 Sl,rn = (th,wl ) th,mm)g ) 1 S l, m S Ngf’int. (319)

The right-hand side vector F" is defined by blocks ([F"]" := [Fr, F2") as

(Fy), = (f"+uah ,wml> L<I< NP a=1,2 (3.20)

Q
With 1= (1,1,---,1)" € RVG™ | the first complementarity constraint of (3.15) is expressed as
X +91— X3, >0.
Next, using (3.11), the second complementarity constraint of (3.15) is given for any x; € Vg’int by

p,int
N

</\Z>wh,mz>h = Z (X3h)l’ <®h ml,ﬂ//h ml>h X3h) 0.

I'=1

For the last constraint in (3.15), using again (3.11), we get

(Ahsuly — udp)y, = (X7, — X33,) - X3, + 91 - X35, (3.21)
Thus, for any p > 1, problem (3.10) can be written as: given X} € RgNgﬁm, for n = 1,---, N;, search
X e R3NME™ such that
]:Ean — FTL’
Pk (3.22)

X +9l—-X3, >0, Xz, >0, (X7, +g1—-Xg,)- X3, =0.

Remark 3.7. Note that uy;' and ul, are expressed in the Lagrange basis (Vn z, ), <)< roine, while the discrete
SISNg
lagrange multiplier A} is expressed in a subset (6h7wl)1SlSNdp,im of the dual basis to (whvzl)lglgj\/g' It is also
possible to express A, in the Lagrange basis (Y a, ) <;<pe Of XP. see [49, Sect. 1.2.3]. In such a case, the
SESNg

complementary constraints are expressed with submatrices of the finite element mass matriz and the identity
matriz blocks in the matriz By are replaced by the mass matriz.

3.4 Equivalent rewriting using C-functions

We now express the complementarity constraints given by the second line of (3.22) via non-differentiable

equations. Let us recall that a function f : (IR’”)2 — R™, m > 1, is a C-function or a complementarity
function, see [29, 30], if

V(,y) € (R")?  f(@,y)=0 <= x>0, y>0, zy=0
Examples of C-functions are the min and max functions
(min{x,y}), := min{x;,y;}, (max{z,y}), := max{z;,y} l=1,...,m, (3.23)

the Fischer-Burmeister function

(fre(®,y)), = \/ar:l2 erlz —(x+y) 1=1,...,m, (3.24)

or the Mangasarian function

(@, y)), =&z —wl) = &E(y) = &) 1=1,...,m,



where £ : R — R is an increasing function satisfying £(0) = 0. The min function, the max func-
tion, the Fischer-Burmeister function, and the Mangasarian func:uion are not Fréchet differentiable ev-
erywhere. Let C be any C-function satisfying for m = NP™ C(X7, + 91 — X3, X3) = 0 <

{X7, +91—-X%, >0, X3, >0, and (X7, +gl X)) X3, =0} Then introducing the function C :
R3Np ™ RME™ defined as C(X}) = C(XJ, + 91 — X3, ) problem (3.22) can be equivalently
rewritten as: given X} € R2NS 'mt, for each n > 1, search X}' € R?’N i such that

{ P h ’ (3.25)

C(XP) =o.

3.5 Linearization by semismooth Newton methods

Let a time step n > 1 be fixed and let X} € R2VI™ be given. We provide in this section the linearization
of system (3.25). Observe that the 2NV2™" first lines of (3.25) are linear and the nonlinearity occurs in the

last AP lines of (3.25). Even if the function C is not Fréchet differentiable, it is locally Lipschitz and
continuous. As a result of the Rademacher theorem (see [50, 29, 30]), the function C is differentiable almost
everywhere, or more precisely, it belongs to the class of strong semismooth functions. The semismooth

Newton linearization is defined as follows: let an initial guess X’ 0 R3NE™ be given; typically, X}?’O =
X7~ where X'~ ! is the last iterate from the previous time step (including possibly inexact solvers). At

step k > 1, one looks for X;Zk € R3VI™ such that
AmRTI xR = gkl (3.26)

p,int ,int | . ,int | . . .
where A™F=1 ¢ R3NG3NE™ i a matrix and BF~1 € R3VI™ is the right-hand side vector given by

]En F"
ARl = Bmkl = . 3.27
[ JC(Xn Jk— 1) ‘| JC(X;LL,k—1>X}7LL,k—1 _ C(X;Lz,k—l) ( )

Here, the notation Jo (X Z’kil) stands for the Jacobian matrix in the sense of Clarke. For example, consid-
ering the semismooth min function (3.23), we have, for p > 1,

uy, (1) — uby, (1) (X3),
min { X7}, + g1 — X3, X3),} = min : ; : )

u?h(ng,m) — ugh(scNg,mt) (Xgh)Np int
and if the block matrices K and G in RV 3MI™ are defined respectively by

K = [Lappineeapints ~Taypimpgzines Oymine iz | (3.28)
G = |:0N£),int XN(zlz,iut 5 ONf'int XN(};,int 5 ]IdNtzi),int X./\/'f;"mt:| 9 (3.29)

lth

the I*" row of the Jacobian matrix in the sense of Clarke JC(X"’k_l) is either given by the I*" row of K if

uF N @y) — ul T () < (X;Lh’c 1)1 or by the I row of G if u};" (@) — ul;" " (21) > (Xg};kfl)l.
For an “exact semismooth Newton” resolution of (3.25), choose a tolerance e, close to the machine

precision and stop the linearization procedure when the relative linearization residual satisfies

F" —Erx;* F" —Erx;"’
H( cxib) )H/ H( C(x}) )H 0

3.6 Iterative algebraic solvers and inexact linearization

Let a linearization step £ > 1 be ﬁxed and choose an iterative algebraic solver with iteration index i > 0.
Given an initial guess X"’k’0 € R3NI™  often taken as X;L’k’o = X,?’k_l, where X;:’k_l is the last available

10



iterate from the previous semismooth Newton step (including possibly inexact algebraic solver), the residual
in (3.26) is defined by
Rz,k,z — gwk-1 _ An’k_lX}?’k’Z. (33]_)

p,int

In fact, the residual R}’ ki e R3NT™ s a block vector

T
n,k,i n,k,i n,k,i n,k,i
Rh T th 7R2h ’R3h ’

where R, ki g NY M = 1,2, are the components associated to the block equation in (3.22), whereas
Ry e J\/ pint g assoc1ated with the block inequality (constraints) in (3.22).

“Inexact semismooth Newton” resolution of (3.25) consists in, on each step k& > 1, stopping the algebraic
iterations when the relative algebraic residual satisfies

HR" ki (3.32)

/HBnk 1 Ank 1Xn,k,OH <€

alg»

where the term 5’;1 is commonly called the “forcing term”, see [51, 52, 53, 54]. When the algebraic stopping
criterion (3.32) is satisfied, one updates the solution as

Xn k Xn ki
and once the linearization stopping criterion (3.32) is satisfied, one updates the solution as
Xn e Xn,k
h . h .

In this way, u; ', uj; ! are the functional representations of the vectors X7 ' and X3, ', i.e. X[ Lkd
when the stopping criteria are met.

