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It is conjectured that there is a converging sequence of some generalized Fibonacci ratios, given the difference between consecutive ratios, such as the golden ratio ϕ 1 and the next golden ratio ϕ 2 . Moreover, the graphic depiction of those ratios shows some overlap with the quadratic family, and some numerical evidence suggests that all those ratios in the finite set obtained, belong to at least one quadratic family.

1 Introduction

The Golden Ratio and Beauty

What is beauty? When can something be called beautiful ? Beauty has been defined in many different ways throughout cultures [START_REF] Eco | History of beauty[END_REF]. An ancient attempt to define beauty systematically, was through the golden ratio. Golden ratio is the number ϕ ≈ 1.6180339887 • • • , and its inverse 1/ϕ ≈ 0.6180339887 • • • which is often associated with it. The number ϕ can be defined in several ways, one of them is through a recurrent process involving the Fibonacci numbers [START_REF] Lucas | Théorie des nombres[END_REF] 

ϕ = lim n→∞ F n+1 F n (1) 
where

F n = F n-1 + F n-2 (2) 
with initial values F 0 = 1, F 1 = 1.

Lucas Numbers

Actually, one can start with other initial values, say F 0 = 1, F 1 = 3 and still converge to the same value of ϕ (or its inverse) when the proportion between predecessor and successor is taken as n → ∞. The sequence of numbers is known as Lucas sequence, and the component numbers, Lucas numbers [START_REF] Niven | An introduction to the theory of numbers[END_REF]. In fact, it shouldn't be hard to prove that all the initial values imposed in (Eq. 2) do is to shift individual members of the Lucas sequence, but again they will converge to ϕ.

2 Other ϕ's

Positive ϕ's

So, how can one obtain a convergence to a value other than ϕ ? It turns out that one has to add more members to the recurrence in (Eq. 2), for example [START_REF] Falcon | On the k-lucas numbers[END_REF][START_REF] Miles | Generalized Fibonacci numbers and associated matrices[END_REF]]

L n = L n-1 + L n-2 + • • • + L n-k , k ∈ +Z (3) 
without loss of generality, the initial values to these Lucas sequences can be stated as

L 0 = 1, L 1 = 1, • • • L k-1 = 1 (4) 
and let be defined ϕ k be the value to which convergences (Eq.5 )

ϕ k = lim n→∞ L k n+1 L k n (5) 
or their inverse

1/ϕ k = lim n→∞ L k n L k n+1 (6) 
For convenience, from now on inverses will be used, and for simplicity they will be called ϕ k . For the purposes of this paper, the Lucas numbers were calculated using the Wolfram Mathematica command RecurrenceTable (with n = 100, i.e., 100 terms were taken), and then each ϕ k is calculated as in Eq. 6. Although it is of course possible to define an indefinite amount of fractions like in (Eq. 6), it appears that there are only nine that are real, positive, and forming a totally-ordered set (Table 1). The last statement implies that ϕ k -ϕ k+1 > 0. Exceptions to this rule begin, of course, when k > 10.

Towards Convergence of ϕ's

As interesting as the set listed on Table 1 might be, it is important to revise if further on there are more positive differences or not, and to look either for a forming pattern or convergence. So, calculating more Lucas sequences, it is obtained (Eq. 7) Thus

k ϕ k 1 0.618034 • • • 2 0.543689 • • • 3 0.51879 • • • 4 0.50866 • • • 5 0.504138 • • • 6 0.502017 • • • 7 0.500994 • • • 8 0.500493 • • • 9 0.500245 • • • Table 1: List of ϕ k , k ∈ {1 • • • 9}, k ∈ +Z. Notice that ϕ 1 is the golden ratio.                                                             k ϕ k 1 0.
                                                            (7)       k ϕ k+1 -ϕ k 1 0.
F n = F n-1 + F n-2
(10) F n-1 = F n-1 + 0 and then in matrix notation

F n F n-1 =   1 1 1 0   • F n-1 F n-2 (11) 
Now, the eigenvalues of the matrix in Eq. 11 are

