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STABILITY PHENOMENA FOR MARTIN BOUNDARIES OF
RELATIVELY HYPERBOLIC GROUPS

MATTHIEU DUSSAULE AND ILYA GEKHTMAN

ABSTRACT. Let I be a relatively hyperbolic group and let p be an admissible
symmetric finitely supported probability measure on I'. We extend Floyd-
Ancona type inequalities from [12] up to the spectral radius R of u. We
use them to find the precise homeomorphism type of the r-Martin boundary,
which describes r-harmonic functions, for every » < R. We also define a
notion of spectral degeneracy along parabolic subgroups which is crucial to
describe the homeomorphism type of the R-Martin boundary. Finally, we
give a criterion for (strong) stability of the Martin boundary in the sense of
Picardello and Woess [30] in terms of spectral degeneracy. We then prove
that this criterion is always satisfied in small rank, so that in particular, the
Martin boundary of an admissible symmetric finitely supported probability
measure on a geometrically finite Kleinian group of dimension at most 5 is
always strongly stable.

1. INTRODUCTION

1.1. Martin boundaries and stability. We consider a finitely generated group
I" together with a probability measure p. The p-random walk starting at e on T"
is defined as X,, = g¢i...gn, where the g are independent, identically distributed
according to x4 random variables on I'. We always assume that the random walk is
admissible: the support of p generates the group I' as a semi-group. In many situ-
ations, one can understand the asymptotic behaviour of X,, in terms of geometric
properties at large scale of T'.

One way to do so is to try to compare geometric boundaries of the group, en-
coding how geodesics behave at infinity, with probabilistic boundaries, encoding
how the random walk behaves asymptotically. In the groups we will study here,
the random walk will always be transient, meaning that it almost surely goes to
infinity. One can then define the Martin boundary as follows.

Define the Green function G(-,-) by

G(.’L‘, y) = Z M*n(‘r_ly)v
n>0
where p*" is the nth convolution power of u. Precisely,
pt = Z iz 2z 22) izt ).
ZO=T,21,..-,2n=Y

Define then the Martin kernel K(-,-) by

K(m,y)z%.
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2 MATTHIEU DUSSAULE AND ILYA GEKHTMAN

We endow I' with the discrete topology. The Martin compactification of I and p is
the smallest compact metrizable set X such that I' embeds as a dense and open set
in X and such that the function K (-, -) extends as a continuous function on I'x X. In
other words, a sequence g, in I" converges to a point in the Martin compactification
if and only if for every g € T', K(g,g,) converges to some limit. The Martin
boundary is the complement of I' in X. The Martin compactification and the Martin
boundary always abstractly exist and they are unique up to homeomorphism, see
[23] or [32]. We will denote the Martin boundary by 9,T.

The random walk almost surely converges to a point in the Martin boundary (see
[32]). Letting X be the corresponding random variable in 9,I', we can consider
the law of X,. This yields a probability measure v on 9,I" which is called the
harmonic measure. The Martin boundary, together with v, is a model for the so-
called Poisson boundary. We will not be interested in the Poisson boundary in the
following, so we do not give more details and instead refer to [36], [25] or [24].

More generally, one can define the weighted Green function at r by

Gr(w,y) =D r"uw(z'y).

n>0

Let R be the radius of convergence of this power series, which we call the spectral
radius of p. All groups we will study in this paper are non-amenable. It thus
follows from a result of Guivarc’h (see [20, p. 85, remark b)) that for every z,y,
GRr(x,y) < 400 (see also [39, Theorem 7.8| for a stronger statement). For r < R,
we then define similarly the r-Martin kernel by

Gr(z,y)
G (e,y)

and the r-Martin compactification and boundary. As before, a sequence g, in
T" converges to a point in the r-Martin compactification if and only if for every
g € T, K.(g,9n) converges to some limit. The r-Martin compactification also
always abstractly exist, see [39] and is unique up to homeomorphism. We will
denote the r-Martin boundary by 0,,I.

One important aspect of the r-Martin boundary is that it gives a description of r-
harmonic positive functions in the following sense. Recall that a function f: T' — R
is called r-harmonic if for all z € T

> @y fy) =rf(x).

yel

KT(Ia y) =

This can be written as Pf = rf, where P is the Markov operator associated with
. Every r-harmonic positive function can be represented as an integral over the
Martin boundary. Precisely, for every such function f, there exists a probability
measure vy on O,,1" such that for all x € I,

fz) = K (z, §)vy(dE).
Oy T
In general, the measure vy is not unique. To obtain uniqueness, we restrict our
attention to the minimal boundary that we now define.
An r-harmonic positive function f is called minimal if for every other r-harmonic
positive function g satisfying ¢ < Cf for some constant C, we have g = C'f for
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some constant C’. The r-minimal Martin boundary is then the set
oI ={€ € 0,1, K;-(+, €) is minimal harmonic}.

Let f be an r-harmonic positive function. Then, one can choose vy giving full
measure to 8;’;1“ and in this case, vy is unique. This is the so-called Martin repre-
sentation Theorem.

In [30], Picardello and Woess define the stability of the Martin boundary of
a random walk (or more generally of a Markov chain) as follows (see also [39,
IV.28.A)).

Definition 1.1. Let I be a finitely generated group and p be a probability measure
on I'. Let R be the spectral radius of p. Say that the Martin boundary is stable if
the following conditions hold.

(1) For every 0 < ri,79 < R, the r1 and ro-Martin compactifications are home-
omorphic, that is, Ky, (-,yn) converges pointwise if and only if Kr,(-,yn)
converges pointwise. For simplicity we then write then 0,1 for the r-Martin
boundary whenever 0 < r < R.

(2) The identity on T’ extends to a continuous and equivariant surjective map
¢u from T UO,T to T UOg,I'. We then write Kg(z,&) = Kg(z, ¢u(€)) for
£eo,.l.

(8) The map (r,z,§) € (0,R] x ' x 9, — K,(z,§) is continuous in the three
variables (r,xz,£).

Also say that the Martin boundary is strongly stable if the first condition holds for
every 0 < ri,72 < R so that in particular, the map ¢, induces a homeomorphism
from the r-Martin boundary to the R-Martin boundary.

In general, identifying the homeomorphism type of the Martin boundary is dif-
ficult and there are few example for which we know whether the Martin boundary
is stable. Often, all the r-Martin compactifications are homeomorphic for r < R
but not at r = R.

Let us give some examples. We start with the classical case of finitely supported
random walks in Z?. It is well known there are no non-constant positive R-harmonic
function and so the R-Martin boundary is reduced to a point. Actually to ensure
the existence of the R-Martin boundary, we need to ensure that the random walk
is R-transient, that is Gg(x,y) is finite, so we need to assume that d > 3 (see [39,
§7.B] for more details). On the other hand, the r-Martin boundary is homeomorphic
to a d — 1-dimensional sphere for 7 < R, as proved by Ney and Spitzer in some
particular case [29]. We refer to [39, §25.B] for a complete discussion. In particular,
the Martin boundary is stable but not strongly stable. Moreover, in this situation,
the r-Martin boundary is minimal for every r < R.

For nilpotent groups, we do not know in general the homeomorphism type of the
r-Martin boundary. However, according to results of Margulis [28], we know that
for finitely supported random walks, it is not reduced to a point for r < R, whereas
the R-Martin boundary is reduced to a point. We do not know if the r-Martin
boundary is minimal when r < R.

The situation in hyperbolic groups is different. Gouézel [17] proved that the Mar-
tin boundary of a finitely supported symmetric probability measure on a nonele-
mentary Gromov-hyperbolic group is strongly stable. For every r < R, the r-Martin
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boundary is always minimal and coincides with the Gromov boundary. This was
already proved by Gouézel and Lalley [18] for co-compact Fuchsian groups.

1.2. Random walks on relatively hyperbolic groups. In this paper, we are
interested in symmetric finitely supported random walks on relatively hyperbolic
groups. We will give a precise definition of these groups below. Archetypal exam-
ples are given by free products and finite co-volume (or more generally geometrically
finite) Kleinian groups. We are particularly interested in the case where the para-
bolic subgroups (which are the conjugates of the free factors for the particular case
of a free product) are virtually abelian, although a lot of our results still hold for
any relatively hyperbolic group.

The Martin boundary of such a group has a strong relation with the so-called
Bowditch boundary, the Gromov boundary of a Gromov hyperbolic space on which
the group acts geometrically finitely, see [12]. We will give a precise definition of
the Bowditch boundary below. In the case of a free product, it is constructed by
gluing one point at infinity for every coset of every free factor to the set of infinite
words. If the free factors are one-ended, the Bowditch boundary coincides with the
set of ends. The relation between the set of ends and the Martin boundary was
explored by Woess in [38]. In the case of a finite co-volume Kleinian group, the
Bowditch boundary coincides with the ideal boundary of the hyperbolic space H".

The 1-Martin boundary of a finitely supported probability measure on a rel-
atively hyperbolic group is described in [11]. It is obtained from the Bowditch
boundary by blowing up each parabolic point into a sphere of dimension one less
than the rank of its stabilizer. Roughly speaking, those spheres appear as the
Martin boundary of the induced random walk on the virtually abelian parabolic
subgroups. The term "induced random walk" refers to the sub-Markov chain corre-
sponding to first return transition kernel to the parabolic subgroup, see Section 2.
In other words, the 1-Martin boundary roughly consists of the Martin boundary of
the parabolic subgroups, glued to the conical limit points. In this paper, we will
give a precise description of the homeomorphism type of the r-Martin boundary for
every 7 < R. We will also prove that stability of the Martin boundary depends on
the behaviour of the measure y along parabolic subgroups.

Before giving a precise statement of our results, let us give a brief explanation
of what happens in the particular case of adapted random walks on a free product.
Let I' =Ty % '3 be a free product of two finitely generated groups I'; and I's. Then,
T" is hyperbolic relative to the conjugates of I'; and I';. Recall that a probability
measure p on I is called adapted if it can be written as

p=opr + (1 — a)puz,

where p; is a probability measure on I'; and where o > 0. Let G, be the Green
function for p on I' and let G&l) be the Green function for p; on I';. Then, in
[37], Woess shows that for every r, there exists p;(r) such that for all z,y € T,

Gr(z,y) = Gﬁi)(r)(x,y). Moreover, letting R; be the spectral radius of y; we have
pi(r) < R; whenever r < R. Call u spectrally degenerate along T'; if p;(R) = R;.
In other words, i is spectrally degenerate along I'; if when u reaches it spectral
radius R, then p; reaches the spectral radius R; of p;.

It is then proved in [37] that the r-Martin boundary of " consists of a copy of

the p;(r)-Martin boundary of (I';, u;) for each coset 4I'; glued to the set of infinite
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words, see [37] for a precise statement. In particular, if the groups I'; are virtually
abelian, then the Martin boundary of (T', ) can only be strongly stable if the
random walk is not spectrally degenerate along I'y and I's.

We will generalize Woess’s results to any relatively hyperbolic group with vir-
tually abelian parabolic subgroups. We thus need to define a notion of spectral
degeneracy along parabolic subgroups which mimics the one above. We will give a
precise formulation in Section 2. Let us give a rough explanation here. Consider a
relatively hyperbolic group I' and let H be a parabolic subgroup. The main differ-
ence with the above situation is that there is no a priori probability measure like y;
on H. We introduce the first return transition kernel p, on H associated with rpu,
r < R. Then, the spectral radius of this induced kernel p, is at least 1. We say that
w is spectrally degenerate along H if the spectral radius of pg is exactly 1. This is
another way of evaluating if the induced walk on H reaches its spectral radius as
the original p-random walk on I' reaches its own spectral radius. We equivalently
say that the parabolic limit point fixed by H is spectrally degenerate.

We will identify the R-Martin boundary with a geometric boundary that we
now informally describe, see Section 2 for a precise construction. We start with
the Bowditch boundary. If £ is a parabolic limit point of I' whose stabilizer is a
virtually abelian group of rank d and if £ is not spectrally degenerate, we replace &
by a sphere of dimension d — 1. We do not replace spectrally degenerate parabolic
limit points.

We will also identify the r~-Martin boundary, » < R, with a geometric boundary.
In this case, we need to replace every parabolic limit point, spectrally degenerate
or not, with a sphere of the appropriate dimension. We will use the following
terminology.

(1) Whenever r < R we call a boundary obtained by replacing every parabolic
fixed point in the Bowditch boundary with a sphere of dimension one less
than the rank of its stabilizer a r-geometric boundary.

(2) We call a boundary obtained by replacing every spectrally non-degenerate
parabolic limit point in the Bowditch boundary with a sphere of the appro-
priate dimension a R-geometric boundary.

Note that the R-geometric boundary depends on the measure p, whereas for r < R
the r-geometric boundary does not. Also note that the identity map on I' extends
to a continuous equivariant surjection from the r-geometric compactification to the
R-geometric compactification, which consists of collapsing the added spheres onto
one point. Our main result is the following identification of the homeomorphism
type of the Martin boundary.

Theorem 1.2. Let " be a non-elementary relatively hyperbolic group with respect to
a collection of virtually abelian subgroups. Let p be a symmetric probability measure
on I' whose finite support generates I' and let R be its spectral radius. Then for
every r < R, the identity of T extends to an equivariant homeomorphism from the
r-geometric boundary to the r-Martin boundary.

In particular, the identity of I' extends to a continuous equivariant surjection ¢,
from the r-Martin compactification to the R-Martin compactification.

We also prove that the Martin boundary is strongly stable when the measure is
not spectrally degenerate.



6 MATTHIEU DUSSAULE AND ILYA GEKHTMAN

Theorem 1.3. Let " be a non-elementary relatively hyperbolic group with respect to
a collection of virtually abelian subgroups. Let p be a symmetric probability measure
on I' whose finite support generates I' and let R be its spectral radius. Assume that u
is spectrally non-degenerate. Let 0,1" denote the r-Martin boundary for 0 <r < R.
The map (r,x,§) — K.(x,€) is continuous in (z,7,§) € (0,R] x ' x T UJ,I.

Note that the third variable £ is allowed to vary in the whole compactification
I'U d,I" and not only in the boundary d,I'. We can also prove that the r-Martin
boundary is always minimal.

Theorem 1.4. Let T be a non-elementary relatively hyperbolic group with respect to
a collection of virtually abelian subgroups. Let u be a symmetric probability measure
on I whose finite support generates I' and let R be its spectral radius. Then, for
every 0 < r < R, the r-Martin boundary is minimal.

We will also show that the random walk cannot be spectrally degenerate at
parabolic subgroups of small rank. More precisely, let H be a parabolic subgroup
which is virtually abelian of rank d. If d < 4, then the random walk is not spectrally
degenerate at H. In particular, the Martin boundary is stable in small dimension.
This implies the following.

Theorem 1.5. Let ' be the fundamental group of a geometrically finite hyperbolic
manifold of dimension d < 5. Let u be a symmetric probability measure whose
finite support generates I'. Let R be its spectral radius. Then, for every r < R,
the r-Martin boundary coincides with the CAT(0) boundary of T'. In particular, the
Martin boundary is strongly stable.

We emphasize that Theorem 1.2 is optimal and cannot be extended in the fol-
lowing sense : there exist relatively hyperbolic groups with spectrally degenerate
measures. Indeed, even for adapted measures on free products of abelian groups
where one factor has rank at least 5, Candellero and Gilch [6] construct examples
of both spectrally degenerate and spectrally non-degenerate measures, so the Mar-
tin boundary may or may not be strongly stable. Moreover, the Candellero-Gilch
construction might be adapted to construct spectrally degenerate measures on any
relatively hyperbolic group with respect to virtually abelian groups of large enough
rank.

1.3. Relative form of Ancona inequalities up to the spectral radius. Let
us briefly explain how we prove these results. Whenever f and g are two functions
satisfying that there exists a constant C' such that % f < g < Cg, we will write
f =< g. If the constant depends on some parameter, we will not use this notation to
avoid confusion, except if the parameter is clear from the context. Also, whenever
f < Cg for some constant C, we will write f < g.

Ancona [1] proved that the Martin boundary of a finitely supported admissible
random walk on a hyperbolic group coincides with the Gromov boundary. To prove
this, he used the following deviation inequalities. If x, y, z are three points in I' such
that y is on a geodesic [z, z] from x to z, then we have

(1) G(z,z) < G(z,y)G(y, 2).

The implicit constant only depends on the hyperbolicity parameters of the group.
We can restate these inequalities saying that the random walk must pass within a
bounded distance of y with high probability.
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To prove that the Martin boundary is stable, Gouézel [17] showed that these
deviation inequalities still hold at the spectral radius. For every r < R, we have

(2) G, (z,2) < Gr(z,y)Gr(y, 2).

where the implicit constant does not depend on r. He actually proved a stronger
version of them, which allowed him to prove Holder regularity of the Martin kernels.
More precisely, he proved that whenever two geodesics [z, y] and [2/, y'] fellow travel
for a time at least n, then for all r < R, we have

! /!
GT(xvy)GT(I’y) Scpn
Gr(@',y)Gr(z,y')
for some constants C' > 0 and 0 < p < 1 independent of r. We will call (2) weak

Ancona inequalities and (3) strong Ancona inequalities up to the spectral radius in
what follows.

