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Abstract

The purpose of this note is to introduce a trick which relates the (non)-
vanishing of the top-dimensional £2-Betti numbers of actions with that of
sub-actions. We provide three different types of applications: we prove
that the £2-Betti numbers of Aut(F,) and Out(F,,) (and of their Torelli
subgroups) do not vanish in degree equal to their virtual cohomological
dimension, we prove that the subgroups of the 3-manifold groups have
vanishing ¢2-Betti numbers in degree 3 and 2 and we prove for instance
that F¢ x Z has ergodic dimension d + 1.
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1 Presentation of the results

The ¢2-Betti numbers were introduced by Atiyah [Ati76], in terms of heat ker-
nel, for free cocompact group actions on manifolds and were extended to the
framework of measured foliations by Connes [Con79]. They acquired the status
of group invariants thanks to Cheeger and Gromov [CG86] who provided us
with the definition of the ¢2-Betti numbers of an arbitrary countable group I':

B2(1), B2, BS(D), -, BE(D), -

Their extension to standard probability measure preserving actions and equiva-
lence relations by the author [Gab02] opened the connection with the domain of
orbit equivalence, offering in return some general by-products, for instance the
(?-proportionality principle [Gab02, Corollaire 0.2]: If " and A are lattices
in a locally compact second countable (lcsc) group G with Haar measure Vol,

B2m B w)
VoI(T\G) — Vol(A\G) "

then their £2-Betti numbers are related as their covolumes:
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Over the years, the £2-Betti numbers have been proved to provide very useful
invariants in geometry, in 3-dimensional manifolds, in ergodic theory, in oper-
ator algebras and in many aspects of discrete group theory such as geometric,
resp. measured, resp. asymptotic group theory. We refer to [Eck00] for an
introduction to the subject and to the monographies [Liic02, Kam19].

The term top-dimension used in the title may have different meanings. At
first glance, we mean the dimension of some contractible simplicial complex on
which our group I' acts simplicially and properly (i.e., with finite stabilizers).
For the purpose of computing ¢2-Betti numbers, one can consider the action of
some finite index subgroup of I'. In many interesting cases, the group I' is indeed
virtually torsion-free. Then, the virtual geometric dimension (the minimal
dimension of a contractible simplicial complex on which a finite index subgroup
acts simplicially and freely) can be used as a better (i.e., lower) top-dimension
for T'. Observe that the £2-Betti numbers must vanish in all degrees above this
dimension. In view of the Eilenberg-Ganea Theorem [EG57] (see also [Bro82,
Chap. VIILT]), if the virtual cohomological dimension (ved) of T is finite
and greater than three then it coincides with the virtual geometric dimension.
The vanishing or non-vanishing of £2-Betti numbers in some degree is an invari-
ant for lattices in the same lesc group (as the ¢2-proportionality principle above
indicates), and it is more generally an invariant of measure-equivalence [Gab02,
Théoreme 6.3]. In contrast, the virtual cohomological dimension is not: for in-
stance cocompact versus non-cocompact lattices in SL(d, R) have different ved.
This nominates the ergodic dimension as a better notion of top-dimension.
This is intrinsically an invariant of measured group theory introduced in [Gab02,
Définition 6.4] (see also [Gab20]) which mixes geometry and ergodic theory. Our
trick (Theorems 1.9 and 5.1) also applies to it.

1.1 Aut(F,) and Out(F,)

While the ¢2-Betti numbers of many classic groups are quite well understood,
this is far from true for the groups Aut(F,) and Out(F,) of automorphisms
(resp. outer automorphisms) of the free group F,, on n > 3 generators. These
groups share many algebraic features with both the group GL(n, Z) and with the
mapping class group MCG(S,) of the surface S, of genus g. One reason is that
all these groups are (outer) automorphism groups of the most primitive discrete
groups (Z",m1(Sy) and F,,) and the three families begin with the same group
GL(2,Z) ~ Out(F3) ~ MCG(S1). These empirical similarities have served as
guiding lines for their study, see for instance [CV86, BV06, Vog06].

