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Abstract

A Galerkin-free model reduction approach for fluid-structure interaction (FSI) is presented in this article.

The reduced order model (ROM) is based on proper orthogonal decomposition (POD), where a reduced basis

is formed using energy dominant POD modes. The reduced basis also consists of characteristics POD time

modes that are derived from the POD time modes (coefficients) by using their periodicity. In addition to

flow variables, the solution state vector comprises the mesh deformation, taking into account the structural

deformation in FSI. A ROM solution is obtained by performing a linear interpolation of the reduced basis for

changing operating/control parameters. The proposed Galerkin-free POD-ROM approach is demonstrated

in terms of two test cases: a canonical case study of vortex-induced vibration (VIV) of a cylinder at Reynolds

number Re = 100, where simulations are performed for various structural-to-fluid mass ratios; and a shock

wave boundary layer induced panel flutter. For the second case, we use previously computed high-fidelity

simulations, considering only the effect of panel thickness on the aeroelastic coupling between the flexible

panel and shock wave boundary layer interaction (SWBLI); the inflow is at Mach 2 and Reynolds number

based on panel length Rea = 50000. The presented Galerking-free ROM procedure is clean and robust

for large mesh deformations, in addition to a significantly lower cost of computation compared to the FSI

high-fidelity simulations.

Keywords: Reduced-order modeling, fluid-structure interaction, proper orthogonal decomposition,

Navier-Stokes equations, panel flutter

1. Introduction

Computational fluid dynamics (CFD) can be a costly endeavor, particularly for the simulations involving

large scale real world problems [1]. Reduced-order models (ROM) can provide computationally inexpensive

possibility to perform same computations with a minimum complexity, keeping the essential features of
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the system intact. Although ROM were initially developed in the context of dynamic systems and control

theory, now they are essential in many disciplines. In the context of systems and control theory, the method

of balanced truncation [2, 3] is based on the controllability and observability of a control system, while

the Hankel-norm reduction [4] method is applied for the approximation of transfer functions. The proper

orthogonal decomposition (POD) or Karhunen-Loève expansion is commonly used in fluid dynamics [5, 6]

in order to derive ROM as well as to investigate the flow structures and stability. The POD basis provides

as an optimal choice, in terms of minimization of the quadratic errors, in order to form a reduced basis [7],

which is used for the dimensionality reduction. A traditional procedure to derive a ROM is the Galerkin

projection of Navier-Stokes equations (NSE) on the POD time-invariant reduced basis, leading to a reduced

system of ordinary differential equations (ODE). The reduced set of ODE is then time integrated to obtain

the space-invariant POD modes (also called POD time coefficients). An approximate solution is readily

obtained using the POD reduced basis functions.

In addition to the numerical issues associated with the Galerkin ROM, the dynamically moving mesh is

a major difficulty in constructing a ROM for fluid-structure interaction (FSI) problems In general for FSI,

two separate ROM are derived, one for the fluid domain and other for the structural domain. The two ROM

are then coupled to form an FSI-ROM [8, 9, 10, 11]. This procedure has been beneficial in terms of reducing

the number of parameters and also keeping the two ROM separate. In several other cases, the interface

between the fluid and solid domains is also modeled [10].

The FSI-ROM are prominently developed for the aero-elastic flutter [12] and haemodynamics applica-

tions [10]. The aeroelastic flutter is also considered as a weakly coupled FSI problem, and it has been

studied using FSI-ROM in Silva and Bartels [13], Beran et al. [9] and Raveh [14], to name a few. The recent

advancements of ROM for aerodynamic applications are discussed in Lucia et al. [1] and Raveh [14], they

include mainly the ROM based on POD, Volterra series and method of Harmonic balance. Contrary to the

weekly coupled FSI, the blood flow through arteries and heart represents a strongly coupled FSI problem.

where the ROM are expected to provide simplistic models [15, 16, 10].

The influence of mesh deformation on the POD modes has been studied in Anttonen et al. [17], where

a multi-POD technique has been adopted in order to select the POD reduced basis depending on the grid

displacement; furthermore, the multi-POD was applied to a flow around a pitching and plunging airfoil [18].

The blended POD/ROM based on a forced deformation analysis resulted in an accurate and effective FSI-

ROM. A Galerkin POD-ROM for an FSI is developed in Bourguet et al. [19] for small imposed domain

deformations in order to capture the transitional features of a compressible transonic flow. Iemma and

Gennaretti [20] developed a ROM using a transonic full-potential aerodynamic model along with its transfer

functions and a structural dynamic operator for the fluid-structure coupling. A general framework for

constructing an optimization oriented ROM is presented in Bui-Thanh et al. [21], with an example of a

subsonic blade row. An FSI-ROM for a steady FSI problem has been presented in Lassila and Rozza [22],
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where a free-boundary problem has been reduced to a low-dimensional parameter space.

The present work builds on Shinde et al. [23], where a Galerkin-free model reduction approach was

proposed for Navier-Stokes equations. The Galerkin-free ROM approach treats the solution state variables

separately, thus it can be conveniently used for multi-physics problems. In this effort, we extend the

Galerkin-free ROM approach for FSI problems, treating large mesh deformations. The presented model

reduction technique is demonstrated using two case studies: a two-dimensional vortex induced vibration in

a cylinder and a three-dimensional shock wave boundary layer induced panel flutter. Section 2 describes the

mathematical formulation of the Galerkin-free ROM procedure including a posteriori error estimate. The

results and discussion of the test cases are presented in Sec. 3; while some concluding remarks are provided

in Sec. 4.