(3) 1

For relatively hyperbolic groups, such inequalities are not expected to hold in
general, for if y is deep in a parabolic subgroup, there is no reason that the random
walk passes within a bounded distance of y.

However, we can prove analogous inequalities if we restrict ourselves to so-called
transition points. Say a point y on a geodesic a = [z, 2] is an (e, n)-transition point
of « if the length-n interval of o around y is not contained in the e-neighborhood
of a single parabolic subgroup. We show that the inequalities (2) hold whenever y
is an (e, n)-transition point on a geodesic connecting x, z. Similarly, we prove (3)
holds whenever there exist n distinct (e, n)-transition points z; € [x,y], 2z} € [2/, V']
with d(z;, 2;) < D. In both cases the implied constants are independent of r < R.

In fact, we prove a more general version of these inequalities, using Floyd func-
tions. Fix a function f(n) = A", 0 < A < 1. The Floyd distance viewed from
y € I', which we denote by 5{;(., .) is the path metric on I' obtained from rescal-
ing the Cayley graph by declaring the length of an edge 7 to be f((d(r,y)). The
connection with transition points on word geodesics in relatively hyperbolic groups
is as follows: if I" is relatively hyperbolic, and f a suitable exponentially decaying
function, then for each e,n, D > 0 there is a § > 0 such that whenever x,y,z € T’
and y is D close to an (e, n)-transition point of [z, 2] we have 6] (z,z) > §. In
hyperbolic groups, all points on a geodesic are transition points and this condition
on the Floyd distance is equivalent to saying that y is within a bounded distance
of [z, z].

We say that a probability measure i on a finitely generated group I' satisfies the
weak Floyd-Ancona inequalities up to the spectral radius if for every § > 0, and
every x,y,z € I' with 55(:1:, z) > § the inequality (2) holds. We say that u satisfies
the strong Floyd-Ancona inequalities up to the spectral radius if the inequality (3)
holds whenever there is a sequence of n distinct points z1, ..., z,, such that for every
i, 64 (z,y) > 0 and 67 (z',y') > 6. In both cases, the implied constants are required
to depend only on ¢ > 0 but not on » < R. Adapting the techniques of Gouézel in
[17], we prove the following.

Theorem 1.6. [Theorem 3.6, Theorem 3.14] Let v be a symmetric measure on a
finitely generated group T, whose finite support generates I'. Then, p satisfies both
weak and strong Floyd-Ancona inequalities up to the spectral radius with respect to
any exponential Floyd function.
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We prove that these inequalities hold for admissible symmetric finitely supported
measures on any finitely generated groups. However, the statement will only be
non-vacuous if the Floyd boundary, which is the complement of the group I inside
its completion for the Floyd distance, is infinite. The only known examples of
finitely generated groups with infinite Floyd boundary are nonelementary relatively
hyperbolic groups.

For r = 1, the weak Floyd-Ancona inequalities were proved in [12]. The strong
Floyd-Ancona inequalities are new even for r = 1.

The results concerning the identification of the Martin boundary in this paper
use only the weak Floyd-Ancona inequalities at the spectral radius. However, the
strong inequalities are important for other reasons. In the setting of hyperbolic
groups, these strong versions of Ancona inequalities for » = 1 were used by many
authors including [22], [19], where they are the key ingredient to prove Holder
continuity of the Martin kernel on the Gromov boundary. The uniformity of these
inequalities up to the spectral radius was established in [17], [18] and used to prove
a local limit theorem for random walks on hyperbolic groups. The Floyd-Ancona
inequalities proved here are used by the first author in [9] to establish a weaker
Holder-type property and use it to prove a local limit theorem for some classes of
relatively hyperbolic groups.

1.4. Organization of the paper. In Section 2, we first introduce relatively hy-
perbolic groups. We then properly define the notion of spectral degeneracy for a
probability measure on such a group. We also define the geometric boundaries we
will identify the Martin boundaries with and propose a construction using argu-
ments of Dahmani [7].

In Section 3, we prove deviation inequalities. In particular, we prove Theo-
rem 1.6, generalizing Gouézel approach in [17]. We first prove that the probability
of going from x to z, missing a ball centered on a point y satisfying 55(:10, z) >0,
decays super-exponentially fast in the radius of the ball. We can then conclude
that weak Floyd-Ancona inequalities hold, as in [12]. To prove that strong Floyd-
Ancona inequalities also hold, we have to be more precise and we first prove a
refined version of weak inequalities, see Proposition 3.12.

Section 4 is devoted to the proof of our main theorem. We first prove that if
a sequence converges to a point in the geometric boundary, then it converges to
a point in the Martin boundary. If the limit point in the boundary is a conical
limit point, the result is given by [12], once weak Floyd-Ancona inequalities are
established. We thus only have to prove the result when the limit is a parabolic
limit point. We deal separately with the degenerate and non-degenerate case.

Essentially, the strategy goes as follows. When the parabolic limit point is spec-
trally degenerate, we prove that the Martin boundary of the induced chain on the
corresponding parabolic subgroup is reduced to a point. We then have to prove
that the Martin boundary of this induced chain embeds into the Martin boundary
of the whole group. This is a difficult task in general, but this follows here from the
fact that the Martin boundary of the induced chain on any fixed neighborhood of
the parabolic subgroup is also reduced to a point. We can actually prove this when
the parabolic subgroups are virtually nilpotent and we do not need to assume there
that they are virtually abelian.



STABILITY FOR MARTIN BOUNDARIES IN REL. HYP. GROUPS 9

When the parabolic limit point is not spectrally degenerate, we use the results
of [8] to prove that the Martin boundary of the induced chain on the corresponding
parabolic subgroup is a Euclidean sphere at infinity. We again have to prove that
this Martin boundary embeds in the whole Martin boundary. This was proved in
[11] for the 1-Martin boundary and the same strategy works here. However, some
crucial technical details have to be changed so we rewrite the entire proof.

In Section 5, we prove Theorem 1.3 and Theorem 1.4. The proof of minimality
is similar to the proof of minimality for the 1-Martin boundary in [12].

To prove continuity of (r,z, &) — K,(x, ), we again deal separately with conical
limit points and parabolic limit points . In the first case, continuity is a direct
consequence of strong Ancona inequalities. Our proof also shows that the map
(r,z, &) = K.(x,€) is continuous for every point in the Martin boundary, when T is
hyperbolic. To the authors’ knowledge, this is not stated anywhere, although this
is implicit in [17], where there is a description of the r-Martin boundary for every
r<R.

For parabolic limit points, we need to prove a form of continuity in r of the
first return kernel to a parabolic limit group associated with ru. This uses in turn
results of Section 4. We conclude the proof of Theorem 1.3 using the results of the
first author in [8].

Finally, in Section 6, we prove that the Martin boundary is strongly stable in
small dimension. Precisely, we prove that if H is a parabolic subgroup which is
virtually abelian of rank d and if p is spectrally degenerate along H, then d > 5.
Roughly speaking, we prove this in two steps. We first show that the derivative at
1 of the Green function along a parabolic subgroup is always finite. We then show
that if u is spectrally degenerate along H, then the induced transition kernel p on
H satisfies a local limit theorem of the form p(™(e) ~ Cn=%2 where p(™) is the
nth convolution power of p. This is a version of the classical local limit theorem in
Z% that we prove using results in [8], see also [39]. Since the Green function along
a parabolic subgroup is given by t — Y t"p(™ (e), the first derivative is finite if
and only if n > 5.

2. RELATIVELY HYPERBOLIC GROUPS AND BOUNDARIES

2.1. Some background on the Floyd distance. Let I' be a finitely generated
group. The action of I" on a compact Hausdorff space T is called a convergence ac-
tion if the induced action on triples of distinct points of T is properly discontinuous.
Suppose I' ~ T is a convergence action. The set of accumulation points AT" of any
orbit I'-z (x € T) is called the limit set of the action. As long as AT has more than
two points, it is uncountable and is the unique minimal closed I'-invariant subset
of T'. The action is then said to be non-elementary. In this case, the orbit of every
point in AT is infinite. The action is minimal if AT' =T.

A point ¢ € AT is called conical if there exists a sequence g, of I" and distinct
points «, 8 € AT such that ¢, — « and g,n — 8 for all n € T'\ {¢}. The point
¢ € AT is called bounded parabolic if it is the unique fixed point of its stabilizer in
T, which is infinite and acts co-compactly on AT\ {¢}. The stabilizers of bounded
parabolic points are called maximal parabolic subgroups. The convergence action
I' ~ T is called geometrically finite if every point of AT' C T is either conical
or bounded parabolic. Since I' is assumed to be finitely generated, every maximal
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parabolic subgroup is finitely generated too (see [13, Main Theorem (d)]). Then, by
Yaman’s results [40], it follows that for every minimal geometrically finite action
I' ~ T there exists a proper geodesic Gromov hyperbolic space X on which T’
acts properly discontinuously by isometries and a I'-equivariant homeomorphism
T— 0X.

Suppose now (2 is a collection of subgroups of I'.  We say that I' is hyperbolic
relative to (Q if there exists some compactum 7' on which I' acts minimally and geo-
metrically finitely and such that the maximal parabolic subgroups are the elements
of Q. Such a compactum is then unique up to I'-equivariant homeomorphism [4]
and is called the Bowditch boundary of (I',€2). The group I is said to be non-
elementary relatively hyperbolic if it admits a non-elementary geometrically finite
convergence action on some infinite compactum.

Let I be a finitely generated group and let S be a finite generating set. Consider
then a function f : RT — RT satisfying the two following conditions: > -, f(n)
is finite and there exists a A € (0, 1) such that 1 > f(n+1)/f(n) > A for all n € N.
The function f is called a rescaling function or a Floyd-function. When f is of the
form f(n) = A", we say that f is an exponential Floyd function.

Pick a basepoint o € I and rescale the Cayley graph Cay(T, S) by declaring the
length of an edge 7 to be f(d(o,7)). The induced short-path metric on Cay(T", S)
is called the Floyd metric with respect to the basepoint o and Floyd function f
and denoted by §/(.,.). Its Cauchy completion, whose topology does not depend
on the basepoint, is called the Floyd compactification T'y and 9;I' = Ty \ T is
called the Floyd boundary. Karlsson [26] proved that the Floyd boundary is either
uncountably infinite or reduced to 0, 1 or 2 points.

If T' is non-elementary relatively hyperbolic and if the Floyd function f is not
decreasing exponentially too fast, Gerasimov proved that the Floyd boundary is in-
finite. One can take f to be of the form f(n) = A" for suitable A. Moreover, there is
a continuous I'-equivariant surjection (Floyd map) from the Floyd boundary to the
Bowditch boundary [14, Map theorem|. Furthermore, Gerasimov and Potyagailo
[15, Theorem A] proved that the pre-image of any conical point by this map is a
singleton and the pre-image of a parabolic fixed point p is the limit set for the action
of its stabilizer I'y on 0¢I'. In particular if I', is an amenable non-virtually cyclic
group then its limit set on the Floyd boundary is a point. Consequently, when I is
hyperbolic relative to a collection of infinite amenable subgroups none of which are
virtually cyclic, the Floyd boundary is homeomorphic to the Bowditch boundary.
This is in particular the case if the parabolic subgroups are virtually abelian.

We will mainly be interested in relatively hyperbolic groups in this paper. How-
ever, the deviation inequalities that we will prove in Section 3 will be formulated
with the Floyd distance and will hold in any finitely generated group.

To conclude this section, we recall the precise definition of transition points.

Definition 2.1. If « is a (finite or infinite) geodesic in Cay(T',S) , a point p € «
is said to be (e,m)-deep if there is a g € T, P € Q such that the part of a containing
the points at distance at most n from p is contained in the e-neighborhood of gP.
Otherwise, p € « is called an (e,n)-transition point of «.

The following result relates transition points to the Floyd metric.
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Proposition 2.2. [16, Corollary 5.10] For every e > 0, n > 0 and D > 0 there
exists § > 0 such that if y is within word distance D of an (e,m)-transition point of
a word geodesic from x to z then 55(:10, z) > 4.

2.2. Spectral degeneracy and geometric boundaries. Let I' be a relatively
hyperbolic group with respect to Q and let p be a probability measure on I'. We
now define properly the notion of spectral degeneracy along parabolic subgroups,
and then proceed to define the geometric boundaries associated with pu.

We choose a set €2y of representatives of conjugacy classes of elements of 2. Such
a set g is finite according to [4, Proposition 6.15]. Let H € Qy. We denote by py
the first return kernel to H. If h,h’ € H, then py(h, ') is the probability that the
p-random walk, starting at h, eventually comes back to H and that its first return
to H is at h'. In other words,

pr(h W) =Pu(@En>1,X, =h, X1,..., Xn_1 ¢ H).

More generally, for r € [0, R], we denote by pg,, the first return transition kernel
to H for ru. Precisely, if h, ' € H, then

P (D) =" > b g)ulgr g2) 19 s gn 1) (gt ).

n>0g1,--,9gn—1
¢H

We then denote by p%l)r the convolution powers of this transition kernel, by
Gu,r(h, b'|t) the associated Green function, evaluated at ¢ and by Ry (r) the asso-
ciated spectral radius, that is, the radius of convergence of ¢ — G ,(h, h'|t). For
simplicity, write Ry = Ry (R).

Since I' is assumed to be non-elementary, it contains a free group and hence
is non-amenable. As explained in the introduction, Ggr(e,e) is finite, so that
Gi r(1) < +o00. In particular, for every r < R, Ry (r) > 1.

Definition 2.3. We say that the random walk is spectrally degenerate along H
if Ru(R) = 1. In that case we also say that the measure p is spectrally degen-
erate along H. We say that the random walk (or the measure p) is spectrally
non-degenerate if it is not spectrally degenerate along H.

The following lemma implies that this definition does not depend on the choice
of Qo.

Lemma 2.4. Let Qg and 2y be two finite set of representatives of conjugacy classes
of elements of Q). Let Hy € Qg and Hy € Qy be such that Hy = gH1g~" for some g.
Then, p is spectrally degenerate along Hy if and only if it is spectrally degenerate
along Hy.

To avoid a lengthy argument, we do not prove this lemma a priori and we will
not use it in the following. It will be a consequence of our main result anyway, since
the R-Martin boundary does not depend on the choice of €.

Definition 2.5. Let £ be a parabolic limit point in the Bowditch boundary. We say
that £ is spectrally degenerate (with respect to u) if u is spectrally degenerate along
H, where H € Qg is a conjugate of the stabilizer of &.

We now associate with p two geometric boundaries. The first one does not
depend on p. It consists of the Bowditch boundary blown-up at every parabolic
point. The second one only depends on the set of parabolic subgroups along which
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1 is spectrally degenerate, and is obtained from the Bowditch boundary by blowing
up only the degenerate parabolic limit points.

We assume that the parabolic subgroups are virtually abelian. Let H be such
a parabolic subgroup. Then, there exists a finite index subgroup of H which is
isomorphic to Z%. Any section H/Z% — H gives an identification between H and
7% x E, where E is a finite set. An element h € H will be denoted by (z, k), where
r € Z% and k € E. We define the geometric boundary H of H as follows. A
sequence h,, = (Z,ky) of elements of H converges to a point in H if and only

Tn

if 2, tends to infinity and 22 converges to some 0 € S?-1, where ||z|| is the

Euclidean norm of = € Z%. In other words, we glue a sphere at infinity on Z¢ x E.
Notice that this definition is independent of the coordinate k,. Also notice that
H acts co-compactly on a CAT(0) space because it is virtually abelian, see e.g. [5,
Remark 7.3 (2)]. The boundary OH coincides with the CAT(0) boundary of H, i.e.
the visual boundary of this CAT(0) space, see [11, Section 3.2] for more details.

Fix a set of representatives 2y of conjugacy classes of parabolic subgroups. Fol-
lowing Dahmani [7], given a boundary for every parabolic subgroup H € g, one
can construct a boundary for I'. This boundary basically consists of gluing the
boundaries of parabolic subgroups to the set of conical limit points, see [7, The-
orem 3.1]. We also give more details in [11, Section 7] and give a formulation
in terms of projections on parabolic subgroups. We now use this construction of
Dahmani. We need to choose a boundary for every parabolic subgroup in . We
choose either the boundary OH defined above, or the boundary reduced to one
point. More precisely, we define a first geometric boundary, choosing OH for every
parabolic subgroups. We then define a second geometric boundary associated with
a special class of parabolic subgroups 1 C g, choosing the one point-boundary
for parabolic subgroups in Q2 and OH for parabolic subgroups H € Qg \ ;.