By the work of Borel [Bor85], the £2-Betti numbers of the cocompact lattices
of GL(n,R) are known to all vanish when n > 3. The same holds for the non-
cocompact ones like GL(n, Z) by the £2-proportionality principle. The mapping
class group MCG(S,) is virtually torsion-free, and when g > 1, all its £2-Betti
numbers vanish except in degree equal to the middle dimension 3g — 3 of its
Teichmiiller space (see for instance [Kid08, Appendix DJ). These behaviors are
very common for £2-Betti numbers of the classic groups: most of them vanish,



and when a non-vanishing happens it is only in the middle dimension of “the
associated symmetric space”.

Culler-Vogtmann [CV86] invented the Outer space C'V;, as an analogue of the
Teichmiiller space in order to transfer (rarely straightforwardly) the geometric
techniques of Thurston for the mapping class groups to Out(F,,). It is also often
thought of as an analogue of the symmetric space of lattices in Lie groups. It
has dimension 3n—4 and admits an Out(F,,)-equivariant deformation retraction
onto a contractible simplicial complex of dimension 2n—3, the spine of the outer-
space, which is thus exactly the virtual cohomological dimension of Out(F,,)
[CV86, Corollary 6.1.3] (a lower bound being easy to obtain). An avatar of C'V,
can be used to show that the virtual cohomological dimension of Aut(F,,) is
2n — 2 [Hat95, pp. 59-61].

1.1 Theorem
The (?-Betti numbers of the groups Out(F,,) and Aut(F,,) (n > 2) do not vanish
in degree equal to their virtual cohomological dimensions 2n — 3 (resp. 2n —2):

(2 (Out(F,,)) > 0 and B2 ,(Aut(F,)) > 0.

The rational homology of Out(F,,) is very intriguing. It was computed explicitly
using computers by Ohashi [Oha08] up to n = 6. Then Bartholdi [Bar16] proved
for n = 7 that that Hx(Out(F7); Q) is trivial except for k = 0,8,11, when it
is 1-dimensional. The non-zero classes for k = 8,11 were a total surprise, since
they are not generated by Morita classes. Moreover, the rational homology of
both GL(n,Z) and MCG(S,) vanishes in the virtual cohomological dimension,
and everyone expected the same would be true for Out(F,,). In view of the Liick
approximation [Liic94], Theorem 1.1 implies that in degree equal to their ved,
the rational homology grows indeed linearly along towers. More precisely, these
groups being residually finite [Bau63, Gro75], for every sequence of finite index
normal subgroups (T';); which is decreasing with trivial intersection in Out(F,,)
(resp. Aut(F,)), then

lim im Han—s Q)>O, resp. lim im Hn (T Q)

71— 00 [Out(Fn) : Fz] 1—00 [Aut(Fn) : FZ] - 0

The mystery top-dimensional classes implicitly exhibited here for large finite
index subgroups “come” from a poly-free subgroup Fa x F%"_4 of Out(F,,). In
a work in progress with Laurent Bartholdi, we build on this remark to pro-
duce more explicit classes [BG20]. We also work on discovering other ¢2-Betti
numbers for Out(F,,). Results of Smillie and Vogtmann suggest that the (ratio-
nal) Euler characteristic (equivalently the standard Euler characteristic of any
torsion-free finite index subgroup) of Out(F,,) should always be negative and
this has been indeed proved very recently by Borinsky and Vogtmann [BV19]. A
positive answer to the following question would deliver another demonstration.

1.2 Question
Do all 8{” (Out(F,,)) for k # 2n — 3 vanish?



Theorem 1.1 will be proved in section 3.
The canonical homomorphisms of Aut(F,) and Out(F,,) to GL(n,Z) leads
to the short exact sequences

1 T, — Ouwt(Fy,) 28 GL(n, Z) — 1. (1)
1— K, = Aut(F,,) - GL(n,Z) — 1. (2)

The left hand side groups 7,, and K,,, called the Torelli groups, have cohomo-
logical dimension 2n — 4 and 2n — 3 [BBMO07].

1.3 Theorem
The (2-Betti numbers of the Torelli groups T,, and K,, (n > 2) do not vanish in
degree equal to their virtual cohomological dimensions 2n — 4 (resp. 2n — 3):

S (To) # 0 and B3 5(Ka) # 0.

