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Abstract

Aggregated hold-out (Agghoo) is a method which averages learn-
ing rules selected by hold-out (that is, cross-validation with a single
split). We provide the first theoretical guarantees on Agghoo, ensuring
that it can be used safely: Agghoo performs at worst like the hold-out
when the risk is convex. The same holds true in classification with
the 0-1 risk, with an additional constant factor. For the hold-out,
oracle inequalities are known for bounded losses, as in binary classifi-
cation. We show that similar results can be proved, under appropriate
assumptions, for other risk-minimization problems. In particular, we
obtain an oracle inequality for regularized kernel regression with a Lip-
schitz loss, without requiring that the Y variable or the regressors be
bounded. Numerical experiments show that aggregation brings a sig-
nificant improvement over the hold-out and that Agghoo is competitive
with cross-validation.

Keywords: cross-validation, aggregation, bagging, hyperparameter se-
lection, regularized kernel regression

1 Introduction

The problem of choosing from data among a family of learning rules is cen-
tral to machine learning. There is typically a variety of rules which can be
applied to a given problem —for instance, support vector machines, neural
networks or random forests. Moreover, most machine learning rules depend
on hyperparameters which have a strong impact on the final performance
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of the algorithm. For instance, k-nearest-neighbors rules [4] depend on the
number k of neighbors. A second example, among many others, is given
by regularized empirical risk minimization rules, such as support vector ma-
chines [29] or the Lasso [30], O], which all depend on some regularization
parameter. A related problem is model selection [11] 22], where one has to
choose among a family of candidate models.

In supervised learning, cross-validation (CV) is a general, efficient and
classical answer to the problem of selecting a learning rule [1]. It relies on the
idea of splitting data into a training sample —used for training a predictor
with each rule in competition— and a validation sample —used for assessing
the performance of each predictor. This leads to an estimator of the risk
—the hold-out estimator when data are split once, the CV estimator when
an average is taken over several data splits—, which can be minimized for
selecting among a family of competing rules.

A completely different strategy, called aggregation, is to combine the
predictors obtained with all candidates [24], [33] BI]. Aggregation is the key
step of ensemble methods [13], among which we can mention bagging [7],
AdaBoost [15] and random forests [8, 5]. A major interest of aggregation
is that it builds a learning rule that may not belong to the family of rules
in competition. Therefore, it sometimes has a smaller risk than the best of
all rules [27, Table 1]. In contrast, cross-validation, which selects only one
candidate, cannot outperform the best rule in the family.

Aggregated hold-out (Agghoo) This paper studies a procedure mixing
cross-validation and aggregation ideas, that we call aggregated hold-out (Ag-
ghoo). Data are split several times; for each split, the hold-out selects one
predictor; then, the predictors obtained with the different splits are aggre-
gated. A formal definition is provided in Section [Bl This procedure is as
general as cross-validation and it has roughly the same computational cost
(see Section B.3]). Agghoo is already popular among practicioners, and has
appeared in the neuro-imaging literature [18] [32] under the name “CV -+ av-
eraging”. Yet, to the best of our knowledge, existing experimental studies do
not give any indication on how to choose Agghoo’s parameters. No general
mathematical definition has been provided, so it is unclear how to generalize
Agghoo beyond a given article’s setting. Theoretical guarantees on Agghoo
have not been established yet, to the best of our knowledge. The closest
results we found study other procedures, called ACV [20], EKCV [19], or
“bagged cross-validation” [17], and they do not prove oracle inequalities. We
explain in Section why Agghoo should be preferred to these procedures
in the general prediction setting.

Because of the aggregation step, Agghoo is an ensemble method, and
like bagging, it combines resampling with aggregation. The application of
bagging to the hold-out was first suggested by Breiman [7] as a way to com-



bine pruning and bagging of CART trees. The combination of bagging and
cross-validation has been studied numerically by [26]. A major difference
with Agghoo is that the training and validation samples are not indepen-
dent with bagging, which uses sampling with replacement. If the bootstrap
is replaced by subsampling, bagging becomes subagging [10], and its com-
bination with cross-validation yields a procedure much closer to Agghoo,
but still different, see Section Overall, previous results on bagging or
subagging do not apply to Agghoo; new developments are required.

Contributions In this article, Agghoo’s performance is studied both the-
oretically and experimentally. We consider Agghoo from a prediction point
of view. Performance is measured by a risk functional. On the theoretical
side, the aim is to show that the risk of Agghoo’s final predictor is as low
as the risk of the optimal rule among the given collection. This is known
as an oracle inequality. By a convexity argument, Agghoo always improves
on the hold-out, provided that the risk is convex. Hence, Agghoo can safely
replace the hold-out in any application where this hypothesis holds true.
Another consequence is that oracle inequalities for Agghoo can be deduced
from oracle inequalities for the hold-out.

This kind of result on the hold-out has already appeared in the liter-
ature: for example, Massart [22, Corollary 8.8] proves a general theorem
under an abstract noise assumption; more explicit results have been ob-
tained in specific settings such as least-squares regression [16, Theorem 7.1]
or maximum-likelihood density estimation [22] Theorem 8.9]. A review on
cross-validation —which includes the hold-out— can be found in [IJ.

Most existing theoretical guarantees on the hold-out have a limitation:
they assume that the loss function is uniformly bounded. In regression, the
variable Y and the regressors are also usually assumed to be bounded, which
excludes some standard least-squares estimators. Even when the bounded-
ness assumption holds true, constants arising from general bounds may be
of the wrong order of magnitude, leading to vacuous results. By replacing
uniform supremum bounds by local ones, we are able to relax these hypothe-
ses in a general setting (Theorem [A.3]). This enables us to prove an oracle
inequality for the hold-out and Agghoo in regularized kernel regression with
a general Lipschitz loss (Theorem [3]). This oracle inequality allows for
instance to recover state-of-the-art convergence rates in median regression
without knowing the regularity of the regression function (adaptivity), both
in the general case and, for small enough regularity, also in the specific set-
ting of [I4]. To illustrate the implications of Theorem 3] we also apply it
to e-regression (Corollary [.4]). To the best of our knowledge, all these oracle
inequalities are new, even for the hold-out.

A limitation of Agghoo is that it does not cover settings where averaging
does not make sense, such as classification. In classification with the 0—



1 loss, the natural way to aggregate classifiers is to take a majority vote
among them. This yields a procedure which we call Majhoo. Using existing
theory for the hold-out in classification, we prove that Majhoo satisfies a
general, margin-adaptive oracle inequality (Theorem [5]) under Tsybakov’s
margin assumption [21].

All our oracle inequalities are valid for any size of the aggregation en-
semble. Qualitatively, since bagging and subagging are well-known for their
stabilizing effects [7, [10], we can expect Agghoo to behave similarly. In par-
ticular, large ensembles should improve much the prediction performance of
CV when the hold-out selected predictor is unstable.

For further insights into Agghoo and Majhoo, we conduct in Section [ a
numerical study on simulated datasets. Its results confirm our intuition: in
all settings considered, Agghoo and Majhoo actually perform much better
than the hold-out, and even better than CV, provided their parameters are
well-chosen. When choosing the number of neighbors for k-nearest neighbors,
the prediction performance of Majhoo is much better than the one of CV,
which illustrates the strong interest of using Agghoo/Majhoo when learning
rules are “unstable”. In support vector regression, Agghoo can even perform
better than the oracle, an improvement made possible by aggregation, that
cannot be matched by any hyperparameter selection rule. Based upon our
experiments, we also give in Section [l some guidelines for choosing Agghoo’s
parameters: the training set size and the number of data splits.

The remaining of the article is structured as follows. In Section 2, we
introduce the general statistical setting. In Section 3, we give a formal
definition of Agghoo. In Section 4, we state the main theoretical results.
In Section 5, we present our numerical experiments and discuss the results.
Finally, in Section 6, we draw some qualitative conclusions about Agghoo.
The proofs are postponed to the Appendix.

2 Setting and Definitions

We consider a general statistical learning setting, following the book by Mas-
sart [22].

2.1 Risk minimization

The goal is to minimize over a set S a risk functional £ : S — R U {+o0}.
The set S may be infinite dimensional for non-parametric problems. Assume
that £ attains its minimum over S at a point s, called a Bayes element. Then
the excess risk of any t € S is the nonnegative quantity

Us,t) = L(t) — L(s) .



Suppose that the risk can be written as an expectation over an unknown
probability distribution:

L(t) =E[y(t,¢)] ,

for a contrast function v : S x 2 — R and a random variable £ with values
in some set = and unknown distribution P, such that

YVt €S, €S ~(t, {) is P-measurable .

The statistical learning problem is to use data D, = {&1,...,&,}, where
&1, ..., &y are independent and identically distributed (i.i.d.), with common
distribution P, to find an approximate minimizer for £. The quality of this
approximation is measured by the excess risk.

2.2 Examples

Supervised learning aims at predicting a quantity of interest Y € ) using ex-
planatory variables X € X. The statistician observes pairs (X1, Y1), ... (X,, Yy),
so that 2 = X x Y, and seeks a predictor in S = {t : X — Y : t measurable}.
The contrast function is defined by (¢, (z,y)) = g(t(z),y) for some loss
function g : Y x Y — R. Here, ¢g(y',y) measures the loss incurred by pre-
dicting 3/ instead of the observed value y. Two classical supervised learning
problems are classification and regression, which we detail below.

Example 2.1 (Classification) In classification Y belongs to a finite set of
labels Y ={0,...,M}. We wish to correctly label any new data point X, and
the risk is the probability of error:

Vt €S, L) =PtX)#Y) ,

which corresponds to the loss function g(y',y) = I{y’ # y}. Classification
with convex losses (such as the hinge loss or logistic loss) can also be described
using the formalism of Section [2]]

Example 2.2 (Regression) In regression we wish to predict a continuous
variable Y € Y = R The error made by predicting y' instead of y is
measured by the loss function defined by g(v',y) = o(||y — y||) where ¢ :
R, — R, is nondecreasing and convex. Some typical choices are ¢(x) = x>
(least squares), ¢(x) = x (median regression) or ¢(x) = (|z| — ), (Vapnik’s
e-insensitive loss, leading to e-regression). The risk is given by

Lty =E|o (Y = tx)])] -

If ¢ is strictly convex, the minimizer of L over S is a unique function, up to
modification on a set of probability 0 under the distribution of X.



In some applications, such as robust regression, it is of interest to define
s and £(s,t) even when ¢(||Y]|) ¢ L'. This is possible for Lipschitz contrasts,
by the following remark.

Remark 2.1 When ¢ is conver and increasing (as in Example [22), and
also Lipschitz-continuous, it is always possible to define

ST ar;ggll%inE[qb(HY —ul]) — o(||Y]]) { X = x] .

When s € LY(X), it is a Bayes element for the loss function g(y',y) =
oy —yll) — o(lyl). Whenever ¢(||Y]]) € L', this loss yields the same

Bayes element and excess risk as in Example 2.2.

This small adjustment to the general definition allows to consider Exam-
ple 22 when ¢(]|Y — s(X)]|) is not integrable, for example when ¥ = s(X)+
1, where 7 is independent from X and follows a multivariate Cauchy distri-
bution with location parameter 0.

Some density estimation problems, such as maximum likelihood or least-
squares density estimation, also fit the formalism of Section 2] see [22].

2.3 Learning rules and estimator ensembles

Statistical procedures use data to compute an element of S which approx-
imately minimizes £. Since Agghoo uses subsampling, we require learning
rules to accept as input datasets of any size. Therefore, we define a learning
rule to be a function which maps any dataset to an element of S.

Definition 2.1 A dataset D,, of length n is a finite i.i.d sequence (&;)1<i<n
of =-valued random variables with common distribution P.
A learning rule A is a measurable functiorﬂ

A GE"—)S.
n=1

In the risk minimization setting, A should be chosen so as to minimize

L(A(Dn))-

A generic situation is when a family (A;,)mem of learning rules is given,
so that we have to select one of them (estimator selection), or to combine
their outputs (estimator aggregation). For instance, when X is a metric

'For any n,
Z2"x2 —R
{(ﬁlzmﬁ) = Y(A(&1:n), §)

is assumed to be measurable (with respect to the product o-algebra on Z"1!).



space, we can consider the family (ANY)g>1 of nearest-neighbors classifiers
—where k is the number of neighbors—, or, for a given kernel on X, the
family (.A§’\VM) A€[0,400) Of support vector machine classifiers —where A is
the regularization parameter. Not all rules in such families perform well on
a given dataset. Bad rules should be avoided when selecting the hyperpa-
rameter, or be given small weights if the outputs are combined in a weighted
average. This requires a data-adaptive procedure, as the right choice of rule
in general depends on the unknown distribution P.