Definition 2.6 (First geometric boundary). Let T' be a relatively hyperbolic group
with respect to a collection of virtually abelian subgroups Q). We define a first geo-
metric compactification to be any metrizable compact space X such that T is a dense
and open subset of X and such that the following holds. A sequence g, of elements
of T' converges to some point £ € X \ T if and only if

(1) either g, converges to a conical limit point,

(2) or there exists a parabolic subgroup H € Qg and there exists g € T' such that
the projection myp (gn) of gn on gH satisfies that g~ mym (gn) converges to
a point in the geometric boundary OH of H.

We call the complement X \T" of I in X the first geometric boundary.

Definition 2.7 (Second geometric boundary). Let T" be a relatively hyperbolic group
with respect to a collection of virtually abelian subgroups 2. Choose a finite set of
representatives of conjugacy classes Qg C Q and let Q1 C Qp. We define a second
geometric compactification (associated with 1) to be any metrizable compact space
X such that T is a dense and open subset of X and such that the following holds.
A sequence gy, of elements of T' converges to some point £ € X \ T if and only if

(1) either g, converges to a conical limit point,
(2) or g, converges to a parabolic limit point whose stabilizer is conjugate to a
parabolic subgroup in 1,
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(8) or there exists a parabolic subgroup H € Qo \ Yy and there exists g € T such
that the projection myp (gn) of gn on gH satisfies that g~ mym(gn) converges
to a point in the geometric boundary of H.
We call the complement X \ T of T in X the second geometric boundary.

Note that since I is asked to be dense in the compactifications, their topology is
uniquely defined by the given characterization of converging sequences. To simplify
notations in the following, we will use the following terminology.

Definition 2.8. Let I' be a relatively hyperbolic group with respect to a collection
of virtually abelian subgroups 2. Let p be a probability measure on I' whose support
generates I' as a semi-group. Let R be its spectral radius and let r < R. Denote by
Q, C Qg the set of spectrally degenerate parabolic subgroups. For r < R, we define
the r-geometric compactification as the first geometric compactification. We also
define the R-geometric compactification as the second geometric compactification,

with Oy = Q.

We will denote by 0,.I" the r-geometric boundary, for » < R. It follows from the
definitions that the identity of I' extends to a continuous equivariant surjective map
¢,, from the r-geometric compactification to the R-geometric compactification. The
induced map on the boundaries is obtained collapsing the geometric boundaries of
the spectrally degenerate parabolic subgroups to one point. Also, for r < R, the
r-geometric boundary coincides with the PBU-boundary defined in [11].

3. DEVIATION INEQUALITIES
The goal of this section is to prove weak and strong Floyd-Ancona inequalities.

3.1. Bounds for sums of Green functions over spheres. We first prove the
following proposition. We consider a finitely generated group. We fix a generating
set and we write d the associated word distance. Also, we write Sy for the sphere
of radius k with respect to the distance d.

Proposition 3.1. Let I' be a group with nontrivial Floyd boundary and p a sym-
metric probability measure on I' whose finite support generates I'. Let R be its

spectral radius. The quantity
> Giew)

z€l,d(e,x)=k
is bounded independently of k and of r < R.

We need some preliminary results. We refer to [43] for definitions and background
for statistically convex co-compact group actions and contracting elements. For our
purposes, we will only use that such actions I' ~ (X, d) include the actions of groups
with infinite Floyd boundary on their Cayley graphs [42, Lemma 7.2]. The following
result is due to Yang [43], who calls it the "Extension Lemma".

Lemma 3.2. [43, Lemma 2.14] Let T' ~ X be a proper co-compact action with a
contracting element with respect to a metric d on X. Let o € X be a basepoint.
Then there is a C > 0 with the following property. For any g,h € T' there is a
contracting element w € G with d(o,w - 0) < C' such that

|d(o, gwh - 0) — d(0,g - 0) —d(o,h-0)| < C.

Moreover, every geodesic from o to gwh - o passes within C of g - o and gw - o.
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As explained, Yang proved that if T' is a group with nontrivial Floyd boundary,
then its action on any Cayley graph has a contracting element, so we can reformulate
the Extension Lemma as follows in our situation.

Lemma 3.3. Let I' be a group with nontrivial Floyd boundary. Then, there exists
C > 0 and 6 > 0 such that for any g,h € T, there exists w € T’ with d(e,w) < C
such that d4(e, gwh) > 6 and d4(e, gw) > § and |d(e, gwh) —d(e,g) — d(e, h)| < C.
Moreover, every geodesic from e to gwh in the Cayley graph of I' passes within C
of g and gw.

We also have the following lemma.

Lemma 3.4. For every Kqi, Ko > 0, there is a constant N > 0 such that for all
k,leN, and z € T with k+1— Ky < |z| < k+ 1+ K; there are at most N triples
(z,a,y) with d(e,x) =k, d(e,y) =1, d(e,a) < K; such that xay = z and x is at
distance at most Ko from a geodesic from e to z.

Proof. Consider such z,y,2,a € I with xay = z. Let a be a geodesic from e to z
such that x is within Ks of o. Then, z is within 2K5 of a(d(e,x)), so there is a
uniformly finite number of possibilities for such z. Since d(e,a) < K, there also
is a finite number of possibilities for such a. This proves that there also is a finite
number of possibilities for such y, which concludes the proof. O

Proof of Proposition 3.1. We follow the proof of [17, Lemma 2.5]. First fix r < R.
Write

ug(r) = Z G2 (e, z).

zel,d(e,x)=k

Using Lemma 3.3, to any x,y with d(e,x) = k, d(e,y) = | we can associate a
U(x,y) = zay with | + k — C < d(e, ¥(z, ))<l+k+C We have

G7(e,2)G(e,y) S Gle,2)G (e, a)G(e, y)
= G?(e, 2)G*(x, va)G?(xa, Tay)
and so [17, (2.4)] yields
G}(e,2)G}(e,y) < GY(e, vay).

According to Lemma 3.4, any g € I' has a finite number of preimage by ¥, so
that

u(ryu(r)= Y Glen)Giley) S Y, Gie(ry)

€Sk, YES) €Sy, yES;
k+l+C k+l+C
2
S D D Gleas Y, w).
i=k+1—C 2E€S5; i=k+1—C

According to [18, Proposition 1.9], - . G7(e,g) is finite if and only if the
derivative G. (e, e) is finite. Since r < R, this derivative is finite. In particular, the
sequence ug(r) is summable, and reaches its maximum M (r) at some index ko(r).
Using the previous equation with k = | = ko(r) we get M(r)?> < M(r) and thus
M (r) < 1. We have thus proved that for r < R, uy(r) is bounded independently of
k and r. Since r — Gy (e, e) is non-decreasing, we can take the limit as r tends to
R, which completes the proof. ([l
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3.2. Super-exponential decay of the probability of missing balls. We con-
sider a finitely generated group I' and a symmetric admissible finitely supported
probability measure p on I'. Let f(n) = a™™ be an exponentially decaying Floyd
function for I'. Let G = G g denote the Green function at the spectral radius R. To
simplify notations, also write d(e, z) = |z| for z € I'. We prove here the following.
Define the Green function restricted to paths that stay in some fixed subset A C T’
by

Gla,y; A) =Y > plzg z)m(er 2) ezt 20).

n>020=T,21,..., Zn=Y

Notice that we do not require z and y to be in A. In particular, G(x,y; A®) is the
Green function restricted to paths from x to y avoiding A.

Proposition 3.5. With these notations, there exists ¢ > 1 and ny > 0 such that
the following holds. For every § > 0, for every z,y, z € I with 6/ (z,y) > 6 we have
for every n > ng

Gla,y; By(2)") < e

Proof. By equivariance of the Green function we can assume without loss of gen-
erality that z = e. If the Floyd metric is a point the result trivially holds because
for each § > 0 there are only finitely many x € T' with §/(z,y) > & (see the proof
of [12, Theorem 4.1]. Therefore we assume the Floyd boundary is infinite.

We fix 7 > 0. We consider some € > 0 which will be chosen small enough later,
independently of . Let N be the smallest integer less than §a“"/2. We will find
subsets Ag, ..., Axy1 C T with Ag = {z} and Ayy1 = {y} satisfying the following.

a) Any admissible path in I from x to y which does not intersect B, (y) passes
successively through Aq, ..., An41.
b) For each i = 0,.., N, we have

(4) > Glab)? <1/4
a€A;,bEA; 11

The result will then follow as in [17, Lemma 2.6, as we now explain. Following [34]
and [27], we introduce the operator

Li : KQ(AH_l) — f2(Al)
defined by
Lif(a)= ) G(a,b)f(b).

beA;41
First, Condition a) above shows that
G(z,y; By(2)°) < Z Z G(z,a1)G(a1,a2)...G(an, y).
a1€A1  an€AN
This can be written as
G(x,y; By(2)°) < (Lo-..Lndy) (x),
so that G(z,y; By, (2)¢) is bounded by []||L;|. Then, Cauchy-Schwarz shows that
1/2

i< Y Glaby?

a€A;,beA; 11
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Thus, Condition b) shows that ||L;|| < 1/2, so that
G(z,y; By(2)°) <27V < 9030+

This will yield the desired inequality, so that we only have to construct the sets
Aq, ..., AN to conclude the proof.

Let K = maXgesuppp |g| be the maximal jump size of the random walk and let
L be such that for all g € T,

Kf(lgl — K) < Lf(lgl).
For 6 € R let

A(9) = {g el :|g|>n6l(g,x) e |0—La 19,6+ La*|9|} } .
For i =1,..., N, we consider the interval
I, = [(2i — 1)a™ ", 2ia™"].

We will find 0; € I;, i = 1,..., N so that A; = A(6;) satisfy the conditions above.

We first shows that for any choice of 01, ..., 8, Condition a) is satisfied. Consider
a path for the random walk from z to y. Since 8y € Iy, in particular we have
0 < Oy < 6f(x,y). Let g, be the last point on the path with §7(z, ;) < 0n. By
definition, §/(z, gjy+1) > On. On the other hand,

56{(17,93'N+1) < 520(337ng)+5£(ng7ng+1) < 9N+Ka7‘ng+1|+K < 9N+La7‘ng“‘

so that g;jy+1 € A(6n). This proves that the path passes through Ay.
Now we claim that if 7 is large enough and € is small enough, independently of
7, then if the path passes through A; 1, it first passes through A;. This will settle
the first condition. We thus consider z; € A;;1 such that the path passes through
x;. Then, by definition
6 (x,2;) > 041 — La™ 1"l > (20 + 1)a™" — La~ 171,

Since z; € A;,1, in particular, |z;| > 7. If 5 is large enough, then a"/? > L, so if
€ < 1/2, then

a=" > La™" > La~"l.
In particular,

6 (@, ;) > 2ia=" > ;.
Consider the sub-path of the random walk from x to x;. Let g;;, be the last point on
this sub-path with 67 (z, g;,) < 6;. The same proof as above shows that g;, 11 € 4;.
This proves the claim.

We now find 64, ...,0N, 6; € I; satisfying Condition b). Let Leb denote the
Lebesgue measure on R and let m; be the restriction of the measure N Leb to

I;. Consider the product space Q2 = vazl I;, endowed with the product measure
m = ®§V:1mj. Define

fi(01,....0n) = > G?(g,h).

gEeA(0;),h€A(Oiy1)

We will show that for each i,

/ fidm < a= "4,
Q
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It will follow that if 7 is large enough, then

/Zfi<1/4-

In particular, it will follow that there exists (1, ...,0x) such that for every 4,

(5) fi(01,....0n) < 1/4.

This will prove (4). We give the argument for ¢ = 1, ..., N — 1. The cases for f; and
fn are similar but simpler. Let X;(g9) = {6 € I; : g € A(f)}. By definition,

/fldm— > G*(g,h)N Leb(X;(g))N Leb(X;1(h))
g,hel’

Note, Leb(X;(g)) < 2La~!9! for each i = 1,..., N and g € T. Furthermore X;(g) is
empty outside the set
A, ={geT:|g|>nandd!(z,g) € [(20 — 1)a~ " — La~",2ia" "+ La™ "]} .
It follows that
/fl-dm <4LPN? > GP(g,h)a I

gEA, he Al

< 6267] Z G2(97h)a_|h‘_‘g"

gEA],heA] |

The last expression is bounded above by
2677 Z N G2 6 u —|ul
uel

where N (u) is the number of ways to decompose u = g~ *h where g € A}, h € Al+1
Karlsson’s visibility lemma [26, Lemma 1] implies that letting d be the maximum
distance of a geodesic segment [g, h] to e we have

67 (g,h) < 4df(d +2Zf ) =4da" 4+ 24"/ (1 —a"t) S a2

The implied constant depends only on a. Note, if g € A}, h € A, then
1
6/(g,h) > a=" —2La"" > §a_€"

if € is small enough. It follows that d < 2en + C, for a constant C, depending only
on a.

Let o be a geodesic segment from e to v in I', then ga is a geodesic segment
from ¢ to h. There exists a time j such that ga(j) € B(e,2en + C,). Thus,

Ju

gEU e,2en+ Cy,)

which gives at most (|u|+ 1)Dae2€"” possibilities for g for some v, since balls I" grow
at most exponentially. The constant D, only depends on a. Arguing similarly for
h we obtain

N(u) < (lu] +1)%e.
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Furthermore, note 6/ (g, h) < f(n — |u|/2)|u| whenever |g|, |h| > 7. It follows that
a=" < all/271y| so |u| > 7 assuming e is small enough. Thus,

(6) / fidm S 7N (|ul +1)%* 7 G2 (e, u)a !
lul>n
Proposition 3.1, together with (6) show that
[ i £ #0520 S g
n=n

Thus, letting € be small enough (not depending on 7) we obtain

/fidm <a "4

showing (5) and thus completing the proof. O

Following the arguments of [12, Sections 4,5], we obtain as a corollary weak
Floyd-Ancona inequalities at the spectral radius.

Theorem 3.6. Let I' be a finitely generated group and let p be a symmetric proba-
bility measure whose finite support generates I'. For any § > 0, there exists C > 0
such that for any x,y,z € I' with 5{;(:10, z) > 9, we have for everyr < R

£CL@,9)Gr (3 2) < Cyla,2) < OG, (2, )Crly, 2)

We do not give the proof here and we refer to [12, Theorem 5.1]. We will prove
anyway a stronger result in the following subsection.

Following [12], we also obtain the following corollary, which is a consequence of
Proposition 3.5, see [12, Theorem 5.2] for more details.

Corollary 3.7. Let T" be a finitely generated group and let p be a symmetric prob-
ability measure whose finite support generates I'. For every § > 0 and € > 0 there
exists 1) such that for every x,y, z with 65(1‘, z) >0,

G(z,2; By(y)°) < eG(z, 2).

3.3. Floyd-Ancona inequalities. We prove a strong version of Floyd-Ancona
inequalities. We start proving a stronger version of Proposition 3.5 and we consider
a finitely generated group I'. Recall that G denotes the Green function Gg at the
spectral radius R. We define the function h:(n) by

ht(n) = —logsup {G(x,y; By (e)9), (55(96,3/) > t} )
Proposition 3.5 shows that h:(n) > tc”, where ¢ > 1. Let h(n) = hy/2,(n). Then, h
is super-linear, that is

(7) @—M}O,ﬁ—ﬂ)@.

Moreover, for every x,y such that 6 (x,y) > %, we have

(8) G(z,y; By(e)) < e ()

We now define the notion of regularly entering a ball centered at e for a path
as follows. What we call a path here is a finite sequence of elements of I', not
necessarily adjacent in the Cayley graph. We fix § > 0 and z,y € I' such that
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6l (z,y) > 4. Let E,(z), respectively E,(y), be the set of z € B,(e) such that
6l (z,2) < %, respectively 67 (z,y) < %

Definition 3.8. Let z,y € ' be such that §!(z,y) > §. Call a path from x toy
n-regular if

(1) it enters By(e),

(2) its entrance point in By(e) is in E,(z),

(3) its exit point in By(e) is in Ey(y).

Beware that the definition depends on §. Denote by reg(n, §) the set of n-regular
paths from z to y, where d.(z,y) > 0. For technical reasons, we will need a slight
modification of reg(n, §) in the following.

Definition 3.9. Let x,y be such that &/ (x,y) > 6. We say that a path from x toy
is in reg’(n, 0) if it satisfies the assumption of Definition 3.8, replacing E,(x) and
E,(y) by Esy(x) and Eay,(y) respectively.

Note that we keep B, (e) unchanged and only replace E,(z) and E,(y) with
Eoy,(x) and Es,(y) in Definition 3.9. We will actually both need to deal with paths
in reg(n, §) and with paths in reg’(n, d) in our proofs below.

Let G.(x,y;reg' (n,§)°) be the Green function at r restricted to paths that are not

n-regular and G, (x,y;reg’(n,d)) be the Green function at r restricted to n-regular
paths. Precisely,

Gr(x,yireg'(0,0)°) =) Y rule a) (e a) iz, )
n>0 (z1,..., Zn—1)
¢reg’(n,8)

and
Grlw,yireg' (,6)) =Y Y e z)u(a  z2) (2 y).

n>0 (Z17~~~7Z7171)
€reg’ (n,6)

We have the following enhanced version of Proposition 3.5.

