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Abstract

We give different representations of the solutions of the Johnson equation
with parameters. First, an expression in terms of Fredholm determinants is
given; we give also a representation of the solutions written as a quotient
of wronskians of order 2N. These solutions of order N depend on 2N —
1 parameters. When one of these parameters tends to zero, we obtain N
order rational solutions expressed as a quotient of two polynomials of degree
2N(N +1) in z, t and 4N(N + 1) in y depending on 2N — 2 parameters.
Here, we explicitly construct the expressions of the rational solutions of order
5 depending on 8 real parameters and we study the patterns of their modulus
in the plane (x,y) and their evolution according to time and parameters a;
and b; for 1 <i < 4.

Key Words : Johnson equation, Fredholm determinants, wronskians, rational
solutions, rogue waves.
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33Q55, 37K10, 47.10A-, 47.35.Fg, 47.54.Bd

1 Introduction

We consider the Johnson equation which can be written in the form
U

(s
e -3 <0, (1)

(ug + 6uty + Uggy + e

where subscripts x, y and t denote partial derivatives.

Johnson introduced this equation in a paper written in 1980 [1] to describe waves
surfaces in shallow incompressible fluids [2, 3]. This equation was widely accepted,
and was later derived for internal waves in a stratified medium [4]. The physical
model of this equation have the same degree of universality as the Kadomtsev-
Petviashvili (KP) equation [5].

Johnson constructed the first solutions in 1980 [1]. Some time later in 1984,
Golinko, Dryuma, and Stepanyants found other types of solutions [6]. Another
approach to study this equation was given in 1986 [7] by giving a connection be-
tween solutions of the (KP) equation and solutions of the Johnson equation. The
use of Darboux transformation gave other type of solutions given in [8]. More re-
cently, the extension to the elliptic case has been considered [9] in 2013.

In the following, we recall the representation of the solutions in terms of Fredholm
determinants of order 2N depending on 2N — 1 parameters. We also recall the
expression in terms of wronskians of order 2N with 2N — 1 parameters. These



representations allow to obtain an infinite hierarchy of solutions to the Johnson
equation, depending on 2N — 1 real parameters and rational solutions to the equa-
tion, when a parameter tends towards 0.

Here we construct rational solutions of order 5 depending on 8 parameters, and the
representations of their modulus in the plane of the coordinates (x,y) according to
the real parameters a; and b; for 1 < i < 4 and time ¢.

The solutions are given without initial conditions nor boundary conditions.

We give three methods to construct solutions to the Johnson equation. The more
efficient method to construct solutions of the Johnson equation is that correspond-
ing to the representation in terms of degenerate determinants (the third one in
the text, without limit) followed by that given in terms of wronskians. The less
efficient is that given in terms of Fredholm determinants.

The method used to construct the figures given in the third section is that using
the degenerate determinants (without limit, the third one).

2 Rational solutions to the Johnson equation of
order N depending on 2N — 2 parameters

2.1 Families of rational solutions of order N depending on
2N — 2 parameters

We define real numbers A; such that —1 < A, <1, v =1,...,2N which depend
on a parameter € which will be intended to tend towards 0; they can be written as

)\j:1—2€2j2, AN—}-j:_)\jv ISJSN, (2)

The terms &,,0,,v, and z,, are functions of A,, 1 < v < 2N; they are defined by
the formulas :

Ry =20 /1= 0 =m0 T
zy;=(r—1)ln 1;;2, r=1,3, 75 =—12\5/1 = A3 —4i(1 — X\3), /1 - A3, (3)
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e, 1 <v < 2N are defined in the following way :
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€y, 1 <v < 2N are real numbers defined by :
€j:1, 6N+j:0 ].SJSN (5)
Let I be the unit matrix and D, = (djk)lgj’kggj\[ the matrix defined by :

dyy = (-1)* H <W> exp(kyx + (@ — 20, )yt + dit,t + ., +e,).  (6)
N1 T T 12

Then we have the following result :

Theorem 2.1 The function v defined by
n(z,y, t)[°

v(z,y,t) = -2 Az, 02



where

n(x,y,t) = det(I + Ds(x,y,t)), (8)

d(z,y,t) = det(I + D1 (z,y,t)), (9)

and D, = (djx)1<jk<on the matriz

dyp = (—1)% H <W> exp(k, T + (Hyy —20,)yt + dit,t + ., +e,). (10)
nn N T e 12

is a solution to the Johnson equation (1), depending on 2N — 1 parameters ay, by,
1<k<N-1ande.
We give now the expressions of the solutions to the Johnson equation in terms
of wronskians. For this, we define the following notations :
¢Grp =sin0,,, 1<v<N, ¢pp=cos0,,, N+1<v<2N, r=13, (11)
with the arguments

0,, = _i’;”x +i(=HE 40, )yt — i F 2t +yw —i%, 1<v<2N. (12)