Aggregation and parameter selection methods aim to resolve this prob-
lem, as described in the next section.

3 Cross-Validation and Aggregated Hold-Out (Ag-
ghoo)

This section recalls the definition of cross-validation for estimator selection,
and introduces a new procedure called aggregated hold-out (Agghoo). For
more details and references on cross-validation, we refer the reader to the
survey by Arlot and Celisse [1].

3.1 Background: cross-validation

Cross-validation uses subsampling and the empirical risk. We introduce first
some notation.

Definition 3.1 (Empirical risk) For any dataset D, = (&;)1<i<n and any
t €S, the empirical risk of t over D, is defined by

Pn'Y(t’ ) = % Z’}/(t, 52) :
i=1

For any nonempty subset T C {1,...,n}, let also
DY = (&ier

be the subsample of D,, indexed by T, and define the associated empirical risk
by
1
€T
The most classical estimator selection procedure is to hold out some data to
calculate the empirical risk of each estimator, and then select the estimator
with the lowest empirical risk. This ensures that the data used to evaluate

the risk are independent from the training data used to compute the learning
rules.



Definition 3.2 (Hold-out) For any dataset D,, and any subsetT C {1,...,n},
the associated hold-out risk estimator of a learning rule A is defined by

HOr (A, Dy) = By (A(Dy), )
Given a collection of learning rules (Apm)mem, the hold-out procedure selects

mh(D,) € argeri\l/iln HOr (Am, Dy)
m

measurably with respect to D,,. The overall learning rule is then given by

A%O((Am)meMaDn) - AT?L%O(D»,L)(D?;) .

Hold-out depends on the arbitrary choice of a training set 7', and is
known to be quite unstable, despite its good theoretical properties [22, Sec-
tion 8.5.1]. Therefore, practicioners often prefer to use cross-validation in-
stead, which considers several training sets.

Definition 3.3 (Cross-validation) Let D,, denote a dataset. Let T de-
note a collection of nonempty subsets of {1,...,n}. The associated cross-
validation risk estimator of a learning rule A is defined by

1

CVr(A,Dy) = m

> HOr (A, D).

TeT

The cross-validation procedure then selects

mF (Dy,) € argmin CVy (A, D) .
meM

The final predictor obtained through this procedure is
f%v((Am)meMaDn) = .A;ﬁ%y([)n)(Dn) .

Depending on how 7 is chosen, this can lead to leave-one-out, leave-p-out,
V-fold cross-validation or Monte-Carlo cross-validation, among others [I]. In
the following, we omit some of the arguments A, D,, which appear in Def-
initions and 3.3] when they are clear from context. For example, we often
write HOp (A) ,m4?, f° instead of HO7 (A, Dy,) , m°(Dy), f£°((Am)mem Dn)
(respectively).

3.2 Aggregated hold-out (Agghoo) estimators

In this paper, we study another way to improve on the stability of hold-
out selection, by aggregating the predictors ]/”;}30 obtained by the hold-out
procedure applied repeatedly with different training sets T' € 7. When S is
convex (e.g., regression), aggregated hold-out (Agghoo) consists in averaging
them.



Definition 3.4 (Agghoo) Assume that S is a convexr set. Let (Am)mem
denote a collection of learning rules, D, a dataset, and T a collection of
subsets of {1,...,n}. Using the notation of Definition [32, the associated
Agghoo estimator is defined by

N 1 N
fﬁg((Am)mEM,Dn) = m Z fjk“lo((-Am)mEM,Dn) .

TeT

In the classification framework, as seen in Example 211 S = {f : X —
{0,..., M}} which is not convex. However, there is still a natural way to
aggregate several classifiers, by taking a majority vote.

Definition 3.5 (Majhoo) Let Y = {0,..., M} be the set of labels. Given
a collection of learning rules (Apm)mem, a dataset Dy and a collection T
of subsets of {1,...,n}, the majority hold-out (Magjhoo) classifier is any
measurable f2((Am)mem, Dn) : X — Y such that, using the notation .]/C}lo
introduced in Definition[3.2, for all x € X,

f’;’nv((Am)meMa Dn) (1‘) € arg%ax‘ {T € T| f]l“lo(('Am)meM7 Dn) (1‘) = ]}‘ .
j€

In most situations, it is clear how hold-out rules should be aggregated and

there is no ambiguity in discussing hold-out aggregation. However, there is

an important exception where both Agghoo and Majhoo can be used.

Remark 3.1 (Two options for binary classification) In binary classi-
fication (Example 21 with M = 2), it is classical to consider classifiers of
the form Iy>o where f € Seopy = {f : X = R} aims at minimizing a surro-
gate convex risk associated with the 10ss geony : (Y, y) — ¢[(2¢' —1)(2y — 1)]
with ¢ : R — R convex [6]. Then, given a family of Scony-valued learning
rules (Am)
get

meMm: OMe can either apply Agghoo to the surrogate problem and

Hf;ig((Am)meM’D")>0 )

or apply Majhoo to the binary classification problem and get

P ((HAm(-»O)meMa Dn)

In the rest of this section, we focus on Agghoo, though much of the following
discussion applies also to Majhoo.

Compared to cross-validation rules (Definition B.3]), Agghoo reverses the
order between aggregation (majority vote or averaging) and minimization
of the risk estimator: instead of averaging hold-out risk estimators before
selecting the hyperparameter, the selection step is made first to produce
hold-out predictors (]/”}10) given by Definition B.2]) and then an average
is taken.

TeT (



Related procedures To the best of our knowledge, Agghoo has not been
studied theoretically before, though it is used in applications [I8], 32], under
the name “CV + averaging” in [32]. According to [32], Agghoo is commonly
used by the machine learning community thanks to the Scikit-learn library
[25].

A closely related procedure is “ K-fold averaging cross-validation” (ACV),
proposed by [20] for linear regression. With our general notation, ACV cor-
responds to averaging the ‘Aﬁﬁo (D), which are “retrained” on the whole
dataset, while Agghoo averages the ‘Aﬁﬁo (DT). An advantage of averaging
the rules ‘Aﬁfo (DT) is that they have been selected for their good perfor-
mance on the validation set T¢, unlike the Aﬁfo (D,,) whose performance has
not been assessed on independent data. Furthermore, similarly to bagging,
using several distinct training sets may result in improvements for unstable
methods through a reduction in variance. Note finally that the theoretical
results of [20] on ACV are limited to a specific setting, and much weaker
than an oracle inequality.

A second family of related procedures is averaging the chosen parameters
(fh%") e contrary to Agghoo which averages the chosen prediction rules.
This leads to different procedures for learning rules that are not linear func-
tions of their parameters. This idea has been put forward under the name
“bagged cross-validation” (BCV) [I7] —with numerical and theoretical re-
sults in the case of bandwidth choice in kernel density estimation—, and un-
der the name “efficient K-fold cross-validation” (EKCV) [19] for the choice of
a regularization parameter in high-dimensional regression —with numerical
results only. Unlike Agghoo, which only depends on the set {A,, |m € M}
of learning rules, EKCV and BCV depend on the parametrization m +— A,,.
Sometimes, the most natural parametrization does not allow the use of such
procedures: for example, model dimensions are integers, and averaging them
does not make sense. In contrast, in regression, it is always possible to aver-
age the real-valued functions A,,(D,,) € S.

Even when all procedures are applicable, averaging rules is generally safer
than averaging hyperparameters. Often in regression, the risk £ is known to
be convex over S, so given ti,...,ty € S,

L th‘ <i§V:£(t-)
Vizl Z \Vizl v

Hence, averaging regressors (Agghoo) always improves performance com-
pared to selecting a single ¢; at random (hold-out). On the other hand, if
(tg)oco is a family of elements of S parametrized by a convex set O, there is
no guarantee in general that the function 6 — L(ty) is convex over ©. So,

10



for some 64, ...,0y € O, it may happen that

14
£(trsv,0)2 %2;5@99 :

In such a case, it is better to choose one parameter at random (hold-out)
that to average them (EKCV or BCV).

A third family of related procedures is bagging or subagging applied to
hold-out selection D,, fTho((Am)me M, Dy). The bagging case has been
studied numerically by [26], but clearly differs from Agghoo since it relies
on bootstrap resamples, in which the original data can appear several times.
Subagging —which is not explicitly studied in the literature, to the best of
our knowledge— is closer to Agghoo, but there is still a slight difference.
When applying subagging to the hold-out, the sample is divided into three
parts: the training part of the bagging subsample, the validation part of
the bagging subsample, and the data not in the bagging subsample. With
Agghoo, the sample is only divided into two parts.

3.3 Computational complexity

In general, for a given value of V' = |T|, both Agghoo (]/”\;g) and CV (ﬁﬁ")
must compute V hold-out risk estimators over all values of m € M. Let
Cho(M,ng,ny) be the average computational complexity of the hold-out,
with a training dataset of size n; and validation dataset of size n,. Then
the overall complexity of risk estimation is of order V' x Cho(M,ny,ny,) for
both Agghoo and CV. Next, CV must average V risk vectors of length | M|
and find a single minimum, while Agghoo computes V' minima over m € M;
these operations have similar complexity, of order V' x |M|. Thus, computing
the ensemble aggregated by Agghoo takes about as much time as selecting
a learning rule using cross-validation.

A potential difference occurs when evaluating Agghoo and CV on new
data. If there is no fast way to perform aggregation at training time, it is
always possible to evaluate each predictor in the ensemble on the new data,
and to average the results; then, Agghoo is slower than CV by a factor of
order V at test time.

4 Theoretical results

The purpose of Agghoo is to construct an estimator whose risk is as small as
possible, compared to the (unknown) best rule in the class (A, )menm. This
is guaranteed theoretically by proving “oracle inequalities” of the form

E[e(s, [2%)] < CE[migAé(s,Am(Dn))] ten (1)

11



with €, negligible compared to the oracle excess risk E[inf,,e a1 £(s, Ay (Dr,))]
and C close to 1. Equation (] then implies that Agghoo performs as well as
the best choice of m € M, up to the constant C. In the following, we actually
prove slightly weaker inequalities that are more natural in our setting.

By definition, Agghoo is an average of predictors chosen by hold-out
over the collection (A;,)menr . Therefore, when the risk is convex, an oracle
inequality () can be deduced from an oracle inequality for the hold-out,
provided that there exists an integer n; € {1,...,n — 1} such that

T is independent from D, and VI'eT, |T|=n; . (2)

We make this assumption in the rest of the article. Most cross-validation
methods satisfy hypothesis (2), including leave-p-out, V-fold cross-validation
(with n — ny = n, = n/V) and Monte-Carlo cross-validation [1].

In the remainder of this section, we introduce the RKHS setting of inter-
est, and prove an oracle inequality for Agghoo without changing the standard
estimators or requiring Y to be bounded.

4.1 Agghoo in regularized kernel regression

Kernel methods such as support vector machines, kernel least squares or
e-regression use a kernel function to map the data X; into an infinite-
dimensional function space, more specifically a reproducing kernel Hilbert
space (RKHS) [28, 29]. We consider in this section regularized empirical risk
minimization using a training loss function ¢, with a penalty proportional
to the square norm of the RKHS, to solve the supervised learning problem
(defined in Section 2.2) with loss function g. Hence, the contrast v can be
written (¢, (z,y)) = g(t(x),y) := (g o t)(z,y). We assume that g and ¢ are
convex in their first argument.

Definition 4.1 (Regularized kernel estimator) Let ¢ : R xR — R be
convex in its first argument, and let K : X x X — R be a positive-definite
kernel function. Given X\ > 0 and training data (X;,Yi)i1<i<n,, define the
reqularized kernel estimator as

Ax(Dy,) = argmin {Pnt (cot)+ A HtH?_[} ,
teH

where H is the reproducing kernel Hilbert space induced by K. By the repre-
senter theorem, Ay can be computed explicitly:

A\(Dy,)(z) = Z§A7jK(Xj,x) where
j=1

~ ) 1 & ”t ng  nt
f) = argmin n—ZC ZHJK(XJ,XZ),Y; —|—)\22929]K(XZ,XJ)
geR™t izl \j=1 i=1 j=1

(3)

12



The loss function c is used to measure the accuracy of the fit on the training
data: for example, taking ¢ : (u,y) — (1 — uy)4 (the hinge loss) in Defini-
tion LTl corresponds to svim. The loss function g used for risk evaluation may
or may not be equal to c¢. For example, in classification, the 0-1 loss often
cannot be used for training for computational reasons, hence a surrogate con-
vex loss, such as the hinge loss, is used instead (see Remark [31]), but there
is no reason to use the hinge loss for risk estimation and hyperparameter
selection.