We provide in Section 5 below the alternative to the classical stopping criteria (3.30) and (3.32).

4 A posteriori error analysis

In this section, we derive two a posteriori error estimates. First, we establish an a posteriori error estimate
when p = 1 and when both the algebraic and linearization solvers have converged. Next, we derive an a
posteriori error estimate when p > 1 at any semismooth linearization step k£ > 1 and any step of the iterative
algebraic solver i > 0.

4.1 Approximate solution

At each time step 1 < n < N;, we try to solve the nonlinear system (3.25) giving in particular the degrees
of freedom of the numerical solution X" ki e RINI™ where k > 1 is the semismooth Newton step and
t > 0 is the algebraic solver step. The functlonal representations of the vectors X "’ * and X;’Lk’l, denoted

’I’L7 ,’L

by uq;,”" and u2hk’i are given as in (3.16) and (3.17), and the function of Xg,; o denoted by )\Z]” is given
as in (3.18). Obviously, (u?hk o ughk . )\"]”) € Xg x X8, x XP V1 <n < N;. Next, we associate to the

. . n,k,i . . . ki ki
functions in space uf; " € X? gn and u2 “e X0, 1 <n < N, their space-time representations uy}., g

un,k,z un—l
k,i . “1h - Y1n n,k,:
|, = A () ™ VIS <N
n
un,k,z un—l
_ %2n T "2hp n,k,i
thT\I = (t—t") +uy; V1l <n<N.
n

Concerning the discrete Lagrange multiplier Ak e P , its space-time representation is defined by a
h h

. . s . ki
piecewise constant-in-time function )\h TZ
)\n,k,i

ki
>‘h’:|ln = A

11



Note that this construction ensures that u”
afuahT
the presence of inexact solvers; more precisely, u are equal to u., LR for the last iterates k and i when
the stopping criteria are met. For each time step n we also denote

= 1 2 are continuous and piecewise affine in time, so that

€ L?(0,T; H 1(Q)). In the expressions of ulhT, ughiT, and )\h * the indices k, i are kept to indicate

n 1

ki ki ki
u?h‘rl ulhz‘rhn’ ughTZ u2h7"[w7 (41)

so that

n,k,i 1 n,k,i n—1 n,k,i _ 1 n,k,i n—1
Oeurpy |1, = At ( — Uyp )v Ougp, |1, = Al Ugp ~— — Ugy " ) -
n

4.2 Representation of the residual

We first start by giving a functional representation to (3.31), following [55]. We associate respectively with
R} F1 and Ry" 77 elementwise discontinuous polynomials rﬁk’z and ry; 721 of degree p > 1 that vanish on the
boundary of Q These can be easily computed solving on each element K € T a small problem with an
element mass matrix given as follows. For ¢; € V{ "t denote by Np. g, the number of mesh elements forming
the support of the basis function vy, z,. Then, for all K € T, and for all a € {1,2}, define 7}, mi e P »(K)

such that:

| |
T SRV P C. | RN TR

for all Lagrange basis functions ¢y, z, € X7, 2; € V?'"™ nonzero on K. It is easily seen that the first 2™
lines of (3.31) then read

i (VUL Vone, ) = (A =1l = i ) VU= 1o AP

n i i n,k,i in (42)
2 (Vuiilk’z’ th,mz)g = (fé” = At = et = Bl %an)ﬂ Vi=1,...,NP™,
where .
Smki _ ) (@) iEp =1, (4.3)
ApR? (function Ap®?, the index [ is discarded) if p > 2.

We also use the shorthand notation

n,k,i .
j\n,k,i _ )‘h (a) if p= 17
h.a P if p>2.

The functional representation of (3.31) given by (4.2) is essential for our a posteriori analysis as we will see
in the sequel.

4.3 Flux reconstructions

Our a posteriori analysis relies on the equilibrated flux reconstructions following the concepts of [56, 57,
58, 16]. We construct a discretization flux reconstruction aZ}iﬁiSC € H(div, Q) and an algebraic error flux

reconstruction UZ}Lk;flg € H(div,Q). More precisely, the discretization flux reconstruction is obtained by

solving mixed finite element systems on the patches wj around the mesh vertices @ € V), on the mesh
n,k,i

ahoalg 1S obtained via solving local problems on a hierarchy of nested grids.

Th, while the algebraic flux o

n,k,i n,k,i . . . .
The fluxes o, hoalgs @ ah disc A€ reconstructed in the Raviart—-Thomas subspaces of H(div, Q). The Raviart—

Thomas spaces of order p > 1 [59, 60, 61] are defined by
RTP(Q) = {Th S H(diV,Q), Th|K S RTp(K) VK € 'Th},
where RT,(K) := [P,(K)]* + ZP,(K), with & = [x1,25]". For a € V), let

RT,(wyy) := {1, € H(div,w},), Ta|x € RTp(K), YK € Tj such that K C wj '},

12



and let }P’g(ﬂ\w%) stand for piecewise discontinuous polynomials of order p in the patch wy. Define conse-
quently the spaces Vi and Q by

Vi = {7, € RT,(wf), Thnwe =0on dwit}, Qf :={aqn € Pg(ﬁbh) (qn,1)we =0}, (4.4)
when a € Vi"* and
Vi = {mh € RTy(wf}), Th'nge =0 on dwj\dQ}, Qf := Pg(’ﬁJwg) (4.5)

when a € V§**.

4.3.1 Discretization flux reconstructions

For all time steps 1 < n < Ny, let (w557 w2k AR 1) he the approximate solution given by (3.31), verifying
1 o Ua2p

n,k,i,a

in particular (4.2). For each vertex a € V), and each « € {1,2}, define T i dise € V¢ and fyz,’f’i"a € QF by
solving:

(O-thi;’ Th) a (’yzhk e V'Th) o (Moﬂ/}h avun kit Th) . V1, € Vi,

k, o k, o (4.6)
(Vottitan) = (o) an € Q1.
Wh

h

where the spaces V& and Q% are defined by (4.4)—(4.5). The right-hand sides are given as
gzhk e = (fg - (_1)045\2:2 i Tghk . 8tu2}5€7—7’|wg)wh,a - Mavu2f7i . V¢h,a~
Note that it follows from (4.2) with the hat test functions ¢, o (€ X} for all polynomial degrees p > 1),

(gupe1) =0 Vaey (4.7)
wf

This implies the Neumann compatibility condition for (4.6). At each time step 1 < n < Ng, the discretization
flux reconstruction is defined by
n,k,i L n,k,i,a
Uozh,disc T Z Uah,disc'

acVy
The following proposition can be shown as in [55, 16]:

Proposition 2. The flux reconstruction UZ}Lk;iiisc € H(div, Q) and satisfies the equilibration property

(Volittem) = (2 = (0N = 0 ) Van € P(K), VK €Th (49)

4.3.2 Algebraic error flux reconstructions

= 1,2, are obtained by the methodology of [55] and yield

n,kyi
The algebraic error flux reconstructions o algs

nkz n,kyd _ n,k,i
Oohnng € H(dIv,Q) and V.o ;m =r0""

4.3.3 Total flux reconstructions

Finally, the total flux reconstructions are the sums

T = O e ¥ Taiiay @ =12, (4.9)
so that . ‘
(V okt qh) = (fo = (1N = Ol qn) o Van € Pp(K), VK € Ty (4.10)

For a = 1,2, all these fluxes are extended piecewise constant in time as

aht’ ™ ahT,disc?

