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Bernoulliness of [T, Id] when T is an irrational rotation:
towards an explicit isomorphism.

Christophe Leuridan

January 4, 2020

Abstract

Let 6 be an irrational real number. The map Ty : y — (y + 6) mod 1 from the
unit interval I = [0, 1] (endowed with the Lebesgue measure) to itself is ergodic.

In a short paper [16] published in 1996, Parry provided an explicit isomorphism
between the measure-preserving map [Ty,Id] and the unilateral dyadic Bernoulli
shift when 6 is extremely well approached by the rational numbers, namely if

inf q44=q2 dist(0,¢"'Z) = 0.
=1

A few years later, Rudolph and Hoffman showed in [6] that for every irrational
number, the measure-preserving map [Ty, Id] is isomorphic to the unilateral dyadic
Bernoulli shift. Their proof is not constructive.

In the present paper, we relax notably Parry’s condition on # and show that
actually, the explicit map provided by Parry’s method is an isomorphism between
the map [Ty, Id] and the unilateral dyadic Bernoulli shift whenever

inf ¢* dist(6,¢'Z) = 0.
g1
We also provide a weaker sufficient condition involving the expansion of ||0]| :=
dist(6,Z) in continued fraction. Set ||0|| = [0;a1,aq,...] and call (p,/gn)n>0 the

sequence of convergents. Then Parry’s map is an isomorphism between the map
[Ty, Id] and the unilateral dyadic Bernoulli shift whenever

inf gy (a1 4+ an) |ga0 = pu| < +o0.

Whether Parry’s map is an isomorphism for every 6 or not is still an open
question, although we expect a positive answer.

MSC Classification : 37A05,60J05.
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1 Introduction

Let X = {0, 1}Z+, endowed with the product sigma-field X and the product measure

w= ® (00 +61)/2.

neZy



The shift operator on X is the map S : X — X defined by
S(z)(n) :=xz(n+1) for every z € X and n € Z.

The map S preserves the measure u, and the dynamical system (X, X, pu,S) is the
unilateral dyadic Bernoulli shift.

Given any invertible dynamical system (Y,),v,T), one gets a measure-preserving
map [T, 1d] on the product space (X x Y, X ® Y, u ® v) by setting

[T, 1d)(z, y) := (S(2), T""y).

The map [T,1d] is not invertible. More precisely, each element (z/,y') € X X Y have
exactly two inverse images namly (0z’,3) and (12/, T~1(y/)).

Moreover, if (£, 7) is a random variable with distribution p® v, then the law of (&, 7)
given [T,1d](¢,m) = (a/,y') is the uniform law on the pair {(02’,v'), (12/,T~1(y'))}. One
says that the dynamical system (X xY, X @)Y, u®v, [T,1d]) is dyadic, like the unilateral
Bernoulli shift (X, X, u, S).

By replacing Z; with Z in the definitions above, we transform the non-invertible
dynamical systems (X, X, i, S) and (X xY, X®Y, u®v, [T,1d]) into two invertible ones,
namely the bilateral dyadic Bernoulli shift (X, X, 7, S) and (X x Y, X @Y, u®v, [T,1d]).
These latter two systems are the natural extensions of the former two.

Let us come back to [T,1d]. For every n > 0, set D,, := [T,1d]™"(X ® V). Call
a = {Ap, A1} the partition of X XY defined by 4; = {(z,y) € X XY : 2(0) =i}. Then
under p ® v,

e the blocks Ag and A; have probability 1/2;
e the partition « and the o-field D; are independent;

e the o-field generated by « and Dj is Dy.

More generally, since [T, Id] preserves p®v, each o-field D,, is generated by D,, 41 and the
independent partition [T, Id] ™"« into two blocks of probability 1/2 each. In particular,
the sequence (Dy, ), >0 thus defined is decreasing and the partitions ([T, Id] " «),>¢ carry
the information lost at each iteration of the map [T, 1d].

For every n > 0, and ¢ € {0,1}, [T,1d]7"(A;) = {(z,y) € X X Y : z(n) = i}, so the
partition [T, Id] ~"« is the partition given by the coordinate n on the factor X = {0, 1}%+.
Therefore, the o-field generated by the partitions ([T, 1d] ™" a),<o is X @ {0, Y} and not
X ® Y. Hence, natural questions arise.

Exactness
First, consider the asymptotic o-field

Do 1= ﬂ D,,.
n>0

Is it trivial (i.e. does it contain only set having probability 0 or 1 under u ® v)? If yes,
one says that the measure-preserving map [T,1d] on (X x Y, X ® Y, u ® v) is ezact. As
recalled in the introduction of [4], if [T',1d] is exact, then [T,1d] is a K-automorphism,
which implies that both [T, 1d] and [T, 1d] are strongly mixing.




Moreover, the converse (if [T,1d] is a K-automorphism then [T,1d] is exact) holds
provided [T, 1d] has a finite generator, that is a finite measurable partition 5 of X x Y
such that Dy = o(([T,1d]7"5)n>0) modulo the p ® v-null sets.

Melijson’s theorem [15] shows that [T, 1d] is a K-automorphism if 7" is totally ergodic
(i.e. all positive powers of T are ergodic). Actually, assuming that 7' is ergodic is
sufficient. A more precise statement, obtained by a different method, is given in [12]:
the endomorphism [T',1d] is exact if and only if T is ergodic. In particular, [T,1d] is
exact when T is an irrational rotation or a Bernoulli shift.

Standardness

We have already noticed that the independent partitions ([7,1d]™"«a),<¢ do not
generate the whole partition Dy. Is it still possible to find a sequence (5, )n>0 of inde-
pendent partitions into two blocks of probability 1/2 each such that for every n > 0,
Dy, = o((Br)k>n) mod p ® v? If yes, one says that the decreasing sequence of o-fields
(Dr)n>0, or the measure-preserving map [T,1d] on (X x Y, X ® Y, n ®@ v) is standard.

By Kolmogorov zero-one law, exactness of [T,1d] is a necessary condition of stan-
dardness of [T, 1d], but this condition is not sufficient: for example when 7" is a Bernoulli
shift, the map [T, 1d] is not standard. A variant of this non-trivial result has been estab-
lished by Heicklen and Hoffman in [5]. Heicklen and Hoffman consider the map [T, T~}],
which can be defined by the same formula as the map [T, 1d], provided {0, 1}%+ is re-
placed by {—1,1}%+. Answering to a question raised by Vershik in [22], they prove that
the map [T, T~!] is not standard when T is a Bernoulli shift. In [12], we prove again
the non-standardness of [T, T~!] with the help of the nibbled-word process introduced
by Stephane Laurent in [10] and show that this proof still works with [T, 1d].

The main tools to determine whether a dyadic (or poly-adic) measure-preserving map
is standard or not, are Vershik standardness criteria [22]. As an application, Vershik
states (page 744) that when T is an irrational rotation, the measure preserving map
[T, T~ is standard. The same arguments work with [T, Id].

This result has a striking probabilistic interpretation: consider a (stationnary) irra-
tional simple symmetric random walk (X}, ),cz on the circle R/Z, indexed by Z. The
steps (X, — Xpn—1)nez are independent and uniformly distributed random variables on
{0, —0} where 0 is some fixed irrational number, and they generate a filtration which
is smaller than (F.X),cz, the natural filtration of (X,,),ez. Yet, one can generate (up
to null sets) (F.X),ez by some sequence of independent uniform Bernoulli random vari-

ables. An explicit construction is given in [11] in a slightly more general context.

In [4], Feldman and Rudolph prove a general result: the measure-preserving map
[T,1d] is standard when T is rank-1. This condition includes all pure-point spectrum
transformations and in particular irrational rotations of the circle.

Bernoulliness

In the same vein, one can also ask two seemingly close questions:

1. Is [T,1d] isomorphic to the bilateral Bernoulli shift S? Equivalently, is it possible
to find a partition 3 of X x Y into two blocks of probability 1/2 each, such that

the partitions ([T, Id]_nﬁ)nez are independent and generate X ® )Y modulo p® v?

2. Is [T, 1d] isomorphic to the unilateral Bernoulli shift S? Equivalently, is it possible
to find a partition 5 of X x Y into two blocks of probability 1/2 each, such that
the partitions ([7',Id]~"5)n>0 are independent and generate X ® Y modulo p® v?