In Definition 1] the hyperparameter of interest is A (we assume that K
is fixed). We show below some guarantees on Agghoo’s performance when it
is applied to a finite subfamily (Ay),c, of the one defined by Definition E.11
We first state some useful assumptions.

Hypothesis Compc (g, ¢): L. :t— P(cot) and L, have a common minimum
s € argmingcg L.(t) N argmin,g L4(t) and for any t € S, L.(t) — Le(s) <
CLy(t) = Ly(s)].

Note that Comp1(g,c) is always satisfied when g = ¢. When g # ¢, some
hypothesis relating ¢ and g is necessary anyway for Definition 1] to be of
interest, if only to ensure consistency (asymptotic minimization of the risk)
for some sequence of hyperparameters (A, )nen-

In addition, some information about the evaluation loss g helps to obtain
an oracle inequality (1) with a smaller remainder term &,

Hypothesis SC,,: Let {x(u) = E[g(u,Y)|X] — inf,er E[g(v,Y)|X]. The
triple (g, X,Y") satisfies SC, ,, if and only if, for any u,v € R,
El(g(u,Y) = g(v,Y))*|X] < [pV (v]u —o])][ex (u) + £x ()] (4)

For example, in the case of median regression, that is, g(u,y) = |u — y|,
hypothesis SC,,,, holds whenever there is a uniform lower bound on the con-
centration of Y around s(X), as shown by the following proposition.

Proposition 4.2 Let g(u,y) = |u — y| for all u,y € R. For any x € X, let
F, be the conditional cumulative distribution function of Y knowing X = x.
Assume that, for any x € X, F, is continuous with a unique median s(x)
and that there exists a(x) > 0,b(x) > 0 such that

F,(u) — F, (s(m))‘ > a(x) “u —s(z)| A b(ac)} . (5)

dF,
du

Yu € R,

For instance, this holds true if

Ay = ;gi{a(x)} and oy, = ;gi{a(x)b(m)} .

2 a(2)y—s(z)|<b(z) for every x € X. Let
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If ap, > 0 and py, > 0, then (g, X,Y) satisfies SC a2 .

am ' pm

Proposition is proved in Appendix We can now state our first main
result.

Theorem 4.3 Let A C RY be a finite grid. Using the notation of Defini-
tion [3.4) let fﬁg be the output of Agghoo, applied to the collection (Ax)xea
giwen by Definition[{.1l Assume that Ay, = min A > 0 and k = sup,cy K(z,x) <
+oo. Assume that Compc(g, c) holds for a constant C' > 0 and that (g, X,Y")
satisfies SC,,, with constants p > 0,v > 0. Assume that ¢ and g are conver

and Lipschitz in their first argument, with Lipschitz constant less than L.
Assume also that n, > 100 and 3 < |A| < eV™. Then, for any 6 € (0;1],

(L—0)E[e(s, 7%)| < 1+ H)E[rglei/r&ﬁ(s, A(Dy)]
log(nu|A[) , log®(ny[A]) |, log? (my[A)])
Ony " Aan2 T Ohpnoy/ng [

+ max {18p
(6)

where b1, by do not depend on ny,,n¢, Ay, or 0 but only on k, L,v and C.

Theorem [£.3]is proved in Appendix[Blas a consequence of a result valid in the
general framework of Section 2] (Theorem [A.3)). It shows that !)"76‘—g satisfies
an oracle inequality of the form (II), with Ay (D, ) instead of Ay (D,,) on the
right-hand side of the inequality. The fact that D,, appears in the bound
instead of D,, is a limitation of our result, but it is natural since predictors
aggregated by Agghoo are only trained on part of the data. In most cases,
it can be expected that £(s, Ax(Dy,)) is close to £(s, Ax(Dy)) whenever 7t
is close to 1.

The assumption that K is bounded is mild. For instance, popular kernels
such as Gaussian kernels, (z, ') — exp|— ||z — 2/||* /(2h2)] for some h > 0,
or Laplace kernels, (z,2') — exp(— ||z — 2/|| /h) for some h > 0, are bounded
by k = 1.

Taking |7| = 1 in Theorem [1.3] yields a new oracle inequality for the
hold-out. Oracle inequalities for the hold-out have already been proved in a
variety of settings (see [I] for a review), and used to obtain adaptive rates
in regularized kernel regression [29]. However, this work has mostly been
accomplished under the assumption that the contrast v (Ax(D), (X,Y)) is
bounded uniformly (in n, D, and A\ € A) by a constant. If this constant
increases with n, bounds obtained in this manner may worsen considerably.
As many “natural” regression procedures —including regularized kernel re-
gression (Definition [I)— fail to satisfy such bounds, some theoreticians
introduce “truncated” versions of standard procedures [29], but truncation
has no basis in practice. Theorem [4.3] avoids these complications.

14



In order to be satisfactory, Theorem [.3] should prove that Agghoo per-
forms asymptotically as well as the best choice of A € A, at least for reason-
able choices of A. This is the case whenever the maximum in Equation (@)
is negligible with respect to the oracle excess risk E[minyep 4(s, Ax(Dpy,))]
as n — —+oo. This depends on the range [A,;+00) in which the hold out
is allowed to search for the optimal A\. On the one hand, it is desirable
that this interval be wide enough to contain the true optimal value. On
the other hand, if A\, = 0, then inequality (6) becomes vacuous. We now
provide precise examples where Theorem [£.3] applies with a remainder term
in Equation () that is negligible relative to the oracle excess risk.

Take the example of median regression, in which c(u,y) = g(u,y) =
|u — y|. Then Comp;(g,c) holds trivially. Make also the same assumptions
as in Proposition L2 which ensures that SC,,, holds for some finite values
of p and v. Theorem [4.3]therefore applies as long as the kernel K is bounded
and Ap, > 0. Choose n, = n; = § and A of cardinality at most polynomial
in n (which is sufficient in theory and in practice). Then [29, Theorem
9.6] proves the consistency of Ay, (D,) as n — +oo, provided that \2n —
+00. This suggests choosing \,, = 1/\/n;, in which case the remainder
term of Equation (@) is of order (log n)3/ 2 /n, which is negligible relative to
nonparametric convergence rates in median regression.

In order to have a more precise idea of the order of magnitude of the oracle
excess risk, let us consider median regression with a Gaussian kernel. Under
some assumptions, one of which coincides with Proposition d.2], [14] Corollary

4.12] shows that taking A\, = <& leads to rates of order n_%, where d € N
is the dimension of X and « > 0 is the smoothness of s. Therefore, taking
Am = 1/ny in Theorem [.3] the remainder term of Equation () is at most of
order (logn)3/?/y/n, hence negligible relative to the above risk rates as soon
as 2a < d.

Theorem 3] can handle situations where g is different from the training
loss ¢, provided that Comp(g, ¢) holds true. Such situations arise for instance
in the case of support vector regression |28, Chapter 9|, which uses for train-
ing Vapnik’s e-insensitive loss c£#*(u,y) = (Ju — y| — €)+. This loss depends
on a parameter ¢, the choice of which is usually motivated by a tradeoff
between sparsity and prediction accuracy [28]. Therefore, some other loss is
typically used to measure predictive performance, independently of €. We
state one possible application of Theorem 3] to this case, as a corollary.

eps

Corollary 4.4 (e-regression) Let ¢ = ¢ : (u,y) — (ly —u| — &)y be
Vapnik’s e-insensitive loss and assume that the evaluation loss is g = ci® -
(u,y) = |u—yl|. Assume that for every x the conditional distribution of Y

given X = x has a unimodal density with respect to the Lebesque measure,
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symmetric around its mode. Introduce the robust noise parameter:

3
a:sup{inf{yeR‘]P’(ng]X:x)2—}
TeEX 4

_sup{yGR‘P(YégAX:x)éi}} "

Then, applying Agghoo to a finite subfamily (Ax)xea of the rules given by
Definition [7.1) with ¢ = ¢£*° and a kernel K such that | K|, < 1 yields the
following oracle inequality. Assuming n, > 100 and 3 < |A| < eV™, for any
6 € (0;1],

(1— G)E[é(s, fﬁg)} <(1+ H)E[rglei/r\lﬁ(s, A)\(Dnt)):|

log(n|A]) , log®(my[Al) 1og3(nvw)}

72
+max{ g env » V1 03)\an2) 9 zeAan\/n_t

where by and by are absolute constants.

Corollary 1.4 is proved in Appendix

When € = 0, e-regression becomes median regression, which is discussed
above. The oracle inequality of Corollary E4]is then the same as that given
by Theorem and Proposition Assumptions of unimodality and sym-
metry allow to give more explicit values of a,, and ,, in terms of 0. When
€ > 0, the unimodality and symmetry assumptions are used to prove hy-
pothesis Compc (g, c).

4.2 Classification

Loss functions are not all convex. When convexity fails, the aggregation
procedure should be revised.

In classification, Majhoo is a possible solution (see Definition B.5]). By
Proposition [D.1lin Appendix[Dl majority voting satisfies a kind of “convexity
inequality” with respect to the 0-1 loss; as a result, oracle inequalities for
the hold-out imply oracle inequalities for majhoo.

Hold-out for binary classification with 0—1 loss has been studied by Mas-
sart [22]. In that work, Massart makes an assumption which is closely related
to margin hypotheses, such as the Tsybakov noise condition [2I] which we
consider here. This approach allows to derive the following theorem.

Theorem 4.5 Consider the classification setting described in Example [2]]
with M = 2 classes (binary classification). Let (Am)mem be a collection of
learning rules and T a collection of training sets satisfying assumption (2).

Assume that there exists § > 0 and r > 1 such that for £ = (X,Y) with
distribution P,

Vh>0,  P(|2n(X)—1| <h)<rh? (MA)
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where n(X) :=P(Y =1|X). Then, we have

1
29r 742 log (e| M)
(S,Am(Dnt)) + B+1 :

2
not

E|¢(s, [7)| < 3E {

inf ¢
meM

Theorem is proved in Appendix It shows that fov, like f.28,
satisfies an oracle inequality of the form ([Il) with A (D, ) instead of Ay (D,,).
Tsybakov’s noise condition (MA]) only depends on the distribution of (X,Y)
and not on the collection of learning rules. It is a standard hypothesis in
classification, under which “fast” learning rates —faster than n=/2— are
attainable [31]. In contrast with the results of Section €.T] that are valid for
various losses but only for a specific type of learning rule, Theorem holds
true for any family of classification rules.

The constant 3 in front of the oracle excess risk can be replaced by any
constant larger than 2, at the price of increasing the constant in the re-
mainder term, as can be seen from the proof (in Appendix [D). However,
our approach cannot yield a constant lower than 2, because we use Proposi-
tion [D.1] instead of a convexity argument, since the 0-1 loss is not convex.

5 Numerical experiments

This section investigates how Agghoo and Majhoo’s performance vary with
their parameters V and 7 = 7+, and how it compares to CV’s performance at
a similar computational cost —that is, for the same values of V and 7. Two
settings are considered, corresponding to Corollary 4] and Theorem

5.1 e-regression

Consider the collection (Ajy)aea of regularized kernel estimators (see Defini-
tion [L)) with loss function c£*(u,y) = (Ju — y| — €)+ and Gaussian kernel
K(z,2'") = exp[—(z — 2')%/(2h?)] over X = R.

Experimental setup Data (X1,Y1),...,(X,,Y,) are independent, with

X; ~ N(0,7), Y; = s(X;) + Z;, with Z; ~ N(0,1/2) independent from Xj.