2. Mathematical formulation

The computational fluid dynamics (CFD) simulations are considered as the high-fidelity model (HFM),

where a solution state vector comprises the mesh deformation in addition to the solution of Navier-Stokes

equations. Let the solution state vector sss = sss(χχχ, t; η) be spanned on the a time dependent space χχχ ∈ Ω,

which is mapped by using a mapping function ξξξ on a time independent space xxx ∈ Ω, where Ω ⊂ R3. The

time is denoted by t ∈ T , where T ⊂ R. The variable η stands for the controlling parameter. Let H be a

Hilbert space and a state variable si(xxx, t; η) ∈ H with i = 1, 2, · · · , r(sss). r(sss) is the number of state variables.

The standard inner product of a state variable si (between two time instances, si(xxx, t1; η) and si(xxx, t2; η),)

is given by,

(si(xxx, t1; η), si(xxx, t2; η))Ω =

∫
Ω

si(xxx, t1; η) · si(xxx, t2; η)dxxx (1)

The induced norm and time averaging (over the time T ) of the state variable is defined as,

||si||Ω =
√

(si, si)Ω and s̄i =
1

T

∫
T

si dt = 〈si〉T . (2)

The controlling/operating parameter η is an important parameter of ROM. For a change in η, the ROM

must predict the solution state vector sss(xxx, t; η), which can also be performed on the fly. The flow parameters

such as the Reynolds number, Mach number and angle of attack can serve as the controlling parameter. In

fluid-structure interaction problems, structural parameters such as the mass ratio, non-dimensional stiffness

and geometric parameters are commonly considered, depending on the objective of reduced-order modeling.

The controlling parameter is also referred as control or objective function.

2.1. The Snapshot POD

Lumley [5] introduced the method of proper orthogonal decomposition (POD) to fluid mechanics in order

to analyze coherent turbulent flow structures. The direct POD method involves, generally, a large number of
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degrees-of-freedom when applied to a CFD simulation. The method of snapshot POD, proposed by Sirovich

[6], results in significant reduction of the number of degrees-of-freedom. In an arbitrary Lagrangian Eulerian

(ALE) formulation for fluid-structure coupling the computational mesh is re-positioned in accordance with

the moving solid boundaries. A simple numerical approach to handle the mesh is to solve the Laplace

equation for the mesh deformation by retaining the mesh topology. Let the solution state vector be sss(xxx, t; η),

which includes the deforming mesh in addition to the flow state variables. The solution state vector can be

written as,

sss(xxx, t; η) =


χi(xxx, t; η)

ρ(xxx, t; η)

vi(xxx, t; η)

p(xxx, t; η)

 with i = 1, 2, 3, (3)

where the variables ρ, vi and p are the density, components of velocity vector and pressure respectively. A

number of solution states or snapshots of an accurate high-fidelity (HF) CFD simulation are gathered as it

advances in time. The state vector can be decomposed by using the Reynolds decomposition as,

si(xxx, t; η) = 〈si(xxx; η)〉+ s′i(xxx, t; η) (4)

= 〈si(xxx; η)〉+

∞∑
j=1

φsij (xxx; η)asij (t; η), (5)

where s′i(xxx, t; η) represents the unsteady part of the Reynolds decomposition. The flow solution is assumed

to be statistically stationary. The unsteady part of the state vector in Eq. 4 is equivalently represented

by means of the time-invariant POD space modes (topos) and space-invariant POD time modes (chronos)

(Eq. 5). The solution state vector can be approximated by using a reduced number of energy dominant

POD modes (φsij ) and corresponding time coefficients (asij ) as shown in Eq.6.

si(xxx, t; η) ≈ 〈si(xxx; η)〉+

N
si
r∑

j=1

φsij (xxx; η)asij (t; η) t1 ≤ t ≤ tsn (6)

A reduced-order solution can be obtained for the time interval of snapshots collection i.e. for [t1, tsn], where

Nsi
r is a reduced number of POD modes for si; this number can be different for each variable of the solution

state vector. Here t1 and tsn represent time of the first and last snapshots respectively. Let RRR(η) be a two

point time-correlation function, given by,

RRR(η) =



Rχ1(η)(ti×tj)
...

Rρ(η)(ti×tj)
...

Rp(η)(ti×tj)


=

1

Nt



(χ1(xxx, ti), χ1(xxx, tj))Ω

...

(ρ(xxx, ti), ρ(xxx, tj))Ω

...

(p(xxx, ti), p(xxx, tj))Ω


, (7)
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where Nt stands for the number of snapshots used to estimate the time-correlation tensor. The subscript

(ti × tj) stands for the dimensions of each element of the correlation tensor. The correlation tensor RRR(η) is

solved for an eigenvalue problem, as in Eq. 8.

Rsi(η)asij (t; η) = λsij a
si
j (t; η), (8)

where λsij are the eigenvalues. The eigenfunctions asij (t; η) satisfy,(
asij (t; η), asik (t; η)

)
Tsn

= δjk, (9)

where, δjk is the Kronecker delta. The POD modes are arranged in descending order of their energy content

(eigenvalues), i.e λsi1 ≥ λsi2 ≥ ............... ≥ λsiNpod > 0. The orthonormal POD space modes are obtained

using Eq. 10, such that
(
φsij (xxx; η), φsik (xxx; η)

)
Ω

= δjk.