We denote W,.(w) the wronskian of the functions ¢y 1, ..., ¢, on defined by

Wr(w) = det[(ag)_l(br,l/)u,,ue[l ..... 2N]]- (13)

We consider the matrix D, = (dyu)y, uef1,...,2n7 defined in (10).
Then we have the following statement :

Theorem 2.2 The function v defined by
9 (Wa(¢3.1, - - d3.2n5)(0)]
(Wi (b1, -, ¢1,2v)(0))

is a solution to the Johnson equation depending on 2N — 1 real parameters ay, by
and €, with ¢", defined in (11)

v(z,y,t) =

Gr = sin(=HEE +i( =5 + 6, )yt — 754 +2nt +yw — i), 1<v <N,
Pry = cos(=HE +i( =L + 0, )yt — 5L + 20t + pw —i%), N+1<wv<2N,
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We can deduce rational solutions to the Johnson equation as a quotient of two
determinants.
We use the following notations :

Xy = = i 8, )yt — i 4 2t 4w — i
Y, = = i 4 0yt — i 2t 4w — i

for 1 <v < 2N, with k,, J,, ,, defined in (3) and parameters e, defined by (4).
We define the following functions :

45-1 . 45
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for 1 <k <N, and

2N —45—2 2N —45-3

P4j+1,N+k = Yy, coS XNtks Pajr2,N+k = —V Sln XNtks 15
2N—4j—4 X 2N—4j—5 . X ( )
P4j+3,N+k — Vg COS AN+E, P4j+4,N+k = Vg ® sin N+k>

for 1 <k <N.
We define the functions v for 1 < 7 < 2N, 1 < k < 2N in the same way, the
term Xy is only replaced by Y.

— A1 — A4
Vajprk =Y sinYe,  Yyjpok =7 cosYi,

s , 16
Vajysr = —V:JH sinYy, a4k = —Viﬁz cos Yy, (16)
for 1 <k <N, and
Vaj 41, N+k = VENN4J4 2Cos Ytk YajioNik = —7;32 ij sin Yy 1, (17)
Vajra Ntk = —Yo T YeosYnik, Vajranik = YN Y sin Yy i,
for 1<k <N.
The following ratio
W35(0)
x,t) =
can be written as
A det
q(l' t) 3 ( )_] ke[l 2N] (18)

Ay -  det (v, k)j, ke[1,2N]

The terms A; depending on € are defined by A\; = 1 — 2je2. All the functions ¢;
and v; 1, and their derivatives depend on €. They can all be prolonged by continuity
when € = 0.

We use the following expansions

N—-1

1 azl@l
¢j7k(x,y,t, 6) = Z (2[)'%0‘7 [l]k2l€2l + O(sz)a (Pj,lm = 862‘;’ ($7y7t70)7
=0
00l = ¢j1(z,y,t,0), 1<j<2N, 1<k<N, 1<I<N-1,
N-1
1 i N
QDJ N+k x y,t 6 = TQDJ N+1 ]k21621+0( 2N)7 SDJ N+1[l] #($7y7t70)7
=0

@J,N#»l[o]:QDJ,N+1(:L’7y7t70)7 1§]§2N7 ]-éngv ]-SZSN_]-

We have the same expansions for the functions v ;.

2
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YiN+1[0] = Y nia1(2,t,0), 1<j<2N, 1<k<N, N+1<k<2N.
Then we get the following result :



Theorem 2.3 The function v defined by

ldet((m), o)
det((d;r)

U(l’,y,t) = (19)

j,ke[l,ZN])2
is a rational solution to the Johnson equation (1), where

9?2
W(‘%ﬂ y7ta0)a

. 52k—2,
NjiN+1 = Qaj,N-‘rl(xvyat)O)? 1 S J S 2N nj;i\]-‘rk = T;‘,f;g’d(x,y,t,O),
) 52k—2y,
djl = /l/)j,l(x7y7t7 0)7 1 S J S 2N d]k = 36—2£2;u(x7kyat7 0)7 (20)
2k—2,,
djN-‘rl = 1/’j,N+1(177 y7ta0)a 1 S.] < 2N djN+k = %%($ﬂy7tao)a
9<k<N,1<j<2N

nj1 = ¢j1(z,9,t,0), 1 <j<2N ny =

The functions ¢ and ¢ are defined in (14),(15), (16), (17).

3 Explicit expression of rational solutions of order
5 depending on 8 parameters

We construct rational solutions to the Johnson equation of order 5 depending on
8 parameters.

We give patterns of the modulus of the solutions in the plane (z,y) of coordinates
in function of the parameters a; and b;, for 1 <14 < 4 and time t.

The (z;y) plane is the horizontal plane. To shorten the text, one cut certain
characters of the figures and one made appear only the letter y of the (z;y) plane.

Figure 1. Solution of order 5 to (1), on the left for ¢ = 0; in the center for ¢t = 0,
a; = 103; on the right for t = 0, ay = 103; all other parameters not mentioned
equal to 0.