The regression function is s(z) = €“(*), the kernel parameter is h = %

and the threshold for the e-insensitive loss is € = i. Agghoo is applied

to (Ax)yep over the grid A = {% |0 < j < 17}, corresponding to the

1

grid {2220 < j < 17} over the cost parameter C' = . Risk estimation is

2xn;
performed using L' loss g(u,y) = |[u—y|. Agghoo and CV training sets T' € T
are chosen independently and uniformly among the subsets of {1,...,n}

with cardinality |7n|, for different values of 7 and V = |T|; hence, CV
corresponds to what is usually called “Monte-Carlo CV” [1]. Each algorithm
is run on 1000 independent samples of size n = 500, and independent test
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Figure 1: Performance of Agghoo and CV for e-regression

samples of size 1000 are used for estimating the L! excess risks E(S,f;g),
(s, ffr" ) and the oracle excess risk infyecp £(s, Ax(Dy)). Expectations of these
quantities are estimated by taking an average over the 1000 samples; we also
compute standard deviations for these estimates, which are not shown on
Figure [Ml since they are all smaller than 2.7% of the estimated value, so that
most visible differences on the graph are significant.

Results are shown on Figure I The performance of Agghoo strongly
depends on both 7 and V. For a fixed 7, increasing V' improves significantly
the performance of the resulting estimator. Most of the improvement occurs
between V' =1 and V = 5, and taking V much larger seems useless —at
least for 7 > 0.5—, a behavior previously observed for CV [2]. For a fixed
V', the risk strongly decreases when 7 increases from 0.1 to 0.5, decreases
slowly over the interval [0.5;0.8] and seems to rise for 7 > 0.8. It seems that
T € [0.6,0.9] yields the best performance, while taking 7 close to 0 should
clearly be avoided (at least for V' < 10). Taking V large enough, say V' = 10,
makes the choice of 7 less crucial: a large region of values of 7 yield (almost)
optimal performance. We do not know whether taking V larger can make
the performance of Agghoo with 7 < 0.4 close to the optimum.

As a function of 7, the risk of CV behaves quite differently from Ag-
ghoo’s. The performance does not degrade significantly when 7 is small.
The optimum is located at 7 = 0.2, which is much smaller than for Agghoo.
A possible explanation is that the regressors produced by cross-validation
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are all trained on the whole sample, so that 7 only impacts risk estimation.
Furthermore, additional simulations show, as expected, that higher values of
7 (1 = 0.8 or 7 = 0.9) improve risk estimation while degrading the hyper-
parameter selection performance. Compared to Agghoo, CV’s performance
depends much less on V: only V = 2 appears to be significantly worse than
V =5.

Let us now compare Agghoo and CV. For a given 7, Agghoo performs
much better than the hold-out. This is not surprising and confirms that
considering several data splits is always useful. For fixed (7, V') with 7 > 0.5,
Agghoo does significantly better than CV if V' > 5, mostly worse if V = 1,
and they yield similar performance for V' = 2. When both parameters are
well chosen, Agghoo can outperform the oracle, which is possible because
Agghoo involves aggregation. Cross-validation, which is a pure selection
method, naturally cannot beat the oracle. Overall, if the computational cost
of V' =10 data splits is not prohibitive, Agghoo with optimized parameters
(V =10, 7 € [0.6,0.9]) clearly improves over CV with optimized parameters
(V =10, 7 = 0.2). The same holds with V' = 5. This advocates for the use
of Agghoo instead of CV, unless we have to take V' < 5 for computational
reasons.

Computational complexity By Equation (3]), regularized kernel regres-
sors can be represented linearly by vectors of length n;, therefore the aggre-
gation step can be performed at training time by averaging these vectors.
The complexity of this aggregation is at most O(V x n;). In general, this
is negligible relative to the cost of computing the hold-out, as simply com-
puting the kernel matrix requires n¢(n; + 1)/2 kernel evaluations. Therefore,
the aggregation step does not affect much the computational complexity of
Agghoo, so the conclusion of Section B3] that Agghoo and CV have similar
complexity applies in the present setting.

Evaluating Agghoo and CV on new data x € X also takes the same time
in general, as both are computed by evaluating the expression Z?’;l 0K (X;,x)
with a pre-computed value of #. A potential difference occurs when the é\)\ —
given by Definition 1], Equation (B)— are sparse: aggregation increases the
number of non-zero coefficients, so evaluating fﬁg on new data can be slower
than evaluating .]/C\7C-V if the implementation is designed to take advantage of
sparsity.

5.2 k-nearest neighbors classification

Consider the collection (.AEN Jk>1,k odd Of nearest-neighbors classifiers —
assuming k is odd to avoid ties— on the following binary classification prob-
lem.
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Figure 2: Classification performance of Majhoo and CV for the k-NN family

Experimental setup Data (X1,Y1),...,(X,,Y,) are independent, with
X; uniformly distributed over X = [0, 1]? and

P(Y@-=1|XZ-):U<9(X+)—IJ>

B 1
14 eu

where Vu,v € R, o(u) and g(u,v) = e g2y 2
b =118 and A = 0.05. The Bayes classifier is s : z — Ij)>; and the
Bayes risk, computed numerically using the scipy.integrate python library, is
approximately equal to 0.242. Majhoo (the classification version of Agghoo,
see Definition B.H) and CV are used with the collection (AIIEIN) k>1,k odd and
“Monte Carlo” training sets as in Section [B.Il An experimental procedure
similar to the one of Section 1] is used to evaluate the performance of
Agghoo and to compare it with Monte-Carlo cross-validation. Standard
deviations of the excess risk were computed; they are smaller than 3.6% of
the estimated value.

Results are shown on Figure Pl They are similar to the regression case
(see Section [B.]]), with a few differences. First, Agghoo does not perform
better than the oracle. In fact, all methods considered here remain far from
the oracle, which has an excess risk around 0.0034 + 0.0004; both Agghoo
and CV have excess risks at least 4 times larger. Second, risk curves as a
function of 7 for Agghoo are almost U-shaped, with a significant rise of the
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risk for 7 > 0.6. Therefore, less data is needed for training, compared to
Section [5.Il The optimal value of 7 here is 0.6, at least for some values of V|
up to statistical error. Third, the performance of CV as a function of 7 has
a similar U-shape, which makes the comparison between Agghoo and CV
easier. For a given 7, Agghoo performs significantly better if V' > 10, while
CV performs significantly better if V' = 2; the difference is mild for V' = 5.

Computational complexity As said in Section B3] the complexity of
computing the optimal parameters for CV (12153’ ) is the same as for Majhoo
((i{%o)TeT). Here, there is no simple way to represent the aggregated esti-
mator, so aggregation may have to be performed at test time. In that case,
the complexity of evaluating Majhoo on new data is roughly V times greater
than for CV, as explained in Section [3.3] for Agghoo.

6 Discussion

Theoretical and numerical results of the paper show that Agghoo can be used
safely in RKHS regression, at least when its parameters are properly chosen;
V > 10 and 7 = 0.8 seem to be safe choices. A variant, Majhoo, can be
used in supervised classification with the 0-1 loss, with a general guarantee
on its performance (Theorem [L5]). Experiments show that Agghoo actually
performs much better than what the upper bounds of Section @l suggest, with
a significant improvement over cross-validation except when V' < 5 splits are
used. Proving theoretically that Agghoo can improve over CV is an open
problem that deserves future works.

Since Agghoo and CV have the same training computational cost for
fixed (V,7), Agghoo —with properly chosen parameters V,7— should be
preferred to CV, unless aggregation is undesirable for some other reason,
such as interpretability of the predictors, or computational complexity at
test time.

Our results can be extended in several ways. First, our theoretical bounds
directly apply to subagging hold-out, which also averages several hold-out
selected estimators. The difference is that, in subagging, the training set size
is n — p — ¢ and the validation set size is ¢, for some ¢ € {1,...,n —p — 1},
leading to slightly worse bounds than those we obtained for Agghoo (at least
if E [¢(s, Ay (Dy,))] decreases with n). The difference should not be large in
practice, if ¢ is well chosen.

Oracle inequalities can also be obtained for Agghoo in other settings, as
a consequence of our general theorems [A.2] and [A.3]in Appendix [Al
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A  General Theorems

We need the following hypothesis, defined for two functions w; : Ry — Ry,
i € {1;2} and a family (£;,)mem € SM.

Hypothesis H (w1, ws, (tm)mem): w1 and wy are non-decreasing, and for
any (m,m’) € M2, some ¢, € R exists such that, for all k > 2,

P(9(tm) — ) = ) < B[ (VS B) + 003/ T, )]
X {wg( 0(s,tm)) + wa( K(S,tm/))]k_Q.

This hypothesis is similar to those used by Massart [22] to study the hold-out
and empirical risk minimizers. However, unlike [22], we intend to go beyond
the setting of bounded risks.

We also need the following definition.

Definition A.1 Let w:Ry - Ry and r € Ry. Let
§(w,r) =inf {§ > 0:Vz > d,w(x) < ra’},
with the convention inf ) = +oo.

Remark A.1 o Ifr >0 and x — # is nonincreasing, then 6(w,r) is
w(x)
x

the unique solution to the equation =rz.

o 7 — d(w,r) is nonincreasing.

1

o [fw(z) =ca’ forc>0 and B € [0;2), then §(w,r) = (£)T7.

A.1 Theorem statements

We can now state two general theorems from which we deduce all the theo-
retical results of the paper. The first theorem is a general oracle inequality
for the hold-out.

Theorem A.2 Let (ty)mem be a finite collection in'S, and

m € argmin P, (tm, ) -
meM

Assume that H (w1, w2, (tm)mem) holds true. Let x > 0. Then, with proba-
bility larger than 1 —e™*, for any 6 € (0;1], we have

0 n
1—0)0(s,t7) < (1+6) min £(s,t, 2052 o ——
(1= 0)t(s,12) < (1 0) i (5, t,) + V2082 (w5 [ )
02 62 n
52 v )
3 <w2’ 4 x—|—10g|./\/l|> ®
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If in addition, the two functions x — ij(x), 7 = 1,2, are nonincreasing, then
for any x > 0, with probability larger than 1 —e™*, for all § € (0; 1], we have

(1= 0)(s,tm) < (140) min £(s, tm) + 0% (w1, /o) [9 + w
(9)
2
+52(WQ7nU) 0+ %} (10)

Using Theorem [A.2] we prove the following general oracle inequality for
Agghoo.

Theorem A.3 Assume that the hyperparameter space S is convex and that
the risk L is convex. Let (Am)mem be a finite collection of learning rules of
size [M| = 3. Let ]/”\;g be an Agghoo estimator, according to Definition [34),
with T satisfying assumption ([2)). Assume that Wy 1,w; 2 are Dy, -measurable
random functions such that almost surely, H (ﬁ)\l 1, W12, (Am (Dn,))mem) holds

W1 1($)

true. Assume also that for i € {1,2}, x —
for any 6 € (0;1],

1s non-increasing. Then

(1 —H)E[f(s,f;g)] <(1+0)E [mln (s, Am(D ))] + R1(0) (11)

meM

where R1(9) = R171(9) + RLQ(H) with
Ri1(0) = (9 + w> E[&Q (@11, \/n_v)] ,

2(1 + log|M|) + log?|M
Ri2(0) = <9+ L+ Log 9|)+ | |>E[52(@1,2,nv)] :

Now, for any Dy, -measurable functions Wy and W such that assumption
H (w21, W22, (Am(Dn,))mem) holds true almost surely, and any x > 0, 8 €
(0; 1], we have

(1- H)E{E(s,f;g)] <(1+0)E [mmeln (s, Am(D ))] + R2(0) (12)

where RQ(Q) = RQJ(G) + R2,2(9) + R2,3(9) + R2,4(9) with

vl o]

2\ x + log| M|

4 x+log|M|>} ’

and R2,4(9) == le,Q(a) .



A.2 Proof of Theorem [A.2

We start by proving three lemmas.