φsij (xxx; η) =
1√
Ntλ

si
j

(
s′i(xxx, t; η), asij (t; η)

)
Tsn

(10)

The corresponding POD time coefficients are given by,

asij (t; η) =
(
φsij (xxx; η), s′i(xxx, t; η)

)
Ω

=
√
Ntλ

si
j a

si
j (t; η) (11)

Generally, the number of reduced POD modes (Nsi
r ) is much smaller compared to the total POD modes

(Nsi
r << Nsi

pod), containing most of the energy Ec. The relative energy of reduced system is given as,

%Ecsi =

∑N
si
r

j=1 λ
si
j∑N

si
pod

j=1 λsij

× 100. (12)

The total energy of the system can be estimated by Eq. 13, which also provides an approximate estimate

of the energy in terms of POD time coefficient (asij ).

Esi(η) =
1

2

∫
Ω

〈
s′i(xxx, t; η)2

〉
Tsn

dxxx ≈ 1

2

N
si
r∑

j=1

λsij =
1

2

N
si
r∑

j=1

〈
asij (t; η)2

〉
Tη
, (13)

where Tsn is the time interval of snapshots collection. An approximate value of total energy can be obtained

for a minimum value of time Tη, which is the time-period of one limit cycle oscillation (LCO) of the first

POD mode, a1(t; η), for an operating parameter η. Equation 14 provides characteristic time coefficients,

where ta is an arbitrary time in ta = [0, (tsn − Tη)].

ãsii (t; η) = asii (t; η) for t ∈ [ta, ta + Tη] (14)

Equation 6 can be reframed as in terms of the characteristic POD time modes as:

si(xxx, t; η) ≈ 〈si(xxx; η)〉+

N
si
r∑

j=1

φsij (xxx; η)ãsij (t; η) t ≥ 0, (15)

leading to a ROM that can time march outside the snapshots’ time interval ([t1, tsn]).
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2.2. Linear interpolation

The time average of state vector (〈sss〉) and the POD modes (φsii , ãsii ) are interpolated linearly for any

change in the operating parameters such as Reynolds number, mass ratio (mass of solid/mass of displaced

fluid medium) in fluid-structure interaction systems by using Eq. 16,

Γ(βββ; η) = Γ(βββ; η1) +

[
(Γ(βββ; η2)− Γ(βββ; η1))

(η2 − η1)

]
(η − η1), (16)

where η1, η2 are the values of controlling parameter for two high-fidelity reference cases. Γ is a dummy

variable for 〈si〉, φsij and ãsij , whereas βββ is replaced by xxx for the state variable or space modes and by t for

the characteristic POD time modes. A priori the standard inner product in Eq. 17 is satisfied, so that the

interpolated quantities (terms on the right hand side of Eq.15) are in minimum phase difference with η1

reference case.

(Γ(βββ; η1),Γ(βββ; η2))βββ ≥ 0 (17)

The linear interpolation can be easily extended for a linear extrapolation using the reference state so-

lutions, in order to broaden the range of operating conditions. Furthermore, a smooth transition from an

operating condition to another can be achieved by using a linear transition, as discussed in Morzynski et al.

[24] and Shinde et al. [23].

2.3. Error estimate

An error estimate based on the quadratic energy terms is considered, which provides an upper bound of

the error for a Galerkin-POD ROM [25, 26]. The normalized error (ε(t; η)) can be given by,

ε(t; η) =

r(sss)∑
i=1

[
(Esi(t; η)pod − Esi(t; η))

σi2(η)

]2

=

r(sss)∑
i=1


(∑Npod

j=1 ãsij (t; η)2
pod −

∑Nr
j=1 ã

si
j (t; η)2

)
σi2(η)

2

, (18)

where the subscript pod stands for the energy of POD reconstructed solution. The variance is computed

using HF model as,

σi
2(η) =

∫
Ω

〈
s′i(xxx, t; η)2

hf

〉
T
dxxx (19)

3. Results and discussion

At first, we present a test case of vortex-induced vibration of cylinder at Reynolds number based on

cylinder diameter ReD = 100. The computations are performed in two-dimensional configuration for various

structural-to-fluid mass ratios, and a ROM is constructed for the predictions at off-reference values of the

mass ratio. Secondly, a test case of panel flutter induced by shock wave boundary layer interaction is
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considered in order to demonstrate the applicability of the proposed method for three-dimensional and

highly non-linear fluid-structure interaction problems. For this case, we consider an existing high-fidelity

simulation database from Shinde et al. [27], where an incoming laminar boundary layer at Mach 2 and

Reynolds number base on panel length Rea = 50000 interacts with an incident shock at the shock angle

of 35◦ and shock strength of 1.8 over a flexible panel. The study [27] comprises effect of several structural

parameters on the panel flutter, however we consider only the effect of panel thickness, and construct a

ROM solution for the flutter response and wall pressure of the panel.

