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Abstract

We consider robust and nonparametric estimation of the coefficient of tail dependence
in presence of random covariates. The estimator is obtained by fitting the extended Pareto
distribution locally to properly transformed bivariate observations using the minimum den-
sity power divergence criterion. We establish convergence in probability and asymptotic
normality of the proposed estimator under some regularity conditions. The finite sample
performance is evaluated with a small simulation experiment, and the practical applicability
of the method is illustrated on a real dataset of air pollution measurements.
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1 Introduction

Many problems involving extreme events are inherently multivariate, and hence they should
be handled with appropriate multivariate extreme value methods. Of particular interest is the
estimation of the extremal dependence between two or more variables. A full characterization of
the extremal dependence between variables can be obtained from functions like the spectral dis-
tribution function or the Pickands dependence function. We refer to Beirlant et al. (2004), and
de Haan and Ferreira (2006), and the references therein, for more details about this approach.
Alternatively, similar to classical statistics one can try and summarize the extremal dependency
in a number of well-chosen coefficients that give a representative picture of the full dependency
structure, like, e.g., the coefficient of tail dependence (Ledford and Tawn, 1997). Modelling
tail dependence is a critical issue in many scientific disciplines. For instance, in finance and
actuarial science an important problem is to estimate very large quantiles of the distribution
of the sums of possibly dependent risks (Barbe et al., 2006). In environmental science, study-
ing dependence in extreme levels of pollutants like ozone, particulate matter, carbon monoxide
and temperature is important as combined high levels of these variables may pose a major
threat to human health (Escobar-Bach et al., 2018). In this paper, we will consider robust and
nonparametric estimation of the coefficient of tail dependence when there are random covariates.



Let (Y1), Y(®)) be a bivariate random vector recorded along with a random covariate X € RP.
The covariate X has density function fx with support Sx < RP, having non-empty interior.
The continuous conditional marginal distribution functions of Y') given X = z are denoted by
Fj(-|z),j = 1,2, and the joint conditional distribution function of the pair satisfies that for all
x e Sx and y € [0,1]

P (1 CRYW) <y 1 - BYOh) < y’X - x) = C(a)y7® <1 + n(lx)a(yu)) :

where n(z) € (0, 1] is the conditional tail dependence coefficient, and |0(:|z)| is a regularly vary-
ing function in the neighborhood of zero with index 7(z) > 0. In this paper we focus on the
estimation of 7(x), and introduce a nonparametric estimator, which is obtained from local fits
of the above model in a neighborhood of x, a point of interest in the covariate space. In absence
of covariates, several estimators for 17 have been introduced in the extreme value literature. We
refer to Ledford and Tawn (1997), Peng (1999), Draisma et al. (2004), Beirlant et al. (2011),
and Goegebeur and Guillou (2013), to name but a few.

Our aim in this paper is to estimate the conditional tail dependence coefficient in a robust way,
in order to ensure that our estimation procedure works in the presence of possible outliers. To
achieve this, we will use the idea of the density power divergence introduced by Basu et al.
(1998). In particular, the density power divergence between density functions h and ¢ is given
by

+ 1) g2 )h(y) + Lhe(y)]dy, @ >0,
Rellha)i= { %il[og (giz( )c(iy, I e a:O. (1)

Here h is assumed to be the true (typically unknown) density of the data, whereas g is a paramet-
ric model, depending on a parameter vector § which is determined by minimizing the empirical
version of (1). The resulting estimator will be called, in the sequel, minimum density power
divergence (MDPD) estimator. In the present paper we will adjust this criterion to the local
estimation context with focus on estimating conditional extreme dependence. Dutang et al.
(2014) used this criterion to obtain a robust estimator for 7, but in a context without covariates.
To the best of our knowledge, robust nonparametric estimation of the conditional coefficient of
tail dependence has not been considered so far in the extreme value literature.

The remainder of the paper is organized as follows. In Section 2, we simplify the problem to
the case where the conditional marginal distributions are known and we prove the existence,
convergence in probability and asymptotic normality of the MDPD estimator of the conditional
tail dependence coefficient. Then in Section 3, the realistic situation where the margins are
unknown is considered and similar results are established. The efficiency and robustness of our
MDPD estimator are illustrated in a small simulation study in Section 4 and on a real dataset
on air pollution in Section 5. Finally, all the proofs are postponed to the appendix.



2 Case of known margins

In this section, we assume that the conditional marginal distribution functions Fj(-|z) and
F5(+|z) are known.

Define Z := min ( . Direct computations yield for all x € Sx

1 1
I-F (Y D[X)’ 1—F2(Y(2)|X))
1

Fz(zlz) =P(Z > 2| X = x) = C(w)ziﬁ <1 + @)

5Z(Z|96)> , @)
where

Splzlz) = 5(i‘x)

Here |07(-|x)| is a regularly varying function at infinity with index —7 (), which is additionally
assumed to be normalized, i.e., such that

Sy(2]z) = A(z)exp < L ’ E(Z’x)c@ , (3)

with A(z) € R and e(z|z) —» —7(x) as z — .

Note that the conditional distribution of Z, given X = z, satisfies Condition (R) in Dierckx
et al. (2014) with second order parameter p(x) := —7(z)n(z). Thus, one can approximate the
conditional distribution of Z/u, given Z > u, where u denotes a high threshold value, by the
extended Pareto distribution given by

1

G211, 6, p) = (1)— 2 (1+6-020)] 7, : 1

and density function
1

R [m(l_zs)]—%—l [1+s(1=(1+2):5)]. =1,
0, z <1,

where n > 0, p < 0, and 0 > max{—1,7n/p}.

Indeed, as shown in Beirlant et al. (2009), we have

Fz(uz|z)

Fz(’u,‘l') - 6(27 77([13)7 (Sz(u’I), p(l’))

= 0(0z(ulx)) if u — o0.

z=1

Clearly, based on this result, one can obtain an estimator for n(x) by fitting the extended Pareto
distribution to the relative excesses over a high threshold.