This is proved in Section 4.

1.2 Fundamental groups of compact manifolds

We now switch to another type of application. This one necessitates the full
strength of the measured framework of Theorem 1.9 below. The (virtual) coho-
mological dimension of the fundamental group 71 (M) of a compact aspherical
d-dimensional manifold M is < d, with equality when M is closed. However, we
proved with Clinton Conley, Andrew Marks and Robin Tucker-Drob in [CGMT]
that I' = m1 (M) always has ergodic dimension < d — 1. This means that with
the help of an auxiliary probability measure preserving free I'-action, one gains
one on the top-dimension (see Section 6). And of course the smaller the ergodic
dimension, the better the top-dimension. Thus the importance of Questions 7.1.
So far, we obtain:

1.4 Theorem

Let T be the fundamental group of a compact connected aspherical manifold
M of dimension d > 3. Let A < T be any subgroup. Then A has vanishing
(2-Betti numbers in degree > d. If moreover [3&2_)1(1“) =0 then Bl(f_)l(A) =0.

Observe that the asphericity is a necessary condition in this statement since
for instance Fj is the fundamental group of some compact 4-manifold while
its 4-th ¢2-Betti number equals 1. Recall that the Singer Conjecture predicts
that the £2-Betti numbers of a closed aspherical manifold M are concentrated in
the middle dimension, i.e., if B,(f)(m (M)) > 0 then 2k = the dimension of M.
The ”moreover” assumption of Theorem 1.4 would then be satisfied automati-
cally. The Singer Conjecture holds in particular for closed hyperbolic manifolds
[Dod79]. Given the recent progress on 3-dimensional manifolds ([Per02, Per03],
see also [KL08, BBB*10]), we obtain a more general statement:



1.5 Theorem
Let T be the fundamental group of a connected compact 3-dimensional manifold.
Every subgroup A < T, has vanishing ¢?-Betti numbers in degree 2 and 3

() = 857 (8) = 0.
In particular, if A is infinite, x(* (A) € [—o0, 0].

Observe that the 3-manifold in this theorem can have boundary, can be non-
orientable and is not necessarily aspherical. While the vanishing in degree 3 for
subgroups could have been expected, it is more surprising in degree 2. These
results are proved in Section 6.

1.3 Ergodic dimension

Let’s now switch to the third type of applications. The non-vanishing of the
(2-Betti number in degree d for some subgroup A of a countable group I' pro-
motes clearly d to a lower bound of the virtual geometric dimension of I but
it becomes also a lower bound of the ergodic dimension of T [Gab02, Corollaire
3.17, Corollaire 5.9]. In case 84(I") = 0, then d + 1 becomes also a lower bound:

1.6 Theorem
IfT is a countable discrete group of ergodic (resp. virtual geometric) dimension

<d and A < T is any subgroup such that 8 (A) # 0, then 8 (T) # 0.

This is an immediate application of Theorem 5.1. As a corollary, one computes
the ergodic dimension of such groups as F¢ x Z; it is d + 1. As another example
Out(F,,) x Z* (resp. Aut(F,,) x Z*) has ergodic dimension 2n — 2 (resp. 2n—1).
More generally,

1.7 Corollary
If A has ergodic dimension d and [3;2) (A) # 0, then for any infinite amenable
group B, the direct sum A X B has ergodic dimension d + 1.

All the £2-Betti numbers of A x B equal 0. Observe that the condition 84(A) # 0
is necessary since for instance (A X B) x B = A x (B x B) has also ergodic
dimension d + 1.

1.4 A top-dimensional L?-Betti number result

The different statements announced above use at some point variants of the
general trick (Theorem 5.1) involving a probability measure preserving (pmp)
equivalence relation R, a sub-relation & and a simplicial discrete R-complex
together with their L2-Betti numbers'; see section 5 where the notions are
recalled. The specialization of Theorem 5.1 to proper actions (simplicial actions

1Observe the debatable use introduced in [Gab02] of capital letter L2 for equivalence
relations versus the cursive lowercase 2 for groups.



with finite stabilizers) which is appropriate for geometric dimension will be
given its own proof in section 2 for the reader’s convenience and as a warm-up
to section 5.