3.1. Vortex-induced vibration of a cylinder at ReD = 100 for various mass ratios

The two-dimensional vortex-induced vibration (VIV) of a circular is at Reynolds number ReD = 100

based on the cylinder diameter D, streamwise inflow velocity u∞, fluid density ρ and fluid dynamic viscosity

µ. The structural parameters include the mass ratio m∗ = m/(ρD2), cylinder natural frequency fn (in

vacuum) and damping coefficient ζ, where m represents the cylinder mass per unit length. Figure 1 shows

the computational domain (χχχ) and instantaneous streamwise velocity field (u(χχχ, t; η)), where the control

parameter η = m∗. The simulations are performed by using standard Dirichlet and far field boundary

conditions, leading to the mean flow in +X direction. The cylinder surface is a no-slip adiabatic wall.

(a) Geometry and mesh (b) Instantaneous streamwise velocity

Figure 1: Computational domain and instantaneous flow field at Re = 100 and mass ratio m∗ = 2.50

3.1.1. The flow governing equations

A compressible flow solver [28, 29] with an appropriate preconditioning scheme for the flow incompress-

ibility is used for the HF CFD simulations. The full Navier-Stokes Equations (NSE) govern the fluid flow,
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and are described in Eq. 20 through Eq. 22.

∂

∂t
(www) +

∂

∂x
(fff − fffν) +

∂

∂y
(ggg − gggν) = 0, (20)

where

www =


ρ

ρu

ρv

ρE

 , fff =


ρu

ρu2 + p

ρuv

u(ρE + p)

 , ggg =


ρv

ρvu

ρv2 + p

v(ρE + p)



fffν =


0

τxx

τxy

[τττ ,vvv]x − qx

 , gggν =


0

τyx

τyy

[τττ ,vvv]y − qy

 .

Here www is the state vector. fff , ggg are the convective fluxes, while fffν , gggν are the viscous fluxes. The flow

velocity components in x and y directions are denoted by u and v respectively. p stands for the pressure,

while E represents the specific energy density. The components of shear stress tensor τττ in the viscous fluxes

are given by Eq. 21.

τxx =
2

3
µ

(
2
∂u

∂x
− ∂v

∂y

)
, τyy =

2

3
µ

(
−∂u
∂x

+ 2
∂v

∂y

)
τxy = τyx = µ

(
∂u

∂y
+
∂v

∂x

)
(21)

The heat flux is calculated using Fourier’s law as,

qx = −kθ
∂θ

∂x
, qy = −kθ

∂θ

∂y
with kθ = µCp/Pr, (22)

where kθ, θ are the thermal conductivity, temperature respectively. The Prandtl number (Pr) is taken 0.72

(for air).

The second order fully implicit LU-SGS (Lower-Upper Symmetric Gauss-Seidel) backward A-stable

scheme is used for solving the discretized equations, as discussed in Vos et al. [30]. The space deriva-

tives are discretized by using a forth order central finite volume scheme in a skew-symmetric form. For the

incompressibility, the preconditioning method proposed in Turkel et al. [31] is used for the flows with low

Mach numbers.

3.1.2. Fluid-structure coupling

The cylinder’s motion is modeled as the mass on a spring system, as shown in Fig. 2, where the cylinder

oscillates only in the lift direction (Y direction). The equation of cylinder motion can be written as:
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Figure 2: Coupling between fluid and the cylinder

m
d2y

dt2
+ c

dy

dt
+ ky = Fy, (23)

where y is the cylinder displacement in the lift direction. c and k denote the structural damping and stiffness

coefficients respectively. The fluid force Fy, per unit length of the cylinder, drives the motion of cylinder.

The second order differential equation is solved using Hilber-Hughes-Taylor method (HHT) Newmark

algorithm [32]. An arbitrary Lagrangian Eulerian (ALE) method is used to simulate the fluid-structure

coupling [28], where the displacement (y) and velocity (dydt ) of the cylinder are used to deform the mesh and

update the flow velocities respectively.

The non-dimensional flow and structure parameters are listed in Table 1, where u∗ = u/(fnD) is the

non-dimensional reduced velocity. The structural non-dimensional frequency f∗n = fnD/u∞, leading to

f∗n = 1/u∗ at the far field. The damping coefficient ζ and natural frequency fn are respectively expressed

as:

ζ =
c

2
√
km

and fn =
1

2π

√
k

m
. (24)

The high value of the damping ratio is selected in order to control the amplitude of the cylinder oscillations.

The flow past a cylinder for Reynolds number ReD = 100 results in a Strouhal number, St = fshD/u∞, of

St ≈ 0.17, where fsh is the vortex shedding frequency. Thus, the cylinder frequency f∗n = 0.17 leads to the

VIV.

ReD u∗ f∗n ζ (%)

100 5.88 0.17 20

Table 1: Simulation parameters

As noted before, the mass ratio m∗ is considered as the controlling parameter (η = m∗) for the VIV. The

9



High-fidelity simulations are performed for a range of mass ratio values, such that the oscillation amplitudes

of the cylinder vary approximately between y ≈ 0 and y ≈ 1D. Table 2 shows the reference cases simulated

using different mass ratio values and the corresponding response of the cylinder in terms of a root mean

squared displacement y∗rms = yrms/D.

m∗ 1.5 1.75 2 2.5 3 3.5 5 7 10 20

y∗rms 0.69 0.64 0.59 0.51 0.44 0.38 0.25 0.21 0.10 0.04

Table 2: Reference case simulations

3.1.3. POD analysis

The solution state vector sss(xxx, t; η) of Eq. 3 becomes

sss(xxx, t;m∗) =


y(xxx, t;m∗)

u(xxx, t;m∗)

v(xxx, t;m∗)

p(xxx, t;m∗)

 (25)

for the VIV of cylinder case study. A set of snapshots of the solution vector are recorded for the snapshot

POD analysis, where a total of 576 snapshots are collected using a non-dimensional time step of ∆t = 0.05.