Let (X1,71),...,(Xn, Z,) be independent copies of the random vector (X, 7). We develop a
nonparametric, robust and asymptotically unbiased estimator for n(x) by fitting g locally to
the relative excesses Z;/uy, i = 1,...,n, by means of the MDPD criterion, adjusted to locally
weighted estimation, i.e., we minimize

© 1 Z;
A (777 5Za . Z Kh {L gl+a(z;n752ap)d'z - (1 + Oé) goc <u7777527,0> } ]l{Zi>un}>

in case o > 0 and
~ Z;
AO(%(SZ; = - 2 Khn T — lng ( 77775Z7 ) H{Zi>un}7

in case o = 0, where K, (x) := K(x/hy,)/hh, K is a joint density function on R?, h,, is a non-
random sequence of bandwidths with h,, — 0 if n — o0, 14, is the indicator function on the
event A and u,, is a local non-random threshold sequence satisfying u,, — o0 if n — 00. Note that
in case a = 0, the local empirical density power divergence criterion corresponds with a locally
weighted log-likelihood function. The parameter o controls the trade-off between efficiency and
robustness of the MDPD criterion: the estimator becomes more efficient but less robust as «
gets closer to zero, whereas for increasing « the robustness increases and the efficiency decreases.
Note that we only estimate n(z) and dz(u,|z) with the MDPD criterion, while the second order
parameter p(x) will be fixed at some value. Fixing second order parameters like p(x) here at
some value is a common practice in extreme value statistics, and was also proposed in Beirlant et
al. (1999), Feuerverger and Hall (1999), and Gomes and Martins (2004). Alternatively, one can
replace p(x) by an external consistent estimator. However, the estimation of p(z) in a robust
way is still an open problem, and moreover, using an external consistent estimator rather than a
canonical value, does not, in general, improve the performance of the final MDPD estimator in
practice. For all these reasons, we only use a canonical value for the parameter p(z) in the sequel.

The MDPD estimators of (n(x), dz(u,|x)) satisfy the estimating equations

29(z;m,0z,
0 = *ZKhn r— X H{Z>un}J Z 777(SZ> )g(gnzp)dz
ot (2 09(%;?7,5z,p)
—*ZKh r—X <un;77,5Z,P> a7 Wz, 5un)s (4)
09(z;n, 0z,
0 = *ZKhn r—X ]l{Z >un}J Z 7735Z7 )g(a"zszzp)dz
7721{}1 o X a 1 én 5Z ) @g( 77775Z7 >]l (5)
n ’an’ ’ ’ a(SZ {Zi>un}‘

The following statistic is crucial for studying the asymptotic behavior of the estimators. Set
In; x := Inmax{z, 1}, x > 0, and

1 ¢ Z;\° Z;\"
Th(K, s, t|x) := - Z K, (x — X;) <u> <hr1Jr u) Lz, >unys
i=1 "

n



where s < 0 and ¢ = 0. The motivation for considering this type of statistic is that the estimat-
ing equations (4) and (5) only depend on statistics of this form. Note that In; z is introduced
to ensure that (Iny Z;/u,)! is always well defined (¢ is nonnegative, not necessary integer).

Due to the regression context, we need the following classical Holder-type conditions. Here | - |
denotes some norm on RP.

Assumption (H) There exist positive constants My, , Mc, My, M,, M., ¢, ¢, 04, 6y, and
dc, such that for all (x,z) € Sx x Sx:

[fx (@) = fx ()] < Mpgllo—2)°x,
C(z) = C()| < Molz —z|’,
[A(x) = A(2)] < Malz — 2[4,
n(z) =n(z)] < Mylz—z|,

sup le(ylz) —eylz)l < Mz — 2|

Also, the following assumption, standard in the context of local estimation, is required on the
kernel function.

Assumption (K1) K is a bounded density function on RP, with support Sk included in the unit
ball of RP.

In order to establish the asymptotic normality of the consistent sequence of solutions (79, (z), 5 zn(x))
of the estimating equations (4) and (5), we introduce

e e T

where we denote by no(x), resp. po(z), the true conditional tail dependence coefficient, resp.
second order parameter.

Theorem 2.1 Let (X1,721),...,(Xn, Zn) be a sample of independent copies of the random vec-
tor (X, Z) where the distribution of Z, given X = x, satisfies (2) and (3), X follows a distribu-
tion with density function fx, and assume (H) and (K1) hold. For all x € Int(Sx) with fx(x) >
0, we assume that u, — o© and h, — 0 in such a way that hff Inu, — 0, nhﬁfz(unm) — 00,
A/ DI E 7 (un|2)0 7 (un|z) — X € R, q/nhﬁfz(uﬂmhifxmc — 0, /nhETF 7 (up|2)hd Inu, — 0.
Then in C*([S,0]),S < 0,

(s).80,80,8) ~ (810,81, 8®, 8@, forn— oo,

a Gaussian process, with, for s € [S,0], mean functions

BIS6] = MW@ o) |t~ e P | € {01,2,3)

[1—smo(@)P*! 1= po(x) — sno(a) P+
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and covariance functions given by

) ; Itk (o 2

(j, k) € {0,1,2,3}2

Note that Dierckx et al. (2014) obtained a similar result, though under their high level assump-
tion called (M), which is avoided in the present paper.

Based on this theorem, one can now establish the existence, convergence in probability and
asymptotic normality of the MDPD estimators of (no(z),dz(un|z)), when suitably normalized.
This theorem is similar to Theorems 2 and 3 in Dierckx et al. (2014) with our new conditions
given in our Theorem 2.1, and thus the proof is omitted.

Theorem 2.2 Let (X1,7Z1),...,(Xn, Zn) be a sample of independent copies of the random vec-
tor (X, Z) where the distribution of Z, given X = x, satisfies (2) and (3), X follows a distribu-
tion with density function fx, and assume (H) and (K1) hold.