Proposition 3.10. For each § > 0 there exists a super-linear function hs such that
for all z,y,z € T with §f(z,y) > &, we have

G(x,y;reg (1,6)°) < e (),

Proof. Consider a path from z to y which is not in reg’(n, ). Then, either it does not
enter By (e) or denoting by wy and ws its entrance and exit points in By (e), either
5L (z,w1) > 1/2n or 61 (wa,y) > 1/2n. Denote by G(z,y;reg(n,5)°) the Green
function restricted to paths satisfying the condition on wy and by G(z, y; regh(n, 6)°)
the Green function restricted to paths satisfying the condition on wy. We thus have

G(z,y;reg'(n,0)°) < G(z,y; By(e)®) + G(x, y;regy (1,0)°) + Gz, y; regh (n, 6)°).
Proposition 3.5 shows that
G(z,y; By(e)®) < e Pl

for some super-linear function hyg.
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We now deal with G(z,y;reg)(n,d)?). Conditioning on the first visit to By (e),
we have

G(x,y;regi(0,0)7) < Y Glw,wi; By(e))G(ws,y).
w1 E€By(e)
6f (@w1)>1/2n

Then, (7) shows that
G(z,w1; By(e)®) < e M

for some super-linear function h;. Since balls grow at most exponentially and since
G(w1,y) is uniformly bounded, Ew1€Bn(e),5£(z,w1)>1/2n G(w1,y) grows at most ex-
ponentially in 7). Since h; is super-linear, up to changing hi, we get

Gz, y;regy (n,6)") < e M.
Similarly, we have

G(x,y;regh(n,6)°) < e 201
Letting hg be the infimum of hg, h1, he and h = hg — log 3, we get

G(x,y;reg (n,6)°) < e M.
Then, h is super-linear and only depends on ¢, which concludes the proof. (Il

Note that the same proof shows that
G(x,y;reg(n,6)°) < e st
for some super-linear function hs, although we will not need this in the following.

Definition 3.11. Let Q C T and let x € T'. For A > 1 and ¢ > 0, we say that
is (A, ¢)-starlike around x if for every y € Q, there exists a path « from y to x that
stay inside Q) and whose length is at most Ad(y,x) + c.

We deduce from Proposition 3.10 a strengthened version of weak Floyd-Ancona
inequalities.

Proposition 3.12. Let I' be a finitely generated group and let p be a symmetric
admissible finitely supported probability measure on I'. For every A > 1,¢ > 0 and
0 >0, there exist C' > 0 such that the following holds. Let x,y,z be three points in
T with 6f(z,y) > 6. Let Q C T be a (\ c)-starlike set around z. Then, for every
r < R, we have

1
5Gr(x,Z;Q)Gr(z,y;Q) < Gr(z,y;Q) < CGr(x,2,Q)Gr (2,4 Q).

Note that taking €2 = I', we recover Theorem 3.6.

Proof. We fix r < R. To simplify the notations, we do not refer to r in the following.
In particular, we will write G = G, for the Green function. Notice that we can
assume for simplicity that z = e. Also, the inequality

Gz, e;NG(e, y;Q) < CG(z,y;Q)
is always satisfied (see for example [17, (2.4)]) so we just need to prove the other
inequality.
We fix 7y that will be chosen large enough later. Consider a path for the random
walk from x to y. Then, it is either no-regular or not. Hence,

G(.I, Y Q) < G(Ia Y; reg(nOa 5) N Q) + G(.I, Y reg(no, 5)0 N Q)a
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where G(z,y;reg(no,d) N Q) denotes the Green function restricted to ng-regular
paths that stay inside Q and G(z,y;reg(no, )¢ N Q) denotes the Green function
restricted to paths that stay inside €2 and that are not ng-regular.

If a path is 7o-regular, in particular, it enters By, (e), so that conditioning by the
first visit to By, (e), we get

G(z,y;reg(no,6) N Q) < Z G(z,w; By, (e)° N Q)G (w,y; Q).
wWE By, (e)

Since Q is (A, ¢)-starlike around e, if w € By, (e) N, there is a path from w to
e that stays inside €2 and whose length is bounded by Ang + c¢. In particular, we
have G(z,w; Q) < Cp,G(z,e;Q) and G(w, y; Q) < Cy,,G(e, y; Q). Summing over all
possible w € B, we obtain

9) G(z,y;reg(no,6) N Q) < C) G(w,e;Q)G (e, y; Q).

We now find an upper bound of G(z, y;reg(no,d)° N Q). Among paths from z to
y that are not ng-regular, some of them are 279 regular and the other ones are not.
We thus have
G(z, y;reg(no, )" N Q) < G(z, y;reg(no, 6)° Nreg(2mo,6) N Q)

10
(10) + G (2, y;reg(no, 0)° Nreg(2m0,0)° N ).

Consider a path « from x to y which is not rng-regular, but which is 2np-regular.
Let u, respectively v be the entrance, respectively exit points in Bay,. If g is
large enough, then &/ (u,v) > /2, since 67 (x,u) < 1/2n9, 6 (v,y) < 1/2n9 and
6f(z,y) > 0. Let 8 be the sub-path of o from u to v and assume first that 3
enters B, (e). Let wy and wy be the entrance and exit point of 5 in B, (e). Since
B,,(€) C Bay,(€), w1 and wy also are the entrance and exit point of v in By, (e).
By definition, a is not no-regular, so that either §/(z,w;) > % or 81 (wa,y) > nio
In the first case, we get 6/ (u,w;) > 5+, in the second case, we get §7 (w2, v) > 5

210’ 2no0°
In both cases, § is in reg’(n9,d/2). Note that this is also the case if 8 does not

enter B, (e) at all. Conditioning on the first and last visit to Bay,(e), we have

G(x,y;reg(no, 8)° Nreg(2no, )N < Y Glx,u;Q)

u,VE Ban, (e)
G(u, v;reg’ (10)°)G (v, y; Q).
Then, Proposition 3.10 yields
G(u,v;reg (n9)¢) < e Ne/20m0)

for some super-linear function hs /5. Since Q is (A, ¢)-starlike around e, if u and v are
in Q, then G (u, e; Q) > p¥©®) > p?™ for some p < 1 and similarly, G(e,v; Q) > p?mo.
Up to changing hs/2(10) into some other super-linear function, we thus have

G(u,vireg(no)°) < e "o/2M)G(u, e;Q)G(e, v; Q).

Also,

G(z,u; Q)G(u, e; Q) < CG(z,e;0Q)
and

G(e,v; )G (v,y;Q2) < CG(e, y; Q).
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This shows that
G(z,y; reg(no, 6)° Nreg(2no,0) N Q) < C2e=hss20m) Z G(z,e; )G(e, y; Q).
u,0EBan, (€)
Since balls grow at most exponentially, changing hs/, again, we get
G, y; reg(mo, 6)° Nreg(2m, 6) N Q) < e "2 Gz, ¢; Q)G e, y; Q).
We deal with the second term in (10). We have by definition

G(z,y;reg(no, 6)° Nreg(2n9,6)° N Q) < G(x, y;reg(2n9,0)° N Q).
A path which is not 2np-regular can be 4np-regular or not. We thus have

Gz, y;reg(2n0,0)° N Q) < G(x,y;reg(2n0,6)" Nreg(4no, §) N Q)

+ G(z, y;reg(2n0,6)° Nreg(4no, §)° N Q).

We again first deal with G(z, y; reg(2n9, 6)¢ Nreg(4no, 6) N Q). Decomposing a path

in reg(2no,0)° Nreg(4no,d) according to its entrance and exit point in Bay,,(e), we
similarly get

Gz, y; reg(2n0, 8)° N reg(4no, §) N Q) < e "9/22M)G(z, ¢; Q)G (e, y; Q).

Doing a similar decomposition for path which are not 2’ny-regular but which are
27+ po-regular, we finally get

(11) G, y;reg(0,0)° N Q) < 3 e MG (x,e;Q)Gle, y; Q)
i>0

for some super-linear function h. The sum } e~h(2'm0) is thus finite, so that
combining (9) with (11), we have

G(z,y;Q2) < CG(z,e;Q)G(e, y; Q).
This concludes the proof. ([

We can now prove that strong Floyd-Ancona inequalities hold. Recall the fol-
lowing definition from the introduction.

Definition 3.13. Let z,y and x',y’ be four points in T'. Let § > 0. We say that
the pairs (z,y) and (z',y") d-fellow-travel for a time at least n if there exist distinct
points z1, ..., zn, € I' such that for all i, 6 (z,y) > 6 and &1 (z',y') > 6.

Theorem 3.14. Let I' be a finitely generated group and let p be a symmetric
admissible finitely supported probability measure on I'. For every § > 0, there exist
K >0 and 0 < p < 1 such that the following holds. For every x,y,z’,y" such that
the pairs (z,y) and (z',y’) 5-fellow travel for a time at least n, we have for every
r<R
Go(,1)Gr (e, )
Gr(z,y")Gr (2, y)

Before proving this theorem, we introduce the following terminology.

-1 < Kp™.

Definition 3.15. Let o be a geodesic in Cay(I',S) and let § > 0. A d-transition
point on « is a point y on « such that for every x,z on « such that x,y,z are
aligned in this order, we have 5‘5(@ z) > 0.
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Beware that the terminology transition point is also commonly used for rela-
tively hyperbolic groups, as noted in the introduction. However, if T" is relatively
hyperbolic, then a transition in sense of Definition 2.1 is also a transition point in
the sense of Definition 3.15, according to Proposition 2.2. We will denote by Trs(«)
the set of d-transition points on a geodesic «.

Lemma 3.16. For every 0 there exists D(§) > 0 and &' < § such that the following
holds. Let o be a geodesic with endpoints a_ and a4 and let w be a point in I’

satisfying 64 (a_,ay) > 8. Then there exists a §'-transition point w' on « such
that d(w,w") < D(9).

Proof. According to Karlsson’s lemma [26, Lemma 1], w is within a bounded dis-
tance of a point w’ on . By definition of the Floyd distance, there exists ¢’ such
that 8,/ (c—,ay) > §. Thus, we only need to prove that whenever w is on a geo-
desic o and satisfies 6 (a_, o) > 6, then w is a §'-transition point on « for some
5.

Assume this is not the case. Then, there exist a sequence w, on geodesics a(™
and a sequence of points x,, y, on o™ such that &, (oz(,n), af)) > ¢ and 0y (Tn, Yn)
tends to 0. By left invariance, we can assume that w, = w is fixed. Necessarily,
z, and y, tend to infinity. Hence, up to changing x, and y,, the subgeodesics
from '™ to Zp, and from asf) to y, are arbitrarily far away from w. In particular,
the Floyd length of these subgeodesic, seen from w, goes to 0. Moreover, there
is a sequence of paths from z,, to y, whose Floyd length seen from w goes to 0.

Concatenating these paths yields a path from oz(_") to Ef) whose Floyd length goes
to 0, contradicting the fact that d,, (a&n), af)) >9. O

Lemma 3.17. For every § > 0 there exists A(J) > 0 and dg < § such that the
following holds. Let x,y,z € I' and consider a geodesic triangle with vertices x,y, z.
Then any point w on [z,y] satisfying 51 (z,y) > & is within a distance at most A(6)
from TT(;O([,T, Z]) U Tr50([y7 Z])

Proof. Since 6/ (x,y) > 6, either 6 (x,2) > §/2 or 61 (y,2) > §/2. Thus, the result
follows from Lemma 3.16. g

We now prove Theorem 3.14.

Proof. Let D = D(6) and §’ be the numbers given by Lemma 3.16. Then, for every
i, there exist ¢’-transition points 2; on a geodesic [z, y] such that d(z;,2;) < D. Up
to reindexing the z;, we may assume that d(2;, ) < d(Z;41,x). We fix some integer k
that we will choose later and we consider the points zy, 22k, ..., Zmk, With m = |n/k|.
By definition, for every i, Z(;;1)) is a 0’-transition point on the subgeodesic of [, ]
from 2 to y. Let A = A(d’) and dg < ¢’ be the numbers given by Lemma 3.17 for
§'. We define sets ; by

Q; = {w € T, d(2(m—jt+1)r Tre, ([w,y])) < A+ D},
for some geodesic [w,y] from w to y. We first prove the following.

Lemma 3.18. If k is large enough, then Q11 C Q;. Moreover, x,2’ € Q,, and
v,y ¢ .

Proof. Let w € Q;41 and consider a geodesic [w,y] from w to y and a point W on
Trs ([w, y]) with

(12) d(w, Z(m—i)k) <A+ D.
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Let [w, Z(;s,—i)k] be a geodesic from w to 2(,,,—i), and [2(,, i)k, y] the subgeodesic of
[z,y] from Z(,,,_;), to y. Consider the triangle composed by these three geodesics.
Since 2 —it1)k is a §’-transition point on [£(m, i)k, y], Lemma 3.17 shows that there
is a dp-transition point Z which is either on [w,y] or on [w, £, ;)] satisfying

(13) d(Z, Zm—iv1)r) < A.

If we prove that Z is on [w,y], then w € Q; since d(2(m—it1)ks Z(m—i+1)k) < D. To
show that ;1 C €;, we just need to prove that if k is large enough, then Z cannot
be on [w, Z(y—i)k]-

Since @ in on [w, y] and d(W, Z(;;,—)) is uniformly bounded by (12), there exists
c such that

d(wu y) > d(wu ZA/(mfz)k) + d(é(mfi)lm y) —C
Also, Z(—it1)k is by definition on a geodesic from Z(,,_;)x to y, so we get
d(w,y) > d(w, Zm—ik) + dEn—iyks Zm-i+1)k) T A Em—iv1)k, Y) — C-
Finally, by the triangle inequality, d(w,y) — d(Zm—it1)k,¥) < d(W, Z(m—it1)k) SO
we finally get
(14) d(w, Z(m—it 1)) = AW, Zm_iyk) + dEm-iyk> Zm—i+1)k) — €
Now assume by contradiction that Z in on [w, Z(;,—)x]. Then, 2, —iq1)x is within
a bounded distance of [w, £(,;,—i)%] by (13) and so there exists ¢’ such that
(15) d(w, Z(m—iyk) > d(w, Zm—it1)k) + AEm—iyk> Zm—it+1)k) — € -
Summing (14) and (15), we get
2d(Z(m—iyk» Zm—it1k) < ¢+,

which cannot happen if d(é"(m,i)k, é(m,iﬂ)k) is large enough, which is true if & is
large enough.

This concludes the first part of the lemma. We now prove that z,z’ € ©,, and
Y,y & Q1. By symmetry in the definition of €2;, we just need to prove that = € Q,,
and y ¢ Q. By definition 24 is in Trs,([z,y]) and since d(zk, 2;) < D, x € Q.
Also, Trs, ([y, y]) is reduced to {y} and if & is large enough, then d(Z,,,y) > A+ D,
so y ¢ Q1. This concludes the proof of the lemma. O

Let hy(w) = % and he(w) = g:((;f,zl,)) Then, hy is r-harmonic everywhere
except at y and ho is r-harmonic everywhere except at 3. In particular, both are
r-harmonic on ;. We will construct functions & and h% that are r-harmonic on
Q) 41, with A = hy and hY = hy. We will also construct functions ¢’ satisfying the
following conditions

a) hl =hth ot on Qa,

b) hf > ittt > ﬁohg for some By > 0.

Before constructing them, let us show how we can conclude. By construction, we
have B/t < (1 = Bo)h and so h™ ™' < (1 — Bo)™ 2h,. By definition, on Q,,, we
have by =37, 7 + R, Thus, since z € Q,,

|ha(z) — ho(z)| = [p7" () — hi = (@) < (1= Bo)™ *(ha(x) + ha(x)).

Gr(m,y) Gv‘(z/vy)
TG 20 G a0a, (g 2re bounded away

from 0 and infinity. The ratio of these two quantities is %W

Proposition 3.12 shows that and

so that
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this quantity also is bounded away from 0 and infinity. Similarly, %W is
bounded away from 0 and infinity. Finally, we see that Z;E;; is bounded away from

0 and infinity. We thus get
C

hi(z) m— "
h;(x) 1 <CO(1—By)" 2 < m ((1 - Bo)l/k> .

This will prove the theorem, taking K = ﬁ and p= (1 — Bo)l/k.

Let us construct hf and ¢’ by induction to conclude. Assume that the functions

h! and 7 were constructed. Since h] is r-harmonic on Q;41, for w € Qj10 C Qj41,
we have

(16) Mw)= Y Gww';Q)hiw).

w’€£2§+1

We want to apply Proposition 3.12 to G(w,w’; €j4+1). We thus have to prove that
;41 is starlike in the sense of Definition 3.11.