A time-correlation tensor is formed by using the unsteady part (sss′) of the state vector, which is then solved

for the eigenvalue problem as per the procedure detailed in Sec. 2. The % energy (λi/
∑
i λi×100) associated

with the POD modes of the different state variables is shown in Fig. 3 for the mass ratio of m∗ = 2.50. The

(a) mesh deformation (y) (b) flow variables (u, v and p)

Figure 3: % energy associated with the POD modes at ReD = 100, m∗ = 2.50
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POD modal energies are arranged in decreasing order for all variables The energy associated with the first

POD mode of mesh deformation is ≈ 100% (Fig. 3 a). Thus, only one POD mode (Ny
r = 1) is sufficient for

the reconstruction of mesh movement. On the other hand, first 10 POD modes of the velocity (u, v) and

pressure comprise ≈ 99% of energy, thus only 10 out of 576 modes are retained for the ROM. Furthermore,

the corresponding temporal modes exhibit stable limit cycle oscillations, ensuring the periodicity required

in order to extract the characteristic time modes of Eq. 14. The pair of first POD modes for the mesh

(a) Space mode (φy1(xxx;m∗))

(b) Time mode (ay1(t;m∗))

Figure 4: The pair of first POD modes for mesh deformation in y direction for ReD = 100 and m∗ = 2.50.

deformation is shown in Fig. 4, displaying the space mode (φy1(xxx;m∗)) in Fig. 4(a) and corresponding

characteristic temporal mode (ãy1(t;m∗)) in Fig. 4(b), where the period of LCO is Tm∗ = 5.79622.

3.1.4. ROM solution

The vortex-induced vibration in a circular cylinder is extensively studied in the past [33]. There exists

a critical minimum value of the mass ratio, as discussed in Williamson and Govardhan [33], which is m∗ ≈

0.424 1; this value of critical minimum mass ratio changes with other system parameters. In order to obtain

the desired higher amplitudes of cylinder oscillations, the very high value (20%) of the damping ratio is

used, varying the mass-damping parameter (mδ/ρD2 [34], where δ ≈ 2πζ) from 0.2 to 4. The physics of

the problem at small and very small mass-damping parameter is studied in Khalak and Williamson [35] and

Khalak and Williamson [36].

1In general, the mass ratio is defined as the structural mass to displaced fluid mass: m∗ = 4m/(ρπD2). Then the minimum

critical value is ≈ 0.54.
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The reduced number of POD modes (Nsi
r ) with high energy content are selected to form the POD

subspace. There are two main problems while constructing the ROM for this FSI system: first, the traditional

Galerkin projection of the Navier-Stokes equations on the POD time invariant modes (or space modes) when

the computation domain is time dependent, which is discussed in a great detail by Tadmor et al. [37]. Second,

the validity of a POD-based ROM is generally limited to a small range of controlling parameter, since the

POD reduced basis non-linearly depends on the controlling parameter. Bui-Thanh et al. [38] proposed a

gappy POD procedure to construct the off-reference ROM solutions, thereby dealing with the change of

controlling parameters. The method uses the POD coupled with an interpolation method, which avoids

the Galerkin projection of the governing equations. In Lieu et al. [39] a ROM for a complete aircraft is

formulated based on a Mach-adaptation strategy, where the angle between POD subspaces is interpolated

in order to deal with the changes in controlling parameter. The interpolation of the reduced basis for the

change in controlling parameter is performed in a tangent space to a Grassmann manifold in Amsallem and

Farhat [40] and further on matrix manifolds in Amsallem and Farhat [41]. In the present work, the periodic

reconstruction of the POD time modes as per Eq. 14 is used to circumvent the Galerkin projection; and

the solution, including mesh deformation, is readily built using Eq. 15. A direct linear interpolation of the

POD space as well as time modes is performed in order to predict an off-reference solution state by using

the pre-simulated reference cases.

The linear interpolation of the energy dominant (Nsi
r ) POD modes is performed for any value of the mass

ratio in the range of reference cases listed in Table 2. A comparison between the interpolated POD modes

and high-fidelity POD modes for an off-reference case (mass ratio m∗ = 2.75) is shown in Fig. 5. The figure

compares first three time-invariant POD modes (topos) of the streamwise velocity (u). Figure 5 (a), (c) and

(e) show the first three energy dominant POD modes (φu1 , φu2 and φu3 ) respectively, which are obtained by

using the HF simulation. In comparison, the POD modes in Fig. 5 (b), (d) and (f) are the corresponding

linearly interpolated POD modes, which are obtained by using the reference state POD reduced sub-spaces

at m∗ = 2.50 and m∗ = 3.00. A similar configuration at Reynolds number Re = 1690 is treated in Liberge

and Hamdouni [42], where a non-linear FSI ROM based on a multiphase formulation of the Navier-Stokes

equations and its extension in the solid domain is presented; in their study, Reynolds number is considered

as a controlling parameter.

In addition to the interpolation of the POD space modes, the temporal coefficients are also linearly

interpolated in phase space. The interpolation of the first three temporal coefficients in phase space is

shown in Fig. 6. The interpolated chronos (in blue colour, Fig. 6)) coincide with the high-fidelity modes

beneath (in green colour, Fig.6), indicating a high accuracy of the presented FSI-ROM.