Lemma A.4 Let w be a non-decreasing function on Ry. Let r > 0. Then
Vu > 0,w(u) < r(u2 Y 52(w,7“)) ,
where 6(w,r) is given by Definition [A1l.
Proof If u > §(w,r), by Definition [A.1]
w(u) < ru’.
If u < 0(w, ), since w is non-decreasing, for all v > §(w,r),
w(u) < wv) < ro’.
By taking the infimum over v, we recover w(u) < ré(w,r)?. [ ]

w(x)

Lemma A.5 Let w be a nondecreasing function such that v — == is non-
increasing over (0;400). Let a € Ry and b € (0;400). For any 0 € (0;1]
and u >0,

0

Lw(vu) < 2 [u+ 0% (w,b)] +

a a?8?(w, b)
b 2 )

6

Proof Since w is nondecreasing,
w(v/i) < w(/ut 0w, b))

_ /7u+62(w,b)w( u+52(w,b)).

u—+ 62 (w,b)

Since # is nonincreasing and ¢(w,b) > 0,

0(w, b))
< 20w oy 20w, b))
w(vu) < vu+ 62(w,b) 5(0.)
< vVu + 82(w, b)bd(w, b) by Definition A1
. . . 0 b .
Therefore, using the inequality vab < a + 55, valid for any a > 0,b > 0,

a

Su(v/a) < v/a2(u+ 5w, b)2)3(w, b <

N D

(u+ 6(w,b)?) + M.
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Lemma A.6 Let n, € N*. Let M be a finite set and let (ty)mem € SM.
Assume that there exists p € [0;1/|M|) and a function R : (0;1] — Ry such
that for any m,m’ in M, with probability greater than 1 — p,

Vo € (0;1], (P, — P)[y(tm, ) =y (tmr, )] < 00(s,tm) +604(s,t )+ R(6) .
Then for m € argmin,,c v P, (tm, ), with probability greater than 1—|M|p,
Vo € (0;1], (1 =0)(s,tm) < (1+0) mi/r\l/l (s, tm) + R(O) .

me

Proof Let m, € argmin,,c rg Py(tm,). Then for any m € M, with proba-
bility greater than 1 — p,

VO € (0;1], (P, — P)[y(tm. s ) — Y(tm, )] < 04(s,tm,) + 00(s,tm) + R(0).
So by the union bound, with probability greater than 1 — | M|p,
Vo € (0;1],Vm € M, (Po, —P)[y(tm., )= (tm, )] < 0U(s, tp, ) +0L(s, tm)+R(6).

On that event, for all § € (0;1],

Py(ts, ) = Po,v(tam, ) + (P — Po,)v(ta, )
< P, Y(tm., ") + (P = Po,)v(ts, )
= Py(tm..") + (P = P)(a, ) — (., )]
< Pyt ) + (s, tm.) + 0L(s, t5,) + R(8).

Substracting the Bayes risk Pv(s,-) on both sides, we get with probability
greater than 1 — [M|p, for all § € (0;1],

(s tm) < U(s,tm,) + 00(s, by, ) + 00(s, t7) + R(0),
that is, (1 — 0)0(s,t7) < (1+6) mi/r\l/l U(s,tm) + R(0).

me
|
We now prove Theorem [A22l Let (m,m’) € M? be fixed. Let
g = w1( g(sgtm))"i_wl( g(satm/)% (13)
and ¢ = wa(\A(S, tm)) + wa(\/ (S, L)) -
By hypothesis H (w1, w2, (tn)mem),
Iy m such that Vk > 2, P ('y(tm, ) =Yty +) — cmm/)k < klo?d=2 .
(14)
For all y > 0, let Q,(m, m’) be the event on which
2 c
(Pay = P)[1(tm, ) =1t )] <4 o+ 72 (15)
Ty Ny
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By Bernstein’s inequality, P(Qy(m, m’)) >1—eV.

Let ¢ = g‘/#glﬂ/‘l' By Lemma [A 4] with r = ¢,

o = wi (Vs tm))Fwi (VS  tmr) < q (€08, tm) V 02 (w1, q) + £(8,tny) V 2 (w1, q)) -

Set y = x + log| M| in (I3)). Then

/2y 2(x +10g\M\
nv

<X ””+1°g’M’ /m—l—log]/\/l] (5, ) V 82 (w1, ) + £(5, ta) V 8% (w1, 0))
\\/§<£( m) (s, tm, )+252<w1,§‘/m>> (16)

As for the second term of (IH), by Lemma [A4 with r = ¢?, we have

¢ = wo(\/L(s,tm))Fwa(\/L(s,t)) < ¢ (ﬁ(s,tm) Vv 52(11}2, q2) + (s, ) V 52 (w2, 2)) .

Recall that ¢ is shorthand for g, /5 +1:>L§| ik Therefore:

Ny S Ny 4 :U—|—10g|./\/l|

= %2 (K(s,tm) V 6% (wa, ¢%) + £(s, tyr) V 6% (w2, 2))

tm) \% (52(11)2,(]2) + g(s7tm ) vV §° (w27 2))

2

< (05, t) + 5, tr) + 202 e (17)
B 4 S, lm S, U/ w2, 4 fE+10g|M| .

Since \/g + 1 < 1and 6 € (0;1], plugging (I6) and (I7) in (I5) yields, on

the event Q15504 (m, m'), for all 6 € (0;1],

0 n
_ D — RIS ' ? 5\ T T Toa ]
(P = PYr(tmns ) — (b)) < 085 tm) + (s, b)) + /260 (‘”1’2 x+1ogwr>
62 62 Ny
+ 50 (o o) .

Suppose now that z — wJT(w) is nonincreasing for j € {1;2}. Let 0 € [0;1].
Let y > 0. By Lemma [A5l with a = /2y and b = /n,,

\/:va_\/;wl (s, tm)) + wi(v/2(5, b )))

<2e( )+9€(st )—l—5(w1,\/n_v)[9—|—%ﬂ. (19)
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By Lemma [A.5l with a = y and b = n,,

L Yl Tort)) + (/T )

Ny Ny
2
< gﬁ(s,tm) + gﬁ(s,tm/) + 6% (wa, 1) [6’ + %} . (20)

Plugging (I9) and (20) in (I5) yields, on the event Q,(m,m’), for all § €
(0; 1],

(an - P) [V(tnw ) - ’Y(tm’a )]

2
< 0U(s, tm) + 00(s, tre) + 62 (w1, /773) [9 + Q—y] + 62(wp, no) [9 + y—]

0 0
(21)
By ([IR), Lemma [ALG] applies with p = T/:/Tl and
0 n 62 62 n
R(0) = v/266? — — 5 — ).
6) =2 (wl’ 2 m—i—log\M\) 3 <w2, 4 x—i—log\/\/ﬂ)
This yields (8). By (1)), Lemma [A.6 applies with p = e™¥ and
1
R(0) =0 [61 + 65 + 7 [2y07 + y?03] .
Setting y = log| M| + z yields (I0). [ |

A.3 Proof of Theorem [A.3

We start by proving two lemmas.

Lemma A.7 Let f € L'(R,,e *dx) be a non-negative, non-decreasing func-
tion such that lim f(x) = +oo. Let X be a random variable such that

T—+00
Ve e Ry, P(X > f(z)) <e™™ .

Then oo
E[X] g/ f(z)e ™ dx .
0

Proof Let g € L'(Ry,e ®dz) be a non-decreasing, differentiable function
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such that g > f. Then
+oo
E[X] g/ P[X > t]dt
0
9(0) —+o0
_ / PIX > fdt + / PIX > g(2)l¢ (x)da
0 0
+oo
< g(0) —|—/ e "¢ (z)dx since g > f
0
+o0
=90+ g@IF + [ gl

+oo
= / e Yg(x)dx .
0

It remains to show that g can approximate f in L!(I,>0e %dx). Let K be a
nonnegative smooth function vanishing outside [—1; 1], normalized such that
[ K(t)dt = 1. Let € > 0. Define

/f <3€+8 )dt (22)
— - /f(m +e—t)K (g) dt (23)

By ([22), f- is smooth. By (23)), f: is nondecreasing, moreover
1 t
felz) — fz) = - /[f(:rH—s —t) — f(z)| K (;) dt since/K =1
1 [¢ t )
= g/ [flz+e—t)— f(2)|K . dt since K (u) = 0 when |u| > 1
—&
> 0 since f is nondecreasing and K >0 .

Thus f. > f. Finally, by Jensen’s inequality and Fubini’s theorem,

1= @l ar < - [ k(L) [1f e -0 - ke

\sup/]fx—i-T (x)|e ™ dx
which converges to 0 when ¢ — 0 since f € L'(Ry,e *dx). |

We use the following additional notation:

Definition A.8 Let g be the function defined by

1
V(0,y,p.q) € (0;1] xR3,  g(0,y,p,q) =0lp+q] + = [2up + v°q]

9|:
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This function satisfies the following properties.

Lemma A.9 Let g be the function given in Definition[A.8. For any 6 € [0;1]
and anyu > 0,p > 0,q >0,

w [ - 2(L+u 2+ 2u + u?
e/ 9(0,y,p,q)e ydy=<9+%>p+<9+f>q

Proof of Lemma [A.9]
Using the formulas

+oo +oo
/ e “do = e_“,/ ze “dr = (14+u)e ™,
u u

+o0o
/ e %dr = (u? + 2u+2)e |
u
we get:

+00 2
e“/ 9(0,y,p,q)e”¥dy = 0[p +q] + 5(1 +u)p + (u® + 2u + 2)%

2(1 242 2
:<a+ij;@>p+<9+_i_%tz>q_

We can now proceed with the proof of Theorem [A3 Let 6 € (0;1] be
fixed. Let (f£°)7e7 be the individual hold out estimators, so that fﬁg =

ﬁ Yorer .]/C}lo. By convexity of the risk functional £, we have

~a 1 “~ho
Wﬁ<m2a%w

TeT

It follows by substracting £(s) that:

~a 1 “~ho
o F7) < g 0 0 )

Since the data are i.i.d, by assumption (2), all ]/”;}30 have the same distribution.
Let Ty = {1,...,n:}, so that DIt = D,,,. Taking expectations yields
E[e(s, f7%)] < E[(s, f17)] - (24)

Since H (w11, w12, (Am(Dn, )mem)) holds, we can apply Theorem [A.2] con-
ditionally on D,,,, with t,, = A, (Dy,).
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Proof of () For i € {1;2}, let gl,i = 5(1171&',\/711,"). Let g be given
in Definition [A.§ By Theorem [A2] Equation (I0), for any 2 > 0, with

z

probability greater than 1 —e™?,

(1= 0)e(s, 1) < (1+6) min £(s,tn) +9(0, =+ log|M|.57 1.07,) . (25)

me

As g is nondecreasing in its second variable, Lemma [A.7] applied to the
random variable (1 — 0)((s, f1°) yields:

~ +oo
(1-0)E [e(s,fq%O)\DZl] < (146) min £(s, tm)+ /1 9(0,y, 8% 1,0%,)e” WMy

meM

og| M|
Lemma [A9 yields
(1= O)E [£(s, F£2)| DI < (14 6) min £(s,tm) + (9 - M) 6,
meM 0 ’
2
N <0 N 2(1 +log|/\/la|) + log |./\/l|> 3?72

Taking expectations with respect to D,:’;l = Dy,,

(1-0)E [z(s, fﬂ")] <(1+ 9)1@[;}% 0(s, A(Dy,))] + (9 + M) E[6? ]

0
2
N <0+ 2(1 —l—log]./\/g) + log \M\) E [5\%2]

Equation (II) then follows from Equation (24)).

i
Proofof (I2) Fixz > 0. Fori e {1;2},letdy; =6 (@2,% <g‘ /#gUIMI) ) .

By Theorem [A2] Equation (8]), with probability larger than 1 —e™%,

N 2
(1—0)e(s, f1°) < (1+6) Hél/r\l/l U(s,tm) + \/598\%,1 + %%’2 . (26)
Combining (25]) and (26]), for any z > 0, with probability larger than 1 —e™?,
-~ 62
(1= 0)€(s, F1?) < (1+6) min €(s,tn) + V2083 + 503 5 + Lo (6,2 + log| M, 331,37 ) -

meM

By Lemma [A7]

~ ) 02
(L= O)E [¢(s, F)|[ D] < (1+ ) min €(s, t) + V2033, + 33,

me

—+o0
- / 9(0,y,8% 1,03 5)e v lslMDqy
z+log| M|
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By Lemma [A.9] it follows that

~ 92
(1-0)E [Z(s,fThlo)‘Dgl] (1+6) min {(s,t m) + V20855, + 553,
2(1 1
g <9+ ( +x+ og| M) >

1,1

)

(x + log| M|)? )

g <9+ (1+x+log|./\/l| 2, .

0

Taking expectations with respect to D' and using inequality (24) yields
Equation (I2) of Theorem [A.3 [ ]

B RKHS regression: proof of Theorem

In the following, for any ¢ : R xR — R and ¢ : X — R, the function
(z,y) — g(t(x),y) is denoted by g o t.

B.1 Preliminary results

Remark first that the RKHS norm dominates the supremum norm:
Lemma B.1 If k = sup, K(z,z) < 400 then for any t € H,
[tlloe < VEtll, -

Proof By definition of an RKHS, Vt € H,Vox € X, (t, K(z,-))y = t(x). It
follows that, for any t € H,

[t]|2, = supt(x)? = sup(t, K (x,))},
T T
< |||l sup(K (z, ), K (z, -))
xT

< 113, sup K (w,2).
X

Using standard arguments, the following deviation inequality can be derived.