Lemma 3.19. There exist A and ¢ such that for every j, the set Qi1 is (X, ¢)-
starlike around z(y, — j-

Proof. Let w € Q;41. Then there exists a dp-transition point w’ on a geodesic
[w,y] such that d(z(,—jk, w') < A+ D. Consider the path a obtained by con-
catenating the subgeodesic «; of [w,y] from w to w’ and a geodesic as from w’
to Z(m—j)k- Then, oy stays in ;1. Moreover, for any w” € T', w” is a do-
transition point on any geodesic [w”,y] from w” to y by definition. Hence, if
w” is on ag, then d(z(m—jr, w"”) < A+ D and so w” € Q1. Thus, « itself
is contained in ;1. Moreover, since «; is a geodesic, the length of o is at most
d(w,w")+A < d(w, 2(m—j)k) +2A+2D. This concludes the proof of the lemma. [

To apply Proposition 3.12, we also prove the following.

Lemma 3.20. If k is large enough, then there exists 61, only depending on k and

d, such that for w € Q o, W' ¢ Qj11, we have 5Zf(m—j)k (w,w') > &.

Proof. We will use the thin-triangle property twice. Let w’ ¢ ;41 and w € Q1.
Consider the triangle consisting of geodesics [£(,—j—1)k, w'] from Z¢,_;_1), to w’,
[w',y] from w’ to y and the subgeodesic [2(;,,—;j—1yx, y] of [z,y] from Z¢,,_;_1), to y.

Then 2, ;)i is a §’-transition point on [£(,,—; 1)k, y]. Recall that we denote by
A = A(d¢") and §p < ¢’ the numbers given by Lemma 3.17 for §’. Then, according
to this lemma, there is a dp-transition point Z which lies either on [w',y] or on
[2(m—j—1)k, W] and satisfying

Since w’ ¢ Q;41, Z has to lie on [£(,— 1)k, w'].

Now, consider the triangle given by the geodesic [£(,,,—j_1)x, w’] and geodesics
[w,w'] from w to w’' and [w, £(m,—j_1)] from w to Z(,—;_1),. Then, using again
Lemma 3.17, there exist numbers A(dy) > 0 and &) < Jp and there exists a
do-transition point Z which lies either on [w,w'] or on [w, Z(y,—;—1)k] such that
d(z,z") < A(dp). We prove by contradiction that if k is large enough, then Z’ can-
not lie on [w, Z(;;,—;j—1)%). Indeed, if it were the case, then d(Z’, Z(,;,,—jy;) would be
uniformly bounded by (17) and so we would have

(18) d(w, Z(m—j—1)k) > AW, Zm—j)k) + AdEm—s)k> Zm—j—1)k) — C.
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However, since w € Qj42, Z(p—;—1)k is within a bounded distance of a point on a
geodesic from w to y. Thus,

d(w,y) > d(w, 2(mfj71)k) + d(é(mfjfl)ku y) — d,
so that
(19) AW, Zim—jyk) = AW, Z(m—j—1)k) + A(Z(m—j—1)k> Z(m—s)k) — c.
Summing (18) and (19), we would get
2d(Z(m—j—1)ks Zm—jyk) < c+ .

This cannot happen if d(Z(;—i)k; Z(m—i+1)x) s large enough, which is true if k is
large enough. This proves that 2z’ lies on [w,w’]. In particular, this proves that
Z(m—j)k 18 Within a bounded distance of a transition point on [w,w’]. Since z(;y,—
is within a bounded distance of Z(,,_;x, this concludes the proof of the lemma. [J

We now fix k large enough so that all conditions above are satisfied. Proposi-
tion 3.12 shows that for w € ;15 and w’ € Q;1;, we have

G(w,w';Qj41) X G(w, 2(m—j—1)k; Lit1)G(Zm—j—1)k, W'; Q1)

Then, (16) shows that for w € 42,
hi(w) =< Z G(w, 2m—j— 1)k Qj+1) G (Z(m—j— 1)k W3 Q1)

w/EQj+1
In other words,
hi(w) < G(w, 2(m—j—1)k; Li+1) P (Zm—j—1)k)-
Since 2’ € Qj42, we also have
hjl(w) _ Gr(w, 2(m—j— 1)k Qj+1)
R(x')  Gr(@, 2m—j—1)k Qj+1)

For small enough S, we set

Gr(W, Z(m—j—1)k; Qj+1)

Gr(2, 2m—j—1)k; Qj41)

If g is small enough, then h]i > it > Boh{, for some fixed ﬁ_o > 0. We then
set hiT' = b — 1. Notice that ¢/*! does not depend on &7, but only on its
value at z’. By induction, it only depends on hd(z') =1, so it does not depend
on hy. We also have h} > @/*t1 > Byhj, so that the functions h! and /! thus

constructed satisfy both Conditions a) and b) above. This concludes the proof of
the theorem. g

Pt = Bhi ()

Theorem 1.6 follows from Proposition 3.12 and Theorem 3.14.

4. DESCRIPTION OF THE MARTIN BOUNDARY

This section if devoted to the proofs of Theorem 1.2 and Theorem 1.4. We con-
sider a non-elementary relatively hyperbolic group I' and a symmetric probability
measure p whose finite support generates I'. Recall the definition of the r-geometric
boundary given in Section 2. Our goal is to prove that the r-geometric boundary
coincides with the r-Martin boundary. We start proving the following.
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Proposition 4.1. LetT" be a non-elementary relatively hyperbolic group with respect
to a collection of virtually abelian subgroups ). Let p be a symmetric probability
measure whose finite support generates I' and let R be its spectral radius. Let r < R.
Let g, be a sequence of elements of I'. Assume that g, converges to a point in the
r-geometric boundary. Then, g, converges to a point in the r-Martin boundary.

We will deal separately with conical limit points and parabolic limit points.
First, it is proved in [12]| that as soon as weak Ancona inequalities (Theorem 3.6)
are satisfied, then if g, converges to a conical limit point, it also converges to the
Martin boundary. It is also proved that the corresponding point in the Martin
boundary is minimal and that two distinct conical limit points yield two distinct
points in the Martin boundary. Note that this is also a direct consequence of strong
Ancona inequalities. In particular, we have the following proposition.

Proposition 4.2. Let I' be a non-elementary relatively hyperbolic group. Let 1 be
a symmetric probability measure whose finite support generates I' and let R be its
spectral radius. Let v < R. Let g, be a sequence of elements of I' which converges
to a conical limit point. Then, g, converges to a minimal point in the r-Martin
boundary.

We thus are left with parabolic limit points.

4.1. Parabolic limit points: the degenerate case. We focus here on degener-
ate parabolic points and we prove the following. If g, converges to a degenerate-
parabolic limit point in the Bowditch boundary, then g,, converges in the R-Martin
boundary. We assume that the parabolic subgroups are virtually nilpotent.

Proposition 4.3. LetT' be a non-elementary relatively hyperbolic group with respect
to a collection of virtually nilpotent subgroups. Let pu be a symmetric probability
measure whose finite support generates I' and let R be its spectral radius. Let & be
a degenerate parabolic limit point. Let g, be a sequence of elements of I' converging
to &. Then, g, converges to a point in the R-Martin boundary.

Let H be a parabolic subgroup, so that H is virtually nilpotent. There is a finite
index subgroup of H which is isomorphic to a nilpotent group A. Any section
H/N — H identifies H as a set with N’ x E, where F is finite. Let n > 0. Then,
the n-neighborhood of H, which we denote by N, (H), is identified with H x E,),
where F,, is finite. Thus, N, (H) can also be 1dent1ﬁed with V' x Ej, where E; is
finite. We will use the notation E; = {1,..., N, }.

Actually, as a set, I' can be H-equivariantly identified with H x N. Indeed, H
acts by left multiplication on I" and the quotient is countable. We order elements
in the quotient according to their distance to H. It follows that

(1) N, (H) can be N-equivariantly identified with N x {1, ..., N, } as above,
(2) if n <7/, then N,, < N,/. In other words, the set N x {1, ..., N,,}, identified
with N, (H) is a subset of N x {1,..., N,/} identified with N,/ (H).
Recall from Section 2 that we denote by pg,, the first return kernel to H for ru.
More generally, we define the first return kernel to N, (H) for ru as

P (h ) Z Z p(h™ g gy g2)- (9, 2290 —1) (g, 21 h).



28 MATTHIEU DUSSAULE AND ILYA GEKHTMAN

To simplify the notation, whenever H, r and 7 are fixed, identifying h,h’ with
(@, k),(«' K), z,2' € N and k, k" € {1, ..., N, }, we write

pHJLT((xv k)v (xlv kl)) = Pk’ (CL‘, CL'/).
Let Gy, be the Green function associated with pg,, and let Ky, , be the

corresponding Martin kernel. The following result is proved in [11, Lemma 5.8] for
r =1, but the same proof works in general. We provide it for convenience.

Lemma 4.4. For every h,h' € N, (H), for every r < R and for every n > 0, we
have G r(h,h') = Gr(h, R).

In other words, the Green function Gg,, at 1 coincides with the restriction of
the initial Green function at r on N,(H).

Proof. Given a transition kernel p with convolution powers p(™, the weight of a
trajectory (z1,...,xx) is given by

W (1, ..., xn) = p(a1,22)..0(Tp_1,Tp).
Note that the Green function from a point = to a point y is then the sum of the
weights of every trajectory from x to y.

Every trajectory from h to h for the initial walk driven by ru defines a trajectory
from h to 1’ for pg,, » having the same weight, by conditioning the trajectory on
the successive passages through N, (H). Every trajectory for pg ., is uniquely
obtained in such a way. Summing over all trajectories, the two Green functions
coincide. (|

Let A = N/N’ be the abelianization of N. Then, A is abelian of rank d, so it
is isomorphic to Z¢ x F, where F is finite. Let 2 € . Let 7(z) be the projection
of z on Z%. That is, 7 is the composition of the first projection of A = Z% x F
on Z% and the projection of A/ on its abelianization A. For u € R?, we define for
g ke{l,..,Ny},

Fi(u) = Y prale,z)em @,
zeN
We then let F'(u) be the matrix with entries Fj ;(u). This matrix is analogous to
the matrix F(u) in [8] and [11], which is only defined for abelian groups (that is,
we do not need the projection 7 in there).
By definition, the entries of the nth power F'(u)™ of F(u) are given by

F(u)t), = Z pg_f;c)(&x)eﬂ'(w).u,
zeN

where p;?(e, x) is the nth power convolution of p; x(e,x). Recall that we assume

that p(e) > 0. In particular, the matrix F(u) is strongly irreducible, meaning that
there exists n such that all the entries of F'(u)" are positive. The Perron-Frobenius
Theorem (see [33, Theorem 1.1]) shows that F'(u) has a dominant eigenvalue, which
we denote by A(u).

According to [8, Proposition 3.5], the function u — A(u) is strongly convex where
it is defined. The proof is only given for the abelian case (that is NV is abelian and
we de not need to use the projection 7). However, the exact same proof applies in
our situation.

In 28], Margulis shows that positive harmonic functions on N are constant on
left cosets of N and thus define positive harmonic functions on the abelianization A
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for the induced transition kernel. This result is still true for graphs with polynomial
growth, according to [39, Section 25]. Moreover, the minimal harmonic function on
N are in one-to-one correspondence with the minimal harmonic function on 4. We
can actually be very precise about the minimal harmonic functions on N.

Lemma 4.5. The t-minimal harmonic functions for the transition kernel py 5 » on
Ny(H) =N x {1,...,N,} are exactly the functions of the form

(2, k) € N x {1,...,; N} = Cre™@,

where u € R satisfies A(u) = 1/t and where the vector with entries Cy is an
eigenvector associated with A(u).

Proof. To simplify notations, if h is a function on N x {1,..., N, }, we set

hj(x) = h((z, ))-
If (z0,jo) is fixed and if h is t-harmonic, then [39, Theorem 25.8] states that the

function z € N +— h}j‘? ((ﬂﬁwﬂi)o)) is an exponential, that is, there exists u € R? such that
J0
forallz € N

hjo (ZZTIE()) _ om(@)u
hjo (‘TO)

In particular, for every j, for every x, we have
hy(@) = hy(e)e™ @

for some u € R%. To find all possible u, let us write the t-harmonicity condition.
We have

hile)=t> Y pixle,x)hx(e)e™ ™

zEN 1<k<N

(20)
=t > (Z pj,k<e,x>e”<””)'"> ().

1<k<N \zeN

Thus, the vector of RV with entries h;(e) is an eigenvector for F'(u) associated with
the eigenvalue 1/t. Since this vector has non-negative entries, the corresponding
eigenvalue is necessarily the dominant eigenvalue A(u), according to the Perron-
Frobenius Theorem [33, Theorem 1.1]. Thus, A(u) = 1/t. We proved that as a
set, the t-minimal Martin boundary is included in this set of functions. Moreover,
the topology of pointwise convergence coincide with the Euclidean topology on
{u, A(u) = 1/t}. Thus, the t-minimal Martin boundary can be seen as a Borelian
subset of {u, \(u) = 1/t}.

Conversely, let h be a positive function as in the statement of the lemma. Then,
we necessarily have h;(e) = C;. Moreover, (20) is satisfied, so

h; (;v) =th; (e)eﬂ'(w)'u =t Z Z pj,k(@ l'/)hk (e)eﬂ(mm/)»u'
o' EN 1<k<N

Let us sum over 2" = 22’ to obtain

hj(z) =t Z Z ijc(e,x_l:b”)hk(e)e”(”””)'“ = thj,k(x,x")hk(:E”).
z,k

2" EN 1<k<N
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Thus, A is t-harmonic. Let us prove that it is minimal. To do so, we use the Martin
representation theorem and we write

hj(z) = / C;(v)e™ @) dy(v)
{uA(w)=1/t}

for some finite measure v on {u, \(u) = 1/t}. For every z € N,

1 = / Cj (1}) eﬂ'(z)-(’ufu)du(v)
(=17t} Nj(e)

If the support of v were not reduced to u, then letting x vary, we would have that
this integral is not bounded, which would be a contradiction. Thus, the support of
v is reduced to u and so h is minimal. This concludes the proof. O

We arbitrarily choose a word distance da on /. Following [11], for M > 0, the
transition kernel pg , , is said to have exponential moments up to M if for every
kK e{1,..., Ny},

Z Dhe k! (e,x)eMdN(e’w) < +o00.

zeN
It is proved in [11] that up to enlarging n, p 1 has exponential moments up to M,
where 77 depends on M. The proof crucially uses the fact that 1 < R. It actually
applies for r < R, but we will need the same result at the spectral radius, so we
have to produce a new proof. This new proof will use the new deviation inequalities
from Section 3. We insist on the fact that we do not need to assume that parabolic
subgroups are virtually nilpotent in this lemma. This could be useful in another
context.

Lemma 4.6. Let M > 0. There exists nar > 0 such that for every n > nyp, for
every r < R, pgn.r has exponential moments up to M.

Proof. We will use the following claim, given by [11, Corollary 5.13|. For g1,g2 € T,
we let ¢} and g} be there projection on H. Then,

(21) d(g1,95) < d(g1,92) + co.

Let z € N and j,j’ € {1,...,N,}. Consider a trajectory for the random walk
starting at gs = (e, j), ending at g. = (z,j) and staying outside N,(H). We fix
some ao that will be chosen large enough later. Let go be the last point on this
trajectory whose projection zg on A is at distance between ag and 2ag from z.
Choosing a geodesic from gg to zg in I', let go be the point at distance n + 1 from
2o on this geodesic. Our goal is first to give an upper-bound for the contribution
in pg .y, of all trajectories with fixed go.

We thus fix go and we also fix gy for now, with the same notations as above.
Let a be a trajectory as above and let o’ be the sub-trajectory from g, to go.
Let g1 be the last point of o/ which stays inside the ball B(xg,2n). Notice that
d(gs, o) < 2ag + 1, so that if n is large enough, then g, € B(xq,27).

Also, if ag is large enough, then [35, Lemme 1.13 (2), Lemme 1.15 (2)] shows
that given any two points §, g’ in ', projecting on N on points & and 2’ satisfying
d(#,%") > ag/2, any relative geodesic from § to §’ passes within a uniformly bounded
distance of # and of #’. We did not recall the definition of relative geodesic for sake
of clarity, but according to [21, Proposition 8.13], a point on a relative geodesic is
within a uniformly bounded distance of a transition point on an actual geodesic.
In particular, Proposition 2.2 implies that dz(g,§’) > 6 and 4/ (g,§’) > & for some
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uniform § > 0. We deduce that if 67 (g1,40) < 1/2n and if 7 is large enough, then
any projection of g; on N is at distance at most ag/2 from xg.

We denote by Wy the set of trajectories as above satisfying 5{0 (91,80) < 1/29
and by W those satisfying &f (g1,30) > 1/2n.