For all x € Int(Sx) with fx(x) > 0, let u, — o and hy, — 0 in such a way that nhh F z(u,|x) —
o and hi"ws’\lnun — 0. Then with probability tending to 1, there exists sequences of solu-
tions (Mn(z),0zn(x)) of the estimating equations (4) and (5), with p fized at po(z) such that

(i (), 02,0(x)) — (10(x), 0).

If additionally,
nhh Fz(ug|z) 07 (uplz) — MeR, (6)
VW F 2 (2 X — 0, (7)
nBEF 7 (un|@) h3 nw, — 0, (8)
then

VAEF atunlo)fx(@)| 5 MO 7B (0.07 ule) Bl Z (o)) ()€ n(o))

for n— oo, where the matriz B(po(x)) is defined by
ano(z)(1+no(x

, Ritsterio): o(x) 0 -1
B(po(x)) = n“""(2) ,

ano (x z)(14+n0(x
At e et @) —m(@)( = po(@) 0




the elements of the symmetric (4 x 4) matriz X(po(z)) are given by

o11(po())

21 (po())
22(po())
a31(po())
a32(po())
a33(po())
a1 (po())
a2(po())
oa3(po(z))

oa4(po(z))

K3
K3
1+ a(l+no(x))
K3
1+ 2a(1 + no(x))
K3
1= po(z) + (1 + mo(x))
|K|3
1 — po(x) 4+ 2a(1 + no(x))
|53
1 —2po(x) + 2a(1 + no(z))
mo(z) | K3
[1+ a1l +mno(x))]?
()| K3
[1+ 2a(1 + no(x))]?
()| K3

[1 = po(z) + 2a(1 + mo(x))]?
2115 () | K3
[1+2a(1 +no(x))]3

and those of the symmetric (2 x 2) matriz C(po(x)) by

1+ a?(1 +no(x))?

[1+ a(l + no(x))]?
po()(1 = po(@))[1 + (1 + 1o (@)) + o (1 +1m0(2))*] + &’ po(@) (L + mo ()’

[T+ a(l +no(x))][1 = po(z) + a(l + no(x))]?

Ciilpo(z)) = 15 *(x)
Cor(po(z)) = 15 *(x)
Coa(po(x)) = 15 ()

]
(1= po(x))pg(x) + apg()(1 + no(x))[a(l + no(x)) — po()]
[1+ (1 +no(x))][1 — po(z) + a(l

+no(2))][1 = 2p0(x) + (1 + mo(x))]

Note that the expected value of the limiting random vector in Theorem 2.2 is zero, whatever
the value of A\. The estimator is therefore said to be asymptotically unbiased.

The following proposition deals with the behavior of the MDPD estimators (7, (), an(x)) when
the parameter p(z) is fixed at some value p < 0, possibly mis-specified.

Proposition 2.1 Under the assumptions of Theorem 2.2, but now with p fized at p in the es-
timating equation (4) and (5), with probability tending to 1, there exists sequences of solutions

(M (), gzyn(x)) of the estimating equations such that (7,(x), gzyn(x)) N (mo(z),0).



If additionally (6), (7) and (8) hold, then

VA F unlo)fx(o) | M9 | g (/@I GIBOID. C DEGEGE IC ().

for n — o0, where the elements of the vector D are the following

Dy = 0
Dy = — apo(z)(1 +no(z))
no()[1 + a(1 + no(x))][1 — po(z) + (1 + no(z))]
Dy = — [a(1 + no()) — pleo(w)
no(@)[1 = p + a(l 4+ no(z))][1 — po(z) — p + a1 + mo(2))]
Dy = po(z) (1 — po()) — &®po(z)(1 + no())?

[1 4 a(l +no(x))]2[1 = po(z) + (1 + no(z))]?

Again the proof of Proposition 2.1 is similar to the one of Proposition 1 in Dierckx et al. (2014)
and thus is omitted. Note that in case p is mis-specified, then the mean of the limiting normal
distribution is not necessarily zero, and hence one possible loses the asymptotic unbiasedness.
However, as will be clear from the simulations, even though p is mis-specified, the proposed
MDPD estimator performs well with respect to bias. Also note that the asymptotic variance
expression in Proposition 2.1 is the same as that in Theorem 2.2, though with pg(z) replaced by p.

3 Case of unknown margins

In this section, we consider the general framework where both Fj(:|z) and F»(-|z) are unknown
conditional distribution functions. We want to mimic what has been done in the previous section.
To this aim, we define

o 1 1
7 = mi
mm(l— A(Yx) 1 - Fn,2<Y<2>|X>>’

for suitable estimators F}, j of Fj, j = 1,2. Then similarly as in the previous section, the statistic
Z s Z t
i i
pakatn e (2) (o2

is the cornerstone for the MDPD estimator, denoted 7, (x). In particular, the main result relies
essentially on the asymptotic properties of this statistic, and so the idea will be to decompose

\/nhﬁfz(unlm)fx(f)

Tu(K,s,jlz) il
Fy(up|z) fx (@) [L—sno(x)]it!



into the two terms

p To(K.s.jlr) ()
\/nhan(Un|l‘)fX(95) Fylunlz)fx(z) [1— Sng(m)]j+1]
— w " jqn(K,S,'ﬂl') . Tn(Ka$7]‘$)
+\/nhan( nlz) fx () T () fx () Fz(un|x)fx(m)]' ®)

The first term can be dealt with using the results from the previous section, whereas we have
to show that the second term is negligible for all s < 0 with j € {0,1,2,3} or (s,5) = (0,0).

In the sequel, we will use the empirical kernel estimator of the unknown distribution functions
iy Ke(z — Xi)1
Z:‘;l Ke(z — X5)

where the bandwidth ¢ := ¢, is a positive non-random sequence satisfying ¢, — 0 as n — 0.
Here we kept the same kernel K as in the divergence objective function, but of course any other
kernel function can be used.

Fn,j(y|x) =

Before stating our main results, we need to impose again some assumptions, in particular a
Holder-type condition on each conditional marginal distribution function Fj similar to those
imposed in Section 2.