Figure 7 shows a flow chart of the operating principle of the presented reduced-order approach. Once

the reference high-fidelity simulations are performed, one can build the reference POD basis. The POD

reduced bases are formed separately for each state variable, including the mesh deformation. For a given
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(a) φu1 (xxx;m∗) (high-fidelity mode) (b) φu1 (xxx;m∗) (interpolated mode)

(c) φu2 (xxx;m∗) (high-fidelity mode) (d) φu2 (xxx;m∗) (interpolated mode)

(e) φu3 (xxx;m∗) (high-fidelity mode) (f) φu3 (xxx;m∗) (interpolated mode)

Figure 5: Comparison of the POD modes (HF simulations) with interpolated modes at Re = 100, m∗ = 2.75
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(a) ãu1 (t;m∗) Vs. ãu2 (t;m∗) (b) ãu1 (t;m∗) Vs. ãu3 (t;m∗)

Figure 6: Comparison of POD temporal coefficients (HF simulations) with interpolated modes at Re = 100, m∗ = 2.75

Figure 7: Working principle of the presented ROM
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value of a controlling parameter, nearest reference bases are selected for linear interpolation, as detailed in

Sec. 2.2. A reduced representation of the solution state vector, comprising the mesh deformation, can be

readily obtained by using the interpolated bases. A continuous update of the solution, following changes in

the controlling parameter, can be obtained by using the method described in Shinde et al. [23].

(a) Cylinder response at m∗ = 2.75 (b) Error ε(t)

Figure 8: Comparison between the ROM and HF CFD solutions at ReD = 100, m∗ = 2.75

Figure 8(b) shows the normalized energy based error (ε(t)) as defined in Eq. 8, limiting the errors to

2%. The ROM solution is obtained within ≈ 20s using a single processor by following the presented ROM

model. On the contrary, the corresponding HF CFD simulation takes more than 24 hours on 8 processors

to provide the solution. Figure 9 shows the instantaneous streamwise velocity curve compared between the

(a) u at t = 10 (high-fidelity) (b) u at t = 10 (ROM)

Figure 9: Comparison of streamwise velocity (u) at t = 10 for m∗ = 2.75

HF CFD model and FSI-ROM, for the same simulation time of t = 10, starting from an arbitrary stationary

state.

Similar to most of the existing POD-based ROM, this method is also a posteriori formulation, which

implies that the high-fidelity simulations need to be performed in order to obtain the reference cases. The
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formulation is based on the assumption of statistical stationarity of the coupled fluid-structure system.

Although this test case is a periodic flow, the method is not restricted to periodic flows but the stationary

flows. This aspect of the ROM is already discussed in the previous work [23, 43] based on the periodicity

of the POD time coefficients in a stationary flow. For instance, Rempfer and Fasel [44] have presented the

POD time coefficients of the vorticity for a flat plate boundary layer turbulent flow. Although the flow is

not periodic, the POD time coefficients are periodic. A large difference between two reference states may

lead to a higher interpolation error, due to the linear interpolation as well as due to the order/rank change

of the POD modes.

3.2. A shock wave boundary layer induced panel flutter

The flow configuration of a shock wave boundary layer induced panel flutter consists of an oblique incident

shock at the shock angle of 35◦ and shock strength of p3/p1 = 1.8. The schematic of flow configuration

is shown in Fig. 10(a). The incident shock interacts with a laminar boundary layer that evolves from a

Blasius profile, where the inflow boundary thickness is δin/l = 0.0083, inflow Mach number M∞ = 2.0 and

Reynolds number based on panel length Rel = 50000. The shock impinges at the mid-chord location of

the panel, where the panel length (l) to width (b) ratio is b/l = 1. The pressure inside the cavity that

is beneath the flexible panel is pc/p1 = 1.4. Shinde et al. [27] investigated the panel flutter for various

structural parameters that include: panel aspect ratio b/l, panel thickness h∗ = h/l, flutter parameter and

mass ratio. Figure 10(b) shows a three-dimensional flow field in terms of the Q criterion isosurface colored

with velocity magnitude, shadowgraph (Laplacian of the density) and panel deflection contours, exhibiting

a transitional shock wave boundary layer interaction (SWBLI) over a flexible panel, for a set of structural

parameters. The thick lined square on the bottom surface indicates the panel edges (Fig. 10 b).

The simulations in Shinde et al. [27] were performed by using a well validated aeroelastic solver [45, 46,

47, 48]. A 2nd order implicit time marching scheme alongside a 6th order compact difference scheme was used

for solving Navier-Stokes equation in a full three-dimensional curvilinear formulation [49, 50]. The structural

dynamics of the flexible panel was modeled by using von-Karman plate theory. The spatial derivatives in

the structural equations were solved using standard 2nd order central finite difference scheme, whereas the

equations were time-marched by using a second order unconditionally stable Newmarks β algorithm. Further

numerical details on the fluid-structure coupling are elaborated in Gordnier and Visbal [51].