We first give an upper-bound for the contribution of trajectories in Wy. Every
trajectory in Wy passes through a point ¢{, within distance at most 27 of a point x,
in AV which is itself within distance at most ag/2 of z. Since all the trajectories we
are considering stay outside V, (H), the distance formula [35, Theorem 3.1] shows
that they stay outside B(zg,n/\) for some A. Hence, according to Proposition 3.5,
we can bound the total contribution of the sub-trajectories from g, to go by e~
for some super-linear function hg. Since the Green function G, (gs, gj) is decaying
at most exponentially fast in 7, we can bound the whole contribution of these
sub-trajectories by e_hl(")G(gS7 gb), where hy is also super-linear. Decomposing a
trajectory according to its first visit at g{,, as in Proposition 3.12, we bound the
total contribution of trajectories in W by

Z eihl(n)Gr(gsa gé))GT(g()v gO) 5 eihl(n)(;T(gs7 gO)

90

We now deal with trajectories in Wj. Consider such a trajectory and let go be
its last point inside B(zo,4n). Either &/ (g2,90) < 1/4n or 67 (g2,G0) > 1/4n.
We denote by Wi, respectively W, the subset of W] consisting of trajectories
satisfying the first, respectively second condition. The triangle inequality implies
that trajectories of Wi satisfy 67 (g1,92) > 1/4n. According to (8), whenever
g1 and go are fixed, the whole contribution of these sub-trajectories from g; to
g2 is bounded by e~ 2" for some super-linear function hs and since the Green
function G,(g1, g2) is decaying at most exponentially fast in 7, we bound the whole
contribution of these sub-trajectories by e 321 Q.. (g1, 92), where hg is also super-
linear. Decomposing a trajectory from gs to go according to its visits at g; and g
as we did above with g{, we bound the total contribution of trajectories in Wi by
e s, (gs, go)- Finally, note that balls of radius r in T" have cardinality at most
exponential in . Consequently, summing over every possible g; and g2, we get a
contribution which is at most e~ 2" G(gs, go) for some super-linear function hy.

We now focus on trajectories of W{. There are again two possibilities. Let g3
be the last point in B(zo,8n). Either &7 (g3,g0) < 1/8n and we denote by W
the corresponding subset of W, or 6/ (gs,do) > 1/8n and we denote by W} the
corresponding subset of W/. We bound the contribution of trajectories of W5 by
e UM @G, (g4, go) as above. We go on and define by induction a sequence of sets W,
and W}, as well as a sequence of points g, as follows. We let gi41 be the last possible
point of a trajectory in the ball B(e, 25+ 1n). We let W}, be the set of trajectories in
W/ _, such that 6/ (git1,90) < 27Fn. Finally, we let W be the set of trajectories
in W/_, such that 67 (gk+1,d0) > 27%n. The contribution of trajectories in Wi

is then at most e_h‘*(?k")GT(gs,go). Also notice that W§ = Ug>1Wj. Hence, the
whole contribution of trajectories of W is at most

Z eih4(2kn)Gr (gsa QO) < eih‘%(n) G, (gs’ QO)-
k>1

for some super-linear function hs.
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We thus proved that every trajectory from gs to g. staying outside N,(H),
whether it is in Wy or in W, projects on N on a point z( satisfying that the
distance d(e,xo) is between ag/2 and 2ag. Moreover, whenever go is fixed, the
contribution of every sub-trajectory from g, to go is at most e *"G,.(gs, go) for
some super-linear function ~ (which is the infimum between hy and hs).

We now set ¢(0 = go. Similarly, every trajectory passes through a point whose
projection on N is at a distance between 5ag/2 and 4ag of e. We denote by
g the last such point and by z; the corresponding projection on A. When-
ever ¢(© and ¢! are fixed, the contribution of sub-trajectories from ¢ to ¢(*)
is at most e "G, (¢, g™M)). We construct a similar finite sequence of points
g©@,...,¢g® in T projecting on points z1,...,2; on N satisfying that d(e,zi) is
between (2k + 1/2)ap and 2(k + 1)ag and where g(*) is the last such point on
the trajectory. Since A is quasi-isometrically embedded in I', we necessarily have
1 > Ady(e, ). Moreover, the contribution of sub-trajectories from g(*) to g1 is
at most e "M G, (%) gk+1),

Decomposing any trajectory from g to g. according to its positions at the points
g(k), we get

Grl(gs:9e) = > Grlgs,9)Gr(9?,9M)...Gr (9", 90),

g(®,...,g"

where the sum is over all possible ¢(?, ..., gV as above. We bound the total contri-
bution of trajectories staying outside N, (H) by

e " N Gr(gs, 9 )G (9, g)..Gr (g, ge) < e G (gs, ge).-

Up to choosing 7 large enough, this last quantity is bounded by e~ (9:9") where
a can be chosen arbitrarily small. We thus get

> piglea)eMiven <N N el e,

zeN n>0g,dy(e,g)=n

Again, balls of radius r in A have cardinality at most exponential in r, so that we
can choose « small enough so that this last sum is finite. In other words, we can
choose 7 large enough so that pg , , has exponential moments up to M. ([

Lemma 4.7. There exists 19 such that for every n > no and for every r < R,
every point in the 1-Martin boundary of the transition kernel pm,,r i a positive
harmonic function for pg .

Proof. In [12], the authors prove the following. Whenever a transition kernel has
super-exponential moments, every Martin kernel is a positive harmonic function.
In our situation, up to choosing n large enough, the transition kernel we study has
exponential moments up to M, for arbitrarily large M. We show that this is enough
to conclude, adapting the proof of [12].

First, Harnack inequalities show that there exists some uniform C' > 1 such that
for every g,¢’ € N,(H),

Kunr(g.g)=Kr(g,g) < CUe,

Let us fix M > 2log C and let us fix ngy such that p, g r has exponential moments
up to M for every n > ny. For every g € N, (H),

d(e,g) < Adn (e, g) + an,
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for some constants A and «. Up to changing M, we see that for every g € N,,(H),
(22) KR(gagl) < OnOdN(e)g)

and we still have M > 2logC.
We introduce the linear operator P associated with the transition kernel pg ;.
That is, for every function w on N, (H),

Puw(g)= > punrlg.g)w(g).
g’GNn(H)

We want to prove that for every £ in the 1-Martin boundary of pg,, r, we have
PK(-,¢&) = K(-,¢). Let g, be a sequence of N,(H) converging to {&. We need to
prove that PK (-, g,) both converges to K(-,¢) and to PK(-,¢).

By definition, the Green function Gg y r(-,¢’) is 1-harmonic for pg , r every-
where except at ¢'. Fixing g, for n large enough, PGy y r(9, 9n) = GHn,r(9: 9n),
since g,, tends to infinity. Thus, for large enough n, PK g 5 r(9, 9n) = K#,5,r(9, gn)
and so PK (g, gn) converges to K (v,§).

We now prove that PK (-, g,) also converges to PK (-, £). Let

Ko =K (. gn) = K(-€)].
We just need to show that PK,, converges to 0. Let us fix ¢ > 0. According to (22),
Kn(g) < 20,05,

where z is the projection of g on A. Let us fix g and let us fix L > dy (e, z). De-
compose the transition kernel pgr , r as pr 5, r = Pr +qr, Where py, is its restriction
to By(e,L) = {g € N,(H),dn(e,z) < L}. Denote by Pr, and @y, the associated
linear operators, so that P = P, + Q. Then,

QLKn(g) S Z pH,n,R(gu.471)26'776'(1}\/(6)m )
g’ dn(z,2’)>L
Changing the sum over ¢’ with a sum over g~ '¢’, we get
QLKn(g) < Z pH,n,R(€7 g/)2CnOdN(e,m)+dN(e,m )
g',dn(ex’')>L
Recall that das(e, ) < L. Consequently,
QLKn(g) S 2077 Z pH,n,R(e; 7/)C2d/\f(€7g/) .
v dn(e,9")>L

Since M > 2logC and since ppy ., r has exponential moments up to M, this last
sum goes to 0 when L tends to infinity. We can choose L large enough so that
QrK,(g9) < e. Now that L is fixed, PK,(g) tends to 0 when n tends to infinity,
since the sum in the definition of Py, is finite. For n large enough, PLf(n(g) <
so that PK,(g) < 2¢. This proves that PK,(g) converges to 0 when n tends to
infinity and this is true for every g. This concludes the proof. O

Let R, -(H) be the spectral radius of the transition kernel pg , . In particular,
Ro.r(H) = Ry.

Lemma 4.8. There exists ng such that for every n > ng and for every r < R, if
R, .(H) =1, then min, A(u) = 1.



34 MATTHIEU DUSSAULE AND ILYA GEKHTMAN

Proof. According to [39, Lemma 7.2], if there exists a ¢t-harmonic positive function,
then t < R, ,(H). Assume that R, ,(H) = 1. Lemma 4.7 shows that there exists
a 1-harmonic function. This proves that 1 is the maximum of the ¢ such that there
exists a t-harmonic positive function.

According to the Martin representation theorem, there exists a t-harmonic func-
tion if and only if the t-minimal Martin boundary is non-empty. Lemma 4.5 shows
that there exists a t-minimal harmonic function if and only if there exists u € R¢

such that A(u) = 1/¢. Thus, 1 = max, ﬁ This proves the lemma. O

Assuming that p is spectrally degenerate along H, we have Ry r(H) = 1. We
show that we also have R, r(H) =1 for every n > 0.

Lemma 4.9. Let 0 <n <7 and letr < R. If R, ,(H) =1, then R,y ,(H) = 1.

Proof. Let G (-, -|t) be the Green function at ¢, associated with the transition
kernel pg,,,-. We show that
(23) Granrle elt) < Gy (e, elt).
By definition,

Gryr(e elt) = Zt"pHnTee

n>0

In other words, G,y (€, |t) is the sum of the weight of every path from e to e that
stays inside N, (H), multiplied with ¢ at the power the length of this path. Here,
the weight is the power of convolution of pg ..

By definition of this transition kernel, it is equivalent to sum the weight of every
path from e to e (not necessarily staying inside N,(H), multiplied by t at the
power the number of points on this path which are in N, (H). Here, the weight is
the power of convolution of ru. Formally, we write this as

Cuaaleelt) =) D OBy (g0)u(gr ga) - plg ).

n>091,--,9n—1
Since N, (H) C N,/ (H), we have (23) and the lemma follows. O

We can now use all the lemmas of this section to prove the following proposition.

Proposition 4.10. Assume that p is spectrally degenerate along H. Then, there
exists ng such that for every n > ngo, the 1-Martin boundary of the transition kernel
DH,q, R 5 Teduced to a point.

Proof. We first prove that the minimal Martin boundary of py , r is reduced to a
point. Indeed, according to Lemma 4.9, for every n, R, r(H) = 1. Thus, Lemma 4.8
shows that min A(u) = 1. Since X is strictly convex, this proves that A(u) = 1 has
only one solution ug. Finally, Lemma 4.5 shows that there is only one positive
minimal harmonic function and so the minimal Martin boundary is reduced to a
point.

According to Lemma 4.7, if n > 19, then the Martin kernels are positive harmonic
functions for pg,, r. Since every positive harmonic function can be represented as
an integral of the Martin kernel over the minimal boundary for some finite measure,
this proves that all Martin kernels are proportional. Since they are all equal to 1
at e, this proves there is only one Martin kernel, which concludes the proof. (I

We can now prove Proposition 4.3.



STABILITY FOR MARTIN BOUNDARIES IN REL. HYP. GROUPS 35

Proof. Let us fix 5 > ng, so that we can apply Proposition 4.10. Let g,, converge to
a degenerate parabolic limit point . Let H be the stabilizer of £ and let Hy € ()
be such that H = gHyg~'. Then, by definition, u is spectrally degenerate along
Hy.

Let m, = mgm, (gn) be the projection of g, on gHy. Since g, converges to £, the
sequence ¢~ ', goes to infinity in Hy. In particular, according to Proposition 4.10,
g~ 'm, converges in the 1-Martin boundary of py,,, r. That is, for every h € H,

Gunr(h, g~ 'mn)
Guyr(e, g tmn)

Ky r(h,g 'm,) =

converges to some limit.

More generally, if h € T' is fixed, then h € N, (H) for some 7, so that Proposi-
tion 4.10 also shows that KH),],R(h, g_lwn) converges to some limit. Recall that the
Green function is invariant by left multiplication, so this also proves that for every
h eTl, Ky, r(h,m,) converges to some limit. Moreover, according to Lemma 4.4,
the Martin kernel associated with pg, r at 1 and the Martin kernel associated
with p at R coincide. This proves that the limit of Kg , r(h,7,) does not depend
on H and 1. We denote this limit by Kg(h,£). This also proves that Kg(h,m,)
converges to Kg(h,§).

To conclude, we want to prove that Kgr(h,g,) also converges to the same limit.
We fix h € T" and we fix € > 0. Since 7, goes to infinity, the distance between the
projection of h on Hy and m, also goes to infinity. As above, [35, Lemma 1.13 (2),
Lemma 1.15 (2)] and [21, Proposition 8.13] show that m, is within a bounded
distance of a transition point, in the sense of Definition 2.1, on a geodesic from h
to g,,. Proposition 2.2 then shows that 67 (h, g,) > & for some uniform ¢ that does
not depend on n. Corollary 3.7 shows that there exists S such that

GR(h7 gn; Bs (Wn)c) < GGR(hu gn)'
Similarly, for large enough n, we have
GR(ea gn; Bs (Wn)c) < GGR(ea gn)'
We decompose a path from h to g, according to its last visit to Bg(m,). We have

GR(ha gn) = GR(h7 gn; Bs (Wn)c) + Z GR(ha FnU)GR(Fnu, gn)u

uGBs(e)

so that

(24) (1 - E)GR(hv gn) < Z GR(ha 7"—n’u’)GvR(7-‘—nuu gn)
ueBs(e)

and similarly

(25) (1—€)Grle.gn) < > Grle, mu)Gr(mnu, gn).
uEBs(e)

We also have

(26) GR(hvgn) > Z GR(haﬂnu)GR(Fnuagn)

uEBs(e)
and
(27) Gr (6, gn) > Z GR(eu 7"—nu)G'R(7-‘—nuu gn)'

u€Bg(e)
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Moreover, for every v € Bg(e), the sequence m,u lies in N, (H) and converges to &.
The above discussion shows that Kpr(h,m,u) converges to Kgr(h,&). Thus for large
enough n, for every u € Bg(e),

(Kr(h,§) — €)Gr(e, mhu) < Gr(h, mu) < (Kr(h,§) + €)Gr(e, mhu).
In particular, (24) shows that

(28) (1-€)Gr(h,gn) < (Kg(h,&) +e€) Z Gr(e, mu)Gr(mat, gn).
u€Bg(e)

Combining (27) and (28), we get

(1= €)Gr(h, gn) < (Kr(h,§) + €)Gr(e, gn)
and so
Kl gn) < ——(Kn(h,€) +¢).
Similarly, (25) and (26) yield

Kr(h,gn) 2 (1 = €)(KRr(h,§) — ).

To sum-up, for large enough n, we have

(1= (Kn(h,€) — ©) < Kn(h,ga) < T (Kn(h,€) +¢).

Since ¢ is arbitrary, this concludes the proof. (I

4.2. Parabolic limit points: the non-degenerate case. We now focus on non-
degenerate parabolic points. We do assume that the parabolic subgroups are vir-
tually abelian here. We prove the following. If g, converges to a point in the
geometric boundary of a non-degenerate parabolic subgroups, then g, converges to
a point in the R-Martin boundary. We also prove that for r < R, g,, converges to a
point in the r-Martin boundary, whether the parabolic subgroup is non-degenerate
or not. The formal statement is a bit technical.

Proposition 4.11. Let I' be a non-elementary relatively hyperbolic group with re-
spect to a collection Q) of virtually abelian subgroups. Choose a finite set Qo of
representatives of conjugacy classes of elements of Q. Let p be a symmetric prob-
ability measure whose finite support generates I' and let R be its spectral radius
and v < R. Let € be a parabolic limit point and let g € T' and H € Qg be such
that gHg~' is the stabilizer of £. Let g, be a sequence of elements of I' such that
the projection myp (gn) of gn on gH satisfies that g~ mym (gn) converges to the geo-
metric boundary of H. Finally, assume either that r < R or that u is spectrally
non-degenerate along H. Then, g, converges to a point in the r-Martin boundary.