1.8 Theorem (Proper actions version)
Let T’ be a countable discrete group and A < I' be a subgroup. If 'L is a
proper action on a d-dimensional simplicial complex such that the restriction to

A satisfies ﬁc(lz)(A ~ L) # 0, then ﬁc(f)(l" ~ L) #0.

Here ﬁc(f) (T ~ L) is the d-th £2-Betti number of the action of I on L, also denoted
by countless different manners in the literature such as S4(L,T), C(IQ) (L,T),

(L T) or b (L : T).

Specializing Theorem 5.1 to a contractible R-complex, one obtains a state-
ment involving the L2-Betti numbers of the pmp equivalence relation [Gab02,
Th.-Déf 3.13-3.14] and of its sub-relations. The minimal dimension of such a

contractible complex defines the geometric dimension of R (see the proof of
Theorem 1.9).

1.9 Theorem (Geometric dimension of pmp equivalence relation)

Let (X, u) be a probability measure standard space. If R is a pmp equivalence
relation of geometric dimension < d for which the L?-Betti number in degree
d vanishes ﬁc(f) (R, i) = 0 then every sub-equivalence relation S < R satisfies

(S =0.
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2 Proof of Theorem 1.8 on proper simplicial ac-
tions

Recall [CG86, (2.8) p. 198] (see also [Gab02, Section 1.2]) that for a proper non-
cocompact action I' ~ L, the ¢?-Betti numbers are defined as follows: Consider
any increasing exhausting sequence (L;);cn of cocompact I-invariant subcom-
plexes of L. For each dimension k, for each 7 < j, the inclusion L; C Lj
induces a I-equivariant map H 122)(L1-) - H 122)(Lj) between the reduced ¢%-
homology spaces. The von Neumann I'-dimension of the closure of the image



im (f[,?) (L;) — H,gz)(Lj)) is decreasing in j and increasing in 4. The k-th £2-
Betti number of the action is defined as:

DM AL) = lim 2 lim N\, dimr (E (Fl,§2> (L;) — H,f’(L{,-))) .
i—00 J];olo
This is easily seen to be independent of the choice of the exhausting sequence.
The k-th £2-Betti number of the group I is defined as the k-th £2-Betti number
122) (A ~ L) for any proper contractible (or even only k-contractible) I'-complex
L and this is independent of the choice of L.
The key observation is that for any d-dimensional complex M the reduced
£?-homology, defined from the ¢2-chain complex

04— Py &= Py — P, (M) &1 P (M) +— 0
boils down in dimension d to the kernel of the boundary map
AP (M) = HP (M) = ker M = ker (cf’(M) % qg‘i)l(M)) .

Of course, for the boundary operators to be bounded, M needs here to have
bounded geometry, i.e., it admits a uniform bound on the valencies (the
number of simplices a vertex belongs to).

Since the injective maps induced on ¢?-chains by the inclusions L; C L,
commute with boundaries, it follows that

ﬁc(f) (I'~L) := lim lim dimpim (ker (951' ker af?j) (3)
1—>00 J—>00
]jzi
= lim  dimpker 9%, @
11— 00

Consider, for the restricted action A ~ L, an increasing exhausting sequence
(K;)ien of cocompact A-invariant subcomplexes of L. By assumption, for i large
enough, dimy ker 85(1' # 0, so that ker 85“' # {0}. Let L; be the I'-saturation
of K;. Again by commutation with boundaries of the injective maps induced
on #2-chains by the inclusion K; C L;, we also have ker 95 # {0}. In view of

formula (3), we have ﬁc(lz)(l"mL) # 0. |

3 Proof of Theorem 1.1 that 55721)_3(Out(Fn)) >0

We begin by recalling what is known about the ¢2-Betti numbers of Aut(F,,)
and Out(F,). The groups fit into a canonical short exact sequence

1—=F, = Aut(F,) Oy Out(F,) — 1. (5)