Proposition B.2 Let H denote a RKHS with bounded kernel K : X x X —
R. Let k = sup, K(z,z) and h : R2 = R be Lipschitz in its first argument
with Lipschitz constant L. For any t € H and r > 0, denote

By(t,r) = {t' e H| ||’ —t]l,, <r} .
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Let tg € H. Then for any probability measure P on X X R and any y > 0,

per sup  (Po—P)(hoti—hots) > 22+ /I L"YE| <ev .
(t1,t2)€ By (to,r)? vn

Proof Let D, = (X;,Yi);<;c,, be a dataset drawn from P. Let (0y)1<i<n
be ii.d Rademacher variables independent from D,,. Denote by R,(F) =
E [supscr LS L 0if(X;)] the Rademacher complexity of a class F of real
valued functions.

By Lemma [B] for any (¢1,t2) € By/(to, )2,

[hoty —hots|lo < Lty —tollo < L[t —tolloo + lIt2 — tollo] < 2LVkr

By symmetry under exchange of ¢; and #9, notice that

1]
R, ({hotl —hOtQ‘(tl,tg) € B’H(tQ,T)2}) = sup — Z%‘(hotl —hotz)(Xi)
(t17t2)eB'H(t07r)2 n =1

By the bounded difference inequality and [6], Theorem 3.2, it follows that
for any y > 0, with probability greater than 1 —e™Y,

2
sup  (Pu—P)(hot—hots) < 2Ry ({hoty — hotal(tr,t2) € Bulte,n)*})+2Lry | =2,

(tl 7t2)eB'H (t() 7T)2

Moreover,

R, ({hoti — hoto|(t1,t2) € Bulto,7)?})

< Ry({hot|t € By(to,7)}) + Ro({—hot|t € By(to,7)})

< 2LR,,(By(to,r))by the contraction lemma (relevant version: [23], Theorem 7),
= 2LR,(B(0,7)) (by translation invariance).

Finally, by a classical computation (see for example [6], Section 4.1.2),

R, ({h oty — hoty|(ty,te) € BH(t077")2})

< 2L7°\/E .
n

The proof of Theorem also uses the following peeling lemma.
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Lemma B.3 Let (Z,)uer be a stochastic process and d : T — Ry be a
function. Let a > 0 and b € (0;2] and assume that

1+4/0
Vr,y > 0,P sup ZUZT# <e V. (27)
n

ueT:d(u)<r

Then, for any 6 € (0;+00),

2+b[1.1+2(a+y)]
on

e ¥ .

P <

Ju €T, Z, >0d*(u) +

Proof Let z > 0. Let n € (1;2], 7, € N* and yy € R be absolute constants
that will be determined later. Then

]1{ Za >1+\/b(a+y)}

i‘ég d?(u) + 22 ~ x\/n

gﬂ{ Za >1+\/b(a+y)}

sup =
u€T:d(u)<z d? (u) + 22 CE\/E

+o00
+2.T sup Zu 1+ Vbaty)
=0 ueT:miz<d(u)<nitle dQ(u) =+ 72 CC\/E
<I sup Zu > 1+vblaty)
ueT:d(u)<z z? z\/n
+oo
+ I sup Z“. > 1+ /bla+y)
§=0 wET:miz<d(u)<ni+1lz (1 + nzﬂ)xQ x\/ﬁ
<1 sup  Zy = z(1+4 /bla+y))
ueT:d(u)<z \/ﬁ
+o00
(1 b
+ 1 sup Zu>(1+nzj)x( + Vblaty) : (28)
§=0 ueT:d(u)<nitlz \/ﬁ

Notice that:

(1+ Qj)x(l"i_ \ b(a+y)) — j+1772j+11+ V b(a+y)
! Vi T A
_ j+11+\/b(a+zj)
=X =
N4
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where:

1 /%41 n% +1

. 2 : 2
1[n¥+1 7 +1 : 2j j+1
/E[W_l] +<W Y sincea>0and n“ +1>1n .

Taking expectations in (28) and using hypothesis (27]), we obtain:

P[sup 2 1+ vblaty) *y+z

ueT d2(u) + 2 z \/_

So for any y > yg

P[‘ Z, 1+ /bla+y)

R PwW T avn
+o0 24 2 24 9
o 1[n¥+1 (¥ +1)
<ey+ey§ ew(—ﬂw—l} _<W_1 y
+oo 24 2 24 )
o 1[n¥+1 (¥ +1)
<e¥Y+e yE exp <_E[ ni+l _1} _<7(77j+1)2 —1|yo

Now, we have

Let u denote the sequence u; = exp (yo — nQ(j_l)yo). Then for j = jp,,

logujy1 —logu; = 7*Y ™ Vyo — n*yo
= yo(1 — 7" )n?V~Y
< yo(1 —n?)n?Um=D since n > 1 .

Thus,

Therefore, we have
Vi 0, i, < ug,exp (—iyo(n? = Do)
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and
= A -1
> wj <, |1 exp (—yoln? = Dp20m V)|
J=Jm

It follows from (29) and (B0) that for any y > yo, since b < 2,

Zo _  1++/bla+y)

d2(u) + 22~ /N
Jm 2j 2 2j 2
1[n¥+1 (N7 +1)

<143 exp __[ , _1] _<,7_1 "

exp (yo — n?Um~Yyp)
1 —exp (—yo(n? — 1)n2Um=1))

On the other hand, when y < yo, trivially,

1+4/b
]P’[sup Zu > + (a+y)

VP [sup
u

(31)

<1 <ee ™Y,

d?(u) + 22 =~ /N

Taking n = 1.18, j,,, = 10,y = 0.52, the right-hand side of (BI]) evaluates to
1.6765 < 1.7 whereas e¥° < 1.683 < 1.7. It follows that for all y > 0,

Zu 1+ /baty)
n

P P
[sgp d?(u) + x2 z\/n

<17e7Y . (32)

Now take = = %\};ﬁy) with 8 > 0. We can rewrite:
14 +/b [
P |sup Zu > +vhlaty) =P HueT,izu >0
w d?(u) + 22 x\/n I d?(u) + x2
_ ) )
=P |Jue T2, > 0d(u) + - (1 +/b(a +y)> ]
n
>P|FueT, 2, > 02(u) + 22200+ Y) Qb(“y)}
i on
It follows from Equation ([B82), with y replaced by y + 0.55, that
2+b(1.14+2
P |3u e T,Z, > 0d*(u) + nalll ;_ (a+ y))} < 1.7¢7 0557y
n
<e V.
|

We need two other technical lemmas in the proof of Theorem (4.3l
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Lemma B.4 For any nonnegative, continuous convexr function h over a
Hilbert space H, and any A € Ry, the elements of the reqularization path,

tA:a@mm{hQ)+AHﬂ%},
teH
satisfy, for any (\, ) € R? such that 0 < X < u,

2 2 2
HtA - tuHH < ||t>\||7-1 - HtuHH .

Proof By [3| Theorem 2.11], t) exists for any A € R, . Moreover, it is
unique by strong convexity of HH?{ For a closed convex set C C H, let Il
denote the orthogonal projection onto C.

Let p+ > 0. The set {t : h(t) < h(t,)} is closed by continuity of h and
convex by convexity of h. Moreover, for any ¢ € H such that h(t) < h(t,),

2 2
plltullzy < h(tu) = p() + plltully
<p Ht||3_[ by definition of ¢, .

Therefore, t,, = My.p)<n(,)y(0). Let A € (0; ). By definition of ¢y, ¢,

h(t,) h(t
M) 1 el < CYSTNTS
h(ty) 9 1 1
= t —— ) ht
2L el + (- 5) )
h(t,) , (1 1
< 2t + (5 -5 ) )

which implies (=t — A™Y)A(t,) < (u™1 — A7YA(t)) and thus h(ty) < h(t,)
since A < u. For a projection Il¢, it is well known that:
Vt e H,Vt' € C,(t —Tle(t),He(t) — ')y =0 .
Choosing C = {t : h(t) < h(t,)},t' =t\ € C,t =0 yields (—t,,t, —t\)y = 0.
Therefore
2 2
1Exl3 = 1t + (=)l
= HtuHi{ + Ht)\ - tu”i{ + 2<t“,t)\ - t,u>7—l
> ltullz, + s — tall3, -

Lemma B.5 Let (b,c) € R% and I .(z) = bx + c. Let § be given by Defini-
tion[A1. For anyr e Ry,

2 2
2(lperr) < = + = (33)

r2  r
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1
For (a,b,c) € ]R:j’r, let gope(r) =ax Vv [bx?’ + cxz] 2, For anyr € Ry,

2 2 2 2
9 a b 2c a b 2c
5(ga7b,car)<r_2\/|:r_4+ﬁ:|\r_2 At (34)
Proof Since z +— @ is nonincreasing, we have by Remark [A.T}
bO(lpey ) + ¢ =16 (lpe, 1), i€
bo(l
52(lb70,r) - ( b,C_77a) — E =0 .
r r
Hence 6(lyc,7) = & + 34/ ;‘,—i + 22 Thus
2 b? c b2 2
5%(1 2|l —=+—=+-)<5+=
(lpe, ) <47"2 + 4r2 * 7") r2 * r
This proves ([B3). For any > 0, gap.(z) < ra? is equivalent to
ax < ra’ (35)
and bz® + ca?® < rat . (36)
Eq. (33)) is equivalent to # > %. On the other hand,
b2 2c]?
x > |:ﬁ + T_2:| — T > 5(lb7c,’l“2) by (BE)
— bz + ¢ < r2z? by Definition A1l
— @
Therefore, whenever
1
S oy b2 n 2c|2
1‘ p— —_ —_
ro|rt 2 ’
it holds that g, p.(x) < rz?. ([B4) follows by Definition [A] [ |

B.2 Uniform control on the empirical process

From now on until the end of the proof, the notation and hypotheses of
Theorem [4.3] are used. Recall also the notation got : (z,y) — g(t(x),y), for
any g : R xR — R and ¢t : X = R. Fix a training set D,,,. Start with the
following definition.

Definition B.6 Forty,ty € H, let

d(ty,ty) = min ||t — t—t 37
(t1,t2) Iglellf\lﬂl Sally + 1t —tally (37)

37



where sy = argmin, ¢4, {P(c ot)+ A Ht||3_[} Furthermore, let

Am T

y= X sup {(Pm—P)(cot1—cotg)—)\—md(tl,tg)2},

32/€L2 (t17t2)6H2 2

so that

32k L25
)\mnt

Am
V(tl,tz) € Hz, (Pnt — P)(c oty —co tz) < Td(tl,tg)z + (38)

We then have the following bounds on 7.

Claim B.6.1 For allx > 0,
P(7 > 2.6 +log|A| +2) <e ™ .
In particular, E[y] < 4 + log|A]|.

Proof Let (t1,t2) € H be such that d(t1,t2) < r. Let A € A be such that
lt1 — sally + [[t1 — t2lly; < 7. By the triangle inequality, t1,t2 € B(sy,r).
Hence

sup (P~ P)cots —coty)) Smax  sup  (Po—P)(coli—coby).
(t1,t2):d(t1,t2)<r ACA (4 t2)EB(sy,r)2

(39)
From Proposition [B.2l and the union bound, it follows that, for any = > 0,

P [max sup (P, — P)(coty —coty) >2 (2 +/2(x + log\A\)) Li/\/_E] <e ™.
Uz

AEN (41,t2)€B(sx,1)2

It follows by Equation (B89) that, for all z > 0,

1 x +log|Al\ ~
P sup  ——=(Py, — P)(coti —coty) > [ 1+4/ <e ™.
[(tl,tg):d(tl,m)gr ALK ™ 2 N

By Lemma B3] with 6 = 82%, a = log|A|, b = %, with probability larger
than 1 —e™®,

(2.6 + 2 + log|A])
Am T

A
V(t1,t2), (P, = P)(eots = coty) < St t2)2 + 32125

On the same event, § < 2.6 + = + log|A| by Definition [B.6l
Therefore, by Lemma [A7] E[y] < 3.6 + log|A]. |

Definition [B.6l and Proposition [B.6.1ltogether imply a uniform control on
the empirical process thanks to the drift term \,,d(t1,t2)?, whereas Propo-
sition [B.6.2 only gave a bound on an RKHS ball of fixed radius.
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B.3 Verifying the assumptions of Theorem [A.3]

Theorem H3 is a consequence of Theorem [A.3 For all A € A, let t) =
Ax(D,,), where Ay is given by Definition LTl To verify the assumptions of
Theorem [A.3] adequate functions (@ ;)(; j)ef1,232 must be found such that
fori e {1;2}, H (ﬁ)\i,l, W52, (%\)\))\EA) holds almost surely . This is the purpose
of this section.