Our goal is to prove this proposition. Let H be a parabolic subgroup, so that H
is virtually abelian. There is a finite index subgroup of H which is isomorphic to
7%, As in Section 4.1, any section H/Z% — H identifies H as a set with Z¢ x E,
where F is finite. Moreover, for any n > 0,

(1) N,(H) can be Z%-equivariantly identified with Z? x {1, ..., N, },
(2) if n < n/, then N,, < N,y. In other words, the set Z¢ x {1, ..., N,;}, identified
with N, (H) is a subset of Z¢ x {1, ..., N,/ } identified with N, (H).
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We still denote by pg - the first return kernel to H for ru and by pg 5, the first
return kernel to N, (H) for rp. Recall that

P (D) =Y > (b g gy g2) 19 s gn 1) (gt ).
n>09i1,--gn—1
&Ny (H)
Again, to simplify notations, whenever H, r and 7 are fixed, identifying h, h"” € H
with (z,k),(2', k'), z,2' € Z% and k, k' € {1, ..., N,)}, we write

pHﬂ]yT((Ia k)v (xlv kl)) = pk,k’ (.I, :C/)-
For u € R?, we define for j,k € {1,..., N},

Fi(u) = Y pinle,z)e™.
zeZd
We then let F(u) be the matrix with entries F}j ;(u). This is the same matrix as
in Section 4.1, except that we do not need to project x on Z?, since we are not
assuming that the parabolic subgroups are virtually nilpotent, but virtually abelian.
The entries of the nth power F(u)™ of F(u) are still given by

Fu)t, =" p\"(e,x)e™,
rEeZd

where pgnk) (e,x) is the nth power convolution of p; (e, x). Moreover, the matrix

F(u) is still strongly irreducible and thus has a dominant eigenvalue, which we still
denote by A(u). According to [8, Proposition 3.5], the function u + A(u) is strongly
convex where it is defined. More precisely, let F be the interior of the set where all
the entries of F'(u) are finite. Then, u — A(u) is strictly convex on u.

In [8] and [11], there are two technical assumptions made on A, in order to
identify the 1-Martin boundary. Let

D={ueF,\u) <1}.
Notice that F', A, F and D all depend on 7, but we omit this dependence in the
notations. The two assumptions are as follows.
Assumption 1. The set D is compact.

Assumption 2. The minimum of A is strictly smaller than 1.

We will prove that for large enough 7, these two assumptions are satisfied. This
will allow us to prove Proposition 4.11. The first assumption is satisfied as soon as
DH,qy,» has sufficiently large exponential moments. According to Lemma 4.6, this is
true as soon as 7 is large enough. Precisely, we have the following.

Lemma 4.12. [11, Proposition 4.6] Let r < R. If n is large enough, then the
transition kernel pg . on Z¢ x {1,...,N,} satisfies Assumption 1.

This settles Assumption 1. Note that we did not have to assume that p is
not spectrally degenerate along H. The fact that Assumption 2 is also satisfied
for spectrally non-degenerate parabolic subgroups will be derived from the next
lemmas. Recall that we denote by R,, .(H) the spectral radius of pg . r.

Lemma 4.13. There exists no such that for every n > no and for every r < R, we
have R, ,(H) =1 if and only if min, A(u) = 1.
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Proof. The "only if" part is given by Lemma 4.8. Let us prove the "if" part.
Assume that min, AM(u) = 1 and that A\ reaches its minimum at wug. Since X is
strictly convex, we have VA(ug) = 0 Thus, [8, Proposition 3.14] shows that for

large enough 7, pg}l’)nm(e, e) ~ Cn~%2. In particular, R, ,.(H) = 1. O

Lemma 4.14. Let n > ng. Assume that R, .(H) > 1. Then, the transition kernel
DH,y,r Satisfies Assumption 2.

Proof. This is a direct consequence of Lemma 4.13. O

Lemma 4.15. Let n > 0 and let r < R. Then R, .(H) > 1.

Proof. Let € > 0 be such that 7(1 + ¢) < R. By definition, if g # ¢,
P (9.9") Z > ulg  g0ulgrtge)-nlgn 1)

We deduce that

(L+)panar(9:9") < PHMr(1+6(9:9)

so that

(1+€"pi, 1 (9,9) <P 100 (9:9)-
Denoting by G n.r(g,9'|t) the Green function associated with pg ., evaluated at
t, we thus have

GH,’I],T‘(g7gl|1 + 6) < GH,n,(rJrre)(gag/)'

Since Gy, (r4re)(9,9") = Grire(g,9’) < +00 according to Lemma 4.4, we finally
get that Gp (9, 9'|1 + €) is finite. O

Lemma 4.16. Let n > 0. Then, R, r(H) =1 if and only if Ro.r(H) = 1.

Proof. The "if" part is given by Lemma 4.9. Let us prove the converse and assume
that R, r(H) = 1. Then, according to Lemma 4.9, for every ' > 7, we also
have R,/ r(H) = 1. Proposition 4.10 shows that for large enough 7’, the 1-Martin
boundary of pg,, r is reduced to a point.

We want to prove that the 1-Martin boundary of pg o, g is also reduced to a point.
Fix g € H and let g, be a sequence of H going to infinity. Then, in particular,
g,9n € Ny (H), so that Kg . r(g,9n) converges to some limit which does not
depend on g,,, where Ky, r is the Martin kernel associated with py , r. According
to Lemma 4.4, Kg,» r = Kg,0 r. Consequently, Km0 r(g,9n) also converges to
some limit, independently of g,,. We deduce that the 1-Martin boundary of pg o r
is indeed reduced to a point.

According to Lemma 4.5, there is only one solution to A(u) = 1 and since A is
strictly convex, 1 is the minimum of A(u). According to Lemma 4.8, Ry r(H) = 1,
which concludes the proof. ([

Corollary 4.17. Let H € Qg be a parabolic subgroup and assume either thatr < R
or that p is spectrally non-degenerate along H. Let n > ng. Then, the transition
kernel pe . on Ny(H) satisfies Assumption 2.

We can finally prove Proposition 4.11.
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Proof. This is a consequence of [11, Corollary 4.8]. However, the formulation is
a bit different (the statement refers to sub-Markov chains rather than transition
kernels satisfying Assumption 2). We give the full proof for completeness.

If n is large enough, the transition kernel pg ., which can be seen as a Z4-
invariant kernel on Z¢ x {1, ..., N, }, satisfies both Assumption 1 and 2. According
to [8, Lemma 3.24], the set {u, A(u) = 1} is homeomorphic to the sphere S?~1. An
explicit homeomorphism is given by

d VA(u)
ue{ueR \Nu) =1} — YOIR
This homeomorphism provides a homeomorphism ¢ between the geometric bound-
ary of Z% x {1,...,N,} and S?~1 constructed as follows. Let (z,,j,) be a se-
quence in Z¢ x {1, ..., N} converging to a point Z in the geometric boundary
9(Z4 x {1,...,N,}). That is, x,, tends to infinity and oy converges to a point
6 in the unit sphere S?~!. There exists a unique u € {u € R% \(u) = 1} such that
0= %. Then, define ¢(Z) = u.

Let ¢ € N,(H) and let g, be a sequence of N,(H) converging to a point in
the geometric boundary of H. Write ¢ = (x,j) and ¢, = (Zn,jn). Then, by
definition, x,, converges to some Z in the geometric boundary of Z% x {1, ..., Ny}
Let u = ¢(Z). Then, [8, Proposition 3.27] shows that K, (g, g») converges to Cje™*.
Here, C; only depends on the coordinate j of g = (z, j). In particular, C; does not
depend on j,. Note that since K, (g, gn) does not depend on 5, its limit C;e** also
is independent. Moreover, letting = vary, we see that u is independent of 7, so that
C; also is independent of 7.

To prove Proposition 4.11, we now consider a sequence g,, such that its projection
hy, on H converges to £ in the geometric boundary of H. The above discussion shows
that for every fixed g € T and for every L > 0, for every u in the ball B(e, L), we
have

K (g, hnu) = Cye*9),

where u only depends on ¢ and where C;; only depends on d(g, H) and x(g) € Z% is
the projection of ¢ on Z%. Exactly like in the proof of Proposition 4.3, we can use
the deviation inequalities from Section 3 to show that

(29) K, (g, gn) — Cye" =9,
This concludes the proof. (I

4.3. Topology of the Martin boundary. We end the proof of our main theorem.
We thus consider a non-elementary relatively hyperbolic group I" with respect to
virtually abelian subgroups. We also consider a symmetric probability measure p
whose finite support generates I'. We let R be its spectral radius.

We first note that Proposition 4.1 is a consequence of Proposition 4.2, Proposi-
tion 4.3 and Proposition 4.11. }
This proposition gives a map £ e ' U0,I' = £ € I'U 0,,I". We will denote by

K, (-,€) the corresponding limit Martin kernel. Our goal is to prove Theorem 1.2.
We first prove the following lemma.

Lemma 4.18. Fiz r < R. Let £ and £ be two distinct points in the r-geometric
boundary. Then, there exists a sequence g, such that
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(1) either K, (gn, é) stays bounded away from 0 whereas K, (gn, é’) converges to
0,

(2) or K,(gn,&) tends to infinity whereas K,(gn,&') stays bounded away from
mnfinity.

Proof. By definition of the geometric boundary, if g, € I' converges to £, then it
converges to a point in the Bowditch boundary. In other words, £ and &’ define two
points ¢, (' in the Bowditch boundary.

We first prove that if g, converges to ¢ and if ¢’ # ¢, then K (gy,,£') converges
to 0. Indeed, consider a sequence g/, converging to ¢’ in the Bowditch boundary.
Since the Floyd boundary covers the Bowditch boundary, according to the results
of Gerasimov [14], there exists some uniform § > 0 such that §/(g.,q,,) > 9.
According to Theorem 3.6, there exists C' > 0 such that for every n and m, we have

Gr(gn: gm) < CGr(gn, €)Gr(e, gpn),
so that
K (gn> gm) < CGr(gn, €).
Letting m tend to infinity, we get

Kr(Qna 51) < CGT(Q"? e)'

Since g, goes to infinity, G, (gn, e) converges to 0 and we get the desired result.
Next, we prove that we can find a sequence g, converging to ¢ such that K (gy, £)
stays bounded away from 0. Assume first that ¢ is conical and fix a geodesic [e, ()
from e to (. Since ( is conical, there exists an infinite sequence g, of transition
points on [e, () converging to (, see [41, Lemma 2.20]. Proposition 2.2 shows that
for n < m, 5(J;n (e, gm) > ¢ for some uniform § > 0 and so Theorem 3.6 shows that

there exists C' > 0 such that
Gr(e,gm) < CGr(e; 9n)Gr(gn, gm)-

Letting m tend to infinity, we see that K, (gn,&) > %ﬁ, so that K,(gn,§)
tends to infinity when n tends to infinity. Assume now that ( is parabolic. For
simplicity assume first that its stabilizer H is in Q. Then, there exists u € R? such

that
Kr(Q? é) = quﬂ'(g)-u,

where 7(g) is the projection of g on H and where C, only depends on the distance
from g to H. Indeed, either the 1-Martin boundary of pg . is reduced to a point
and then we can use Lemma 4.5, or it is homeomorphic to a sphere and we use the
explicit form of the Martin kernel given by [8, Proposition 3.29]. If u = 0, then for
any sequence g, going to infinity in H, K, (gn, é ) stays bounded. If not, then choose
0 € S such that  -u > 0 and let g, = (zp,jn) in H = Z% x {1,...,N,} such

that g, goes to infinity and ﬁ converges to . Then K,(g,,&) tends to infinity.

In any case, we found a sequence g, such that K,(g,,&) is bounded away from 0. If
the stabilizer of { is not in {2y, then we get the same result, multiplying everything
on the left by some g € T' such that gHg~! is in .

We now end the proof. We begin with the case where ¢ # (’. Then, we choose a
sequence g, converging to ¢ such that K(gy, §~) stays bounded away from 0. Since
K (gn,€') converges to 0, we are done. We thus assume that ¢ = ¢’. The only
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possibility is that ¢ is parabolic. As above, we first assume that its stabilizer H is
in 9. Thus, there exists u # u’ € R? such that

Kr(Q? é) = quﬂ'(g)-u,

Kr(ga g-/) _ quﬂ'(g)-u/'
We have to be a little more precise than above. If u = 0, we choose € such that
6 -u' < 0. Otherwise, we choose # such that 6 -« > 0 and # - v’ < 0. This is always
possible, whether 4/ = 0 or not. We then choose again a sequence g, = (2, j,) in
H = 74x{1,...,N,} such that g, goes to infinity and Hg—"” converges to #. Then, in

n

the first case, K,.(gn, &) stays bounded away from 0 whereas K,.(g,, ') converges to
0. In the second case, K,(gp, 5) tends to infinity, whereas K,.(gy, 5’) stays bounded
away from infinity. If H is not in o, then we get the same result, multiplying
everything on the left by some g € I" such that gHg™! is in €y. We dealt with
every case, so this concludes the proof. (I

We can finish the proof of Theorem 1.2.

Proof. First, the map £ e TU, I — £ e T U Orul' is continuous. Indeed since
the geometric compactifications are metrizable and since I' is dense in these com-
pactifications, it is enough to prove that whenever g, € T converges to ¢, then g,
converges to é, which is given by Propositions 4.2, 4.3 and 4.11.

We now prove that it is also one-to-one. We just need to prove that whenever
E#¢ €0,T, then € # & € 9,,I". This is given by Lemma 4.18.

The Martin compactification also is metrizable and I" is dense in this compact-
ification. Let é € OpuI'. Then, there exists g, € I' converging to §~ Up to taking
a subsequence, g, converges to £ in the r-geometric compactification, so é is the
image of £ by the above map.

Thus, the map we constructed is one-to-one, onto and continuous. Since both
spaces are metrizable and compact, this map is a homeomorphism. ([

5. MINIMALITY AND STABILITY OF THE MARTIN BOUNDARY

We prove here Theorem 1.3 and Theorem 1.4 and so we consider a relatively
hyperbolic group with respect to virtually abelian subgroups. We also consider a
symmetric probability measure p whose finite support generates I'.

5.1. Minimality. To prove minimality of the Martin boundary, we will use the
following lemmas. The first one is a general result in potential theory.

Lemma 5.1. [2, Proposition I1.1.6]. Let p be a finitely supported transition kernel
on a countable space E which is transient and irreducible. Let ¢ be a non-negative
harmonic function on E and vy4 the corresponding measure on the minimal Martin

G(yn,xo)

boundary ™" E. For pg-almost every point § in 0™"E, B converges to 0

when y,, converges to .
We will also need the following result, which is a refinement of Lemma 4.18.

Lemma 5.2. Consider a non-degenerate parabolic subgroup H and let & # & be
two points in the geometric boundary of H and §~1 and §~2 the corresponding points in
the Martin boundary. There exists a compact neighborhood U of & in the geometric
boundary of H and a sequence g, in H such that



42 MATTHIEU DUSSAULE AND ILYA GEKHTMAN

(1) either K, (gn, é) tends to infinity, uniformly over £ € U and K, (gy, 52) stays
bounded away from infinity,

(2) or K,.(gn,€) stays uniformly bounded away from 0 over U and K,(gn, &)
converges to 0.

Proof. This is exactly [11, Proposition 6.1], but the authors only deal with the 1-
Martin boundary there. We rewrite the proof for convenience. For every point in
the geometric boundary of H, there exists u € R?, with A(u) = 1 and such that

K, (g,€) = Ce™@.

The induced map 0H — {u,A\(u) = 1} is a homeomorphism. Let uj,u2 be the
points corresponding to £1,&s. Since & # o, there exists a compact neighborhood
U of u; such that us ¢ U. We can see U as a compact neighborhood of &; in H.

First, assume that uq # 0. Then, we can choose U such that 0 ¢ U. We then
choose 6 € S¢! such that -« > 0 for every u € U and such that 6 - us < 0. Let
gn = (T, jn) be a sequence in H = Z% x {1, .., N,} such that z,, goes to infinity
and m converges to 0. Then, K, (gn,€) tends to infinity whereas K, (gn, &2) stays
bounded away from infinity.

Assume then that u; = 0. Then us # 0. Choose 6 such that 6 - u > 0 for every
uw €U and 0 - uz < 0. Let g, = (z,,jn) be a sequence in H = Z% x {1,.., N,,} such
that x, goes to infinity and 22— converges to #. Then, K, (gn,é) stays bounded

llznl

away from 0 whereas K, (gn,&2) converges to 0. This concludes the proof. O
We can now prove Theorem 1.4.

Proof. Let & € OruI'. Then, Kr(',éo) is an r-harmonic function. Let v be the
corresponding measure in the r-minimal Martin boundary, that is

K& = [ K Hiwd.

To prove that {to is minimal, we just need to prove that the support of v is reduced
to {50}. We will actually prove that any other point cannot be in the support of v.

Let &) be another point. Assume first that & and & correspond to different
points (o and ¢} in the Bowditch boundary. Then, there exists a compact neigh-
borhood U of &, such that for every € in U, 6/(¢o,¢)) > 6, so that Theorem 3.6
shows that if g, converges to §~ € U, then

Kr(gm 50) < CG, (gm e)'

Grl9n-9) cannot converge to 0 and so Lemma 5.1 shows that 56

. Kr(gn;fo)
cannot be in the support of v.

Assume now that &, and 56 correspond to the same point in the Bowditch bound-
ary. This point necessarily is a non-degenerate parabolic limit point. Lemma 5.2
shows that there is a neighborhood U of & such that

(1) either K,(gn,£) tends to infinity, uniformly over £ € U and K, (gn, &) stays
bounded away from infinity,

(2) or K,(gn,&) stays uniformly bounded away from 0 over U and K, (gn,&o)
converges to 0.