Call F : XxY — X xY the map given by F((xn)nez,y) = ((Zn)n>0,y)- If a partition
B of X x Y fulfills the latter condition, then 8 := F~1(3) fulfills the former. Hence the
Bernoulliness of [T, 1d] implies the Bernoulliness of its natural extension [T°,1d].

The Bernoulliness of the non-invertible map [T,Id] also implies its standardness.
Indeed, since [T, 1d] preserves the law p ® v the equality a(([T, Id]=*3) kzo) =X®Y
mod p ® v implies for every n > 0

(o([T, Id]fkﬁ)kzn) =[T,1d "™ (X®)Y)=D, mod pu® .

Yet, as observed by Hoffman and Rudolph in [6], there is no relation between the
standardness of [T, Id] and the Bernoulliness of [T, 1d]. In the one hand, the standardness
of [T,1d] is the possibility to generate the filtration (D_,,),<o (obtained by time reversal)
by some sequence of independent uniform Bernoulli random variables. In the other
hand, the Bernoulliness of [T,1d] is the existence of one measurable finite partition (
of the space X x Y whose images by all the powers (positive, null and negative) of
[T,1d] are independent and generate the whole o-field X ® ) modulo the null sets.
The former property requires adaptation to some filtration whereas the latter requires
stationarity. Indeed, various examples and counter-examples confirm the absence of

implication between these two properties. See also [7].

When T is a Bernoulli shift, the endomorphisms [T, Id] and [T, T~!] are not Bernoulli
since they are not standard. Yet, Feldman observes that the automorphism [T',1d] is
Bernoulli and has a simple independent generator (Theorem 2 in [3]). But later, Kalikow
as shown that the automorphism [T',7-1] is not Bernoulli (see [8]).

In 1972-1974, Adler and Shields proved in [1, 2] the Bernoulliness of many measure

preserving maps including [T, 1d] when T is an irrational rotation.

In 2002, Rudolph and Hoffman proved in [6] the Bernoulliness of [T, 1d] itself when
T is an irrational rotation. Their proof is not constructive and relies on the notion of
tree very weak Bernoulli endomorphism.

Constructive proof of Bernoulliness in the case of irrational rotations

Actually, a few years before, Parry gave in [16] a constructive proof of the Bernoulli-
ness of [T,1d] in a very particular case. Let us detail Parry’s result.

For any real number 6 (rational or not), let the map Ty : y — (y + 0) mod 1 is an
automorphism of the unit interval I = [0, 1] endowed with the Borel o-field and Lebesgue
measure v. Set Sy = [Tp,1d]. Since the maps Ty and Sy depend only on the fractional
part of 6, we may and we will assume from now on that 6 € [0, 1].

On the set X x I, the partition « associated to the map (z,y) — 2(0) has two blocks
with probability 1/2, it is independent of D; and we have Dy = o(a) VD;. Parry defines
another partition ap = {A9, AJ} by

A={zeX:2(0)=0}x[0,0]U{reX:z(0) =
Al ={zeX:2(0)=0}x[0,1[U {z e X : 2(0)
By construction, for every (z,y) € X x I,

[0,1—6],
1

1} x
1} x [1—6,1].

(2,y) € A§ = 2(0) = 1p.(T; " (v)).

But z(0) is a o(a)-measurable function of (z,y), whereas T} © (y) - the second com-
ponent of Sp(x,y) - is a Dj-measurable function of (x,y). Hence, u ® v[A)|D;] = 1/2,
SO



e the blocks A% and A have probability 1/2;
e the partition ay and the o-field Dy are independent;

e the o-field generated by ay and D; is Dy.

Therefore, (S, "ag)n>0 are independent and uniform partitions into two blocks.

For every (z,y) € X x I, denote by ay(z,y) = 1 g0 (z,y) the index of the only block
containing (x,y) in the partition ay and set

Py (z,y) = ((ag 0 Sy)(, y))nzo

Then the ‘ag-name’ map ®y : X x I — X thus defined is a factor map which sends the
dynamical system (X x I, X ® B(I), u ® v, Sp) on the Bernoulli shift (X, X, i, S). This
factor map is more interesting than the canonical projection from X x I to X.

When 6 is irrational and under the very strong assumption
lim inf (]44(12 dist(0, ¢ 'Z) = 0,
q——+00

Parry proves that the partitions (S, " ag)n>0 generate the whole o-field X ® B(I) modulo
the null sets, so the map ®y is an explicit isomorphism between Sy = [Tp,1d] and the
dyadic unilateral Bernoulli shift S.

In the present paper, we improve on Parry’s method and relax Parry’s additional
assumption into far weaker conditions.

Theorem 1 Parry’s map g is an isomorphism between [Ty,1d] and the Bernoulli shift
S whenever
inf ¢* dist(0,¢'Z) = 0. (1)
q=1

Theorem 2 Set ||0|| = dist(0,Z) = [0;a1,a2,...] and call (pn/qn)n>0 the sequence of
convergents. Then Parry’s map is an isomorphism between the map [Ty,1d] and the
unilateral dyadic Bernoulli shift whenever

inf qf’l (a1 4+ an) [gnd — pn|] = 0.
n>1

Actually, theorem 2 is a generalization of theorem 1. Indeed, if the condition of
theorem 1 holds, then one can find integers ¢ such that ¢* dist(6, ¢ 1'Z) is as small as
one wants and in particular less that 1/2. These integers ¢ are necessarily denominators
of convergents of the expansion of # and also of ||0|| in continued fractions, since

¢? dist(||0]], ¢ 1Z) = ¢® dist(h, ¢ Z) < ¢* dist(h, ¢ 1Z) < 1/2.

Moreover, since the partial quotients aj, ag, ... are greater or equal to 1, a recursion on
n shows that for every n > 1,

n 2 a1+ ajag+---+ay---ap 2 ap+ag+ -+ an.

Hence the condition of theorem 1 implies the condition of theorem 2. Yet, theorem 1 is
much simpler to establish, that is why we will prove it first.



A theorem of Khintchine [9] states that of 6 is chosen randomly according to the
Lebesgue measure on [0, 1], then

a1+ +an

— In 2 in probability.
nln(n)

But ¢, is at least equal to ¢", where ¢ is the golden ratio (since dist(6,Z) < 1/2). Hence
the typical size of a; + - -+ 4 ay, is O(In g, In(Ingy,)).

Unfortunately, the set of all 6 satisfying the condition of theorem 2 has a zero
Lebesgue measure. Yet, one can construct uncontably many such 6, either as the inter-
section of nested intervals of the form [p/q—e,/q*,p/q—e4/q"] where the , are positive
real numbers tending to 0, or by choosing recursively the sequence (a,)n>1 in such a
way that

inf gn, (a1 + -+ ap)/ans1 =0.
n>1

This is sufficient since for every n > 0, |g,0 — pn| < 1/(an+1Gn)-

Whether the diophantine condition on 6 can be removed or not is still an open
question. To indicate the remaining gap, recall that the theory of continued fractions
yields

liminf ¢ dist(#, ¢ 1Z) < 1/+/5 for every 6§ € R,
q——+00

and Khintchine theorem [9] yields that for every non-increasing function ) : R} — R},

:+OO
< 400

lim inf q

e dist(6, ¢ 1Z) = —i-(;o for almost every 6 if Z¢(q) ‘

g>1

For example,

liminf ¢* In(q) In(In(q)) dist(,¢"'Z) = 0 for almost every 6 € R.

q——+00

2 Strategy of the proof

Let us first reformulate the strategy used by Parry. The reader will find at the end of
the paper an index recalling the main notations used throughout the paper.

2.1 Parry’s method

Recall that we assume that the irrational number 6 lies in |0, 1].

Each element (x,y) € X x I has exactly two inverse images by Sy, which are (0z,y)
and (1z, 7, '(y)). One of them belongs to A} and the other one to Af, respectively

Fl(2,y) = (g ()7, £1()) where f(y) = T, 01 () =y — 011(1),

-1
Fi(@,y) = (Log (), () where f(y) = T, " y) =y + (1 - 0)14(y).
As a result, for every (z,y) € X x I,

(I’, y) = er(a;’y)(se('xa y))7

and of course the same formula hold when we replace (x,y) by Sy (x,y) for every n > 0.