The core of the proof of Theorem [£.3] lies in the following deterministic
claim.

Claim B.6.2 For all \,u € A such that A < p

2 _kC =~ 5 K2
<0, 7,) + 96L .
Hoo )‘m (S M) + )\72nnt

Ha\ _?u

Proof Let (A, u) € A? with A\ < . Let s, be as in Definition [B.6] Equa-
tion ([B7). By convexity of ¢, the function t — P(cot)+ u ||tHH is p-strongly
convex. Since s, is its optimum, we get

Vt € H, P(cot) + pllt]3, = P(cosy) + ullsulls, + it — sull,
Hence, taking t = tAM,

12

A [ = sl = sull

L
P(cot,) )+ w[tull3, — Pleosn) — nllsully,
Pnt(cot +NHtuHH P, (cosy) — MHSHHE_[—{—(P—Pnt)(co%\ﬂ—cosﬂ).
By Definition [£.1]

Pnt(cot +/‘HtuHH nt(cosu)‘}'l‘HSuHH

Hence A\, Ht - SHHH (P—Py,)(cot, —cos,) = (P, — P)(cos, —cot,).
Now take t; = s, and ty = t,, in Equation (B8) of Definition [B.6 to get

~ 2 A KY
M ([t = sull3, < 7md(5ua u)? 3207 —— g
A ~ KY
= 5 s = Fully +320°5 -
Therefore,
~ UK
[ S 64L2A2 3 (40)
Now HtA — tﬂHH can be bounded as follows. Since t — P,,(cot)+ A HtH?{ is

A-strongly convex and t) is its optimum,

)‘mHtAA_tAuHi Ht)\_tﬂHH
< Pa(coB,) = Pu(codn) + AL = MBI, -
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By Lemma [B.4 with h(t) = P,,(cot),

MH’H Ht)‘H’H HtMHH Hence
(Am +A) H%\)\ —?HHH < Py (cot,) — Py (coty)
= P(cofu) — P(coty) + (P, — P) [cofu - cotAA]
< P(cofu) - IgleiélP(cot) + (P,, — P) [cotAM - co@\]
< Cl(s,t,) + (Po, — P) [c ot,—c otAA] by hypothesis Compc(g,c) .
By Definition [B.6] Equation (B8] with ¢; = fu and ty = 1y,
~ o~ ~ A ~ ~ o~ m
(Am +A) Hb\ -t ; < Cl(s,ty) + 77” [Htu - SMHH + HtA - tuHH]z + 32L2)\i

A3 7
< Cl(s,t,) + 7m L\/_

2
+ 32L2)\i by equation (40).
mTlt

>

i I =l

For any (a,b), (a + b)? < 2a? + 2b%, hence

~ Am UK Ky
A+ Am) [|E5 — tuHH Cl(s,tu) + 2 | 128L2 2, ﬂHH] + 3202 2 o
This yields:
- K
MIEs = Bul5, < Ctls, ) + 9617 o
and finally, since A > A;:
~ Cl(s,1,) KY
I3 = Bully, < 3= + 961755 2
Now, by Lemma [B.1]
[ ] B
kC 5 KXY
e ) +96L* 5 o
This proves Claim [B.6.2 [ |

Using hypothesis SC,,, —Equation (@)—, a refined bound can be ob-
tained on P [(g oty —g o/t\H)Q].

Claim B.6.3 For any (\, ) € A2,

P[(got)\—got)} @B< f(s,ﬁ)>2+@3< é(s@))Q

4 [kC y
Wp(r)? = max {pxz, vy ':—xg + 10VL)\K\/,’§%$2}
m my\/

40
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Proof By hypothesis SC,, —Equation #)— with u = i\ (X) and v =
%\ﬂ(X)a

E[(goty—g0ot)X (X, Y)IX] < [pV (vEA(X) = Tu(X)])] [Ex(EA(X)) + x (£u(X))]

<
< oV (v]Ex = tull )] [x (A (X)) + Ex (X))

where £x (u) = Elg(u, Y )| X]—min,ecr E[g(v, Y)|X]. Integrating this inequal-
ity with respect to X, it follows that,

Pl(gotr—got,)’| <oV (v [t —Tull )] | £s,B0) + €05, 7))

Assume without loss of generality that A < pu. By Claim [B.6.2]

P[(gof,\—gofu) (P\/V[\/iv u) +10 ﬁf]) [5 s,t)\)+£(s,tAu)]
% <\/€(s,fu)€(s,@\) + \/e(s,?u)3>

< max{p |:€(87%\)\) + 6(8751)] b 14

L ~ —~

+10 n’j\/\/_[ ) —i—ﬂ(s,tu)}] } (41)

Using the inequality ab < + E with Holder conjugates p = 3, ¢ = %, we
have:

\/ f(s,t“)f(s,t)\) + \/ E(S’tﬂ) < g E(S,t“) + gﬂ(s,t)\)i + \/ E(S’t,u)
4 —3 —3

<3 [\/e(s,m + /.8 ] . (42)

Claim [B.6.3] then follows from inequalities (A1) and ([#2) using the elemen-

tary inequality (a +b)V (c+d) <aVec+bVd. [ ]

As g is L-Lipschitz in its first argument, it follows from Claim [B.6.2] that
forall A, pe Ast. A<

Hgof,\—goquoogLHtAA—fMHOO
kC T 2 “\/17
L\/)\m\/ﬂ(s,tﬂ)—i—lOL N

<@A< e(s,?ﬂ)>+m< e(s,t})> . (43)

. C y
Wa(x) = Ly //;—m +5L° A“%. (44)

where
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If follows that for all k > 2,

P [(gof/\—gofu)k] < Hgoﬁ—gofu\\i

< {@A< e(s,t})> +@A< e(s,t})ﬂk .

This proves that hypothesis H (@A, WA, (a\) )\eA), as defined in Appendix [A]
holds true.
It follows from Claim [B.6.3] and Equation ([#3) that, for all k£ > 2,

Pllgots—gotul] <lgobn—go " P (g0r(X),Y) ~ g(Eu(X).Y))’]
< [@A( e(s,a))Jr@A(m)]m
x {@B( e(s,t}))+@3( e(s,?ﬂ))r ;
which proves that H (@p, @Wa, (t\)rea) holds true.

B.4 Conclusion of the proof

We have proved that H(@B,@A,(fA))\eA) and H(@A,@A,(f)\)AgA) hold,
where wp is defined in Proposition [B.6.3 and w4 in Equation (F4). More-
over, T — % is nonincreasing. Therefore, Theorem [A3] applies with
Wi, = WA, Wi = Wa, W, = WR, W22 = W4, £ = logn, and it remains
to bound the remainder terms (R ;)1<i<4 of Equation (I2]). For each i, we
bound Ry ;(#) by an absolute constant times max{7} (), T>(0), 13(6)}, where

719 — 0 o(ns|A)

© 100 On,
2 10g2(nv’AD
TQ(@) = (V V L) HCW
3
_ log2 (ny|A|)
T3(0) = L(v V L)k D i

Summing up these bounds yields Theorem 3]

B.4.1 Bound on Ry;(f) = V20E [62 (@B,g‘ /W)]

Recall that wpg(z)? := max {pr, vi,/ %x?’ + 10vL Vel xQ}.

)\m\/nt
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By Equation (@4) in Lemma B with a = /p, b = v} ’;C c =

10vL A“ff,
2 ~
o\ Jog(nlAD) o [log(mulAD)] llog(n,[AD] /5
52 — | <4p——=+29 C—— = +80vL .
<wB’2 log(nU\A\)> p 02n,, s 04 \n2 +oUvLe 02\ /T0
(45)
Therefore,

By Proposition B.6.1} E[j] < 4 + log|A|. Since n, > 100 > ¢*, E[y] <
log(ny|Al). As a result,

2 3
log(nv‘A‘) 2 [log(nU’A’)] [log(nv‘A‘)] 2
on, + 42v°kC o2 + 114vLk Ot /it

10077 (0) + 42T5() 4 114T3(6)
256 X max {Tl(e), TQ(H), T3(6)} .

R21(0) < 6p

)

<
<

B.4.2 Bound on Ry3(f) = & SE [52 <wAv 042 log(ZWH

Recall that by definition, W4 (z) = L “Cx+5L2 H\/_ (Equatlon “2). B

Equation (33) in Lemma [B.3 with b = L, /§* and c=5L7 R\/\;, we have

02 n log?(n.,|A]) [log(nv\A\)]\/?
62 Wy, ——— ) <16L%kC—=~212 + 4012 .
< A7y log(nv]A])> " 64\, n2 * 02N o/t

(46)
As E[y] < log(ny|A]) by Proposition [B.6.1] it follows that

log?(ny|A]) 2, log log> (n,|A])
80T (0) + 20075(0)
28 x max {7T1(0),T>(0),T5(0)} since 6 € (0;1] .

Ryo(0) < 8L*kC

<
<

B.4.3 Bound on Ry3(f) = n—lv (9 + w> E [37 (W4, \/_)}

By Equation ([B3)) in Lemma [B.5 with b = L “C ,c=5L? AI;\/\}?

C 10k+/7
52(@\A,w/—nv)<L2)\ﬁn +L2)\H7\/§ . (47)

Ty
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As 6 € (0;1] and ny > 100 > 3, we have 6 + 2 < 2 < 21‘1#,hence

2(1+log(A]) _ 2log(n,|Al)

o+ 7 S 0

(48)
Therefore,

2log(ny|A|) 12 KC +L21OKVE[Z7]

Ry 3(0) <
23(0) on, Ay A/ Ty T

Since E[y] < log(ny|A]) by Proposition [B.6.1]

3
K/C + 20L2 10g2(nv|A|)
OXmn? O Ny /Mt

262 20
< ———T¢ —T:
logma 2+ e Ts0)

0.475(0) 4 2T5(0) since n, > 100 and |A] > 2
2.4 x maX{Tl,TQ,T3} .

Ra(6) < 2log(n,|A])

<
<

B.4.4 Bound on Ry 4(0) = n—lv <9 + 2[1+log(‘AB] +1°g2(|A)> [5? (U)A,’I’Lv)}

By Equation (B3] in Lemma [B.5] with b = L %, c=5L? )\fn\/\/i_t,

5 kC o 106/7
L N +L Nt /1s (49)

Since 6 € [0;1], n, > 100 and |A] > 2, we have log(n,|A|) > log(200) > 5
and

6%(Wa,ny) <

2[1+ log(IAD] _ 2log(n,|A]

0+ 7 < 7 by equation (48]
_ 2lo(nlA)
56

Hence, by Equation (43]),

1,41og?(ny,|A|) L2fm7<+L2um,mqm

Roa(6) <
24(0) o1, Amn2 AmTlor/T7

Since E[y] < log(ny|Al),

L26C 1o logi(nu/A]

Ry 4(0) < 1,410g2(nu’/\’)9)\ + 14 ox n2\/_
1,462 1 A
<140 13(9)4—1413§%$4—J215(9).
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Since n,, > 100 and |A| < eV™  we have log(zz‘/\') < log(nv) 4 log(ev™) <

) Ny Ny
log(100)
100

+ % < 0.15 and so

Ra.4(0) < 0.014T5(0) + 2.1T3(6)
2.

<
< 2 X max{T1 (6),T2((9),T3(6)} .

B.4.5 Conclusion
Summing up the above inequalities, we get that for every 6 € (0; 1],
R2(0) = R21(0) + Ra2(0) + Ra3(0) + R2,4(0)
< 289 max{711(0),T>(0),T5(0)} .

Equation (I2) in Theorem [A.3] thus yields
(1 - a)w(s, 725 < (1 + 9)1@ [mme(s, Ax(Dn,))| + 289 max{T}(0), To(0), T5(6)}
AEA

which proves Theorem I3l with b; = 289(vV L)?kC and by = 289L(vVL)x. B

C Proof of Proposition and Corollary 4.4

Let us start by two useful lemmas.

