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Abstract

This document corresponds to the supplementary materials of the article. It
is organised as follows: i) a video abstract (section 1), ii) the proofs of some
propositions (section 2), iii) the verification of the metric properties (section 3),
iv) the invariances of the robust to noise metrics (section 4) and v) details about
the illustration section (section 5). !

The reference numbers to equations, definitions, propositions, etc. of the
main paper will be denoted “(no, MP)”. no will be the reference number in the
main paper (MP).

1. Video Abstract

A video is available as Graphical Abstract.
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A template is selected in a Similar objects to the template are detected in a
high-contrast image. low-contrast image with an Asplund's metric.

Figure 1: Cover graphic of the video abstract.

2. Proof of propositions (2, MP), (3, MP) and (4, MP)

Noyel and Jourlin [1] have introduced the following proofs which correspond
to the map of LIP-multiplicative Asplund’s distances.

Proof of proposition (2, MP).
Using equation (13, MP), Vo € D, Vh € Dy, Ya € RT, there is:

a(z) A b(h) > f(z +h)
& M — M(1—b(h)/M)*® > f(x+h), (Eq. (3, MP))
In(1— f(x+h)/M) b(h)
(= b0 /M) where (1 — W) €]0,1].
With f =1In(1 — f/M), equation (13, MP) becomes:
Xof () = inf {a(z),a(x) > (f(z + h)/b(h)), h € Dy}
= V{f(xz + h)/b(h), h € Dy}.

The last equality is due to the complete lattice structure. In a similar way,
equation (14, MP) becomes:

o f () = sup {a(x), a(x) < (f(z + h)/b(h)), h € Dy}
= A{f(x + h)/b(h), h € Dy}.
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Proof of proposition (3, MP).
Let b = by € (T*)P» a flat structuring element (Vz € Dy, b(x) = bp).
Equations (15, MP) of A\, and (16, MP) of u;, can be simplified as follows:

Xoo () = (1/bo) A{ f(z + h), h € Dy}, because by < 0
= (1/bo) In (1 = (V{f (x — h), —h € Dy})/M)
= (1/bo) In (1 = (65, f(2))/M).



The infimum A is changed into a supremum V because the function f x—
In(1 — 2/M) is a continuous decreasing mapping. Similarly,

v, f(2) = (1/bo) V {f(x 4+ h),h € Dy}, because by < 0
= (1/bo) In (1 = (A{f(x + h),h € Dp})/M)
(1/b0) In (1 = (ep, f(x))/M).

Equation (20, MP) of the map of Asplund’s distances of f, Asb&O f, is obtained
from equation (17, MP) and the previous expressions of Ay, f and g, f. O

Proof of proposition (4, MP).
There is Vf,g € Z,Vx € D,

No(f V 9)(@) = V{(f Vg(x + ) /b(h), h € Dy}
= V{(f(z + 1) Ag(a+h))/b(h),h € Dy},
= V{(f(z + h)/b(h)) v (§(z + h)/b(h)), h € Dy},
= Vhen, {f(z +h)/b(W)}] V [Vhen, {d(x + h) /b(h)}]
= X (f)(@) V Ap(9) ().
The second equality is obtained because f is decreasing. The third equality
is caused by b(h) < 0. According to definition (4.2, MP), X, is a dilation. In
addition,
Ap(0)(2) = Ap(fo) ()
= Mnepy{a(x), a(x) > (0(x + h)/b(h))}
= 0(z) = O(=).
Similarly, Vf,g € Z, Vx € D

un(f A g)(x) = M(F Ag(a +h)/b(h)), h € Dy}

= M(f(x+h) v glx+ h)/b(h)), h € Dy},

= [Mnep {f (@ + h) /b)Y A [Anep, {G(x + h) /b(h)}],
= (f) () A pw(g)(z)

According to definition (4.1, MP), u; is an erosion. In addition,

(1) () = po(far) ()

= Viep, {B(x), B(z) < (M(z +h)/b(h))}
= too(z) = I(z).



3. Verification of the metric properties

Noyel and Jourlin [1] have shown that the LIP-multiplicative Asplund’s dis-
tance d%s is a metric in the space of equivalence classes Z2. In this section, we
will demonstrate that the LIP-additive Asplund’s distance d%, is a metric in the
space of equivalence classes F4;, which represents the set of functions h € Fys
such that h = f A k for a constant k lying in | — oo, M.

Proof that the LIP-additive Asplund’s distance d%, is a metric in the space of
equivalence classes F4;.

Let 7 =] — oo, M| be the space of real values less than M. In order to be a
metric on (Fi; x Fi;) — R, d‘%‘s must satisfy the four following properties:

e (Positivity): Vf& # g% € F§;, Vo € D, as ¢; and cg, can be expressed
as ¢1 = Veep{f(z) A g(z)} and c2 = Azep{f(z) A g(z)} (proof of Prop. (1,
MP)), there is always ¢; > cs.
= d3.(f,9) =c1 Acy=(c1 —c2)/(1 —ca/M) > 0.