We have to prove that outside of null set, (z,y) can be recovered from the knowledge
of its ag-name Py(z,y) = ((ag 0 S)(x,9)),~, Checking that y can be recovered is suf-
ficient, since it implies (by translation) that the second component of each ay(Sy)(z, ),
namely (y + (z(0) +--- + 2(n — 1))f) mod 1 can be recovered, so the sequence z can
also be recovered.

To do this, Parry fixes an extremely good rational approximation r = p/q of the
irrational number 6, where ¢ > p > 0 are relatively prime integers, and he approaches
the map Sy = [Ty, 1d] by S, = [T}, 1d].

Unlike Ty, the rotation 7, is not ergodic since it preserves the partition of I into ¢
intervals with lengths 1/¢. One checks that the factor map ¥, : X x I — X x [0,q — 1]
defined by ¥, (z,y) = (x,|qy|) transforms the measure preserving map S, = [T;,1d]
into a discrete analogue, namely S, , = [T} 4,1d] where T}, ; is the permutation map on
[0,q — 1] defined by T} 4(2) = (2 + p) mod ¢. Since T}, preserves vy, the uniform law
on [0,q — 1], the map S, 4 preserves p ® v,.

Moreover, ¥, sends the partion a, on the partition a4 = {Af?, AT} where
A ={re X :2(0) =0} x[0,p—1] U {z € X :2(0) =1} x [0, — 1 —p],
APt ={ze X :2(0) =0} x [p,q—1] U {w € X :2(0) =1} x [¢ —p,q - 1].

Like before, each element (z,z) € X x [0,q — 1] has exactly two inverse images by
Sp,q» which are (0z,z) and (1z, (2 — p) mod g). One of them belongs to A7, namely

FPY(x,2) = (1ppg-17(2)z, f59(2)) where f§9(z) = 2z — plp, q_17((2),

and the other one belongs to AY?, namely

FPi(z, z) = (1[[0,p,1]](z)x, f’q(z)) where f1"9(z) =z + (q —P)Lpop-17(2).
As a result, for every (z,2) € X x I,

(;Uv Z) = Fap,q(x,z)(SP,Q($a Z))

For every n > 0, call 2, the second component of S}/ (7, z). Then the equality

P.q P,q P,q n
z,2)=F oF o---0F T,z
(,2) ap,q(z,2) p,q08p,q(2,2) ap,qoSgEl(r,z)(Sp’q( %))
yields
P,q D,q D9
z = o) 0---0 _ Zn)-
ap,q(®,2) p,q0Sp,q(,2) fap,qosqul(x,z)( n)

Then Parry uses a coupling-from-the-past argument: he establishes the existence of
some f-uple (iy,...,i¢) € {0,1}¢ with length ¢ < ¢? such that the map fi’q o---o fP%is
constant. 1 But when (z, 2) is randomly chosen according to the law u ® v, the indexes
(ap,q 08y 4(w,2))n>0 form an i.i.d. uniform Bernoulli sequence. Almost surely, the word
(ig,...,%1) appears infinitely many times in this sequence, so the value z is completely

determined by the indexes (ay4 0 Sy (7, 2))n>0-

'To get such an (-uple, set int1 = Lpop—1](un) for every n > 0, where u, = (fE %00 f9)(0).
This recursion begins with up =0 € [0,p — 1], so 41 = 1. Then uny1 = fi,, (Un) = (un —p) mod ¢ for
every n > 0. Since p and g are relatively prime, the sequence (un)n>0 visits every element of [0,p — 1]
and is g-periodic. For the same reason, g is the least period of the map z — 1o ,—17(z mod q).

Now, consider the sequence given by v, = (ff%0-- -0 f*?)(vo) where vo € [1,p—1] is any other starting
point. For every n > 0, vny1 = (vn —p) mod q or vn 41 = vn according that 1o ,—17(vn) = 1jo,p—1(tn)
or not. Thus, if the difference d: = (v+ — u¢) mod ¢ is not 0 at a given time ¢, there exists some
n € [t + 1,t + q] such that d, = (d: + p) mod ¢: otherwise, the equality 1jo,—1](vn) = 1jo,p—1](tn)
would hold during the time interval [t,t4¢—1], so the map z — 1jo ,—17(z mod ¢) would be d;-periodic.
Hence the sequence (dn)n>0 reaches 0 in at most g(¢ — 1) steps.



Using the factor map ¥,., one deduces that for yu ® v-almost every (z,y) € z x I, the
integer |qy| is completely determined by the indexes (o, o S} (z, 2))n>0. Furthermore,
the probability that the knowledge of the first fn indexes is not sufficient is at most
(1 —279" < exp(—n27%): to see this, split these indexes into n disjoint intervals with
length ¢ each. This upper bound invites us to choose n much larger than 2¢.

Using the extremely good approximation of § by r, one can check that the integer
lqy] is determined with probability close to 1 by the indexes (ag o Sp(z,2))n>0. The
result follows by using better and better approximations.

Actually, given an extremely good rational approximation r of 6, Parry uses the
following upper bound of the relative entropy when n > 1 and 2n|6 — r| is small:

H(S, "a,|Sy"ag) < —2n|f — r|logy(2n]0 — r|).

2.2 Our refinements and key tools

Following Parry’s method and keeping the notations above, we bring two improvements,
which require less precision in the approximation of § by rational numbers.

First, whereas Parry proved the existence of one constant map obtained by cou-
pounding ¢? maps chosen in {f}*?, f7'?}, our first improvement is to get many constant
maps by composing O(¢?) such maps.

Theorem 3 Let (n:)i>1 be a sequence of independent uniform Bernoulli random vari-
ables. Set
TP =inf{t > 0: ff%0...0 fl9 is a constant function}.

Moreover, let Zy be a uniform random variable with values in [0,q— 1] and independant
of (nt)e>1- Fix 2 € [0,q — 1] and set
T?,gé — inf{t >0: f%q 0---0 fTII’{‘J(ZO) = frl;tvq 0-+-0 fgl,q(z(l))}‘
Then
E[T?9] < 5¢°/3 and (¢* —1)/6 < E[T}7] < ¢°/3.
20
Actually, we will only use the upper bound of E[T JIZ ’3, |, which is easier to prove.
20

Next, instead of introducing the partition of I into ¢ intervals with lengths 1/¢, we
will consider only the partition into ¢ intervals provided by the subdividision (x)o<k<q—1,
where xy, = k6 — |kf| = T} (0) for every k > 0.

The well-known three gaps [19, 20, 21, 14] theorem states that the lengths of those
intervals take at most three distinct value and that when there are exactly three different
lengths, the largest is the sum of the other two. Actually, the next proposition shows
that when p/q is a reasonably good rational approximation of 6, there are at most two
distinct values.

To abbreviate the notations, when there is no ambiguity on the approximation p/q
considered, we will sometimes abbreviate fi'? and f? into fo and f;. In the same
way, we will not always indicate the dependance with regard to (p,q) of many objects
introduced below, namely the partition ¢ of I, the set L, the maps gg, g1 and h below.



Proposition 4 Fix two relatively prime integers ¢ > p > 0. Call h the permutation
map on [0,q — 1] defined by h(¢) = (pf) mod q. Let u = h='(1) be the inverse of p
modulo q, and v € [0,p — 1] the integer such that pu — qv = 1. Set

Iy = [zg, 2] if £€]0,q—u—1]
Ip=[zg—y,1] if L=q—u
Iy = [z, x0pu—g| if €€fg—u+1,g-1],

and E =[0,q0 —p| if 0 >p/q, E=[14q0 —p,1[ if 6 < p/q. Assume that

p—v
qg—u

1 1 . v
——<qgd—-p< or, equivalently, — < 8 <
U q—u u

Then

1. the sequence (zp-1(y) Jo<k<q—1 S increasing.