(i it i) € [P O.T. Q)]

) ) . (4.11)
_ mykyi ki _ nks N2 _ ki
oth‘I =04n > Uah‘r,disc|1n - Uah,disc’ Uahf,alghn - Gah,alg’ vl S n § Nt'
: : ki,
As a shorthand notation, we will also use o}, := aah7| I

13



4.4 An a posteriori error estimate for p = 1 and exact solvers

In this section, we establish an a posteriori error estimate between the exact solution u € KJ:7 given by (1.2)
and the approximate numerical solution for p = 1 when the semismooth Newton solver and the iterative
algebraic solver have converged. In this case, we discard the indices k and i. Note that when p = 1, the
constraints in (3.15) imply that the approximate solution is conforming in the sense that uy, € ICZ and
Apr €V,

Definition 4.1. Let 1 <n < N, K € Ty, and a = 1,2. We define the residual estimator MR Ko the fluz
estimator Ng g . the constraint estimator n¢ -, and the data oscillation estimator ng.. ., by the temporal
functions, for allt € I,

n hK -3 || #n n ayn n
nR7K7a(t) = 7/“”(’ 2 fal - atuozh‘r - (_1) )‘h - V'o-dh‘r I (412)
e alt) = |0 Vi, + pa ol | (4.13)
6,k (t) = 2 (A5, ulhr — upr ) (4.14)
_1 ~
Mo e o(8) = Covhapia | fu = 2| - (4.15)

Remark 4.2. The estimators (4.12)—(4.15) are an extension of the estimators of [47] derived in the case
of elliptic variational inequations to the parabolic case. They reflect various violations of physical properties
of the approzimate solution (uiy.,uby,., A\p.): MR k.o @nd Mg g, Tepresent the monconformity of the fluz,
ie., the fact that —poVul, & L*(0,T;H(div,Q)); ¢ g reflects inconsistencies in the complementarity

aht
conditions at the discrete level, i.e., the fact that (u]y,. —ub, )A} # 0. Note that the last constraint in (3.15)

for p =1 requires that (u}, —ul,)\) vanishes at each vertex of Ty, but not everywhere in Q. Finally, Mo, Ko
represents the local distance between the right hand side and its time-averages over I,,. Note that this latter

term is an estimator of Hfa — ng @ (see (4.21) further) with a rather pessimistic constant, see the
-

discussion in [42, Rem. 5.4] and the references therein).

4.4.1 A control of the energy error

Recall the Poincaré-Friedrichs and the Poincaré-Wirtinger inequalities, cf. [62, 63]. Denoting by Tp the
mean value of v over domain O and hp the diameter of O,

lollo < Corho [Vollo Yo € H(O). (4.16a)
v -0, < Cpwho | Vo],  Vve HYO). (4.16b)
‘We then have:

Theorem 4.3 (case p = 1 and exact solvers). Let u € K; be the exact solution given by (1.2). Let

Upr € IC; and Apr € U be the approximate solutions for p =1 and exact solvers. Consider the equilibrated
flur reconstructions aon, € L*(0,T; H(div,Q)) given by (4.9), (4.11). Using the error estimators defined
by (4.12)—(4.15), there holds

2 2
e — e lllg 7 + [ = wnr) (5 T)llg < 0* 1=
2

(S35 Gaitwad) (5[ 505 G 0) L

na=1KeT, na=1KeT,

Ny
+Z/ >l k) dt + [ (u = unr) (- 0)]15 -
n=1 I

n KeTh

To prove Theorem 4.3, we first introduce the following lemma.
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Lemma 4.4. Let a and b be the forms defined in (2.3). Let u € Kl; be the weak solution from (1.2)
and let y = (y1,y2) € ICZ be arbitrary. Then, for the vector y* := (yi,v3) = (u1 —y1,u2 —y2) €
[L?(0,T; Hy (Q))]2, there holds

T
A= / ((£.9%)q — @rtnr,y)g — alwnr,y*) +bly*, Mr) () dt

{Z/ 2 3 (e k)" } {Z/ 2 2 (o) )dt}é Iy -

In o= 1KeTy, n=1"1In q= 1KeTy,

(4.18)

Proof. Adding and subtracting oan-(t) € H(div, ) and using the Green formula with y*(t) € Hg(€),
a = 1,2, and employing the decomposition f, = fI + ( fa — f”) we have

/ Z f(x — Otanr — V-Oanr — (—I)O‘Ahny?;)Q (t) dt

—[) Z Vuah'r"'ﬂa o'ahﬂ,uavya dt—"/(] Z f(l fouyoz) ()
a=1 =

Let a =1,2,1 <n< N, t €l,, and K € Ty, be fixed. Denoting by wx the mean value over K of
w € L*(Q) and using the property (4.10), one has

(f atuah‘r_(_1)a)‘2_v'02h77y:{) (t)
= (e (Fr = Ouyr = (1N = Voot ) o (e~ (2) 1)) (0

K

Using the Cauchy—Schwarz inequality and next the Poincaré-~Wirtinger inequality (4.16b) with Cpw = %
for the convex mesh element K, we get

(2 = O — (1N = Vo0l w2) () < e [ 0| ) (4.19)
Next, as a result of the Cauchy—Schwarz inequality, we have
1 1 1 " 1
(ué Vg, + ta® 00, 1 Vya) O S0 ko ||[pa Vs (©). (4.20)

Finally, the Cauchy—Schwarz inequality and the Poincaré—Friedrichs inequality over the entire computational
domain {2 give

- _1 . 1,
(Fu=F2owa) (0 < Cowhapa® |[1a = T2 ||é v @
LA (4.21)
n 2 3 *
= (Z (T 1.0 <t>> |nawus| .
KeTy,
Therefore, combining (4.19)—(4.21) and applying the Cauchy—Schwarz inequality, we get the desired result.
O
Proof of Theorem 4.3. Observe that [64, Theorem 5.9.3] gives
1 2 1 2
3 = i) (T = 5 =) O + Z (0110 — tane )yt — anr) (O, (422

1
Then posing B := ||u — Uh7|||?),T +3 | (w = wnr) (-, T)||5, using definition (2.7) and (4.22), we get
B :/ (a(u — upr, u —ups) + (O, u — Upr) — (Optpr, u — Upr)g) (B)dt + 3 l(w —wupr) (-,0)]|q -
0
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Then, using the weak formulation (1.2) with v = uy, € IC;, we obtain
T 1 ,
Bs [ ((f = Ounr, u = unr)g — a(unr, w —unr)) () dt + 5 [ (w — wnr) (- 0) g -
0

T

Next, adding and subtracting / b(u — upr, Apr)(t) dt and noting that (—Apr, w1 —u2)q (t) < 0 for a.e
0

t €]0,T[ because A\, € ¥, we obtain

T
B S/ ((f — 5‘tuh7,u — uh.,-)Q — a(uhT,u — uhT) + b(u — Upr, >\h7—)) (t) dt
0

il N, K 1 2
+Zl/ > SR+ S 1l = wn) (50

In ke,

Finally, employing Lemma 4.4 with y = uj, € K, and using the Young inequality A; 4, < § (A3 + A3),
VA1, As > 0, we get the desired result. O
4.4.2 A control of the temporal derivative error

So far, we have established an a posteriori error estimate between the exact solution u € Klz and its
approximate solution uy, € Kl; in the energy norm. As we mentioned in the introduction, we cannot easily
estimate the norm |0 (w — wnr)ll(12(0 7,11 ())2- We now give our replacement result. Given u € IC; and

for the approximate solution wp, € IC;, let z € Kl; be such that, for all v € Kl;,

T T 2
/0 a(z —u,v — 2)(t)dt > 7/0 ;@t (e — Uanr) — (—1)Mr, Vo — 2a) (1) dt,

z(0) = up,(0) € K.