We have also demonstrated that the operator A is strictly increasing.

e (Axiom of separation): Given the two equivalence classes f£, g% € F4,
we have the following implication: d4,(f*,¢%) =0 = ¢; = c2 = c. In addition,
according to definition (2, MP), we have ¢ A g > f > ¢ A g. This implies that
cAg= f and

[ =g" (1)
Reciprocally, there is Vf%, g% € F& f4 =g = 3k e T, kAg=f. In
addition, according to definition (2, MP), there is ¢; = inf {c, f < ¢ A g} and
ca =sup{c,c A g < f}. This implies that ¢; = ¢3 = k and

d%,(f.9) = 0. (2)

Equations 1 and 2 show that:
VIS, g% € Fip, d3(f2,9%) =06 f4 = g%
e (Triangle inequality): Let us define:
da,(f2,9%) = ¢ Acg, d3, (g%, h2) = & A b and d5,(f2, k%) = ¢§ A cS.
Definition (2, MP) gives the following system of equations:

¢ = inf {c, f& < c* A g2}
&b =inf {c’, g < A R%Y
c§ = inf {c°, f& < c® A%}

This system implies that:
A<t hg®<aA(EAR)=(AS) AR
=i <cf A cl{ (3)

where the last inequality is obtained because ¢ is the lowest value such that
2 < c® A h®. Similarly, we have:

A< ¢S (4)



From equations 3 and 4, and knowing that
aAb=a+b—ab/M < a+b, we deduce that:

di,(fh) = ¢ A cs
S(EADA(GAS) =(fAS)A(GAL)
< (A A(AD)

< (cf Acs) + (] Acy) = di,(f.9) + di(g. ).
Finally, we have: V{4, g%, h € ]-'ﬁ,
A3, (5, %) < d5,(F2,9%) +d5, (9%, h*).

e (Axiom of symmetry): ¢; and ¢y can be expressed as:
1 = Vaep{f(z) Ag(z)} and ¢ = Agep{f(z) A g(x)}. The Asplund’s metric
becomes

dz%s(fa g) =C A C2

= Vaep{f(z) A g(x)} A Neep{f(z) A g(z)}

= Vaen{f(z) A g(x)} A Neep{Ag(z) A f(2))}
= Veep{f(z) A g(z)} A Viep{g(z) A f(2)}

= Vzen{g(z) A f(2)} A Viep{f(z) A g(z)}

= d%,(9, f)

Therefore, Vf4, g% € Ff}, d3,(f4,9%) = d2,(9%, f*).

4. Invariances of the robust to noise metrics

In this section, firstly, we will prove the invariance to LIP—multiplication of
the LIP-multiplicative Asplund’s metric with tolerance d s.p* Secondly, we will
prove the invariance to LIP-addition of the LIP-additive Asplund s metric with
tolerance dAS)p.

Proof of the invariance to LIP-multiplication of the LIP-multiplicative Asplund’s
metric with tolerance d’%sjp, property (6, MP).

Given areal 8 > 0, according to the definition (6, MP), the metric: dﬁsyp(f7 BA
g) is equal to In (A} /4i5). The factors A\j; and pj; depend of the contrast function

7(% sag)- Using equations (11, MP) and (3, MP), the contrast function *y(% 5ig)
can be expressed as: 4

A Im(I—f/M)  In(l—f/M)
VB9 T In(1— A g/M)  In(1—g/M)P

_ Wn(—f/M) _
= Bh(=gnn - /0




The factor /\fg is therefore equal to:

ZB = inf{a,Vx,’y(&f‘D\D/,B&ng\D,)(x) < a}
= inf{e, Ve, (/BN )\ pgimon (@) < @}
:(1/ﬂ)inf{a,Vz,’y(&le\D“g‘D\D,)(x) a}
= (1/B)N.
Similarly, we have uj = (1/8)u'.
The metric with tolerance dj%s’p(f, B A g) becomes:
a4, (1.8 8 9) =In (Ny/uy) =In (5520 ) = n (X /i) = 44, ,(f. ).
Similarly, we have dﬁs’p(ﬂ Afg)= dﬁsﬁp(f, g)- O

Proof of the invariance to LIP-addition of the LIP-additive Asplund’s metric
with tolerance dﬁ‘s’p, property (7, MP).

Given k €] — oo, M[ and according to the definition (10, MP), the metric:
d%,,(f kA g)is equal to ¢} , Ach . The constants ¢} , and ¢}, depend of the
contrast function 'y(Af’kAg). Using equations (29, MP) and (2, MP) the contrast

IN

function 'y(’%‘c’k Ag) CAN be expressed as:
'Y(Af,;c&g) =fA(khg) =(fAg Ak ZV(Af,g) Ak.
The factor ¢ ; is therefore equal to:
C/1,k = inf{c, vx"Y(Af‘D\D/,(g‘D\D/)Ak)(x) <c}

= inf{¢, Vz, (V(Afm\pugm\p/)(x) Ak)<c}

- inf{ca V.'B, W(Af‘D\D/,g‘D\D/)Ak(x) S C} Ak

=c Ak.
Similarly, we have ¢} , = c5 A k.
The metric with tolerance dﬁ‘sm(f, k A g) becomes:
dﬁs,p(f,k Ag)=cdyAcy,=(Ak)A(BAk)=ciAc= dﬁ&p(f, g)-

Similarly, we have dﬁsm(k Afg) = d‘%‘s’p(f, g)- O

5. Details of the illustration section

Remark 1 (Segmentation details of figure (10, MP)). The h-minima have
a height greater than the 1.6 percentile of the map. Only the minima with an
area less than the probe area and with a circular shape are kept.
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