(
the intervals (Ig)o<¢<q—1 form a partition v of I;
the intervals (Iy)o<i<q—u—1 have the same length uf — v;
(

the intervals (Iy)q—u<¢<q—1 have the same length (p —v) — (¢ — u);

AT

if |g0 — p| < min(1/u,1/(q —w)), both lengths are less than 2/q;
6. for every £ € [0,q— 1]\ {q¢ —u—1,q — 1}, the rotation Ty maps Iy onto Ipy1;
7. if0>p/q, then Ty(Iy—1) = Io \ E and Ty(Ig—y—1) = 14—y U E;

8. if 0 <p/q, then Ty(Iy—1) = IoUE and Ty(lg—y—1) = Ig—y \ E.

Remark 5 Actually, the inequalities —1/u < g0 —p < 1/(q — u) hold if and only if
p/q is a semi-convergent (or, according to Khintchine’s terminology, an intermediate
fraction) in the continued fraction expansion of 0. See [13] for a proof of this statement.
The stronger inequality |q8 — p| < 1/q holds whenever p/q is a convergent.

Proposition 4 provides a decomposition of I into two Rokhlin towers with heights
g —u and u (see figures 1 and 2). If I, is not a top interval, Ty maps each point of Iy on
the point above in Iy1. The curved arrows show the image of the top intervals. Note
that the difference between the two lengths, |g8 — p| is also the length of the exceptional
interval FE.

For every y € I, denote by ¢(y) the only index ¢ € [0,q — 1] such y € I,. When
|gf — p| is small with regard to 1/q, the lengths of the intervals (I;)o<¢<4—1 are almost
1/q, so the map ¢ : I — [0, ¢ — 1] thus defined is close to be a factor map transforming
Ty into the v4-preserving map Ti 4 : 2z — (2 + 1) mod ¢. To use a coupling-from-the-
past argument, we will work with inverses of these maps, i.e. with the maps T_y and
T 14:2— (2—1) mod gq.

Corollary 6 Under the assumptions of proposition 4, E is a subinterval of length |q0—p|
and the equality «(T_g(y)) = T-1,4(c(y)) holds everywhere on I\ E.



Ly—1

xq

Figure 1: Behaviour of Ty on the intervals Iy, ..., I,—; when 6 > p/q.

Ty
¢
¢
¢
¢

o

Figure 2: Behaviour of Ty on the intervals Iy, ..., I;—1 when 6 < p/q.
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Consider again the maps fg and ff defined by

f(y) =y = 0Lpp1(y) and f{(y) = y+ (1 = 0)1g1(y)
Set Ly, =h~1([0,p — 1]). Then 0 € L, , whereas ¢ —u ¢ L, ,, and
[0,60[= [z0,:1[= | I
€Ly
Define two maps ¢gh'? and ¢7"? from [0, ¢ — 1] to itself by
gyl(t) =1 — 1re (£) mod g and gl =0—1p, (¢) mod q.

Indeed, corollary 6 yields the following consequence.

Corollary 7 Assume that |qg0 — p| < 1/(q — 1) and keep the notations of corollary 6.

If > p/q, then the equality o(f§(y)) = gb%(c(y)) holds everywhere on 1 and the
equality (f{(y)) = g7 (u(y)) holds everywhere on I\ E.

If 0 < p/q, then the equality u(f{(y)) = g% (.(y)) holds everywhere on 1 and the
equality (f§(y)) = g5 (c(y)) holds everywhere on I\ E.

Actually, the maps gy = gi'? and g1 = ¢} are conjugated to the maps fo = f5'? and

f1 = /77 previously introduced (see figure 3 below).
Lemma 8 One has ho gy = fooh and ho gy = f10h.

Proof. Let ¢ € [0,q — 1]. Then h(go(¢)) and fo(h(¢)) belong to [0,q — 1] and
h(g0(£)) = pgo((£) = pl — plre(€) = h(€) — plp, —17(h(L)) = fo(h(€)) [q].
Hence h(go(¢)) = fo(h(£)). A similar proof yields h(g1(¢)) = f1(h(¥)).

Therefore, theorem 3 can be reformulated and precised as follows.

Theorem 9 Let (1n:)i>1 be a sequence of independent uniform Bernoulli random vari-
ables. Set
TP =1inf{t > 0:gp?0---0gh?is a constant function}.

Then the expectation of T, is at most 5¢°/3. Moreover, let Zy be a uniform random
variable with values in [0,q — 1] and independent of (ni)n>1. Fiz z{, € [0,q — 1] and set

T;fg =inf{t >0: gﬁ;q o Ogﬁiq(Zo) — ggzq 0. -- og%;q(z{))}.

Then )
g —1 q

w

E[TP) < 5¢%/3 and

We provide also a sharper upper bound relying on the expansion of dist(6,Z) in
continued fraction.

Theorem 10 Keep the notations of theorem 9, set dist(6,Z) = [0;a1,az2,...] and call
(Pn/Gn)n>0 the sequence of convergents. Then

E[T7%] < ¢2 x (a1 + ... + ay).

/
g;2q

11



>

W O U Y

LT T & T = T =
0 1 2 3 4 5 6 7 8 9
OO O OO O
5N

Figure 3: The maps fo, f1,h, 90,91 when p = 3 and ¢ = 10, so u = 7, v = 2 and
L ={0,4,7}.

We will prove theorem 9 in section 4.

Let us make an observation (not used in the sequel) on the set L. Figure 3 suggests
that its points are well spread in the set [0,¢ — 1]. Indeed, the next statement holds.

Proposition 11 Assume that p > 2. Call 0 = 29 < ... < zp—1 the points of L. Then
the differences z1 — 2, ..., Zp—1 — Zp—2,q — zp—1 are equal to |q/p] or [q/p].

Proof. Since up — vg = 1, one has

w v 1 _ 1
¢ p pqg plp—1)

Hence proposition 4 applies, with 6, p and ¢ replaced by u/q, v and p. We get that
the points (ku/q mod 1)p<i<p—1 split the interval [0, 1] into p intervals having only two
different lengths, and the difference between these lengths is p(u/q)—v = 1/q. Therefore,
the points (ku mod ¢)o<k<p—1 split the interval [0, ¢ into p intervals having only two
different lengths, and the difference between these lengths is 1. Since

L=n""[0,p—1]) ={ku modg:0<k<p—1},

the statement follows.

2.3 End of the proof

Recall that we only have to prove that for u ® v-almost every (z,y) € X x I, the second

component y can be recovered from the knowledge of the sequence ((ag o Sy)(x, y))n>0.

12



It is now convenient to introduce probabilistic notations. We consider a stationary
Markov chain (&, Y, )nez defined on some probability space (2,4, P), with values in
{0,1} x I, such that for every n € Z,

e the law of (§,,Y},) is u ® v;
e &, is independent of fs_yl =0 ((&ks Yi)k<n—1);
e YV, = (Y1 —0&) mod 1.
If we identify the unit interval I with the circle R/Z, then (Y;,)nez is just a random

walk whose steps (—0&,)nez are uniformly distributed on {0, —0}. The Markov chain
(&n, Y )nez is related to the measure preserving map Sy = [Ty, Id] by the relations

So((§n—k)k>0, Yn) = ((§n—1-k)k>0, Yn—1)-

Note that Y} is independent of the sequence (&,)n<o. Indeed, for every n < 0, one has
Yy = TE’@“JF"'JF&O (Y,,). But Y, is independent of (&,41, -+, &) and its law v is invariant
by T_y. Hence Y} is also independent of ({41, ,&0)-

We now construct another sequence (7, )necz of uniform Bernoulli random variables
governing the Markov chain (Y},),ez. For every n € Z, set

" = a@((gnfk)kz&yn)
Lig,=0.v,>0) + Ligo=1:v,>1-0]
Lig,=0;v-120] + Ligu=1;v,,_1<0)
= (fn =+ 1[yn_129]) H’lOd 2.
By construction, 7, is a ]-}%’Y—measurable Bernoulli random variable, and
1 1 1
Y Y
P[’?n = 1‘}—5—1] = E[nn}ffb—l] = gl[Yn_Q@] + gl[Yn_1<9] oy

S0 7y, is independent of ]-"s_yl and uniform. Moreover, since &, = (?7”+1[yn7129]) mod 2,
one has [§, = 1] = [, = 1]A[Y,—1 > 0], so one checks that

Yn = fgn(Yn—l)-

Note that when n < 0, 1, = ag o SL”'((ﬁ,k)kzo,Yo). Hence, we get the following
probabilistic reformulation of what we have to prove.