Lemma C.1 If is a convex, Lipschitz-continuous, and even function, and
Y is a random variable with a non-atomic distribution, the function

R:u—E[¢p(u—-Y)]

is convex and differentiable with derivative R'(u) = E[¢'(u —Y)]. Moreover,
if Y is symmetric around q, i.e (—Y) ~ (Y —q), then R reaches a minimum
at q.

Proof First, remark that R is convex by convexity of ¢¥. Let u € R. For
h # 0, let k(h,Y) = w(u+h—Yg—w(u—Y). Let A be the set on which v is
non-differentiable. Since 1 is convex, A is at most countable. By definition,
k(h,Y) = Y (u—Y) whenever u—Y ¢ A, that is tosay Y ¢ u— A. Since Y
is non-atomic, P(Y ¢ u— A) = 1. Moreover, since v is Lipschitz, there exists
a constant L such that Vh # 0, |k(h,Y)| < L. Therefore, by the dominated
convergence theorem,

R(u+h) — R(u) ,
=B _ gikn ) s B (- 1))

Thus, R is differentiable and for all u € R, R'(u) = E[¢'(u — Y)].
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Moreover, we have

R'(q) =E[/(¢ - Y)]
= —E[¢(Y — g)] since ¢/(—x) = —¢/(x) on R\A
= —E[/(¢—Y)] since (Y —q) ~ (¢ -Y) ,

which implies that R'(q) = 0. Hence, R reaches a minimum at ¢ since R is
convex. |

Lemma C.2 Let g: R — R be a differentiable convex function that reaches
a minimum at u, € R. If there exists €,0 such that

Yu € [uy — 05 uys + 9], lg (u)| > elu — uy| (50)

then for all (u,v) € R?,
, 4 /4
(u—v)* < |-V =lu—vl]|[g(w)+g(v) - 2g(u.)] -
€ 0]
Proof By integrating Equation (B0),

Vu € [ux — 83w + 0], (g(u) = g(u)) = 5 (u—u)? . (51)

N | ™

Let 1
h(u) = 5 [g(us +0) = g(w)l fu —w . (52)

By convexity of g, for any u > wu. + 0, g(u) — g(us) > h(u). Hence by
Equation (BI) with v = u, 4+ § and Equation (52),

1 )
Vu = uy + 6, g(u) — g(us) = 5352@ —uy] = 6E[u — Uy . (53)
The same argument applies to the convex function g(—-) with minimum —u,
which yields
€d
VUER,|U—U*|>5 — g(u)_g(u*)>3|u_u*| . (54)
Let (u,v) € R2. Assume without loss of generality that |u — wu.| > |v — ul.
If |u — uy| < 6 then by Equation (&II),
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Otherwise, by Equation (54)),

(u—v)? < lu— | [Ju = us| + v — uyl]

~X
< 2Ju — v||u — uy

< Sfu—vl[gw) — g(u.)]
< 2ol —ol[o(u) + g(v) ~ 29(u)] (56)

C.1 Proof of Proposition

Now, we can prove Proposition Let Ry : u — [|u— yldFy(y). By
Lemma [C. Il with ¢ = | - |, for all v € R,

R (v) = / [Ty yeo + L_ys0] dF, (1)
= F,(v) — [1 — Fm(v)]
= 2[F,(v) — Fu(s(z)

since by definition, F,(s(z)) = 3. Hence by hypothesis (B), for all u €
[s(x) = b(x); s(z) + b(=)],

| Ry (u)] = 2a(z)|u — s(2)].

Therefore by Lemma [C2] for all z € X and (u,v) € R?

e 4 4u — v " ) — s(x
(=0 < (7 ¥ ey ) [Rel) + Reto) = 2R (o)

< <i v <i|u—v|>> [Ru(u) + Ra(v) — 2Ry (s(x))] -

A, Hm
Since g : (u,y) — |u —y|, it follows by taking z = X that
2 2 4 4
(90 Y) = g0 V) < (w0 < (v (o=l ) ) extw) + x()],

which implies hypothesis SC 4+ 4 . |

am’ pm

C.2 Proof of Corollary 4.4

Corollary [44lis a consequence of Theorem 43l Let us check that its assump-
tions are satisfied.
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Compatibility hypothesis (Comp;(ci”’, c"*)) Fix x € X and let p,, F,
be the pdf and cdf corresponding to the distribution Y given X = z. By
assumption, p, is symmetric; s(z) can be chosen equal to the center of sym-
metry (recall that the contrast function here is y(¢, (z,v)) = i’ (t(z),y) =
|t(z) — y|, so any conditional median is a possible value for s(z)). Let

Rey:urs / 2P (u, y)pe (y)dy = / Ve (u —y)pe(y)dy (57)

where ¥:(z) = (|z| — €)4+ for any z € R. Lemma C.1 applies, since p, is
symmetric by assumption and 1. is even, convex and 1-Lipschitz.

Hence for any € > 0, R., has a minimum at s(z) and is differentiable,
with

R, (u) = / YL (u—y)pe(y)dy = / [Tu—y<—e + Tu—yze] P2 (y)dy
=F(u—¢)—[1-Fr(ute) . (58)

Therefore, for any € > 0 and u € R,
>
Rea(w) = Rou() = [ [oplu =) +pafut0)de . ()
0

Now, assume that u > s(x). By symmetry of p, around s(z), for all ¢ > 0,

)
) (60)

Since p, is unimodal, its mode is s(z) and p, is non-increasing on [s(z); +00).
It follows from Equation (60) that for all uw > s(z) and t > 0,

pr(u —t) = pr(s(x) + (u— s(x)

—t
= pa(s(x) + |u—s(x) -t

Palu— 1) > pu(s(@) + Ju— s(a)| + 1)
— palu+1). (61)

Therefore, by Eq. (53) and (@I, for all w > s(x) and € > 0, R ,(u) <
0.(w). By integration, this implies that for all u > s(z),

R 2(u) — Rep(s(2)) < Roz(u) — Roa(s(z)) - (62)

By Equation (57) and symmetry of p,, R. ; and Ry, are symmetric around
s(z), hence inequality (62]) is also valid when u < s(z). Taking z = X,
u = t(X) and integrating, we get Lers(t) — Leers(s) < Legrs(t) — Lers(s)

which proves Comps(cg”, c£%).
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Hypothesis SCy,5 We first compute a lower bound on Ry ;.
Let Q) = sup{y|F;(y) < %} and Q3 = inf{y|F,(y) > %} By conti-
nuity of F, Fx(q%%) = % and Fx(q%%) = %. Let o(x) = 03 =4

.1, which
’4

is the smallest determination of the interquartile range. By symm(e1):ry of
o\x

po around s(z), (g, 1 + q, 3] = s(x), therefore ¢, s = s(z) + %52 and
' 4 4 4

a1 = s(x) — 4.

For any u € [S(CC) - OTx); s(x) + #}, by symmetry of p, around s(z),

s(z)+lu—s(z)|
|Fi(u) — Fy(s(z))| = /( ) 2p, (v)dv

1 s(2)+u—s(a)| |
= |u— 8($)|m /s(m) 2pg(v)dv .

Since p, is non-increasing on [s(x); +00) and |u — s(z)| < @,

a(z)

() + 2

|Fa(w) — Fy(s(2))| > Ju— mn% /( RO
=l = s(@) = [Pl ) = Fo(s(w)]
= s(@)

o(x)

Hence, by Proposition [£.2] with a(z) =
fies hypothesis SCys 8.

ﬁ and b(z) = 752, (g, X,Y) satis-

Conclusion To conclude, we apply Theorem 3 with xk =1,C =1,L =1
(since c(e]ps and c£P? are 1-Lipschitz), p = 40 and v = 8. Since constants by, by
of Theorem 4.3 only depend on &, L, C, v and all these parameters have now
received explicit values, the constants b1, by are now absolute.

D Classification: proof of Theorem

In the proof of Theorem [A.3] we used convexity of the risk to show that the
risk of the average was less than the average of the risk. A property of this
type also holds in the setting of classification, with the average replaced by
the majority vote.

Proposition D.1 In the classification classification —see Example [2.1—,

let (ﬁ)KKV denote a finite family of functions X — Y and letjm” be some
majority vote rule: Vx € X, f™(z) € argmax,cy[{i € [V]: fi(x) = m}|.
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Then,
(s, T < T D00 B and (™) < 7 L)

Proof For any y € Y, define n, : # — P[Y = y|X = z]. Then, for any
f €S, L(f) =E[l —npx)(X)] hence s(X) € argmax, ¢y 1,(X) and

(s, ) = B maxn, (X) = nj0) ()] = E [ (X) =m0 (X)] -

We now fix some x € X and define C,(y) =
Cy = maxycy |Cz(y)|. Since C, M > Z ey 1Ca(y

On the other hand, by definition of fm",

{ZG[ V] filw) = y} and
)] =V, it holds Cy > V/M.

1 & . :
v 2 1) (#) = 0, (@)] = 7 () (2) = Mo () (2)) 2 37 () (2) = Do)

>0

Integrating over x (with respect to the distribution of X) yields the first
bound.

For the second bound, fix x € X and define C,(y) and C; as above. Let
y € YV be such that fm"(x) = 1. Since y occurs less often than fm"(x) among
ﬁ(m), e ,fv(az), we have |C,(y)| < V/2. Therefore,

V —1Cs(y)]
Zl{m 7 e A

N |

Thus

1%
mv 1 1
) #y = Vzgﬂ{ﬁ(m>¢y} Z3 -

Hence, for any y € ),
\%4
2
L)y S Z; L@z
1=

Taking expectations with respect to (z,y) yields E(fm") <2v! szzl E(ﬁ)
|

We can now proceed with the proof of Theorem
Proof The proof relies on a result by [22) Eq. (8.60), which is itself a
consequence of Corollary 8.8, which holds true as soon as

2
vtes,  Var(lueoer — Ipeosn) < [w(VEED)| (63)
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for some nonnegative and nondecreasing continuous function w on R™, such
that = — w(z)/x is nonincreasing on (0, +00) and w(l) > 1.

Let us first prove that assumption (G3]) holds true. On one hand, since
Y =1{0,1}, for any t € S,

Var (L xo2vy — Isx2ry) < Ellgoozyvy = Lsoozvy )
= E[l(x)2s(x)y) = E[JH(X) — s(X)|] . (64)

On the other hand, since we consider binary classification with the 01 loss,
for any t € S and h > 0,

U(s,t) =E[|2n(X) — 1] - [t(X) — s(X)]] by [12, Theorem 2.2]
> hE[[t(X) — s(X)|I{j25(x)-1>h}]
> hE[[H(X) — s(X)| = Lijanx)—1)<n}] since ||t —s| <1
> hE[|t(X) — s(X)|] — ra?* by (MA).

This lower bound is maximized by taking

which belongs to [0,1] since r > 1 and E[[t(X) — s(X)|] < 1. Thus, we
obtain

B

hence Eq. (64)) leads to

g

Us,t) 2 h B+ 1)(6+1)/ﬁr1/6EUt(X)

E[|¢(X) — s(X)|] = (X)) VP

— S

g+1 _1 A 1 B
Var(]l{t(X);ﬁy} — H{s(X);ﬁY}) < EHt(X) — S(X)H < WTWAE(S L) BT L 2r B+ (s, t) BHT .

Therefore, Eq. (63) holds true with w(u) = \/riu WP and ry=2r 5+1 which
statisfies the required conditions. So, by [22, Eq. (8.60)], for any 6 € (O, 1),

E[¢(s, f#°) | DI] < L0 o e(s A (D ))+ﬁ [29+10g(6|./\/l|) (1 +91>]
1 — 0 mem 1-0 3
(69)
where d, is the p081tlve solution of the fixed-point equation w(d,) = /1,02,

that is 62 = (ry /nv)ﬁﬁ. Taking expectations with respect to the training
data DI’ we obtain

1

1+6_ . T 2r7+2 20 + log(el M|) (3 + 671)
< — .
STog" JQEE(S’A”L(D"))} Ty EES1

ngt?

E[¢(s, f°)]

51



Under assumptions @), E[{(s, f7°)] and E[L(f°)] do not depend on T € T
(they only depend on T through its cardinality n;).
Now, by Proposition [D.1l applied to (]/”;ho)TeT,

1
~ - 1+0 4r7+2 20 + log(e| M) (3 + 071
E[¢(s, f™)] < 2E[l(s, f°)] < 2= R | inf 0(s, A (D)) |+ B¢ H‘l) G )
1-06 meM 1-6 nm
Taking 6 = 1/5 leads to the result. |
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