When n = 2, the group Out(F3) ~ GL(2,Z) admits a single non-vanishing ¢2-
Betti number, namely ﬁf) (GL(2,Z)) = 1/24 in degree 1, exactly the middle di-

mension of its associated symmetric space and also the virtual geometric dimen-
sion of GL(2,Z). It follows that Aut(F3) has an index 24 subgroup isomorphic



with Fy x Fy so that its £2-Betti numbers vanish except 652) (Aut(Fq)) = 1/24
(see for instance Proposition 3.1). When n > 3, the kernel 7, of ¢, (se-
quence (1)) is a finitely generated infinite normal subgroup of infinite index
by [Nie24, Mag35] (and clearly the same holds for the kernel F,, of 6,, (sequence
(5)). Tt follows that B§2) (Out(F,)) = §2) (Aut(F,,)) = 0 by using for instance
[Liic98, Theorem 3.3 (5)] or [Gab02, Théoreme 6.8]: The middle group H of a
short exact sequence 1 - N — H — Q — 1 of infinite groups has ﬁf) (H)=0

as soon as [39 (N) < oo. Remark that this is another instance where the
strength of the L? orbit equivalence theory allows one to obtain a more gen-
eral result [Gab02, Théoréme 6.8] in comparison with [Liic98, Theorem 3.3 (5)]
where a parasitic assumption remains on ) (containing an infinite order element
or arbitrarily large finite subgroups). In higher degrees the same paradigm is
used in [ST10, Corollary 1.8] (see the proof of Proposition 3.1). With Miklés
Abért, we proved that S2(Out(F,,)) = 0 for n > 5 [AG20].

The reason for the non-vanishing of Béi)fg(Out(Fn)) and ﬁéi)fz(Aut(Fn))
boils now down to the existence of subgroups of the form Fy x F3"~* (resp.
(Fy x F§”74) x F,,), to the use of Proposition 3.1 and to an application of
Theorem 1.8 applied to L = the spine of the Culler-Vogtmann space C'V,, which
is contractible, has dimension 2n — 3, and is equipped with a proper action of
Out(F,,) [CV86] (and its avatar for Aut(F,,)).

We reproduce an argument from [BKKO02]. Let (21, z2,- - ,z,) be a free base
of the free group F,. Choose a rank 2 free subgroup V < Out(F(z1,x2)) ~
GL(2,Z) and pick a section U < Aut(F(z1,2z2)) of it under s in the short
exact sequence (5). The family of automorphisms ®(z1) = a(xy), P(z2) =
alxe), ®(x;) = lja:jrj_l (j # 1,2) for all choices of (a,l3,73,l4,74,+ ,ln,Tn) €
U x F(z1,22)*"* defines a subgroup of Aut(F,) which is isomorphic to U x
Fg<n_2) =Fy x Fg(n_Q) and descends injectively to A,, < Out(F,,) under 0,.
Its pull-back A, = 6;1(A,) is thus isomorphic to (U x F2" ?) x F, ~
Fy x (Fg("ﬁ) x F,,) (the restriction of 6,, to ]X; admits a section, thus the

splitting). By Proposition 3.1, these poly-free groups satisfy Béi)fg(/\n) =1 and
51)72(/12) =mn — 1. Then apply Theorem 1.6. [ ]

3.1 Proposition (Poly-free groups)
Consider a group G = G,, obtained by a finite sequence (G;)!"_, of extensions

1— Gl — Gl’Jrl — QiJrl — 1, (6)

where G and all the Q); are finitely generated, non-cyclic free groups.
Then for all j the BJ(?) (G,,) vanish except “in top-dimension”

B2(Ga) = 517G T A7 (@0) = (-1 x(Ga).