Assumption (F). There exist Mg, > 0 and 0r; > 0 such that |Fj(y|z) — Fj(y|z)| < Mgz —
ZHJFJ', for ally e R and all (x,2z) € Sx x Sx, and j = 1,2.

Concerning the kernel K a stronger assumption than (K;) is needed. Denote by B, (r) the closed
ball with center z and radius r with respect to |..

Assumption (K2). K satisfies Assumption (K1), there exists 6, m > 0 such that By(d) < Sk
and K(u) = m for all uw € By(d), and K belongs to the linear span (the set of finite lin-
ear combinations) of functions k = 0 satisfying the following property: the subgraph of k,
{(s,u) : k(s) = u}, can be represented as a finite number of Boolean operations among sets
of the form {(s,u) : q(s,u) = p(u)}, where q is a polynomial on RP x R and ¢ is an arbitrary
real function.

The latter assumption has already been used in Giné and Guillou (2002) or Giné et al. (2004). In
particular, it allows us to measure the discrepancy between the conditional distribution function

F} and its empirical kernel version F}, ;, as stated in the following lemma established by Escobar-
Bach et al. (2018).

Lemma 3.1 Assume that there exists b > 0 such that f(x) = b,Vx € Sx < RP, f is bounded,
and (KC2) and (F) hold. Consider a sequence c tending to 0 as n — o such that for some ¢ > 1

1 q
[logel”

ncP



Also assume that there exists an € > 0 such that for n sufficiently large

inf A({ue Bo(l) :x —cue Sx}) > ¢,
x‘ESX

where A denotes the Lebesgue measure. Then, for any 0 < 0 < min(dp,,dp,), we have

log c|? .
swp B (ole) — Fy(ol) = or (max (/1B ) ) orj =10
(y,z)eERx Sx nec

We are now able to study the second term in (9).

Theorem 3.1 Let (X1,721),...,(Xn,Zy) be a sample of independent copies of the random
vector (X, Z) where the distribution of Z, given X = x, satisfies (2) and (3), X follows a
distribution with a bounded density function fx, and such that there exists b > 0 satisfying
f(x) = b,Vr e Sx < RP. Assume also Assumptions (H), (K2) and (F).
Consider now a sequence c tending to 0 as n — o0 such that for some q > 1
| log c|?
ncP

— 0.

Also assume that there exists an € > 0 such that for n sufficiently large

inf A\({ue Bo(l) :z —cue Sx}) > ¢,
xGSX

where A denotes the Lebesgue measure. Let u, — o0 and h,, — 0 in such a way that for any
9 € (0,min(0p,0m,))

log |4
nhPr, := nh? max ( | Zig ,05> — 0 (10)
nh? Fz(uy|z) — o0, (11)

then for any s < 0 with j € {0,1,2,3} or (s,7) = (0,0), we have

nhh, [ -~
_ To(K, s, jlz) — To(K, s j\x)] = op(1).
\/FZ(un’x)fX(x> n ) ) n ) )

Using Theorem 3.1 we can now establish the main theorem of this paper, stating consistency
and asymptotic normality of the conditional 7 estimator, in case of general conditional marginal
distribution functions, which are estimated with kernel estimators.

Theorem 3.2 Under the same assumptions as in Theorem 3.1, let x € Int(Sx) and suppose
that hf{’mg Inu, — 0. Then with probability tending to 1, there exists sequences of solutions
(M (), gzm(x)) of the estimating equations (4) and (5) such that (7, (z), gz,n(x)) £, (no(x),0).
If additionally (6), (7) and (8) hold, then

VA F unlo)fx(o) | QM | g (@I GIBOID. C (BGEGE IC ().

The result of Theorem 3.2 follows directly from the decomposition (9) and Theorem 3.1, and
therefore we omit the proof of it from the paper.

10



4 A simulation study

Our aim in this section is to illustrate the performance of our robust conditional tail depen-
dence coefficient estimator with a small simulation study in case p = 1. The joint conditional
distribution function of the pair has the following form:

P (1 ~ RV W) <y, 1 - BYPr) < yQ‘X = x) = C(y1, yal),
where C(.,.|x) is one of the three copulas:

Case 1: The BB6 copula in Joe (1997, p. 152) defined for §(z) > 1 and {(x) > 1, as follows

1

Clyr,y2lr) =1 - [1 — exp {— ([— log{l —(1- yl)e(x)}]C(x) + [—log{l —(1- y2)9(z)}]4(r)>c<lz>}]“> .

For this model exact independence is obtained for 6(x) = 1 with {(z) = 1, and perfect depen-
dence is achieved if either #(z) — o or ((x) — oo. We can easily see that in case 6(z) > 1,

_1
this model satisfies our model assumption (2) with n(z) = Q_ﬁ, C(z) = [6(z)]>* 1 and
7(z) = 1. We take X ~ U(1,6), 0(z) =2 and ((z) = =.

Case 2: The Farlie Gumbel Morgenstern copula defined for ((z) € (—1,1], as follows

C(yr, y2l7) = yrye [1 4+ ¢(2)(1 —y1)(1 —y2)].

Exact independence is obtained for {(x) = 0, and perfect dependence is not attainable under
this model. Clearly, for {(z) # 0, our model assumption (2) is also satisfied, with n(z) = 1/2,
C(z) =14 ((z) and 7(z) = 1. We take X ~ U(—0.9,1) and ((z) =z .

Case 3: The BB9 or Crowder copula in Joe (1997, p. 154) defined for o(z) > 0 and 6(z) > 1,
as follows

Clon.nlo) = exp (= [(fate) ~ o)} + {ala) ~ g™ - )] 4 a(a) ).

Exact independence is obtained for §(z) = 1 or a(zr) — oo, and perfect dependence for
1
f(x) — oo. We can check that this model has the form of (2) with n(x) = 2 @, C(x) =
1
exp {a(fv) [1 - 2m] }, but 7(z) = 0. That means that this case does not fit our model assump-

tion, but we use it here to show the robustness of our approach in case our main assumption is
violated. We set X ~ U(1,6), a(x) =1 and 0(z) = =.