(4.23)

As a result of the Lions—Stampacchia theorem, problem (4.23) is well posed. Now, we give an a posteriori
error estimate on the error [|lu — z|[q, 7.

Theorem 4.5 (case p = 1 and exact solvers). Let u € ICZ be the solution of the weak formulation given by

(1.2) and let z € K; be the solution of (4.23). Assume that the hypotheses of Theorem 4.3 hold and let the
total estimator n be defined by (4.17). Then

(llee — ZWQ,T < 2.

T
Proof. Setting w* := u — z, we have H|w”"|||?2 = / a(u — z,u — z)dt. Forv=u € IC;, we in turn get
’ 0

from (4.23)

T

T
llw* gz < /0 ((0r (u = upr ), w™) + b(w™, Anr)) (2) dt + /O (a(u — upr, w*) = a(u — upy, w")) (t) dt.

Employing the weak formulation (1.2) with v = z € KJ; we obtain

T
|||U’*|||521T §/0 [(f — Orupr, w™)q + D(w*, Apr) — a(tp,, w*) — a(u — wp-, w*)] (t) dt. (4.24)

To bound the three first terms of (4.24), we employ Lemma 4.4 with y = z € KZ; and next the Young
inequality (AB < ;A% + B?) to see

Ny 2 ) % T 2 ) %
llw* I3, < {Z / SN (ko + 0 k0) <t>dt} +{ / Y (o) <t>dt}
n=1

n KeTp, a=1 a=1KeTh

1 * r *
+ 5 Ml 7 _/0 a2 — wnr, w*)(8) .
(4.25)
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The Cauchy—Schwarz inequality and the Young inequality give
g 2 1 2
- / a(u — upr, w)(8) dt < [lu — unrllg 7 [[w g7 < llw = wnllor + 1 llw*(lo,r - (4.26)
0

Finally, combining (4.25) and (4.26) with (4.17), we get |||w*|||?21T < 4n” which is the desired result. O
Combining Theorems 4.3 and 4.5, we infer

Corollary 4.6 (case p = 1 and exact solvers). Assume the hypotheses of Theorem 4.5. Then
e = el + e = 2llg 7 + 1w = wnr) (- T)llg < 59°. (4.27)

In Lemma 4.7, we show that the error measure ||u — z|||, 7 is linked to the temporal derivative error,
but we could not obtain the (more interesting) converse estimate that would allow to control the temporal
derivative error by the estimators.

Lemma 4.7. Assuming the hypotheses of Theorem 4.5 and denoting by 6 := 2/ min (u%,ué) we have

T
+ (/0 [Anr — >\|‘irl(9) (t) dt)

1 1
2 2

T 2
Il — 2llgp <6 (/ leatwa—uw)ll?f1<Q><t>dt>
a=1

Proof. Denoting by w* := u — z, we have

T 2 T
w12, < / S (00 (e — tanr) w5 (1) it + / (Anr ] — w5)y (1) .
a=1

Next,
T T T
/ (Ahr,w] —w3)g (B)dt = / (Anr — AWl —w3)q () dt + / (A wl —w3)q (t) dt.
0 0 0

Observe that
T T T
/ (v wh — w)g (1) dt :/ (A g — uz)g, (1) dt—/ (A 21 — 22) (1) dt.
0 0 0

From (2.1) A(u; — u2) =0, and as A € ¥ and z € K, we have [; (A, w} — w})g, (£)dt < 0 and thus

T T
| Onrvwt = wia ©de< [ Onr = A~ wi)g (.
0 0

Finally,
) T 2 T
oW < [ 3000 0 = wonr) ) Ot + [ O = dwi =g (@t (@29
a=1
Furthermore, denoting by A; the first term in the right-hand side of (4.28) we have,
_1 1
T 2 <Ho¢28t (ua _u(xh‘r) ;/-Lgcq)a> 1
Ay S/ sup - ’uéVw; (t)dt,
0 =1 P.CH(Q) HMZV‘Pa‘ Q
Q
T2 1 1
:/O O; ’ a0 (e )|, ‘ pavus @t
The Cauchy—Schwarz inequality gives
1
T 2 2 2
-1 .
Al < (/0 az::l ‘ Ha at (ua - uozh'r) H-1(Q) (t) dt) |||w H|Q,T' (429)
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To bound the second term As of (4.28) we employ the Cauchy—Schwarz inequality

T

T ,l 1 _1 1
s = / ( (AhT—A>,ufw1‘)Q<t>dt— | (et Onr =2 idus)
T ) 2
<5 ( / e = A1 (0 dt) o gz

Combining (4.28), (4.29), and (4.30), we obtain the desired result. O

1
2 *

na Vg,

)\hT - )\)H

H-1(Q) ‘ Q () dt (4.30)

4.5 An a posteriori error estimate for p > 1 and each step £k > 1,7 >0

In this section we devise an a posteriori error estimate which is valid at any time step 1 < n < N, at any
semismooth Newton step k > 1, and at any algebraic step ¢ > 0. Several difficulties arise. Contrary to the
previous case of Section 4.4, the constraints (3.15) are not satisfied because the convergence is not reached.
Moreover, even if they were satisfied, the solution remains nonconforming for p > 2 because ICI; n € Iy and
ALY ¢ A. 4

Consequently, we have to work with a nonconforming space-time solutions uZTZ ¢ ICZ and Ap, ¢ U. To
cope with these difficulties, we employ the decomposition

)\Z’k’l = )\Z’k’l’pos + )\Z’k’l’neg where )\Z’k’l’pos = max {)\Z’k’z, 0} and )\Z’k”’neg = min {)\Z’k’z, 0} .