We consider the effect of panel thickness h∗ on panel flutter in order to construct the proposed Galerkin-

free POD-ROM, thus the controlling parameter of ROM is the panel thickness (η = h∗). Furthermore, we

consider only a computational plane of the geometry for the ROM that includes the panel, and a solution

state vector comprising only the panel deflection and wall pressure, which are important variables for panel

flutter. Table 3 lists two reference cases and corresponding flutter responses in terms of the mean (ym) and

standard deviation (ysd) of panel deflection at a 3/4 chord length of panel along the mid-span location. z
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(a) (b)

Figure 10: Flow configuration. (a) schematic of the computational domain (b) an instantaneous three-dimensional fluid-

structure interaction state. y axis is scaled by factor 4 for clarity.

axis represents the spanwise direction (refer Fig. 10 b), while x and y are the streamwise and wall normal

directions respectively.

h∗ 0.002 0.004 0.008 0.016 0.032

ym/h -1.6131 -1.2864 -1.0001 -0.7240 -0.4179

ysd/h 0.1372 0.0974 0.05338 0.02964 0.0122

Table 3: Reference case simulations

3.2.1. POD analysis

The solution state vector of Eq. 3 comprises the panel deflection y and the wall pressure pw, given as:

sss(xxx, t;h∗) =

y(xxx, t;h∗)

p(xxx, t;h∗)

 . (26)

The simulations in Shinde et al. [27] were performed for sufficiently long non-dimensional time, ensuring the

statistical stationarity of the flutter response. A total of 1000 snapshots are collected using a time interval

of ∆t = 0.01 in order to perform the snapshot POD analysis as detailed in Sec. 2. The snapshot POD is

performed for both the reference cases, while the results for panel thickness h/l = 0.008 are presented in

this section.

The POD modal energy curves in Fig. 11(a) show the percentage energy contained in each mode for

the panel deflection and wall pressure. The snapshot procedure leads to a total of 1000 POD modes for
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Figure 11: POD modal energy content and the time-averages of the panel deflection and wall pressure (a) Energy contribution

of POD modes (b) time-averaged panel deflection (b) time-averaged wall pressure.

1000 snapshots; however, due to optimality of the POD [7], only few modes comprise most of the energy.

The figure (Fig. 11(a)) shows first 100 modes ordered based on their energy content for both the variables.

Clearly, the first two modes of panel deflection and first ten modes of wall pressure contain ≈ 99% of the total

energy. Thus, we retain only these modes, in addition to the time-averages of variables, for ROM predictions.

Figure 11(b) and (c) show the time-averaged panel deflection and wall pressure profiles respectively, where

the profiles are normalized by the panel thickness and free-stream pressure (p∞) respectively. The time-

mean panel deflection profile exhibits a sinusoidal response (which corresponds to the mode 2,1 of panel

deformation) due to the impinging shock, the wall pressure on the other hand (Fig. 11 c) indicates the

typical increase across a shock.

(a) POD space modes of panel deflection

-2
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0

1

2

-10 -5 0 5 10

ã
y 2

ãy1

(b) POD time modes of panel

deflection

Figure 12: First two POD modes of the panel deflection (a) POD space modes (b) POD time modes in terms of phase portrait.

The arrows indicate flow direction.

The first two energy dominant POD modes for the panel deflection, Fig. 12 (a), indicate higher modes

of panel vibration [49], where the first mode constitutes most energy; which is ≈ 97.43% as opposed to
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≈ 1.90% for the second mode. The corresponding characteristic POD time modes that are extracted from

the regular POD time modes are shown in Fig. 12(b) in terms of a phase portrait, where both the modes

exhibit limit cycle oscillations (LCO) with a time period of ≈ 0.7855.

The energy dominant POD modes of the wall pressure are shown in Fig. 13. The first two POD space

modes of wall pressure, Fig. 13(a), exhibit a correspondence with the first two POD modes of the panel

deflection; where the mode shapes of wall pressure show undulations of approximately same wavenumbers

in the streamwise and spanwise directions. However, the higher POD space modes of wall pressure exhibit

undulations that correspond to the panel deflection modes in the spanwise direction only (Fig. 13 a). The

SWBLI coupled with panel flutter results in flow transition, giving rise to the flow three-dimensionality

and unsteadiness, mostly near the shock-foot and downstream regions (refer the 3-D flow in Fig. 10 b);

consequently, the POD space modes of wall pressure extend approximately from the shock impingement

location to the downstream end computational domain. The corresponding POD time modes are shown in

Fig. 13(b) in terms of phase portraits, where LCO of the first seven modes are displayed. Furthermore, the

phase portraits in Fig. 13(b) exhibit pairs of POD modes: (ãpw1 — ãpw2 ), (ãpw3 — ãpw4 ) and (ãpw5 — ãpw6 )

etc., where the modes from a pair show a phase shift with respect to the first POD mode ãpw1 for the same

value of time period. The presence of POD mode pairs indicates organized flow structures of the transitional

SWBLI, as the boundary layer is not developed to a fully turbulent state.

3.2.2. ROM solution

As noted before, only first two modes of the panel deflection and first ten modes of wall pressure constitute

≈ 99% of the total energy, forming a reduced order POD basis. The POD reduced basis comprise the reduced

number of POD modes for all reference cases listed in Table 3, and an off-reference case solution can be

readily obtained by the ROM procedure shown in Fig. 7. We consider an off-reference case with the panel

thickness of h∗ = 0.010. In order to perform the linear interpolation defined in Sec. 2.2, two reference

cases that encompasses the off-reference case are selected, which include: h∗ = 0.008 and h∗ = 0.016.