These copula models are combined with unit Fréchet marginal distributions, leading to

F(y1,y2lz) = exp(=1/y1) + exp(—1/y2) — 1+ C(1 —exp(—1/y1),1 — exp(—1/y2)|).

Contamination will be introduced according to the following mixture model

Fe(y1,y2|z) = (1 — ) F(y1, y2|x) + eFe(y1, y2|x),

11



where € denotes the fraction of contamination, and F, is the contaminating distribution function.
We take here

Fo(y1, yola) = e~ (mintywzl=a)™ 1y p 5 g,

i.e., the distribution function of completely dependent unit Fréchet random variables, translated
by a. We take for a quantile 0.999 of the unit Fréchet distribution, and consider € = 0, 5% and
10%.

Concerning the kernel function K, we take the bi-quadratic function

15

K(z) = 35

— (1= 2 Nge-1.17)-

To compute our estimator 7, (z), two sequences h,, and ¢ have to be chosen. Concerning ¢, we
can use the following cross validation criterion introduced by Yao (1999), and used in an extreme
value context by Daouia et al. (2011, 2013) and Escobar-Bach et al. (2018):

n n 2
() :
= arg min E: E: { [rer} = Foig(Yy |Xi)] , J=12,

Zzzl,k?&i Kc(x - Xk)]l{Yk(J)<y}

=1 i Kol — Xi)
Cy = Rx x {0.05,0.10,...,0.30}, where Rx is the range of the covariate X. The bandwidth
parameter h,, is determined from the condition

. We take

where C, is a grid of values of ¢ and F, _; ;(y|z) =

nhy 7| log c|* — 0,
nc
by taking h, = Rx+/c/(n|logc|®), where k > ¢ and ¢ := min(cy, ¢2). Next to hy, and ¢, our es-
timation procedure also requires the selection of a threshold parameter u,,. As usual in extreme
value statistics, this parameter will be set at the (k + 1)-th largest of the Z for which the X
coordinate is in B(z, hy,).

As mentioned before, we only estimate n(x) and dz(uy|z) with the MDPD method, while the
parameter p is fixed at some value. Here we set p = —1, which is a mis-specification.

For each of the above distributions we simulate N = 500 samples of size n = 1000. The results
of the simulation experiment are reported in Figures 1 till 6. In Figure 1 we show the mean
of 7,(x) as a function of k for & = 0 (solid line), @ = 0.5 (dashed line) and o = 1 (dotted
line) for the BB6 copula. The true value of 7 is represented by the horizontal reference line.
The columns of the figure represent three different values of x, while the rows correspond with
the contamination percentages, 0%, 5% and 10% from top to bottom. Figure 2 displays the
empirical mean squared error (MSE) as a function of k, but has otherwise a layout that is
similar to Figure 1. Concerning the selection of h,, and ¢, we note the following. In a first step
we compute the optimal h, and c for each dataset using the above mentioned cross-validation
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criterion. This implies that the range of k varies from one dataset to the other, so means and
MSE’s would be based on a different number of observations when plotted as a function of k.
In order to avoid this we take the median of the h,, and ¢ values obtained in the 500 simulations
and use this for all estimations. Figures 3 and 4, and Figures 5 and 6, show the corresponding
results for the Farlie Gumbel Morgenstern and BB9 copula, respectively. From the simulation
we can draw the following conclusions:

In absence of contamination, the estimators show generally a quite stable pattern for a
wide range of k, close to the true value of 7, despite the mis-specification of the parameter
p. In terms of MSE we see that, the estimator with o = 0, which corresponds to maximum
likelihood, performs best, followed by a = 0.5 and o = 1. This can be explained as follows:
in terms of bias the estimators with different values of a perform similarly, while for the
variance we have that a = 0, corresponding to maximum likelihood, performs best. It is
well-known that the efficiency of the MDPDE decreases with increasing «, see, e.g., Basu
et al. (1998).

When there is contamination, then the non-robust estimator (a = 0) is clearly affected,
with a sample mean that can be far from the true value, while the robust estimators
generally stay closer to the true value. The estimator with o = 1, which offers the highest
robustness, performs best in terms of bias. In terms of minimal MSE, using a = 0.5 gives
the best result. The advantage of & = 1 in terms of bias is offset by its increased variance
compared to a = 0.5.

The performance of the estimators deteriorates under increasing contamination percent-
ages.

For the BB6 distribution, the effect of the contamination is strongest for the smaller x
values. This could be expected, as the dependence in the data is weakest at the smaller
x. The dependence increases with z, and therefore at x = 4 the effect of contamination
on the diagonal is least.

The Farlie Gumbel Morgenstern distribution has 1 = 0.5, corresponding to near indepen-
dence. For this distribution, contamination on the diagonal is clearly very severe.

For the BB9 distribution, which does not satisfy our model assumptions, we still have
very good estimation results, which also illustrates the robustness of our methodology
with respect to violation of the model assumption. Also here we see that the effect of the
contamination is biggest at the x positions where the dependence in the data is weakest.

Overall, using a = 0.5 and 1 leads to estimators that are robust with respect to outliers. In
terms of minimal MSE the estimator with o = 0.5 performs typically best, and is therefore
the recommended value. This is in line with the findings of Dutang et al. (2014) in the
context without covariates.
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Figure 1: BB6 simulation with (shifted) diagonal contamination. Mean of 7,(z) with o = 0
(solid line), a = 0.5 (dashed line) and o = 1 (dotted line), as a function of k at x = 2 (left),
x = 3 (middle) and x = 4 (right). From top to bottom: 0%, 5% and 10% of contamination.