Figure 2. Solution of order 5 to (1), on the left for t = 0, ag = 103; in the center
for t = 0, ay = 10%; on the right for ¢ = 0, b; = 10?; all other parameters not
mentioned equal to 0.

Figure 3. Solution of order 5 to (1), on the left for ¢t = 0, by = 103; in the center
for t = 0, by = 103; on the right for ¢t = 0, by = 103; all other parameters not
mentioned equal to 0.

Figure 4. Solution of order 5 to (1), on the left for ¢t = 0,01, a; = 10%; in the
center for t = 0,1, ay = 103; on the right for t = 1, b; = 10%; all other parameters
not mentioned equal to 0.

Figure 5. Solution of order 5 to (1), on the left for t = 0,01, ay = 10%; in the
center for ¢t = 0,1, az = 10%; on the right for t = 1, as = 10; all the other
parameters to equal to 0.



Figure 6. Solution of order 5 to (1), on the left for t = 0,01, a3 = 10%; in the
center for ¢t = 0,1, az = 10%; on the right for t = 1, ag = 10; all the other
parameters to equal to O.

Figure 7. Solution of order 5 to (1), on the left for t = 0,01, a4 = 10%; in the
center for t = 0,1, ay = 103; on the right for ¢t = 1, ay = 10; all the other
parameters to equal to O.

Figure 8. Solution of order 5 to (1), on the left for t = 0,01, by = 10; in the
center for t = 0,1, by = 10; on the right for ¢ = 1, by = 10; all the other
parameters to equal to 0.



Figure 9. Solution of order 5 to (1), on the left for ¢t = 0,01, by = 10%; in the
center for t = 0,1, by = 10; on the right for t = 1, by = 10; all the other
parameters to equal to O.

Figure 10. Solution of order 5 to (1), on the left for t = 0,01, b3 = 10%; in the
center for t = 0,1, b3 = 10%; on the right for t = 1, b3 = 10%; all the other
parameters to equal to 0.

Figure 11. Solution of order 5 to (1), on the left for t = 0,01, by = 10%; in the
center for ¢t = 0,1, by = 103; on the right for ¢t = 1, by = 10; all the other
parameters to equal to O.

In these constructions, we note that the initial rectilinear structure becomes
deformed very quickly as time t increases. The heights of the peaks also decrease
very quickly according to time ¢ and of the various parameters. Because of the
structure of the polynomials, one notices that the modulus of these solutions tend
towards value 2 when time ¢ and variables x and y tend towards the infinite.

The preceding solutions depends one parameters a; and b; for 1 < j < 4.
The Johnson equation allows explaining the existence of the horseshoelike solitons



and multisoliton solutions quite naturally. The horseshoe multisoliton solutions
correspond very well to real waves observed in thin films of shallow water being
cooled along an inclined plane.

It should be relevant to give a physical meaning of these parameters and to give
an explanation of the evolution of the figures according to time in the (z;y) plane.

4 Conclusion

We succeed in obtaining rational solutions to the Johnson equation depending on
2N —2 real parameters. These solutions can be expressed in terms of a ratio of two
polynomials of degree 2N (N + 1) in z, t and 4N(N + 1) in y. Here we have made
the study of rational solutions of order 5 depending on 8 parameters and tried to
describe the structure of those rational solutions.

In the (z;y) plane of coordinates, various structures appear. But, contrary to the
rational solutions of the NLS or KP equations, there are not well defined structures
which appear according to the parameters a; or b;. Thus, one cannot carry out
a classification of these solutions here, according to the parameters by means of
their module in the plan (z,y). It would be important to better understand these
structures.
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Because of the length of the complete expression, we only give the explicit expres-
sion of the rational solution of order 5 to the Johnson equation without parameters.

It can be written as )
In(z,y,t)

_ |
’U(ZL’,y,t) - Q(d(l‘,y,t))Q

with

n(x,y,t) = A(z,y,t) +iB(z,y,t), d(z,y,t) =C(x,y,t)+iD(z,y,1),

30 30 30
A(.’I},y,t) = Zak(yat)xka B(xny)t) = Zbk(yvt)wkv C(xayat) = ch(yat)xkv D(xvyat) =0.
k=0 k=0 k=0

agg = 237376313799769806328950291431424, agg = (593440784499424515822375728578560 y2+170910945935834250556844209830625280)t, agg =
(717074281270137956618704005365760 y4 +398792207183613274632636489604792320 y2 +59477009185670322673781785021057597440)t2+
2670483530247410321200690778603520, ag7 = (557724440987885077370103115284480 yG+448641233081564933961716050805391360 y4+
129208675127490700980974222631952711680 y2 +133228500575901522789271 19844716901826560)t3+(6231 128237243957416134945150074880 y2 +
2592149346693486285112137182431150080)t, agg = (313719998055685356020683002347520 y8+324O18668336685785639017147803893760 y6+
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