We also introduce the potential s]fLTZ = (s]thT7 s];hZT) € Klt as a piecewise affine and continuous function

in time over the whole time interval ]0, T, verifying sl;:T(t) 52h (t) >0forallt €]0,7]. Whenp=1, a
possibility is to construct s’ Rt (s’f,’lk & Sghk l) € IClh by setting, for all 1 <n < N; and for all a € V™,

lsz(a) = (u’fhk “(a), ug‘;bk’z(a) if (uﬂk’l - u;,’tk’l> (a) >0,
n,k,i
S”(CL)IZ n,k,t n,k,i n,k,i n,k,t (431)
h <u1h (@) +" (@) @) ST (k) (@) <o

Definition 4.8. For all 1 < n < Ny, we define the error estimators

n n,k,i n,k,i ayn,k,i
W —Os - V.o —(=1)*x,

ahTt ahTt

1
nﬁ ];(za( t) := hoCprlia 2

L,

n,k,i L %V n,k,i n,k,i n,k,i,pos =9 )\n,k,i,pos n,k,i n,k,i
Mo (t) = ||H& Vs + fa "ahr X (), noE ") = h yUthy — Ugpy X (t),
1
n,k,i A 1 1 2 n,k,i,neg n,k,i 3 % n,k,i n,k,i
nnonc,l,K( ) = hoCpp | —+ — Ah (t)’ Thonc,2, K, o ) = MO‘V (SahT — Unghr ) (t)
M1 2 K K

n,k,t L n,k,i,pos n,k,i n,k,i n,k,: n,k,i
Thone,3, i () =2 (Ah ) (31}” — Uppy ) - (52hT = Uspy ))K (t),

fa_ |l g

Me.c.alt) = Corhapa ™ |

We observe that the estimators given by Definition 4.8 are slightly different from the ones provided

in Definition 4.1. Indeed, in the estimators 7y’ Kia and np Kza, there appears a sahkf in place of uz}f:,

and hq instead of hx. The constraint estimator ney KPS 4o as in Definition 4.1 (remember that A} > 0

nkz n,k,i n,k,i . . n,k,i
at convergence for p = 1) and expresses that X, (“mr — Uy ) = 0 is not valid. Next, n,0° 1 x,
77;10];; 2.k o0 and ngolfw’ 3K are nonconformity estimators expressing the possible negativity of the discrete
n,k,i

Lagrange multiplier and measuring how far the potential reconstruction s, ™" is from the displacements
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n,k,i _ . n,k,i n,k,i n,k,i . .
w, . Note that for p = 1, the estimators 1, 1 rs Mhone.2 k.00 @0d Myope 3 ¢ turn into semismooth

: . . : n,k,i . nk n,k,i o nk n,k,g
linearization estimators such that we can set 1" k = M.000 1 ks Min g Ko *= Tnone.2 k.o a0d 05075 ¢ =

n,k,i _ n,k,i,pos __ yn,k,i n,k,i,neg __ n,k,g __ n,k,i

Nnone,3,5c- Indeed, at convergence for p =1, Ay =X A, =0, 5,77 = w,”"", and then
n,k,i  __ n,k, o nki

nlin,l,K - nlin,Q,K,a - 771in,3,K' =0.

Theorem 4.9 (case p > 1 and inexact solvers). Let u € IC; be the exact solution given by (1.2)and let
uf”l ¢ KJZ be the approximate solution issued from inexact linearization and algebraic solvers at each time
step 1 < n < Ny. Consider the total equilibrated fluz reconstruction a*; € L2(0,T,H(div,Q)) given

ahTt

by (4.9) and (4.11). Let sfwz € KI; and consider the estimators of Definition 4.8. Then, for

. Ne 2 ) N2 % Ny 2 , 2 %
(79)° = {Z/z D (nfi’,’féfa) (t)dt} +{Z/I > (nﬁjﬁ’fa) (t) dt}
n=1 n KeTp, a=1 n=1 n KeTp, a=1
2

* {i > (nﬁgiﬁ,l,K)2<t)dt}2 n {NE > ™ (1) () dt}2

n KT In KeTy, a=1
Ny )

Nt . .
#3 [O% w et Y [ 3 ks tdes || (wsit) o

n=1"In KcT;, In KeT,

we have the a posteriori error estimate

. ) Ne 2 . 2
T {Z/f 3 (ngg)’;gQ,K,a) (1) dt} . (4.32)
’ n=1

na=1KeT,

D=

ok
u Up,r

Proof. We start by the triangle inequality, leading to

ki

_ ki
U—up,

< ‘Hu _p
Qr — hTt

. (4.33)

)

QT

The second term of (4.33) immediately equals to

Ne 2
2 2
k,i k,i _ ki
b=t =20 [ 32 3 (uikiona) (O (434)
? n=1"In a=1 KeTy,
Next, observe that
N2 2 1 ) 2
k,i k,i ki

H hillgr = il 2 wr ) (0 T) Q

Employing the fact that

sty el = 5 (s Ol [ (0w sk ook

we have
‘ T
‘Hu — s],i; o Sazl/o Ha (V (ua — 81;’;”_> ,V (ua — s];’,;))ﬂ (t)dt
2T ki ki 1 ki 2
5 [ o) i) 000 (- )

2 T
We now use the weak formulation (1.2) with v = 32: € Klif] and we add and subtract Z /0 ( DU —
a=1
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sk ) (1) dt to get

aht
2 T
<2

a=1

ki

2 2 T
0 (fg - 8155];7}17’11’@ - S’;ZT)Q (t) - Z/O Ha (VSZ,ZT’ \% (ua - s]o?ii'r))ﬂ (t) dt
2T N , 1 , 2
#3 [ (o Frva st ) @i g | (st O
=170

[e3

2 L7 . , 2. /T , ,
Adding and subtracting az_l/o ((_1)01/\;“;, Ug — 8];’;”)9 (t)dt and O;/o (‘72}:77 v (ua — SZZT))Q (t)dt

with o/ € L2(0,T; H(div,2)) and using the Green formula with (ua — M ) (t) € H}(Q) a.e. t €]0,T],

we obtain )

§A1+A2+A3+A4+%H(u—sﬁf> o (4.35)

2

QT
with

2 T
A=) / (fo = Busin, = Veoin, — ()N ua — sip,) o () dt,
a=1 0

2T , 1.1 ,
Ay = — Z / (,uo% Vs];’}; + pa 2 0'2’,;, u2Vv (ua - sz,;))g (t) dt,
a=1"70

, (4.36)

T
Az = Z/O ((—1)0‘)\Zf,ua —szﬁT)Q(t) dt,

T ~ .
A=Y / (fo = F e — s ) (B) .

a=1

To bound Ay, Ay, and A4 we proceed as follows. We apply the Cauchy—Schwarz inequality and next the
Poincaré—Friedrichs inequality (4.16a) to get

N 2 N2 2 .
A < (Z /I >3 (kL) ® dt) [Jox = sy
n=1

: (4.37)
na=1KeTy, QT
N 2 N2 : ,
Ay < <Z / SN (kL) ® dt) e = s (4.38)
n=1 In, a=1KeTy, QT
N, 2 3
n 2 n,k,t
As < (Z/ SN (M) (t)dt) o = |- (4.39)
n=1 I, a=1KeT;, ’

It remains to bound the term As. Observe that

T T
Ay = - / blu — s, AREneE) () dp — / blu — 85, AFPO%) (1) dt.
0 0

Next, adding and subtracting b(uzf,)\ﬁf’pos) and noting that —b(u,)\ﬁf’pos) < 0 since u € K and