5 A real data analysis

In this section, the proposed methodology is applied to a dataset of air pollution measurements.
In environmental science, one needs to consider simultaneous high levels of several pollutants,
possibly combined with high temperatures, as these may pose a major threat to human health.
Estimation of the extreme dependence is thus of crucial importance in this context. We consider
the data collected by the United States Environmental Protection Agency (EPA), publicly avail-
able at https://agsdrl.epa.gov/aqsweb/agstmp/airdata/download files.html. The dataset under
consideration contains monthly maxima on, among others, temperature, and ground-level ozone,
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Figure 2: BB6 simulation with (shifted) diagonal contamination. MSE of 7, (z) with a = 0
(solid line), a = 0.5 (dashed line) and o = 1 (dotted line), as a function of k at x = 2 (left),
x = 3 (middle) and x = 4 (right). From top to bottom: 0%, 5% and 10% of contamination.

carbon monoxide and particulate matter concentrations, for the time period 1999 to 2013. These
data are collected at stations spread over the U.S. We will estimate the extreme dependence
between ground-level ozone and particulate matter concentrations, conditional on the covariates
time and location, where the latter is expressed by latitude and longitude. The method is imple-
mented with the same cross-validation criteria as in the simulations, though for convenience we
rescaled each covariate to the interval [0, 1]. As for the kernel function, we used the bi-quadratic
kernel, generalised to the case p = 3, as follows

1 =]
Khn($) = h73K <h y
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Figure 3: FGM simulation with (shifted) diagonal contamination. Mean of 7, (z) with a = 0
(solid line), @ = 0.5 (dashed line) and o = 1 (dotted line), as a function of k at x = —0.5 (left),
x = 0.5 (middle) and x = 0.8 (right). From top to bottom: 0%, 5% and 10% of contamination.

where x € R3, and |.| denotes the Euclidean norm. In Figure 7, we show the estimate of 7(x)
with a = 0 (solid line), & = 0.5 (dashed line) and o = 1 (dotted line) for the city of Los Angeles
at different points in time. The reported estimate is median(7,(x); k = n*/2,...,n* — 1), where
n* denotes the number of observations in B(z, h,). Overall, the extreme dependence between
ground-level ozone and particulate matter concentrations shows a seasonal pattern, where the
dependence is stronger in summer than winter. For some months the estimate with o = 0
differs noticeably from those obtained with o« = 0.5 and « = 1, which indicates the presence of
observations that are disturbing for the estimation of the dependence structure. In Figure 8, we
show the estimate 7, (z) with o = 0 (solid line), a = 0.5 (dashed line) and o = 1 (dotted line)
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Figure 4: FGM simulation with (shifted) diagonal contamination. MSE of 7, (x) with a = 0
(solid line), @ = 0.5 (dashed line) and o = 1 (dotted line), as a function of k at x = —0.5 (left),
x = 0.5 (middle) and x = 0.8 (right). From top to bottom: 0%, 5% and 10% of contamination.

for months 59 and 100 as a function of k. For month 59, the robust estimates show a stable
pattern around n(x) = 1 for the second half of the k range, while the non-robust estimate shows
nearly no stability as a function of k. On the contrary, for month 100, the robust estimates are
below the non-robust estimate. Again the robust estimates show a stable horizontal pattern for
the second half of the k range, which is not present for the non-robust estimate.
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Figure 5: BB9 simulation with (shifted) diagonal contamination. Mean of 7,(z) with o = 0
(solid line), a = 0.5 (dashed line) and o = 1 (dotted line), as a function of k at x = 2 (left),
x = 3 (middle) and x = 4 (right). From top to bottom: 0%, 5% and 10% of contamination.

6 Appendix

6.1 Proof of Theorem 2.1

The first step consists to show that, under our assumptions,

" 1 _ 0z(uplz) 1 B 1— po(z) P
e e el [ c o e e o] RO

+0 (hffx A5C) +0 (h,‘i" lnun>} ,
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Figure 6: BB9 simulation with (shifted) diagonal contamination. MSE of 7, (z) with a = 0
(solid line), a = 0.5 (dashed line) and o = 1 (dotted line), as a function of k at x = 2 (left),
x = 3 (middle) and x = 4 (right). From top to bottom: 0%, 5% and 10% of contamination.

where the o(dz(up|z)) and O(.) terms are uniform in s € [S, 0].
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Figure 7: Air pollution data. Time plot of 7, (z) with a = 0 (solid line), a = 0.5 (dashed line)
and a = 1 (dotted line) for the city of Los Angeles.

To obtain this result for the case j > 0, use the following decomposition

BT (K s l0) = fx(o) | © (T s |z

+ K(v) JOO p(2)F z(upz|z)dz[fx (2 — hpv) — fx(2)]dv
Sk 1

+fx(x) J:q K (v) LOO p(2)[F z(unz|x — hyv) — Fz(upz|z)]dz dv

[ x| D (F 2zl — hv) — F oy (unz|)]dz [Fx (2 — hav) — fx ()] do,

where p(z) := s2°"}(Inz)/ + j2°"}(Inz)?~!. Each term can be treated using our Hélder-type
conditions, which imply in particular that, for n large enough, z > w,, and some constants
My, M, M3

F _hn o, .
W — 1| < M; <hflc + zMzhnfhzn Inz+ |5Z(Z|x>|hiA + \52(2\37)]2]\/[3 h: h% lnz> (12)
z(z|x

combined with a slight modification of Proposition 2.3 in Beirlant et al. (2009) which ensures
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Figure 8: Air pollution data. 7,(z) with a = 0 (solid line), @ = 0.5 (dashed line) and o = 1
(dotted line) as a function of k for months 59 (left) and 100 (right).

that

1
sup z 7@
z=1

m (), 6Z<un\x>,p<x>>\ = o102 (unl2)]) 2 1 — 0.

In case j = 0 we obtain

E[T,(K,s,0|x)] = . K(v) LOO p(2)F z(upz|w — hpv)dz fx (z — hyv)dv

+ K()F z(un|z — hpv) fx (x — hpv)dv,
Sk

where p(z) = sz°"!. Both terms can be analysed with decompositions similar to the ones used
for the case j > 0.

Then we can follow the lines of proofs of Theorem 1 and Corollary 1 in Dierckx et al. (2014) in
order to achieve the proof of Theorem 2.1.