The interpolation leads to a reduced POD basis for h∗ = 0.010, which includes the POD space and time

modes as well as the time-averaged variables. Figure 14 shows the interpolated POD modes in comparison

with the high-fidelity POD modes at the same value of panel thickness (h∗ = 0.010). The first two energy

dominant POD modes for the panel deflection, φy1 and φy2, are shown are in Fig. 14(a) and Fig. 14(b), where

the interpolated modes are almost identical to the high-fidelity modes. The interpolated modes follow the

sign convention of any one reference case, here they follow h∗ = 0.008. Although a large difference in the

reference cases can introduce non-linearities and the linear interpolation may result in higher numerical

error, the dominant POD modes appear to be consistent over the considered range of panel thickness. Xie

et al. [52] made similar observation while developing a ROM for a nonlinear aeroelastic flutter based on

their prior study [53], where a set of POD modes was used for various cases with different flutter parameter
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(a) POD space modes of wall pressure, φpwi
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(b) POD temporal modes for the wall pressure, ãpwi

Figure 13: Energy dominant POD space and characteristic time modes of wall pressure. (a) POD space modes φpwi (b) POD

time modes ãpwi . The arrows indicate flow direction.
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and aspect ratios. The POD modes for the wall pressure are compared between the high-fidelity simulation

and ROM in Fig. 14(b), where the first (φpw1 ) and eighth (φpw8 ) POD space modes are compared, showing a

good match even for the low energy eighth mode (φpw8 ).

(a) HF modes

(b) interpolated modes

(c) HF modes

(d) interpolated modes

Figure 14: Comparison between the high-fidelity and interpolated POD space modes from reduced POD basis for h∗ = 0.010

(a) high-fidelity modes for panel deflection (b) interpolated modes for panel deflection (c) high-fidelity modes for wall pressure

(d) interpolated modes for wall pressure. The arrows indicate flow direction.

The space-invariant POD reduced basis, which consists of the characteristics POD time modes, is also

interpolated by using the procedure in Sec. 2.2. The linear interpolation of the first two and first ten POD

modes for the panel deflection and wall pressure is performed for the off-reference case of h∗ = 0.010 by using

the two reference cases: h∗ = 0.008 and h∗ = 0.016, similar to the POD space modes and time averages.

Figure 15 shows linearly interpolated characteristic POD time modes for the panel deflection and wall

pressure for h∗ = 0.010 in comparison with the high-fidelity solutions. As opposed to the POD space modes,

the temporal modes exhibit non-linearity in their amplitudes and phase values for the change in controlling

parameter, leading to higher differences between the high-fidelity solution and ROM interpolation. The

phase portrait of the first two POD modes of the panel deflection is shown in Fig. 15(a), comparing the

high-fidelity and ROM LCO; where the interpolated modes, to some degree, under predict the amplitudes.

The interpolation of the second, third and eighth modes against the first mode of the wall pressure is

presented in Fig. 15(a), (b) and (c) respectively, indicating a good match even for the higher mode ãpw8 .

The ROM results are compared with high-fidelity solution in terms of the POD modal energy and panel
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Figure 15: Interpolation of characteristic POD time modes h∗ = 0.010. (a) phase portrait of first and second modes of panel

deflection (b) phase portrait of first and second modes of wall pressure (c) phase portrait of first and third modes of wall

pressure (d) phase portrait of first and eighth modes of wall pressure
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flutter response at a probe location in Fig. 16. The POD modal energy contribution, Fig. 16 (a), for the

ROM is in good agreement with the high-fidelity modes for both the panel deflection and wall pressure,

where the reduced basis comprise ≈ 99% of the total energy. The error in ROM prediction based on Eq. 18

is shown in Fig. 16(a), where the time evolving error exhibits LCO with a maximum value of ≈ 0.17 in a

cycle. As discussed in Shinde et al. [23], the Galerkin-free POD ROM approach is unconditionally stable,

where the error ε(t) remains in bounds for values of t. The panel flutter response in terms of the panel

deflection at the 3/4 chord length is compared in Fig. 16(c), where the ROM predictions closely follow the

high-fidelity solution. The time-averaged panel deflection and its standard deviation are ym/h = 0.9535

and ySD/h = 0.0564 against the high-fidelity simulation values of ym/h = 0.9331 and ySD/h = 0.0523

respectively.

A high-fidelity simulation costs ≈ 7500 hours of processor time in order to obtain a statistically station-

ary solution. The presented Galerkin-free procedure predicts the reduced order solution in ≈ 10 seconds,

substantially reducing the computational cost; which is also due to the partial selection of the computational

domain and solution state variables while constructing the ROM.

4. Conclusion

A Galerkin-free model reduction of fluid-structure interactions based on proper orthogonal decomposition

is presented. The computational mesh deformation is considered as a part of the solution state vector while

constructing the reduced POD basis. The approach is demonstrated by using two case studies: a vortex-

induced vibration of a cylinder at low Reynolds number and a shock boundary layer induced panel flutter,

which comprise the two-dimensional laminar and three-dimensional transitional flows respectively. The

energy dominant POD time modes must exhibit a periodic response in order to extract the characteristic

POD time modes. The periodicity assumption holds for both the two dimensional VIV of cylinder and three-

dimensional panel flutter cases. The presented ROM procedure is clean and robust in terms of handling

large mesh deformations, in addition to a significant reduction of computing cost, which is enticing for the

flow/flutter control applications.
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