Proof: The statement is obtained by induction from the following:



1. the general results on cohomological/geometric dimension for extensions
imply that the geometric dimension of G, is < n [Bro82, Chap. VIII.2];

2. aresult [Liic98, Theorem 3.3 (5)], [ST10, Corollary 1.8] alluded to above:
Let1 - N =T — @ — 1 be a short exact sequence of infinite groups. If

,(CZ)(N) =0 fork=0,1,---,d—1 and 6(22)(N) < 00, then ﬁ,(f)(l") =0
for k=0,1,---d;

3. the multiplicativity of the Euler characteristic under extensions [Bro82,
Chap. IX.7] and the coincidence of Euler and ¢?-Euler characteristics
[CG86, Proposition 0.4]:

XP(Gir) = X(G) X(Qir1) = (182G (-1 (Qinr)
= Z J6(2 H‘l):( )Z+1ﬁz+1( z+1)-

j=0

4 Proof of Theorem 1.3 for the Torelli subgroups

We continue with the notation of the previous section. Pick two elements that
generate a free subgroup of rank 2 in the intersection of the commutator sub-

group [F,,, F,,] with F(zy, z2), for instance u := [1, 22] and v := [z, 25 ']. The
family of automorphisms ®(z1) = z1, ®(z2) = 2, P(z;) = lj:vjrj_l (J #1,2)
for all choices of (I3,73,l4,74, +* ,ln,7n) € F(u,v)?"~* defines a subgroup of

Aut(F,,) which is isomorphic to F3"~* and descends injectively under 6,, (of
the exact sequence (5)) to A, < T, < Out(F,). Its pullback A, := 0,1(A,)
is thus a subgroup of K, isomorphic to Fg"“l x F,. Proposition 3.1 gives
Bon—a(A,) = 1 and Bgn,g(&;) =n — 1. The group 7, has cohomological di-
mension 2n — 4 [BBMO07]. By its general behavior under exact sequences and
1—F, = K, = T, — 1, the cohomological dimension of K, is 2n — 3. Then
apply Theorem 1.6. |

5 Proof of Theorem 1.9, measured theoretic ver-
sion

Let’s consider now the measured theoretic version below of Theorem 1.8. The-
orem 1.9 will follow directly. We assume some familiarity with the foundations
[Gab02] and refer to this for some background.

5.1 Theorem (Top-dimension 6512), discrete R-complex version)
Let (X, ) be a standard probability measure space and let R be a pmp equiv-
alence relation. Assume ¥ is d-dimensional simplicial discrete R-complex with



vanishing top-dimensional L?-Betti number, ﬁC(IQ)(E,R, w) = 0. For any sub-
equivalence relation S < R the L?-Betti number of ¥ seen as a simplicial dis-
crete S-complex also vanishes in degree d, [322) (%,8, 1) =0.

Proof of Th. 5.1: Recall [Dix69, Gab02] that a measurable bundle = — X,
over (X, u) of simplicial complexes with uniform bounded geometry delivers an
integrated field of £2-chain complexes C,iz)(E) = ff; C,g2) (3z) dp(x), and that
the field of boundary operators can be integrated into a continuous operator
O = I3 (O : O (Z0) = C21(20) dul).

By commutation of the diagram involving the boundary operators and the
injective operators induced by inclusion, one gets:

5.2 Claim
Let © and Q be measurable bundles x — ©, and z — Q, over (X,u) of
simplicial complexes both with a bounded geometry. If © C ) then

ker (ak 0P (0) - Cfffl(@)) < ker (ak LCP(Q) » c,i{)l(Q)) )

Recall from [Gab02, Déf. 2.6 and Déf. 2.7]) that a simplicial discrete (or
smooth) d-dimensional R-complex ¥ is an R-equivariant measurable bundle
x +— X, of simplicial complexes over (X, )

— that is discrete (the R-equivariant field of 0-dimensional cells YO g s cho)
admits a Borel fundamental domain); and

— such that (u-almost) each fiber X, is < d-dimensional and %, is d-dimensional
for a non-null set of x € X.