6.2 Proof of Theorem 3.1
First remark that
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nh? - ‘ |
\/Fz(un|:c)fx(x) [Tn(K, s, j|z) — Tn(K, s,jyx)]

_ \/Fz(u:gfx(x) | Tu(K 5,312) = Tu(K, 5, jl2) = B (Ta(K, 5,jl2) = Tu(K, 5, jla) )|

nh? - ‘ |
+\/Fz(un|x)fX($)E (Tn(K, s, ) — Tn(K, sjjya;))

= Rn,l + Rn,2-

We will study the two terms R,, 1 and R,, » separately. First, we start with the term R,, ;. Define
for any s < 0 with j € J:={0,1,2,3} or (s,7) = (0,0)

P
(s.4) ha (5.7)
9en (yl»y%v) = = Khn(z - U)q n (yl,y%v)
& \/Fz(un|33)fx(l‘) &
with
5. Ze(y1,y2,0)\° (1 Ze(yr, y2,0) Y’
Qénj) (yla Y2, U) = < S In S ]l{Zg (y1,y2,0)>un}>
Un Un,
1 1
Z y 7y2’ U :: min < ) ) )
5( ! ) |1_€1(y17y270)| ’1_52(3/171/277))‘

and measurable £ € H := {¢ = (£1,6);€ : R x R x Sx — R?}.

For convenience, denote &, = (F,.1, Fj2) and & = (F1, F2). According to Lemma 3.1, r,;1|¢,—&|
converges in probability towards the null function Hy = {0} in H, endowed with the norm

1€ = [€1]leo + ||€2]|oo for any & € H. Consider now the class
EPD 1) = gD e — 9o € H. 6l < b,

with envelope function G,(f’j )(b). Our aim is to apply Theorem 2.3 in van der Vaart and Wellner

(2017). To reach this goal, we need to introduce some notations. Let P denote the law of the
vector (Y(l), Y@ X ) and define the expectation of any real-valued measurable function f under

P by Pf = fdP.

We have now to show the two following results:
Assertion 1: For any s < 0 with j € J or (s,7) = (0,0), we have

VPG (b,) — 0 for all b, — 0,

and
Assertion 2: For any s < 0 with j € J or (s,7) = (0,0), we have

P ((G(S’j)(b))Q) 0.
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6.2.1 Proof of Assertion 1

We start to consider the case where s < 0 with j € J. As a first step we derive an envelope
function for &5 )(bn). We have

J)

(s _
Yeo+rnen — Yo

N

N

(s.3)

Q0 0
‘J; p(a)]l{un<una<Z§0+rn§}]1{Z§O+Tn§>un}da - J; p(a’) ]l{un<una<Z§0}]l{Z§O>un}da

+ ]l{JZO} H{Z50+rn§>un} - ]l{jzo} ]l{ZEO >un}

00
L |p(a’) | ‘ ]l{un <una<Z§0+Tn5 } ]1{Z§0+Tn5>un} - ]l{un <una<Z50 } H{Z§0 >un} da

+1j=o) ‘H{Zéo+me>%} = Uz, >un)
0
L |p(a)| ‘]l{un<una<Z§0} - ]l{un<una<Z50+Tn5}‘ H{Z50>un}da

da

o0
+£ P(a)| D, <una<Zey s e} ‘H{Z§O+Tn§>un} — Nz >un)

=0} ‘ﬂ{zgo+mg>un} — Uz, >un)
o0
L P(@)] Wrnin(Ze, Zey s o) <umasmax(Zey , Zey s rme)} 1 Zey >un} 40

0
+J1 ’p(a)’ ]l{un<una<Z§O+,.n§}]l{min(Zgo,Z§O+T.n§)gun<max(Z§O,Z§O+,.n5)} da

=0y Umin(Ze Zey 1 re) <un<max(Zey Zeg rne)}-

Remark now that
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{unae [min(Zfov ZEo-H“n&); maX(Zgo, Z&o-i—rnﬁ)]}

. . 1 1 . 1 1
= Up @ € |MIN | Min , ,mn [ ——, ———— ;
{ B [ ( <|1—F1—rn£1| 1—F2—rn52) <1—F1 1—Fz>>

. 1 1 . 1 1
max | min s ,y N | o,
< <|1_F1_Tn§1| 1_F2_Tn§2> <1_F1 1_F2>>}}

1 )
= {u - € [min (max (|1 — Fy — &1, |1 — Fa — rpéal) ,max (1 — Fi, 1 — Fy));
mn
max (max (|1 — Fy — rpéal, |1 — Fo — m&e|) ,max (1 — F1,1 — F2))]}
1 .
c {u i [min (|1 — F; —rpé&i|, 1 — F1) ,max (|1 — F1 —rp&i], 1 — Fl)]}
n
1 .
YNua € [min (|1 — F» — 62|, 1 — Fy) ,max (|1 — F» — 62,1 — Fz)]}
n
1
c { e[l—Fl—rnbn,l—Fl—i—rnbn]}u{ e[l—Fg—rnbn,l—Fg—i-rnbn]}
Up @ Up @
— Ani(a) U Ana(a). (14)
Also,
Yz imezunat = Lioprugi <o 1= Po-ratal <L)

<
= ﬂ{fﬁfrnbn<1fF1<$+rnbn,7ﬁlafrnbn<17F2<Wla+rnbn}

]1{1—F1<$+rnbn,1—Fg<$+rnbn}’
and, taking into account that

H{Z§0>“n} = ]1{17F1<ﬁ,17F2<i}’
we obtain

<
ﬂ{zgo+7.n5>una} = ]1{17F1<ﬁ (2 +rnunbn)1=Fa< (L +rnunbn )}

- ]l{Z§0>l+Tu7; ot (15)
Thus, combining (13), (14) and (15), we obtain the following envelope for gl )(bn):
(5.) fin ”
Gyl (bn) = Fz(un|x)fx(a:)Kh"($ ) Ul (@)l DA, 1 (@) An s (a)} L Zey >un} da
o0