ApEPOS(1) > () for all ¢ € ]0, T, we have
Az < Asp + Asg + Ass

with

T . . T . . . T . .
Agy = — /O blu—s?, AEIRE) (1) dt, Ay = /0 b5 —aull \EEPOS) (1)t Agy = /O bad, ABEP%) 1) i,
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The Cauchy—Schwarz inequality and the Poincaré-Friedrichs inequality (4.16a) yield

A31<hQCPF<1+1>é %/ Z‘
B Hi o H2 = Jr

n KeTy

/\n,k,i,neg 2 (t) dt ok
h X U= Spr

QT

)

(4.40)

QT

Ny ‘ ) % |
=2 / ) (nﬁa‘iﬁ 11{) (t) dt H“‘Sﬁ’f’z
n—1 T 54y

" K€7-h
Next, we have

Ny
1 n,k,i
Azg = B ,;/I Z Thone.3, 1 () dt. (4.41)

n KeTy,

Furthermore, we have

N Ny
1 n,k,i,pos n,k, n,k,i 1 n,k,i,pos
Az = 3 Z/I Z 2 ()‘h P gyt — gy, ) (t)dt = 5 Z I Z nex T (). (4.42)
n=1 n=1

n KeTy, n KeTh

Finally, combining (4.35)—(4.42), employing the Young inequality ab < %(a2 +b2), (a,b) > 0, and us-
ing (4.34) provides the desired result.
O

5 Distinguishing the error components and adaptive stopping cri-
teria

In Section 4.5, we have derived an a posteriori error estimate between the exact solution and approximate

solution at each semismooth Newton step k& > 1 and each algebraic iterative solver step ¢ > 0. We now

provide an a posteriori error estimate distinguishing the different error components when p = 1 and define
an adaptive algorithm.

5.1 Distinguishing the error components for p =1

Definition 5.1. We define the total discretization error estimator ngi’;’c, the total semismooth linearization
error estimator 1y, and the total algebraic error estimator Malg respectively by

1

. Nt 2 2] °
Wil = 43 {}: / Zz(nﬁ:’;g)}
n=1 k

n KeTy a=1

W=

A v4 n,k,i *é n,k,i
o V'S + o “ O

Ny 2 N N 9 % 2
BRI obsl AR
n=1"1In KeT; a=1

ahTt ahT,disc

N

n,k,i,pos
DN DR
n=171

n KeTh

b oo ) RS
bl [ s Gt}
n=1

n KeTy a=1

, Ne , 2
= {03 [ 5 (ki)
n=1"In KeT;,
N 2
(3] ¥ 3
n=1

n KeTp, a=1

N
n,k,i
Z nnonc,S,K
n=1"In KeT;,

1

M;éﬂnhk7i1 ’2 () dty  Dinig = H(u—sﬁ’i) ('70)H2 5-
ahTalg|| T Q

ki .
nalg .

Using Definition 5.1, we have:

Corollary 5.2. For p = 1, we have the following a posteriori error estimate distinguishing the error
components:

U— Uy,

ar = Maise + Min + Malg + Minit-

21



. . . . n,k,i n,k,: 3 nk:ﬂ' - n,k,:
Proof. The triangle inequality gives NpKa < H,ua Vs o+ ua O ohr.disc K« + ([Ha * O oh7 alg

the Minkowski inequality to separate the algebraic contribution from the discretization one and employing
after the result (A; + Ay + A3)® < 3 (A% + A3 + A3) for Ay, Ay, A3 > 0 to gather the discretization terms,
we obtain the desired result. O

H . Next, using
K

5.2 Adaptive inexact semismooth Newton algorithm

We finally present our adaptive inexact semismooth Newton algorithm. Following the concept of [16, 58, 55|,
it is designed to only perform the linearization and algebraic resolutions with minimal necessary precision,
and thus to avoid unnecessary iterations. Let v, and ~y.i; be two positive parameters, typically of order 0.1,
representing the desired relative sizes of the algebraic and linearization errors. Note that as the estimators

of Definition 5.1 are global, we consider their restrictions ngl’i’l, 7717;’1 ' and nal ’ to the time interval I,, as

follows:
1
. 2 1 2
n,k,i n,k,i b n,k,i n,k,i nkz, 0s
ndlsc = (/ Z ( <( R,K,a) + ‘ Mévsah'r +/’LO¢ Uahr disc ) + |77 P |> (t) dt) ) (51>
n Ke']’h =
1
9 2
n,k,i n,k,i n,k,i n,k,i n,k,i
nhn = </ 2 < Z <3 (nnonc 1, K) + nnonc,3,K|) + H Shr — Uy, Q> (t) dt) ) (5 2)
In \KeTs,

1
2\ 2
ki 3 ki
nglg t <3Atn Z Z H'U'O‘ Zh‘rlalg, ) : (53)
KeT, a=1

Let n > 1 be fixed. Supposing that 7, and ngsfé are negligible, we propose:

Algorithm 1 Adaptive inexact semismooth Newton algorithm at each time step n

0. Choose an initial vector X;** € R3VE™  and set k = 1.
1. From X;"F7! define AmF—1 e R3NG™BNI™ and Brh—1 e RANE™ by (3.27).
2. Consider the linear system

AmRTLXER = gkl (5.4)

3. Set X;;’k’o = X,?’k_l as initial guess for the iterative linear solver and set i = 0.
4a. Perform v > 1 steps of a chosen linear solver for (5.4), starting from X" ki

Set ¢ = 1 + v. This yields on step 4 an approximation Xs’k’l to X;Z satlsfying
k=1 gk _ pnk—1 i
Amk—LxTRS  grk—l _ ki

4b. Compute the estimators of (5.1)—(5.3) and check the stopping criterion for the linear
solver in the form:

X k, k,
nalg < Yalg Max {nglscz’ nlyan 1} . (55)

If satisfied, set X;Zk = X;L”” If not go back to 4a.
5. Check the stopping criterion for the nonlinear solver in the form

n,k,z n,k,i

Min < NinMdise - (5.6)

If satisfied, return X' = X,?k If not, set k = k+ 1 and go back to 1.
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6 Numerical experiments

This section illustrates numerically our theoretical developments in the case of affine finite elements p = 1.
We first assume that our semismooth Newton solver as well as our iterative algebraic solver have converged,
i.e., we apply the “exact semismooth Newton” method as described in Section 3.5. In this scenario, the
semismooth Newton index k and the linear iterative algebraic solver index ¢ will be discarded. We extend
to the parabolic setting the test case given in [47] in which the domain 2 is given by the unit disk: Q :=
{(r,0) € [0,1] x [0,27]}. We are interested in the shape of the numerical solution after several time steps
and in the behavior of the estimators at convergence of the solvers given by Theorem 4.3.