Proposition 12 The following statements are equivalent

1. the partition ag is a generator of the endomorphism Sy.

2. for u ® v-almost every (x,y) € X x I, the second component y can be recovered

from the knowledge of the sequence ®g(z,y) = ((ag o Sg)(x,y))n>0.

3. the value Yy is almost surely determined by the knowledge of the sequence (1 )n<o-

13



Proof. The equivalence 1 <= 2 follows the remarks made at the beginning of sub-
section 2.1.

The equivalence 2 <= 3 follows from the equality (n_p)n>0 = <I>9((§_n)n20, YO).
Indeed, given any measurable function 1 : {0, 1}%+ — I, we derive

P[Yo = ¥((n-n)n>0)] = (@ v){(2,y) € X xT:y = (Py(z,y))},

since (n—_p)n>0 and Yy are independent with respective laws p and v.
The proof is complete.

To approach Y{ in probability by measurable fonctions of the sequence (ny,)n<0, We
fix two integers ¢ > p > 0 such that |¢f — p| < 1/(q¢ — 1), we consider the partition
¢ provided by proposition 4 and the associated map ¢ : I — [0,q — 1]. Then, we set
Zn = 1(Yy,) for every n < Z. Corollaries 6 and 7 show that the recursion formula
Zyn = gnd(Z,—1) holds with probability close to 1.

Lemma 13 Assume that |¢g0 — p| < 1/(q¢ — 1) and keep the notations of corollary 6.
Then for every n € Z,

1. If 0 > p/q, then [Zy, # g0 (Zp—1)] = =1 ; Y1 < ¢f — pl.
2. If  <p/q, then [Zy, # g5 (Zn-1)] = [t =0 ; Y1 > 14 ¢0 —p).

In both cases,

1
PZy # g0 (Zn-1)] = 540 —pl.

We have now all the ingredients to deduce theorems 1 and 2 from theorems 9 and 10.
The final argument is given by the next lemma.

Lemma 14 Assume the existence of a sequence of rational numbers (pp,/qn)n>1 in )0, 1],
written in irreducible form such that lim, . g, = 400 and

lim E[T75"] X |gnf — pn| = 0.

n—-+o0o

Then the equivalent statements of proposition 12 are true.

Proof. Given ¢ €]0, 1], one can fix two integers ¢ > 5 and p € [1,¢ — 1] such that
E[T}§] x |q0 — p| < €2,

Since
-1
6

one has (¢ — 1)|¢f — p| < €2 < 1, so the results of the last subsection apply.

(¢—1) < <E[T.q],

We now omit the superscripts p,q. For every ¢ > 1, set Gy = gy, o --- 0 gy, and
Zy = 1(Yy). Let t(e) = |E[T,0]/e]. By Markov inequality,

P[Gyo\(Z0) # Gyoy(0)] = P[TPd > t(e) + 1] < BlT5] <e
t(e)\ 0 t(e) - g0 = St +1

14



But
t(e)

[Zye) # Gy (Z0)] € |20 # g, (Ze-1)),

t=1

so lemma 13 yields
1 1 _
P(Zy) # Giye)(Zo)] < t(e) x Slab —pl < 3¢ "E[T7]1q0 — p| < /2.

Hence,
P[Zi(e) # Gi()(0)] < 3e/2.

Let ( =goo--+ogy_,.,(0) and call To the middle of the interval I (remind that the
length of this interval is at most 2/q). Then Y is a measurable function of the sequence
(m)1<0 and by stationarity,

P[|Yo — Yol > 1/q] <P[Yy ¢ Ic] = P[Zy # (] < 3¢/2.

Since € can be taken as small as one wants, the conclusion follows.

3 Proof of proposition 4

Let us define real numbers yo,...,y4—1 in the same way as xo,...,z4—1 by replacing ¢
with p/q: for every £ € [0,q — 1], let

yoi=tx P - Vx BJ _ (Gp)mod ¢ _ h(f)
q q q q
Then for every k € [0,q — 1], Yn-1(k) = k/q, so 0 = Yh1(0) < Yn1(1) < -+ < Yni(g-1)-

The idea is to check that inequalities —1/u < g8 — p < 1/(q¢ — w) imply that the real
numbers o, ..., x4_1 are close to real numbers ¥, ...,y,—1 and are in the same order.

Preliminary. First, let us prove that

k
vhel0g— 1], moig ="+ R (k) (9 - 23) 2)
In equality 2, equality modulo 1 follows from the definition of -1 and yp,-1(;) and
from the equality y,-14) =k /q. So it remains to check that the right-hand side belongs
to [0, 1[, like thl(k).

If k > 0, the inequalities g8 — p > —1/u and h™1(k) < ku (since ku > 0 and
h=Y(k) = (ku) mod q) yield

’; a7l ) (0-2) =

K hl(k)
q/ " q

qu

>0,

whereas the inequalities h=(k) > 0, g0 — p < 1/(
(since h™1(k) = ((¢ — k)(¢ — v)) mod g and (q — k)

k ko hl(k k —k
f+h—1(k,)(9_13>< _’_#Sf_{_qi:l_
q q qlg—u) ~ q q

q—u) and h™'(k) < (¢ — k)(¢ — u)
(¢ —u) > 0) yield

q
Equality 2 follows. If & = 0, then h~!(k) = 0, so the equality 2 still holds.
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Proof of items 1, 2, 3 and 4. Forevery k € [0,q—2], A"} (k+1)=h (k) +u [q].

If (k) < ¢g—u—1, then h"'(k+ 1) = h~Y(k) + u, so equality 2, inequality
g0 —p > —1/u and equality up — vg = 1 yield

1
Th=1(k+1) — Th-1(k) = 6 + u(9 — S) =uf —v>0.

If g—u < h™ ' (k) < ¢—2, then = (k+1) = h~ (k) — (¢—u), so equality 2, inequality
g0 —p < 1/(¢ — u) and equality up — vg = 1 yield

1 p
Th=1(k41) — Th-1(k) = p — (¢ —u) (9 — 6) =(p—v)—(¢g—u)d >0.
By the same arguments, we have also

t=ansgen =y~ a=w(0=2) = =)= (G- up >0

As a result, we get 0 = zj-110) < Tp-1(1) < ... < Tp-1(4—1) < 1, so the intervals
i = [Th-1(), Th-1(e41)[ for k € [0,q — 2] and Jy—1 = [2}-1(4—1), 1] form a partition of
L. But Ji, = I, -1(y) for every k € [0,q — 1]. Ttems 1, 2, 3 and 4 follow.

Proof of item 5. Under the assumption of item 5 that |¢f0 —p| < min(1/u,1/(q¢—u)),
we have

u«9—v:u<0—£>—i—ug—v<£—i—1:g
q q qu q ¢
and
p P 1 q—u 2
—v)—(g—uw)b=p-v)—(@g-—u)=—(@-—-uw)(d-—=) <-4+ ——=—.
(=0~ la-wh= -0~ ~@-w(0-7) s+ i—s="

Items 5 follows.

Proof of items 6, 7 and 8. By definition, the map Ty coincides with a translation
on each interval [0,1 — 0] and [1 — 6, 1], sends 1 — 6 on 0 and sends each zy on x;41. To
derive item 6, it suffices to check that 1 — 6 belongs to I;_,—1 or to I,_i. To do this, we
use again equality 2 and and equality up — vqg = 1.
Since ¢ —u —1=h"1(g—1—p), so we get
g—1-p

Tgut —(1— ) = T+(q—u—1)(9—§)+9—1

= (g—u)f—(p—v) <0.
Ifu#1,thenp#1,500<qg+1-p<g—landu—1=h"!(g+1—p). We get

Skl SRR RS AN
Pur—(1—0) = o 1)(0 q)-+9 1
= ufd—v>0.
Last, g — 1 = h™1(q — p), so we get
_ 4-» _ _b _
(-0 = T L4 (6 q)+e 1
= q0—p



If 0 >p/q, we get xg—y—1 <1—0<z4-1,501—0¢ [x4_y—1,2¢-1]= Ig—y—1 and
To(Ig—u-1) = [Tg-u,1[U[0,2g-1+0—1] = I,-,U][0,q0 —pl.
Ty(Ig—1) = [rg-1+0—Lwy = [g0 —p.au[ = Io\[0,q0 —p[.