1 1 d

+L p(a)] { Zgonwxm} {Ana(Dudn (1)} 40

+lgooy Uga,, ; ()oAnL)] (16)
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with

) p
\/EPG;S’])(bn) _ \/ nhy

Fo(unlo)fx (@)

o0
{8 |8 o= 20 [ @I (1ia, s @it Wz | €

0
+EKnx—XfpaEﬂ 1 UA,
[ i ( ) X p(a)l ( {Z§O>%+Tir;nbn} {An1 (1)U AR 5(1))
+lgj—g [Khn (z — X)E <]1{An,1<1)uAn,2(1)} X)] }
nh?
= f— X
Fz(up|z) fx ()
{f K(v J Ip(a)| E (H{An,l(a)uAn,Q(a)}ﬂ{z§0>un}
o0]

+ K(v f pa)|E| 1 1 UA,,
S ( ) . | ( )| ( {Zgo un } {An,1(1) VAL 2(1)}

=T
+rnunbn

+lgj—o) L K(v)E (ﬂ{An,l(l)uAn,z(l)}
K

X=x— hnv> dafx(x — hyv)dv

X=x— hnv) dafx(x — hyv)dv

X=x-— hnv) fx(z— hnv)dv}

nh?
=: \/Fz(un‘x)fx(x) {Tl + T5 + T3} .

Consider T7. By the Cauchy-Schwarz inequality

T < . K(v) LOC Ip(a)| \/P(An,l(a) U Ap2(a)|X =2 — hyv)Fz(up)z — hpv)dafx (x — hyv)dv.

The sub-additivity of probability measures and some straightforward calculations give then

P(Ap1(a) U Ap2(a)|X =2 —hpv) < P(A,1(a)|X =2 — hpv) + P(Ap2(a)|X = 2 — hyo)

1 1
= f ]1{ i a €lz— Tnbn,Z“rT‘nbn]}dz + j ]l{u —€[z— Tnbn,z+rnbn]}dz
< 2rpby, + 2r,b, = 4r,b,. (17)

Thus

w —
Tnbn F 7 (un|2) f |p(a)l daj K(v Fz(unlz = hnv) fx(x — hpv)do,
1 Fz(unlz)

and hence, by (12) and the Holder continuity of fx, we have T = O ( rnFZ(un\x)>
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As for T, use again the Cauchy-Schwarz inequality and (17) to obtain

- hnv) fx(x — hyv)dv

o0
Ty, < QN/Tnan Ip(a)| da K(v)\/FZ( tn
1 Sk
x—hnv>

1+ rpunby, .
— U,
= 2 oz ——m—
\/’I"nn Z<1+rnunbn ZE> x)

Note that under our assumptions, r,u, — 0, as n — 00. Thus using (12) and the fact that

")

0 FZ <1+7’Zznbn
f pla)da | K(v)

1 Fo—tn
Sk FZ <1+rnunbn

fx(z — hyv)dv.

Fz

Un
< 1+rnunbn
Fz(un|v)

we have that To = O <q/rnFZ(un|$)).

By similar arguments, we get 73 = O(ry,) = o (q/ran(unM)) under our assumptions (10)
and (11).

1, (18)

Combining the above
VnPGE) (b)) = O (\/nhﬁrn) .

Now, we move to the case (s,j) = (0,0) and use a similar proof. In that case, using (17), we
have

VPG (b,)

nh?
_ \/Fz(un\x)fx(a:) LK K ()P (An,1(1) U Apa(D)|X =2 — hnv) fx(@ — hyv)dv
nh?
< 4rnbn\/FZ(Un|$)fX($) . K(v)fx(z — hpv)dv

P
- 0 7n7h” T bn,
Fz(up|x)
= o (\/ nhﬁrn)

which achieves the proof of Assertion 1 in case (s,7) = (0,0).
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6.2.2 Proof of Assertion 2

Again, we start to look at the case s < 0 and j € J. From (16) and straightforward bounds, we
deduce that

g 2 he
(erh®)” < Folunfo) fr ) @)

0 a0
X {(J \p(a)\da>f \p(a)lﬂ{ v\ MAn 1 (D)oA,2(1)}da
1 1 Zey 7}

>
E‘F"'nunb

o0 o0
+3 (L |p(6l)!da)J1 P(a) WA, 1 (a)0An (@)} Ui Ze, >uny da

o0
n (1 + 4L !p(a)\da> ﬂ{An,lu)uAn,z(l)}}'

Since §°[p(a)lda < oo, using again the Cauchy-Schwarz inequality combined with (17), we
deduce that

p <(G,(f’j) (b)) 2>

I K20) | ) W Fy (“

FZ(“”’x)fX(x> Sk 1 é +Tnunb

A

T — h,w) da fx(x — hpv) dv

C\/ﬁ ) o — S L
+Fz(un|w)fx($) . K (U)L |p(a)|\/Fz(un|a: hnv)da fx(z — hpv)d
L Cm K?(v) fx(z — hov) dv,

Fyz(un|x) fx () Js

where C' is a constant which can change from one line to each other.

Finally, combining (12) with (18), we deduce that

((00)) -0 )

The case (s,7) = (0,0) can be dealt with similarly and leads to

r(Em)) =0 (wum)

This achieves the proof of Assertion 2.

Combining Assertions 1 and 2 with Theorem 2.3 in van der Vaart and Wellner (2017) yields
that Rn,l = Op(l).
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Now, it remains to study the term R, . To this aim, note that, for n large,

nhi, ~ . .
< = E Tn(K,SaJ|$)7Tn(K787]|x)‘
Fz(un|) fx(x)
< VAE[ED(r, Y@, X) - g8 (v, vy, X)|
< VnPGE(b),
since &n € o + mnB(0,) where B(0,b) := {{ : [{]m < b} (where we use the Skorohod represen-

tation). According to the proof of Assertion 1, since b, — 0 can be replaced by any fixed value
b without changing the conclusion, we have R, 2 = o(1).

|Rn,2

Combining the results for 12,1 and R, 2 achieves the proof of Theorem 3.1.
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