This proves that
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By definition,

KT(gnvéo)_/({; ) FK (gnv /K g’n.a dV C)

Thus, in the first case, K, (gn, 50) > a,v(U) for n large enough, where «;, tends to
infinity and so u(U) = 0. In the second case, K, (gn, &) > Cpu(U) for some constant
C, for n large enough and so again, w(U) = 0. Hence, 56 is not in the support of v.

We proved that in every case, 50 is not in the support of v, so that the support
of v is reduced to {£}, hence & is minimal. O

5.2. Stability. We still consider a relatively hyperbolic group with respect to virtu-
ally abelian subgroups and a symmetric probability measure 1 whose finite support
generates I'. We assume that p is not spectrally degenerate. According to The-
orem 1.2, the r-Martin compactifications are all homeomorphic to each other for
r < R. Our goal is to prove that the map (r,z,&) — K,.(z,£) is continuous in
(r,z,8) € (0,R] xI' x 9,,T.

Theorem 1.2 also gives a homeomorphism from the r-geometric compactification
to the r-Martin compactification. We first deal with conical limit points, that is we
assume that £ is the image of a conical point by this homeomorphism. We do not
need to assume spectral non-degeneracy for those points.

Proposition 5.3. Let 0 <79 < R and xg € I'. Let & be a conical limit point and
identify §o with a point in Op,,I'. Then, (r,z,§) € (0,R] x ' xT'UI,I' — K. (z,§)
is continuous at (xg,7r0,&0)-

Proof. Let (rp, xn, &) be a sequence converging to (rg, g, &o). Since I is discrete,
we can assume that z, = xzg is fixed. Let z, be a sequence in I' converging
to & and z;,,, be a sequence in I' converging to &,, when m tends to infinity.
Since & is conical, [10, Lemma 2.2, Proposition 2.3] show there exists § > 0 such
that the following holds. For every k, there exists n large enough and m large
enough (depending on n) such that one can find k points wy, ..., wy in I' satisfying
64, (20, 2m) = 6 and 6}, (e, 2], ,,) > 4. Using Theorem 3.14) and letting m tend to
mﬁnlty, we thus get that for every r,

K, (x0,&) ’ k
7—1 < Cp".
K, (z0,&) ==r

In particular, for every € > 0, for every large enough n, we have

|10g KTn ($,§n) - KTO(J:ng)l <e

This shows that (r, z, ) — log K,-(z, §) is continuous at (rq, 2o, &), which concludes
the proof. O

As explained in the introduction, this proposition also shows that the Martin
boundary is strongly stable in hyperbolic groups, although this is implicit in [17].

We can now deal with parabolic limit points and we fix a parabolic subgroup
H. Theorem 1.2 shows that for £ in the geometric boundary 0H of H, if g, in I
converges to &, then K,.(-, g,) converges to a point K, (-, &) for every r < R.

We use the notations of Section 4.1 and Section 4.2. We denote by pg,,,, the
first return kernel induced by ru to the n-neighborhood N, (H) of H. Note that if
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r <r', then py,.(9,9") < pun.(9,9") for every g,¢' € N,(H). We also consider
the matrix F(")(u) defined by

F(T ijkea:

TEZL
as in Section 4.2. We added the exponent 7 to insist on the dependency on this
parameter. Also note that this matrix depends on 7.

According to Lemma 4.6, for every M, there exists 1 such that py , , has expo-
nential moments up to M, independently of r. In particular, if n is large enough,
the set of u € R? such that the coefficients of F(")(u) are finite contains a set
{u € RY, |lu|| £ M} which can be taken independently of r. We fix such a large .
Then, all matrices F(") (u) have the same size, say K x K, where K only depends
on 7. Let F(") the function u € {u, |[ul| < M} — F)(u). We endow Mg (R?) with
a matrix norm. For fixed 7, the function F(") is continuous in u. We then endow
the space of continuous functions from {u, ||u| < M} to Mg (RY) with the norm
I l|loo- We prove the following.

Lemma 5.4. For these norms, the function r — F") is continuous.

Proof. Let u € {u, |ul| < M}, r,7” < R,. We need to show that ||F(") — F()|
tends to 0, as r converges to r’. It is enough to show that every entry of F(")
converges to the corresponding entry of F' (). We thus fix k and 7. We also fix
€ > 0. Then,

PR F ) = 3 e e = Y gl e

T€Z z€Z4

z€Zd zeZd
and similarly for 7’. Since both p, z,, and p, g, have exponential moments up to
M, there exists D which does not depend on r and which satisfies that

Z pﬁ-flz(e,x)e”“ <e/4, Z pg.’rk) (e,z)e” " < €/4.

Note that

z,||z||>D z,||z||>D
Consequently,
}Fj(;)(u) - Fj(;)(u)‘ <e/2+ Z }p%(e, x) — pyk) (e,x)|e™™.
z,||lz]|<D
We then set
A= Z Mzl
z,[lz]|<D

For a fixed +y, the map r +— p, mr(7) is continuous, so there exists a such that for
every r and 7’ with |r — /| < a and for every x € Z% such that ||z|| < D,

r’ €
‘ § 13(6790) _pg‘,k)(evx)’ < ﬂ
We therefore get ’Fj(fk) (u) — Fj(fk/)( )} < e as soon as |[r —r'| < a. Since a does not

depend on u, we deduce that ||Fj(T F(T oo < € assoon as |r —7/| < a. This

concludes the proof. (I
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We denote by A(") (u) the dominant eigenvalue of F(")(u) and by C(") (u), respec-
tively V(T)(’U,), right, respectively left, eigenvectors associated with A(") (u). Also, let
A7) respectively C("), respectively v(") be the functions u — A(") (u), respectively
u = C)(u), respectively u — v (u).

Choose arbitrary norms on R¥ and endow the spaces of continuous functions
from {u, |ul| < M} to RE and from {u, ||ul| < M} to R with the |- ||oc norm. Since
the maps F ' — A, F — C and F — v all are continuous on the open set consisting
of matrices F' having a simple dominant eigenvalue, we also have the following.

Lemma 5.5. For these norms, the functions r — A", r— C") and r — v(") are
continuous.

Recall that there is a homeomorphism between OH, identified with S¢ and
{u, \")(u) = 1}. This homeomorphism is given by u % and we denote it

by ¢, Given v € V,,(H), we identify v with (x, k), where z € Z¢ and k € {1, ..., N, }.
Also identify e with (xq, ko). Then, [8, Proposition 3.29] shows that

O(’“>(u Yk 5
— T »(€) (x—2z0)
KT(FYag) - C(T)(UT)koe 5

where C(")(u,.); is the jth coordinate of C'") (u,.).

Lemma 5.6. With these notations, the map (&,r) € O0H x (0,R,] — ¢,(&) is
continuous.

Proof. Let (&, ) converge to (€,7). Set u, = ¢r, (). Since we have ||u,|| < M,
we can assume that wu,, converges to u. We thus need to show that u = ¢,.(§).
Since the random walk is not spectrally degenerate, the set of u such that
A" (y) = 1 is not reduced to a point and since V(") is strictly convex, on this
set we have VA (u) # 0. We show exactly like in the proof of Lemma 5.5 that

vam Gy . VA (u,,) VA (u)
T OOl (1s )contlnuous. Therefore, TN (a)) COnverges to 7|\V>\((’”))(u)”' By
o VAT (u,) . . VA (w)
definition, T W] = &, which converges to €. In particular, 2RI £.

Also, since u,, converges to u, Lemma 5.5 shows that A"™) (u,,) converges to A" (u).
Since A(™)(u,) = 1, we also have A")(u) = 1. Finally, note that ¢,(£) is the

unique point satisfying both A\(")(¢,.(¢)) = 1 and m% = £. We thus have

u = ¢,(€), which concludes the proof. O

Note that this lemma still holds for spectrally degenerate random walks. Indeed,
assume that r = I, and that p is spectrally degenerate. We use the same notations
and assume that u,, converges to some u. We need to prove that u = ¢,-(£). In this
situation, the set of u such that \(")(u) = 1 is reduced to ¢,(£). We again have
that A("») (u,,) converges to A(")(u), so that A")(u) = 1. This proves again that

In particular, we always have that for fized v and &, the map r — K.(v,§) is
continuous, whether u is spectrally degenerate or not. However, to get continuity in
the variable (v, &, r) in what follows, we do need to assume that u is not spectrally
degenerate. Using the work of [8], we prove the following.

Lemma 5.7. Let h € N, (H) and h,, be a sequence in N, (H) converging to { € OH.
Then, K, (h, hy,) converges to K,.(h,§). If h is fized, then the convergence is uniform
in 1 lying in a compact subset of (0, R].
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Proof. This is given by [8, Proposition 3.29]. The fact that the convergence is
uniform in 7 follows from [8, Lemma 3.28], applied to the parameter & = (r,u).
To apply this lemma, we need to ensure that 8z := VA" (u) # 0. Since y is not
spectrally degenerate, the set of u such that A(") (u) = 1 is not reduced to a point
and since A\(") is strictly convex, we have B(ru) # 0, which concludes the proof. [J

We can now prove the statement analogous to Proposition 5.3 for parabolic limit
points.

Proposition 5.8. Let 0 < rg < R and 9 € T'. Let & be a point in OH for
some parabolic subgroup H and identify & with a point in Oy, I'. Then, the map
(r,z,€) € (0,R] x ' x T U, = K, (x,§) is continuous at (xo,ro,&o)-

Proof. Let (1, Zn,&,) converge to (ro, xg,&o). As in the proof of Proposition 5.3,
we can assume that z,, = z¢ for every n. We can thus fix large enough 7 so that
xn € Ny(H) for every n. We can also, up to extracting sub-sequences, assume that
either &, € OH for every n, or that &, ¢ OH for every n. In the first case, continuity
is given by Lemma 5.6.

Let us assume then that for every n, &, ¢ 0H. Then, the projection m, of &,
on H is well defined up to a bounded distance in the Cayley graph. Moreover,
m, converges to & in OH. Fix ¢ > 0. Corollary 3.7 shows that there exists .S,
independent of n, such that

1
1—c¢

Grn (.’IIQ, gn) S Z Grn (5507 7Tnu)(;rn (Wnua gn)

u€Bg(e)
Also, we have

Gr.(e;6) > Y Gy (e, )Gy, (M0, &)

u€EBg(e)

Since m,u converges to £ in 0H, Lemma 5.7 shows that for large enough n,
|KT7L (‘TO? Trnu) - Krn (x07 §O)| S €.

Then, as in the proof of Proposition 4.3, we finally get that for large enough n,

1

(1 - 6)(KTn('r07§0) - E) S Krn($07§n) S 1—e¢

(K, (z0,%0) + €).

Finally, K, (x0,&) converges to K, (xo,&), so that K, (zo,&,) also converges to
K, (x0,&), which concludes the proof. O

6. STRONG STABILITY IN LOW DIMENSION

We first prove here the following proposition. We will then use it to prove strong
stability of the Martin boundary when the parabolic subgroups have small rank.

Proposition 6.1. LetT' be a relatively hyperbolic group and let H o virtually abelian
parabolic subgroup of rank d. Let u be a probability measure on I' whose symmetric
finite support generates I'. Assume that p is spectrally degenerate along H. Then,
d>5.

We begin with the following result proved in [18].
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Lemma 6.2. [18, Proposition 1.9] Let ' be a finitely generated group and let p be
a probability measure on I, with spectral radius R. Then, for every g,q' € T’ and
for every r < R, we have

d
Gy = G.lg.9")Gg".9).

g’ €T
We now prove the following key result.

Proposition 6.3. Let I' be a relatively hyperbolic group and let v be a symmetric
probability measure whose finite support generates I, with spectral radius R. Let H
be a parabolic subgroup. Then, for every r < R and for every n > 0, we have

Z Gr(e,9)Gr(g,e) < 4o0.

gEN, (H)

In other words, the derivative of the Green function along parabolic subgroups
is finite at the spectral radius. Notice that we do not need to assume that the
measure is spectrally non-degenerate along H.

Proof. We just need to prove the result for r = R, since the Green function is non-
decreasing in r. Also, we just need to prove the result for n = 0. We first fix r < R,
so that 4G, (e, e) is finite. According to Lemma 6.2, the sum >ger Grle, 9)Gr(g,¢€)
is thus finite.

Let hq, ...,y € H. According to Lemma 3.3, there exists a; in Be(e) such that
On, (e, hiahg) > § for some uniform C' > 0 and § > 0. We let g1 = hiaiha. Then,
there exists as € B(e, C) such that d,4, (e, g2) > 0, where g2 = graz2hs. By induction,
we see there exist aq, ..., am—1 in B(e, C) such that letting g; = h1aiha...a;hit1, we
have d4, (e, giy1) > 6.

Also, whenever g is fixed, Lemma 3.4 shows there is a finite number of ways of
writing g as hiajhg as above. In particular, there exists C; such that there are at
most C{" ways of writing g as hiaihs...am—1hn. We can thus find Cs such that

C3' Y Grle.9)Grlgie) > Y. Grle.gm)Gr(gm,€).
gel hi,...,h;m€H

According to Theorem 3.6 (applied m times), we have

1
C?ZGr(euglr)Gr(gue) > C3W Z Gr(eahl)Gr(hlae)Gr(eual)Gr(alue)"'

ger hi,....hm€H
Gr(e,am—1)Gr(am—1,€)Gr(e, him)Gr(hm,e€).

Since a; € B(e, C), Gr(e, a;)Gr(a;,e) > Cy for some Cyq > 0.
We thus proved that for every m > 1,

(Z Gr(e,h)Gr( ,€)> < anZGT(evg)GT(gve)

heH

so that
1/m

Z G,(e,h)Gy(h,e) < Cs ZGT(G,Q)GT(Q&)

heH gel’
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Letting m tend to infinity, we thus have

> Gr(e,h)Gr(h,e) < Cs.
heH

Since r — G, (e, h)Gy(h, €) is non-decreasing, we can now let r tend to R to obtain

Z GR(G,h)GR(h,6|R) S C5,
heH

which concludes the proof. ([l

Let us recall the following classical result, which is a generalization of the local
limit theorem in Z<.

Lemma 6.4. [39, Theorem 13.12| Let H be a virtually abelian group of rank d.
Let p be an H -invariant transition kernel on H x {1,..., N}, with spectral radius R.
Assume that p is strongly irreducible and has finite exponential moments. Then, if
R =1, there exists C > 0 such that

C

(n) ~
p (6, 6) nd/2 )

where p™ denote the nth convolution power of p.
We now prove Proposition 6.1.

Proof. First, Lemme 4.6 shows that if 1 is chosen large enough, then p, g r, has
finite exponential moments. According to Lemma 6.2 and Proposition 6.3, for
every r < R, the first derivative of the Green function G, g, associated with
Dn,H,r is finite at 1. According to Lemma 4.9, if we assume that pu is spectrally
degenerate along H, then the spectral radius of p, g g is 1. We thus have an H-
invariant transition kernel p on H x {1,..., N} with finite exponential moments,
whose spectral radius is 1 and whose Green function has a finite derivative at 1.
We just need to prove that this can only happen if the rank d of H is at least 5.
Lemma 6.4 shows that if p were strongly irreducible, then we would have
2 dL
nd/2

Since the derivative of the Green function at 1 is given by >°, -, np™. This sum

is finite if and only if % — 1> 1 or equivalently d > 4.

To conclude, let us show that we can assume that p is strongly irreducible. Since
the initial random walk on T is irreducible, we already now that p is irreducible.
We define a new transition kernel p on N, (H) by

p(h, 1) = adp + (1 = a)p(h, '),
where 0 < « < 1. Then, p is strongly irreducible. Moreover, letting G be its Green
function, [39, Lemma 9.2 shows that
~ 1
Gile,e) = ——Ga_ar (e, ).

1—at T—at

The radius of convergence of 1_1at is é > 1. Also, if t < é, then % > 1if and

only if £ > 1. This proves that the radius of convergence of G also is 1 and the
formula above shows that the first derivative of G is finite at 1.



STABILITY FOR MARTIN BOUNDARIES IN REL. HYP. GROUPS 49

We thus constructed a strongly irreducible H-invariant transition kernel p on
H x {1,...,N} with finite exponential moments, whose spectral radius is 1 and
whose Green function has a finite derivative at 1. This concludes the proof. O

We get Theorem 1.5 as a corollary. Indeed, if T" is the fundamental group of
a geometrically finite hyperbolic manifold X, then it is relatively hyperbolic with
respect to the cusp stabilizers, which are virtually abelian groups. If the dimension
of X is at most 5, then the rank of the cusp stabilizers is at most 4, see for example
[31, §5.4,85.5] and [3] for more details on this. Hence, Proposition 6.1 shows that for
any symmetric probability measure p whose finite support generates I', 1 cannot be
spectrally degenerate along the parabolic subgroups. Thus, Theorem 1.2 shows that
for every r < R, the r-Martin boundary coincides with the 1-geometric boundary.
As noted in [12, Corollary 1.5], in this situation, this boundary also coincides with
the CAT(0) boundary of T. O
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