Recall that such an R-complex is called uniformly locally bounded (ULB)

if (O admits a finite measure fundamental domain (for its natural fibered mea-
sure) and if it admits a uniform bound on the valency of (u-almost) every vertex
v € %0 (unifom bounded geometry). Recall the definition of the L2-Betti num-
bers of the R-complex ¥ [Gab02, Déf. 3.7 and Prop. 3.9]:
Choose any sequence (%;); of ULB R-invariant subcomplexes of 3 (given by the
sequence of bundles z — ¥; ;) which is increasing (3; C ¥;41) and exhausting
(U;3; = X). Let’s call such a sequence a good R-exhaustion of . Let M(R)
be the von Neumann algebra of R. The continuous boundary operators O

02 0P () & P () & -

)

P 0@z B

are M(R)-equivariant between the Hilbert M (R)-modules C’,gZ)(EZ-).
The reduced L?-homology of ¥; is defined as expected as the Hilbert M(R)-
module quotient of the kernel by the closure of the image:

o ker (ak LCP () - C,@l(Ei))
Hy (%) =

m Or1 (akﬂ P (3) —» P (21-))

The inclusions ¥, C ¥; (for ¢ < j) induce Hilbert M(R)-module operators
0122) (3;) — C,(f) (X,) that descend to Hilbert M (R)-module operators ﬁ,?) (%) T

10



fl,gz)(Ej). The k-th L?-Betti number of R is the double limit of the von Neu-
mann dimension of the closure of the image of these maps:

(8, R, p) = lim A lim N, dim ) Im (H,f)(&) ﬁﬂ,?)(zj))
1—00 j—oo
j>i

5.3 Claim
In the particular case when k = d is the top-dimension of ¥ and (%;); is a good

R-exhaustion of 3, then we have the equivalence: [3(2) (2, R, 1) > 0 if and only
if ker (8d : 0512)( ) — C((f (2 )) # {0} for a large enough i.

Proof: Since Cd+1( i) = {0} then H(Q)(E ) = ker (8d C 2)(Ei) — Cc(i)l(Ei))
for every ¢. Thus by Claim 5.2

m 7P (x) 25 H<2)(2)—ker(ad (s - P (n )).

Then 8 (S, R, 1) = lim * dimyr) ker (ad 0P (3,) - cffjl(zi)). The
71— 00

claim 5.3 follows by faithfulness: the property that the von Neumann dimension

is non zero if and only if the Hilbert module is non zero. |

The d-dimensional simplicial discrete R-complex ¥ is also an S-complex
with the same properties. Let (€;); be a good R-exhaustion of ¥ and let
(0;); be a similar good S-exhaustion of ¥ such that ©; C €; (one can for
instance consider the intersection of a good S-exhaustion of ¥ with the good

R-exhaustion (£2;);). Assume by contraposition the ﬁc(lz)(E S, ) > 0. It follows
from Claim 5.3 that ker (ad cP(0,) » cj’l( )) ” {0} for ©; and a large

enough . Then the same holds, ker (8, : C'2(€,) — ¢? 0}, for Q;
g ) ( d d—1

by Claim 5.2. It follows that ﬁf)(E,R, ) > 0 by Claim 5.3. This completes
the proof of Th. 5.1. |

As for the proof of Theorem 1.9, recall from [Gab02, Déf. 3.18] that R has
geometric dimension < d if it admits a contractible d-dimensional simpli-
cial discrete R-complex ¥ (see [Gab02, Déf. 2.6 and Déf. 2.7]). Recall also
the definition of the L?-Betti numbers of R [Gab02, Déf. 3.14, Th. 3.13):

122) (R,p) = (2 )(E R, ) where ¥ is any contractible simplicial discrete R-
complex. A contractlble d-dimensional simplicial discrete R-complex ¥ is also
an S-complex with the same properties, so that it can be used to compute the
L?-Betti numbers of S. Thus Theorem 1.9 is a specialisation of Theorem 5.1
when 3 is contractible. |
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6 Proof of Theorem 1.6 and Corollary 1.7

Recall from [Gab02, Définition 6.4] that a group I' has ergodic dimension
< d if it admits a probability measure preserving free action I' ~v*(X, u) on
some standard space such that the orbit equivalence relation R, has geometric
dimension < d. Equivalently, it admits a I'-equivariant bundle ¥ : z +— ¥, over
(X, i) of contractible simplicial complexes of dimension < d which is measurable
and discrete. See [Gab02, Gab20] for more information on ergodic dimension.