Second, we will focus on our adaptive inexact semismooth Newton strategy given by Algorithm 1 of
Section 5.2. For this purpose, we will consider the geometry given in the first test case with different source
terms. We will test our adaptive strategy with two semismooth Newton solvers: the Newton-min solver
(see (3.23)) and the Newton-Fischer-Burmeister solver (see (3.24)). The iterative algebraic solver that we
employ at each semismooth Newton step k& > 1 is GMRES (see [65, 53, 66]) with an ILU preconditioner with
zero level fill-in. For each semismooth method, we compare two different approaches: the exact Newton
method and the adaptive inexact Newton method. In the exact Newton case, we simulate an exact resolution
in the sense that the nonlinear stopping criterion (3.30) is considered with &3, = 1079 and the linear stopping
criterion (3.32) is used with 5§1g = 107" for all Newton iterations k. For the adaptive inexact semismooth
Newton strategy, we consider the stopping criteria (5.5) and (5.6) with yin = Yalg = 1073,

For these two studies, the parameters u; and uo are set to 1 and the boundary condition for the first
unknown g is equal to 0.05. We consider a mesh containing approximately 21 000 elements. For the sake of
simplicity, we consider a constant time step At,, = At = 0.001 for all 1 <n < N; = 300 and the final time
of simulation ¢tp = 0.3. The initial guess X,? € R2M™ has its first N,ilnt components equal to g and its next
components equal to zero.

6.1 Exact semismooth Newton method

Following [47], we take

—6g if r <1/V2,
,0,1) = 1 — 1872 2
falr ) g + 8&r 8r V2 > 1/\@

r V2 -1
In this case, fa|7, = /7, so the data oscillation estimator Nosc,a 1S Z€TO.

Figure 1 displays for three time values t = 0.02, ¢ = 0.17, and ¢ = 0.3 the behavior of the numerical
solution (uf},, uyy, Ay), as well as the behavior of the constraint estimator 7¢ ,. In the first situation,
corresponding to the beginning of the simulation ¢ = 0.02 (see the top of Figure 1), the complementarity
constraint u};, — uj, > 0 is satisfied, and then the discrete Lagrange multiplier A} as well as the constraint
estimator 7 ;- vanish. Next, we represent the numerical solution at the time value ¢ = 0.17 where uf}, and
uly, coincide in a subset of Q. The constraint estimator detects at each time step the elements where u?,
and ul;, become in contact (or detach from one another). Finally, at the end of the simulation ¢ = 0.3, see
the bottom of Figure 1, the discrete Lagrange multiplier A} is positive in the whole area r < %, recovering
the numerical result of the stationary case [47]. We note that the constraint estimator ng , take very small
values. l

Figure 2 displays the behavior of the flux estimator 7y r, and of the residual estimator ng o (see
Theorem 4.3) associated to the second discrete unknown uf, at the final simulation time ¢ = 0.3. We
observe that the residual estimator 7y f , is small with respect to the flux estimator ng j 5. Furthermore,
in several elements K € T, the estimator ng j , is quite large which corresponds to zones where the finite
element discretization error is important.

—10g if r < 1/4/2,
—8g ifr>1/v2,

fi(r,0,t) :== {
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Figure 1: Numerical solution and constraint estimators at convergence for approximately 21 000 elements.
First column: approximations u}; and uj,, second column: Lagrange multipliers A}, third column: con-
straint estimators; all respectively at times t = 0.02, ¢ = 0.17, and ¢ = 0.3.

x10°5 ~10

Figure 2: Estimators at convergence for approximately 21000 elements at ¢ = 0.3. Left: flux estimator
NE k 2- Right: residual estimator ng x o.
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Figure 3: Numerical solution at convergence for approximately 21000 elements. First row: uf, and uy, at
the time values ¢t = 0.001, ¢t = 0.03, and ¢ = 0.3. Second row: Lagrange multiplier A} at the time values
t =0.001, ¢ = 0.03, and t = 0.3.

6.2 Adaptive inexact algorithms
The domain 2 is here still the unit disk but we consider the data f; and f given by

—20g if r <1/5, +90¢g if r < 1/5,

—50g if 1/5 <r < 2/5, —40g if 1/5 < r < 2/5,
Fi(r,0,t) == +50g if 2/5 <r < 3/5, fa(r,0,t) :={ +70g if 2/5 < r < 3/5,

—50g if 3/5 < r < 4/5, —30g if 3/5 < r < 4/5,

+50q if 4/5 <r <1, 140g if 4/5 <r < 1.

Here again 7/ , vanish.

First of all, we display for several time steps the behavior of the numerical solution. Next, for a fixed time
value, we represent the estimators as a function of the Newton iterations. Furthermore, for one selected
Newton iteration, we also present the evolution of the various estimators as a function of the GMRES
iterations. Finally, we test for each adaptive inexact semismooth Newton solver its overall performance and
we compare the results with the classical exact resolution.

Figure 3 displays the numerical solution at three time values when the Newton-min solver and GMRES
solver have converged. There are three different phases in the simulation: at first, there is no contact, see
the left column of Figure 3. In the second period, the contact occurs in a disk around the center of the
domain and we observe in the discrete Lagrange multiplier A} a peak indicating the elements where uf, and
uly, coincide. In the last period (top right and bottom right of Figure 3), there exist two separate contact
zones, a disk for 0 < r < 1/5 and a ring for 2/5 < r < 3/5. Furthermore, these contacts occur at ¢ ~ 0.011
and ¢ ~ 0.060; we will see below in Figures 5 and 8 (left) that more Newton-min iterations will be required
at these transition periods.

6.2.1 Newton-min linearization

Figure 4 presents the evolution of the various estimators as a function of the Newton-min iterations (left)
and the behavior of the various estimators as a function of the GMRES iterations at the first Newton-
min step (right) at the fixed time value ¢ = 0.084. From the left part of Figure 4, we observe that
the discretization estimator globally dominates and coincides with the total estimator (the two curves
are roughly superimposed). The linearization estimator (blue curve) is small from the first Newton-min
iteration (around 107%) and next increases at the second iteration (around 1073) and afterwards decreases
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Figure 4: At t = 0.084. Left: estimators as a function of the Newton-min iterations. Right: estimators as
a function of the GMRES iterations on 1st Newton-min iteration.
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Figure 5: Left: number of Newton-min iterations at each time step. Right: cumulated number of Newton-
min iterations as a function of time.

rapidly to reach the value 10! at the third Newton-min iteration. From the first Newton-min iteration,
the discretization estimator (coinciding with the total estimator) stagnates which means that the other
components of the error do not influence the behavior of the total error estimator. Then, the Newton-
min algorithm performs unnecessary iterations and can be stopped at the first iteration. In right part of
Figure 4, we test our adaptive inexact Newton-min strategy in terms of the GMRES iterations for the first
Newton-min iteration. We observe that the discretization estimator as well as the linearization estimator
roughly stagnate after few iterations. The algebraic estimator is large at the beginning of the iterations and
influences the behavior of the total estimator but decreases rapidly to reach at i = 53 the value 107'2. The
adaptive inexact Newton-min algorithm stops the GMRES after i = 24 iterations, when the total estimator
almost coincides with the discretization estimator. Note that the curve of the algebraic estimator is here
close to the curve of the algebraic residual.