If 0 < p/q, we get that 1 — 0 € I, since Iy = [zg—1,2y—1[f u # 1 and I, =
[€g—1, 1] otherwise. As Ty sends the upper bound of I, 1 on z,, we get

To(Ig—1) = [xg—1+0,1[U [0,z = [1+¢0—p,1[U Ip.

To(Ig—u—1) = [Tg-uwTqgo1+0—1] = [2g—u,1+q0—p] = Iy \[1+¢0—p,1]
Items 6,7 and 8 follow.

4 Proof of theorem 9

We will use repeatedly the following classical fact (see for example [18], chapter 10,
section 14, subsection 4): given two positive integers a and b, the expected reaching
time of {—a, b} by a simple symmetric random walk in Z starting at 0 is ab. As a result,
given two integers ¢ > k > 0 the expected reaching time of 0 by a simple symmetric
random walk in Z//Z starting at k is k(¢ — k).

Since the integers ¢ > p > 0 are fixed, we omit the superscripts p,q. We begin the
proof with the second part, since it is simpler and helps us to prove the first part.

4.1 Proof of the second part

For every t > 0, set Fy = o(Zo, n1, .-y Mt),
Zt:gﬂto"'ogm(zo)v Zt/:gmo---ogm(z(l)), Xt:Zt—Ztly
where the bar indicates the equivalence class in Z/gZ. Then

T,

972

, =inf{n >0: X, =0}.

After time T

9,2 the processes Z and Z' coincide, so X stays at 0.

By construction, the processes Z = (Z;)i>0 and Z' = (Z})¢>¢ are Markov chains in
the filtration (F;)¢>0. The definition of the maps go and g; yields for every n > 1

Zt = gnt<Zt—1) = (Zt—l — {t) mod q where {t = (7715 =+ 1LC(Zt—1)) mod 2,

Zé = gm( 2—1) = ( 2—1 - 52) mod g where fé = (m+ 1LC(Z£—1)) mod 2.

The random variables & and £, are Fi-measurable and are uniform on {0, 1} conditionally
on F;_1; they coincide on the event [11(Z;—1) = 1.(Z,_;)] and add up to 1 on its
complement. Hence

Xi=Xi1—-2 -1 if1(Z0) #1.(Z,_1)
X=X otherwise.

Define stopping times (7,,)n>0 and (oy)n>1 by 70 = 0 and for every n > 1,

op =inf{t > 7,1 :1.(Z;) # 1.(Z))} and 7, = 0 + 1.
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Therefore
Tn = inf{t > 7,1 : Xy # X, _,} on the event [1,_1 < +00],

SO

T,

9. = TN where N =inf{n >0: Z,, = 7] } = inf{n > 0: X, =0}.

In particular, T, 9.2 = N. We now introduce a very crude upper bound.
Lemma 15 Let z and 2z’ be two distincts elements in [0,q — 1]. Then a deterministic

walk in [0,q — 1]? starting from (z,2') and making steps equal to (—1,—1) modulo q
reaches the set L x L°U L€ X L in at most ¢ — 2 steps.

Proof. The map k — 17(k mod ¢) from Z to Z is g-periodic by construction. Call ¢
its least period. Then ¢ = d¢ for some integer d > 1, and

q—1 -1
p=|L|= ZlL(kz mod ¢q) = dz 17(k mod q).
k=0 k=0

Hence d divides p and ¢. Since p and g are relatively prime, we get d = 1, so £ = gq.
Therefore, there are at least two integers k € [0, ¢ — 1] such that 1L((z — k) mod q) #
12 ((2' — k) mod ¢). The statement follows. O

Actually, the upper bound ¢ — 2 above corresponds to the worst case, namely when
2/ — z = tulq]. We will get and use better bounds in the next section. At the moment,
we continue the proof of theorem 9 with this rough estimate.

On the event [1,—1 < Tg%] and on the time interval [7,,_1,0,], the process (Z;, Z{)

coincides with a random walk on (Z/qZ)? whose steps are uniformly distributed on the
pair {(0,0), (=1,—-1)}. By lemma 15, we get

E[r, — Tno1|m1 < T, ZO] =Elo, — Th—1|Th-1 < Tg,z(z)] +1<2(g—2)+1<2q.
Therefore, P[r, < +oo|m-1 < Tg,z(/)] = 1. A recursion shows that 7, < “+oo almost

surely on the event [n < N], whereas 7,, = +00 on the event [n > N], so the events
[Th—1 < Tg%] and [n < N| almost surely coincide. Putting things together, we derive

ZE n = Tn—1)1n<N <22an<N]—2qE[N]

n>1 n>1

But the process (X, )o<n<n is a simple symmetric random walk on the group Z/qZ up
to its hitting time of 0, whose initial position is uniform on Z/qZ. Thus

—_

S (= D¢* (¢—Dg(2¢—1)\ _(¢—D(g+1)
,Z _q( ):

2
<L
q 2 6 6 =6

k=0

Since T, ., > N, we get (> —-1)/6 < E[T, /] < ¢>/3 as desired.

4.2 Proof of the first part

The proof relies on the following lemma. For every t > 0, we set Gy = g, 0 -+ 0 gy,
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Lemma 16 Let R be a subset of [0,q — 1] with size k > 2. Set
T = inf{t >0: ’Gt(Rﬂ < k}

Then

2¢° ..
E[Tg] < T if k divides g or k =2,

3

E[Tg] < S if k> 3.

4q
(k+1)
Proof. Set R = {z0,...,2k-1} with zp < ... < zp_1 and set zz = zp. We define
processes Z0,..., ZF 1 zF =79 DO ... DF-! and D taking values in [0,q — 1] by
Zi=Gy(z), Dj=(2Z""-2]) modgq, D;=min(D},...,D;™").

Let us define a process I taking values in the collection of all non-empty subsets of
[0,k — 1] by |

I; = {Z S [[0,]{3—1]] : D; :Dt}
All these processes are adapted to the filtration defined by F; = o(n1,...,n).

For each i € [0,k — 1], the increments of the process Z* are 0 or —1 modulo ¢, so
the increments of the process D' are 1, 0 or —1 modulo ¢q. Moreover, if D} = 0, then
D} =0 for all s > t.

Therefore, at each time ¢, the positions Z7, ..., Ztk_1 are in the same cyclic order (in
a large sense since there may be equalities) as the initial positions zo, ..., zx—1, and the
sum DY + - - - + fol remains constant equal to ¢, so Dy < q/k. We also deduce that

Tr = inf{t > 0: D; = 0}.

We now adapt the arguments given in the last subsection to our present situation.
Note that D§+1 = D! on the event [1(Z}) = 1L(ZZ+1)], whereas P[D%_H DI+ =
P[Di,, = Di —1|F] = 1/2 on the event [17(Z})) # 1.(Z[™)].

Define stopping times (7,,)n>0 and (op,)n>1 by 70 = 0 and for every n > 1,
op =1inf{t > 7,1 : Ji € I, 1L(Zti) #+ 1L(ZZ+1)} and 7, = o, + 1.

Since the process D cannot vary (although the process I may increase) during the time
intervals [7,—1,0,], one has Tp = 7 where N is some random positive index, possibly
infinite, and lemma 15 yields again E[r, — 7,—1|Th—1 < +00] < 2¢, so E[rg] < 2¢E[N].

Moreover, on each event [0, < Tg ; i € I,,], one has
. , 1
P[DTn = DTn—l - ]‘|‘7:Un] Z P[D(lj'n-i-l = Dé'n - ]‘|f0'n] = 5

Set m = |¢/k| > 1. We derive a stochastic domination of the process (D, )o<n<n by
a Markov chain M on the state space [0, m], starting at m and killed immediatly after
hitting 0, with transition probabilities given by

P(d,d—1)=1/2 if 1 <d<m,
Pld,d+1)=1/2 ifl1<d<m-—1,
P(m,m)=1/2.
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Therefore, E[N] is bounded above by the expected hitting time of 0 by M, which is
also the expected hitting time of 0 by a simple symmetric random walk on Z/(2m +1)Z
starting at m, so E[N] < m(m + 1).