λ 1,1 = 1 2 1 + √ 5 = 1/ϕ (12) and λ 1,2 = 1 2 1 - √ 5 (13) 
It is possible to construct matrices for all the Lucas sequences until convergence of the ϕ k . The elements of the general matrix A k for obtaining the rest of the eigenvalues for the corresponding ϕ k , k ≥ 2, are defined as follows:

a 1j = 1, 1 ≤ j ≤ k + 1, 2 ≤ k ≤ 19 (14) a 2,1 = 1 a j+2,j+1 = 1, 1 ≤ j ≤ k -1
It is known from linear algebra [START_REF] Anton | Elementary linear algebra[END_REF] that a n × n matrix will have n eigenvalues, so once the eigenvalues λ k,n are obtained, it is possible to obtain ϕ k,n = 1/λ k,n , just as in Eq. 12.

The ϕ k,n and the Quadratic Family

Once it is obtained the entire set of ϕ k,n , it is possible to plot them in the complex plane as it can be seen in Fig. 1 Intuitively, Fig. 1 seems to have some resemblance to the Mandelbrot set, symbolized as M. Here M is the set of all complex numbers c, for which the sequence z n = z 2 n-1 + c does not diverge to infinity when starting with z 0 = 0 [START_REF] Devaney | Chaos, fractals, and dynamics: computer experiments in mathematics[END_REF][START_REF] Devaney | An introduction to chaotic dynamical systems[END_REF]. The resemblance is both in shape and approximate scale, as can be seen in Fig. [START_REF] Devaney | An introduction to chaotic dynamical systems[END_REF] where the ϕ k,n are shown together with the Mandelbrot set.

Using the Wolfram Mathematica command MandelbrotSetMemberQ, it was tested whether ϕ k,n ∈ M. It turns out that 54 out of the 155 ϕ k,n are in M; this suggests that for each of the characteristic polynomials of the A k matrices, there are some functions z n = z k n-1 + c which have overlapping values with some members of the quadratic family. Indeed, if one now turns its attention to the Julia set J , where the set J of a function f (z) is the closure of the set of all repelling fixed points of f (z) [START_REF] Devaney | An introduction to chaotic dynamical systems[END_REF], or phrased in another way, it is the points in the boundary of those points that do not escape to infinity under iteration [START_REF] Devaney | Chaos, fractals, and dynamics: computer experiments in mathematics[END_REF]. The set of ϕ k,n is now plotted with the Julia set for comparison, as in Fig. 3 Using the Wolfram Mathematica command JuliaSetIterationCount[-1, ϕ k,n ] (for the function f (z) = z 2 + c, c = -1), and with the criterion that membership to J is stablished when the number of iterations is 1000 + 1, it is found out that only ϕ 1,1 = 0.618 • • • is in J , for this f (z). A depiction of this overlap is shown in Fig. 4. The procedure was repeated with JuliaSetIterationCount[z 2 -2, ϕ k,n ] (for the function f (z) = z 2 + c, c = -2), exhibiting that more members of the set of eigenvalues of the generalized Fibonacci matrices from the convergent sequence discussed in the subsection 2.2 belong to this Julia set, and this in turn seems to suggest that every member of that set belongs to at least one Julia set f (z, c), for some c, and some polynomial functions defining the Julia set. 

Conclusions

It was shown the existence of a set of golden ratios ϕ k obtained by convergence of Lucas sequences. The Lucas sequences in turn were represented in matrix form to obtain ϕ k,n eigenvalues, where the graphic depiction and numerical evidence seem to suggest that every member of that set belongs to at least one member of the quadratic family, namely, the Julia set.
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 1 Figure 1: Plot of all ϕ k,n .
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 2 Figure 2: The complete set of ϕ k,n plotted together with M.
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 3 Figure 3: The complete set of ϕ k,n plotted together with J .
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 4 Figure 4: Zoom of J in the region where ϕ 1,1 ∈ J .
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