Figure 5 provides the number of Newton-min iterations and the cumulated number of Newton-min
iterations required to satisfy the given stopping criteria at each time step of the simulation. In particular,
the first graph shows that for almost all time steps, our adaptive strategy is cheaper in terms of Newton-min
iterations than the exact resolution. Observe that at some (rare) time steps (13 and 57 for instance), the
adaptive approach requires more iterations than the classical resolution: it detects automatically when a
few more iterations are necessary to preserve the accuracy. Interestingly, this occurs at times when uf),
and u};, enter in contact. The second graph presents the cumulated number of Newton-min iterations as a
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Figure 6: Left: number of GMRES iterations per time and Newton-min steps. Right: cumulated number
of GMRES iterations as a function of time.
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Table 1: Accuracy of the adaptive inexact Newton-min solution for several time values.

function of the time step. We observe a substantial benefit for our adaptive inexact Newton-min approach
as it saves at the end of the simulation roughly 50% of the iterations.

In Figure 6, left, we plot the number of GMRES iterations per time and Newton-min steps, between time
steps 22 and 72. We can observe that significantly fewer iterations are needed in the adaptive approach. We
illustrate the overall performance of the two approaches in Figure 6, right, where we display the cumulated
number of GMRES iterations for the two methods as a function of the time steps. The second graph
shows that the adaptive inexact Newton-min algorithm requires approximately 7000 cumulated iterations
to converge whereas the classical algorithm requires roughly 19 000 iterations. Our adaptive algorithm thus
saves many unnecessary iterations.

In Table 1, we give the global energy norm of the difference between the approximate resolution given by
the exact solution and the approximate solution provided by the adaptive inexact Newton-min algorithm.
We observe that for several time values, the three numerical solutions are close to each other, which confirms
that our adaptive strategy does not violate the accuracy of the numerical solution.

6.2.2 Newton—Fischer—Burmeister linearization

In this part, we proceed as in Section 6.2.1 employing this time the C-function of Fischer—Burmeister.
Figure 7 represents the evolution of the various estimators as a function of the Newton—Fischer—-Burmeister
iterations (left) and the behavior of the various estimators as a function of the GMRES iterations at the
first Newton—Fischer-Burmeister step (right), at the fixed time value ¢ = 0.011. From the left plot, we
observe that the discretization estimator globally dominates and almost coincides with the total estimator
(the two curves are roughly superimposed). The linearization estimator (blue curve, squares) is small and
decreases rapidly after k = 5 steps (adaptive stopping criterion) to reach the value of 107! at k = 11
(classical stopping criterion). Taking 7y, = 1072 instead of v, = 1072 in (5.6) will reduce the number
of Newton—Fischer-Burmeister iterations at this instant to 4. In the right plot, we take the first Newton—
Fischer-Burmeister iteration and we observe that the discretization estimator as well as the linearization
estimator stagnate from the beginning of the iterations, while the algebraic estimator is dominant at the
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Figure 7: At t = 0.11. Left: estimators as a function of the Newton—Fischer—Burmeister iterations. Right:
estimators as a function of the GMRES iterations at the first Newton—Fischer—Burmeister step.

1500

—e— exact Newton-Fischer-Burmeister

— exact Newton-Fischer-Burmeister ) —A— adaptive inexact Newton-Fischer-Burmeister
—&— adaptive inexact Newton-Fischer-Burmeister

1000

500

Cumulated number of
Newton-Fischer-Burmeister iterations

\ \ \ \ \
0 50 100 150 200 250 300
Time step Time step

Number of Newton-Fischer-Burmeister iterations

Figure 8: Left: number of Newton-Fischer—Burmeister iterations at each time step. Right: cumulated
number of Newton-Fischer-Burmeister iterations as a function of time.

beginning of the iterations. The adaptive inexact Newton—Fischer—-Burmeister algorithm stops the GMRES
iterations at i = 9, whereas the classical criterion stops at ¢ = 33. Note that as for the Newton-min case,
the behavior of the algebraic estimator follows here closely the one of the algebraic residual.

Figure 8 focuses on the number of Newton—Fischer-Burmeister iterations required to satisfy the various
stopping criteria at each time step. We observe from the first figure that the adaptive strategy (red curve)
is economic in comparison with the classical resolution (blue curve) especially from ¢ = 0.1 onwards, where
the adaptive algorithm requires 1 Newton—Fischer—-Burmeister iteration at each time step. Furthermore,
the right plot depicts the overall performance in terms of Newton—Fischer-Burmeister iterations. With
no surprise, the adaptive resolution requires at the end of the simulation much fewer semismooth Newton
iterations (approximately 700 for the adaptive algorithm and 1500 for the classical resolution). Thus, our
adaptive semismooth approach reduces by 50% the number of Newton—Fischer—-Burmeister iterations.

Figure 9 illustrates the overall performance of the two approaches. We display the number of GMRES
iterations for each linear system solved as a function of time/Newton—Fischer-Burmeister step between
t = 0.014 and ¢t = 0.057 (left) and the cumulated number of GMRES iterations as a function of time step
(right). In particular, we see that our adaptive strategy is very economic in terms of the total algebraic
iterations as it requires at the end on the simulation approximately 7000 iterations whereas the classical
resolution requires roughly 27 000 iterations. To close this section, we present in Table 2 the energy norm of
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Yalg = Nin = 1073 t, =0.001|t, = 0.011| t, = 0.07 | t, = 0.15 | ¢, =0.3
u%V(u’fheXm ulRdapty o [99% 1076]1.7 x 1075 5.8 x 1072 |7.7 x 1077]2.1 x 1073
§3 V(w0 g adanty o [5:5 1076121 1072 | 7.1 x 107° | 1.8 1074]2.1 x 1073

Apexact _ ym.adapt o 0 7.9%x 1073]3.3 x 107*]2.3 x 1072 |2.2 x 1077

Table 2: Accuracy of the adaptive inexact Newton—Fischer—-Burmeister solution for several time values.

the difference between the exact solution given by the classical Newton—Fischer-Burmeister algorithm and
the adaptive inexact one for several time values. In particular, it measures the accuracy and precision of
our adaptive strategy. We observe that each numerical unknown obtained by the adaptive strategy is close
to the unknown given by the classical resolution. Thus, our adaptive algorithm saves many iterations and
does not deteriorate the numerical solution.

7 Conclusion

In this work, we focused on deriving a posteriori error estimates for a model parabolic variational inequality.
We employed the conforming IP, finite element method for the discretization in space and the backward
Euler scheme for the discretization in time. We designed a posteriori error estimates when p = 1 valid at
convergence of the semismooth Newton solver and of the iterative algebraic solver. In this case, we estimate
both energy and time derivative errors. Next, we extended the study to all polynomial degrees p > 1 and
for each semismooth Newton step & > 1 and each iterative linear algebraic solver step i > 0. Here, we only
estimate the energy error. We finally proposed an adaptive inexact semismooth Newton algorithm based
on the a posteriori error estimators that we derived whose main idea is to stop the two involved iterative
solvers at a suitable moment decided adaptively. We have presented numerical experiments for two inexact
semismooth Newton solvers for p = 1 and we showed that our adaptive inexact semismooth strategy saves
many iterations while preserving the accuracy of the numerical solution.
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