Case where k divides g. In this case, ¢ = km, so D; = m if and only if all D} are
equal to m. When the process is at m, it goes necessarily to m — 1 as soon as one of the
processes D? varies. Thus we may modify the transition probabilities of the dominating
chain M by setting P(m,m — 1) = 1, so the expected hitting time of 0 by M becomes
the expected hitting time of 0 by a simple symmetric random walk on Z/2mZ starting
at m, which is m2. Note that if k¥ > 3, then m? = ¢?/k? < 2¢?/(k + 1)

Case where k does not divide ¢. If k = 2, then ¢ = 2m +1, so ¢>/4 > m(m+1).
If k£ > 3 and k does not divide ¢, then ¢ > km + 1, so

q? S E*m? + 2k — 1)m+m +1
m(m+1) — m(m + 1)
E*m+ (2k—1) 1
= + =
m+ 1 m
— kQ_M_,_l
m+1 m

By derivating, one checks that the right hand side is an increasing function of m € [1, 00|,

SO

2 12 2
AR Gty R G b )

m(m+1) — 2 2
Hence m(m + 1) < 2¢%/(k + 1)2. The proof is complete.
Let us now prove the first part of theorem 9.

For every ¢t > 0, call R; the range of the map G;. For every k € [1, ], set
T, =inf{t > 1:|R < k}.

Then 0 =T, <...<Ty =1, s0

Applying Markov property at time T}, and lemma 16 to the set |Ry, | yields

3
E[Tl — Tg‘}"r&] < % on the event [|RT2| = 2]

and for every k € [3, ],

4¢3
E[Tk—l - Tk’]:T/J < m on the event URTk| = k;]
Hence,
3 q 3 2 2 3
q 4q 3(1 (W 1 1)) 3(27r 89) 5q
ET] < =— —t = Zoa4( 1= _2)) = I WP
[1]2+kz_3(k+1)2 “\37*\% 1 9)) 7 T\3 T 18) =73
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5 Proof of theorem 2

In the whole section, we assume that 6 €]0,1/2[, so dist(#,Z) = #. Therefore, we will
consider rational approximations p/q, where ¢ > p > 0 are relatively prime integers such
that p/q < 1/2. These approximations will be given by convergents of the continued
fraction expansion of 6.

5.1 Reminders on continued fraction expansions

Given any integer ag and positive integers (ap)n>1, we set

1
[ao;ala”')an}:ao—'_ 1 .
ai JUP
an—l*’%n
Every irrational number 6 admits a unique expansion
0 = [ag; a1,a2,a3,---] = lim [ag;a1, -, an),

n—+oo
provided by a variant of Euclidean algorithm, where we set recursively

1 1
ay = L91J, 92 :

apg = L@J, 91 =

9—0,07 _Ql—aljm

The positive integers (ay,)n>1 thus defined are called the partial quotients of the continued
fraction expansion of 6.
Define two sequences (py, )n>—2 and (g )n>—2 of integers by p_o =0,q_2 =1,p_1 =1,

g—1 = 0, and for every n > 0,

Dn = GnPn—1 +DPn—2, Gn = @nQn—1 + gn—2.

A recursion yields g, > Fy,41 for every n > 0, where (F},)n>0 is the Fibonacci sequence
with first terms Fy = 0 and F; = 1. When 6 €]0,1/2], the stronger inequality ¢, > ¢"
holds for every n > 0, where ¢ is the golden ratio. In every cases, the sequence (g )n>0
is positive, non-decreasing and goes to infinity.

A recursion shows that for every n > 0, and = > 0,

TPn—1 + Pn—2 o
— = [GO, ag,--- 7an717$]-
TGn—1 + dn—2
In particular,
b
= =lao; a1, ,an].
qn

Moreover, p, and g, are relatively prime since p,gn_1 — gnpn_1 = (—1)""1.

The following inequalities hold

In particular, the difference 6 — p, /¢, has the same sign as (—1)" and

Dn+1 DPn
Gn+1 Adn

1 1
< .
QnQn+1 q'n,

an

‘9_pn
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Hence the sequence (pp/qn)n>0 converges to 6.

By definition, the convergents of § are the rational numbers p,,/q, = [ap; a1, , ap]
and the semiconvergents of 6 are the rational numbers

bpn—l + Pn—2
——F =ag,a1, " ,4n_1,b], wheren >1and b € |1,a, — 1].
an—1+Qn—2 [ " ] [[ " ]]

5.2 Using extended Euclidean algorithm to get a sharper estimate

From now on, we assume that 6 €]0,1/2[, so pgo = ap = 0 and 0 < p, < ¢,/2 < gy, for
n > 1. Hence the results of subsection 2.2 apply when (p, q) = (pn, ¢n) for some n > 1.

We fix n > 1 and (p,q) = (pn,qn), so we omit the superscripts p,q. We now want
to get a shaper estimate than the crude upper bound given by lemma 15. Recall that
L = h=([0,p — 1]) where h is the permutation map defined by h(z) = (pz) mod g on
the set [0,q — 1].

Let z and 2’ be two distincts elements in [0,q — 1]. The number of steps (—1,—1)
modulo ¢ required to reach the set L x L°UL® x L from (z, 2’) is also the number of steps
(—p, —p) modulo ¢ required to reach the set [0,p — 1] x [p,q— 1] U [p,q¢— 1] x [0,p — 1]
from (h(z), h(2")).

Denote by dg4(z, 2’) the distance modulo ¢ between z and z’. Then the upper bound
we will give is a function of dg(h(z), h(2')), which is a function of dg4(z, 2’), namely

dy(h(2), h(')) = dist(pd, (2, ), 4Z).

Indeed, if 2/ — 2z = +d |[q], then h(2') — h(z) =p(z' — 2) = £pd [q].
To do this, we apply the extended euclidean algorithm to the integers p and g. Since

p and ¢ are relatively prime and p/q = [0,a1,--- ,ay], this algorithm yields remainders
r1=q>r9g=p>1r1>...>r,_1=1>r, =0 such that

q = pay + 11,
p =riaz + 1o,

Th—3 = "n—20n—1 + Tn—1,
Tn—2 = Tn—10n + Tn,

Extended Euclidean algorithm provides Bezout identities: a recursion shows that
vk € [0,n], 7 = (=1)*(gxp — Pr9)-

—r1. Given k € [[27nﬂ,
Yqr—1p — pe—14q) yield

Indeed, gop—pog = 1xp—0xq =p =r¢and gip—pi1g = a1p—q =
the equalities 7o = (—1)*"2(qp_ap — pr_2q) and 71 = (—1)*~

(_
kP — Prq = ak(qr1P — Pk-14) + (qh—2p — Pr—29) = (=1)* (—arrk—1 + rr—2) = (=1)Frs.
As a result, given k € [0,n], making g translations of —p modulo ¢ is equivalent to
make one translation of (—1)**'7; modulo ¢. This observation yields the next lemma.

Lemma 17 Let k € [0,n — 1] and d € [rg, -1 — 1]. Let J C [0,q — 1] be a subset
containing exactly d elements which are consecutive modulo q. Then J can be reached
from anywhere in [0,q — 1] by making at most ai1qo + - - - + ax+1qx translations of —p
modulo q.
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Proof. We argue by recursion on k.

First, assume that k = 0, so d > rg = p. Since ¢ = a1p+r1 < (a1 + 1)p, J can

be reached from anywhere in [0, — 1] by making at most a; = a1qp translations of —p
modulo q.

Assume that the property holds at level k—1. Let k € [0,n—1] and d € [rg, rp—1—1].
Let J C [0,¢—1] be a subset containing exactly d elements which are consecutive modulo
q. Complete J by adding rp_1 — d consecutive (modulo ¢) points to get a subset J' of
[0,n — 1] made with r;_; consective (modulo ¢) points. These additional points should
be on the right of J if k is even, and on the left of J if k is odd. The number of additional
points is ry_1 —d < rg_1 — i < agg17k. Therefore, to reach J from anywhere, one may
first reach J’ by making at most aiqo + - -+ + arqr_1 translations of —p modulo ¢, and
then make at most a1 translations of (—l)kﬂrk modulo ¢, provided by at most axy1qx
translations of —p modulo ¢g. This yields the property at level k.