Proof of Theorem 1.6: Assume I' has ergodic dimension < d and that this

is witnessed by I' n*(X, 1) and X, a free pmp T'-action and a contractible d-
dimensional simplicial discrete R,-complex. The restriction w of the action «
to A being also free, the complex ¥ computes both the ¢2-Betti numbers of I’
and of A; more precisely, B;P(Z,leu) = ,g2) (T') and (considering ¥ as an
R.,-complex) ,gz)(E,Rw,u) = 122)(/&) [Gab02, Corollaire 3.16.]. The L2-Betti
numbers of ¥ vanish strictly above its dimension d. If moreover BC(IQ) (3, Ra, pt) =
512) (T') = 0, then applying Theorem 5.1 gives BC(IQ)(E,RM,M) = 512) (A)=0. W

Proof of Corollary 1.7: By [CG86, Theorem 0.2 and Proposition 2.7], all
the ¢2-Betti numbers of I' = A x B equal 0, in particular Bfii)l(l“) = 0. By
Theorem 1.6, the ergodic dimension of ' is > d + 1. On the other hand, the
ergodic dimension of B is 1 by Ornstein-Weiss [OW80] and the ergodic dimension
of a direct sum is bounded above by the sum of the ergodic dimensions of the
factors. |

7 Proof of Theorems 1.4 and 1.5 on manifolds

Proof of Theorem 1.4: By [CGMT] the fundamental group I' = 71 (M) of a
compact connected aspherical manifold M of dimension d > 3 has ergodic
dimension < d — 1. Then apply Theorem 1.6. |

Any improvement on the ergodic dimension of (M) would produce in
return a corresponding improvement in Theorem 1.4.

7.1 Question

What is the ergodic dimension of the fundamental group of a closed connected
hyperbolic d-manifold M of dimension? Is it d/2 when d is even and (d+1)/2
when d is odd? More generally, what is the ergodic dimension of the fundamental
group of a closed connected aspherical manifold of dimension d?

Proof of Theorem 1.5: Let I' be the fundamental group of a connected
compact 3-dimensional manifold M. If M is non-orientable, then the funda-
mental group of its orientation covering M — M has index 2 in 7 (M) so that
A:=ANm (M) has index i =1 or i = 2 in A and [3,(62)(]\) =[A:A] 122)(A) for
every k. Thus, without loss of generality, one can assume that M is orientable.

12



Recall that a compact 3-manifold M is prime when every connected sum
decomposition M = N8N is trivial in the sense that either Ny or Ny ~ S2.
Except for S' x S2, the orientable prime manifolds M are irreducible: once the
potential boundary spheres have been filled in with 3-balls (which produces M’
and does not change the fundamental group), every embedded 2-sphere bounds
a 3-ball.

7.2 Theorem (Kneser-Milnor [Kne29, Mil62])
Let M3 be a connected compact orientable manifold. It can be decomposed as
a connected sum (along separating spheres) M = Mq§Mos4 . .. § M), whose pieces
M; are prime; i.e., either are
~ copies of S' x S? (thus 71 (M;) ~ Z), or
— that either have finite 7y, or
— irreducible manifolds —m1(M;) is the fundamental group of an
aspherical orientable 3-manifold M ]'

It follows that the fundamental group of M decomposes as a free product
w1 (M) = w1 (My) x w1 (Ma) * ... x w1 (My) of copies of Z, of finite groups and of
71 of aspherical 3-manifolds; for these, [3122) (m1(M;) m]\%) = ](f)(m (M;)).

The second ¢2-Betti number of the fundamental group of a compact con-
nected orientable irreducible non-exceptional aspherical 3-manifold vanishes [L1.95,
Theorem 0.1]: ﬁf) (m1 (Mj)m]\z) = 0. By the work of Perelman and his
proof of Thurston’s geometrisation conjecture [Per02, Per03] (see also [KLOS,
BBB*10]) exceptional manifolds do not exist.

It follows (by the ¢£?-version of Mayer-Vietoris [CG86]) that [352) (m(M)) =0
for every connected compact 3-manifold M.

On the other hand, 1 (M) has ergodic dimension < 2 [CGMT]. Theorem 1.5
follows by Theorem 1.6.

When A is infinite, 852 (A) = 0 and Y@ (A) = -8 (A) € [0, 0]. |
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