The proof is complete.

We now give the better estimate announced above.

Corollary 18 Let z and 2’ be two distincts elements in [0,q — 1]. Assume that the
distance dg(h(z), h(z")) = dist(pdy(z, 2’), qZ) belongs to [ry, rx—1 — 1] with k € [0,n—1]
Then a deterministic walk in [0,q — 1]? starting from (z,2') and making steps equal to
(—=1,—1) modulo q reaches the set L x LU L® x L in at most a1qo + - - - + ax+1qi Steps.

Proof. Let d = dy(h(z), h(2")) = dist(pdy(z,2'),qZ), so 1 < d < ¢/2. By symmetry,
one may assume that h(z") = (h(z) — d) mod q.

The number of steps above is also the number of steps (—p, —p) modulo ¢ required
to reach the set [0,p — 1] x [p,q¢ — 1] U [p,q — 1] x [0,p — 1] from (h(z), h(Z)).
This is at most the number of steps —p modulo g required to reach the interval

[0, min(d, p) — 1] from h(z) since for every k € N,

(h(z/) —kp) mod g € [0,p— 1],

(h(2) — kp) mod g € [0, min(d,p) — 1] = { (h(") — kp) mod q € [p,q — 1].

Hence lemma 17 applies, yielding the conclusion.

The upper bound provided by corollary 18 is a function of d,(h(z),h(z")) and also a
function of dy(z, 2'). Denote by M (dy(h(z),h(z"))) = N(d4(z,2")) this upper bound.

Corollary 19 One has

La/2] La/2] n
Y ON@ =Y Md)<q) ar—q
d=1 d=1 k=1

Proof. Forevery d € [1, |q/2]], set h(d) = dist(pd, gZ). Then N(d) = M (h(d)) because
dg(h(2), h(2")) = h(dy(z,2")) for every z and 2" in [0, ¢ — 1]. Since p and g are relatively
prime, the map h is a permutation on the set [1, |¢/2]], so

La/2] La/2]
> N(@d) = > M(d)
d=1 d=1



But corollary 18 yields

n—1

vd € [1,[q/2]], M(d)= Zak+1Qk1[dgrk_1—1]
=0

and for every k € [0,n — 1], one has ax+1qx = qk+1 — qk—1 and gxrr—1 < ¢ since

a—ari—1 = (D" Y qe—1pk — pe—raw)q — (=1 gr(@r—1p — pr-19)
= (-1)"qx_1(prq — par)
> 0
Hence, one gets
la/2] n—1
S M) = ) aragr(rier — 1)
d=1 o
n—1
= Z ak19%T%—1 — (@n + Gn—1 — g0 — q-1)
k=0

IN

n—1

¢ arp1 —q.
k=0

The proof is complete.

5.3 Proof of theorem 10

We keep the notations of the last subsections, fix n > 1 and (p, ¢) = (pn, ¢n), S0 We omit
the superscripts p, q.

For every t > 0, set Gy = gy, 0 --- 0 gy, Zr = Gi(Zy), Z] = G(2)), and F; =
o(Zo,m,-..,nt). Consider the stopping time

i =inf{t > 0:(Z; — Z;) mod q # (Zy — z,) mod q}.
By definition of the maps gg and g1, one has

m=inf{t >0:(Z,2]) € Lx L°UL® x L} + 1.

Given z € [0,q — 1], set e(z0, 29) = E[T}; .1 |Zo = 20], w(z0, 29) = E[11|Zo = 2] and
call n(zp, z,) the number of steps required to reach the set L x L¢U L¢ x L from (2o, ()
by making steps equal to (—1,—1) modulo q.

Conditionally on F; and on the event [(Z;, Z}) € Lx LUL®x L¢], the random variable
(Ziy1, Zi,1) equals (Zy, Z7) or ((Z; —1) mod ¢, (Z{ —1) mod q), each possibility having
probability 1/2. Hence if zy # 2, then w(zo, 2;) = 2n(20, 23) + 1. Proposition 18 yields
an upper bound n(zo, z{,) < N(d4(20, 2()) so

w(20,20) < W(dg(20,20)) := 2N (dg(20, 25)) + 1.
But Markov property yields

e(20,20) < w(z0,20) + Ele(Gr, (Z0), G, (2))]-
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and G-, (z,) — G+ (z0) = (2, — z0 £ 1) mod g, each possibility having probability 1/2.

Let m = |g/2] be the maximum possible value for the distance dg(zo, ) and set
eq = max{e(zo, 2()) : dq(20, 2,) = d} for every d € [0,m]. Then ey = 0 and

1

6d§W(d)+§(6d_1+6d+1) if d € [[1,m—1]],
em < W(m)+ epm_1 if ¢ is even,
1
em < W(m)+ i(em_l +em) if ¢ is odd.

Hence eg—eq_1 < 2W(d) +eqr1 —eq for every d € [1,m — 1], and e, — ey,—1 < 2W(m),
whatever the parity of ¢ is. By addition, we get successively

Vd € [1,m], eq—eq—1 < 2ZW(]’) < 2S5 where S := ZW(]‘),
j=d j=1
Vie [0,m], e = Z(ed —eq-1) < 2iS.
d=1

But Zj is uniform on [0,q — 1], so

1‘1
gzo—g E 62(),20

If q is even, i.e. ¢ = 2m, we derive

1 1/
E[TM]g%(eo+zel+---+zem_1+em)§E<2Zz+m>szms
=1
If ¢ is odd, i.e. ¢ = 2m + 1, we derive
m
, 2m(m + 1) 2m+1

E[T,.] < 2 2 S = S < S.
Toul < gpqleot2et -+ em)—2m+1zl om+1 0= 2

In both cases, we get

by lemma 19. The proof is complete.
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for stimulating conversations.

25



Index of notations

We recall here the notations widely used throughout the paper.
Numbers

0 fixed irrational number. By convenience, we assume that 6 € [0, 1[ and even that
6 € [0,1/2] in section 5. This is not a true restriction.

r = p/q denotes a good rational aproximation of @, where p and ¢ are relatively
prime integers and ¢ > 2. Here, good means that —1/u < ¢ —p < 1/(q — u) where
u € [1,q — 1] is the inverse of p modulo q. We call v € Z, the integer such that
up —vq = 1.

Dynamical systems considered
S unilateral shift on X = {0, 1}%+, endowed with the measure p = ®,>0(d0+61)/2.
Ty :y+ (y+0) mod1onI=]|0,1[, endowed with the Lebesgue measure v.

Sp = [Tp,1d] : (z,y) — (2(0), (y + (0)f) mod 1) on X x [0,1], endowed with the
measure (@ V.

Tpq: 2+ (2+p) mod qon [0,q — 1], endowed with the uniform measure v,.

Spq = [Tpg,1d] : (2, 2) = (2(0), (z 4+ x(0)p) mod ¢) on X x [0,q — 1], endowed with
the measure u ® v,.

Partitions

ay = {Ag, A?} the partition considered by Parry, and also the associated map from
X xIto {0,1}.

o, ¢ the discrete analogue on X x [0,q — 1].
Py : (z,y) — ap((Sy(z,y))n>0) the associated factor map.

v={lo,...,Iq—1} the partition of I = [0, 1] provided by the subdivision (x)o<k<q—1,
where ), = k6 — |kf]. We also denote by ¢ the associated map from X x I to {0,1}.

Maps
f9) =y — 01y 1(y) and f{(y) =y + (1 — 0)Lg((y) for y € L.
[0 2) = 2 = plpg-1p(2) and f19(2) = 2 + (¢ — p)1po p—17(2) for z € [0,q —1].

h(z) = hpq(2) = (pz) mod ¢ for z € [0,q — 1]. The map h,;, 4 is a permutation and
its inverse is given by h;’;(z) = (uz) mod q. We set L, , = h;}l([[(),p —1]).

gl(z) =2z — 1z (2) and g z)=2z—1g, (2) for z € [0, — 1].
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