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Abstract. According to the 't Hooft—Susskind holography, the black hole entropy, Sgy, is
carried by the chaotic microscopic degrees of freedom, which live in the near horizon region
and have a Hilbert space of states of finite dimension d = exp(Sgn). In previous work we
have proposed that the near horizon geometry, when the microscopic degrees of freedom can
be resolved, can be described by the AdSq[Zy]| discrete, finite and random geometry, where
N o Spp. It has been constructed by purely arithmetic and group theoretical methods
and was studied as a toy model for describing the dynamics of single particle probes of the
near horizon region of 4d extremal black holes, as well as to explain, in a direct way, the
finiteness of the entropy, Spgy. What has been left as an open problem is how the smooth
AdSs geometry can be recovered, in the limit when N — co. In the present article we solve
this problem, by showing that the discrete and finite AdSs[Zy| geometry can be embedded
in a family of finite geometries, AdS)/[Zy], where M is another integer. This family can be
constructed by an appropriate toroidal compactification and discretization of the ambient
(24 1)-dimensional Minkowski space-time. In this construction N and M can be understood
as “infrared” and “ultraviolet” cutoffs respectively. The above construction enables us to
obtain the continuum limit of the AdS3![Zy] discrete and finite geometry, by taking both N
and M to infinity in a specific correlated way, following a reverse process: Firstly, we show
how it is possible to recover the continuous, toroidally compactified, AdSs[Zy] geometry by
removing the ultraviolet cutoff; secondly, we show how it is possible to remove the infrared
cutoff in a specific decompactification limit, while keeping the radius of AdS, finite. It is
in this way that we recover the standard non-compact AdSs continuum space-time. This
method can be applied directly to higher-dimensional AdS spacetimes.

Key words: arithmetic geometry of AdSy; continuum limit of finite geometries; Fibonacci
sequences
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1 Introduction

The present work, mathematically, belongs to the area of algebraic geometry over finite rings.
However its relevance for physics stems from the proposal of using specific, discrete and finite
arithmetic geometries, as toy models, in order to describe properties of quantum gravity in
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general and the structure of space-time, in particular, at distances of the order of the Planck scale
(10733 cm), where the notions of the metric and of the continuity of spacetime break down [6].
So it is useful to provide some context, for our study, by presenting a short review of the
relevant physics questions about spacetime and quantum gravity. The reader, who is interested
only in the mathematical issues of our paper, may skip the following subsection on its physical
motivation and resume reading from the subsequent subsection on the outline of the paper.

1.1 Physics motivation

At Planck scale energies, quantum mechanics, as we know it from lower energy scales, implies
that the notion of spacetime itself becomes ill-defined, through the appearance from the vacuum
of real or virtual black holes of Planck length size [27].

Probing this scale by scattering experiments of any sort of particle-like objects, black holes
will be produced and the strength of the gravitational interaction will be of O(1), which leads to
a breakdown of perturbative gravity and of the usual continuum spacetime description [16, 17].

The above remarks led some authors to consider the idea, that one has to abandon continuity
of spacetime, locality of interactions and regularity of dynamics. Indeed there are recent argu-
ments that quantization of gravity implies discretization and finiteness of space time [56, 58].
This is, indeed, an old idea, that was put forward, already way back, by the founders of quantum
physics and gravity.

The most successful and popular framework today, to tackle this fundamental problem, is
considered to be the AdS/CFT correspondence. It attempts to define spacetime geometry — and
thus gravity — as an emergent phenomenon, that must and can be described in the language
of conformal field theory. The realization of this correspondence has passed many non-trivial
consistency checks by explicit calculations, that are valid for distances of the order of Rags,,
much larger than the Planck scale in the bulk space-time.

An example of such a non-trivial check consists in providing, on the one hand, the degrees
of freedom that can account for the black hole entropy [49, 50] and recovering the Bekenstein—
Hawking entropy, at length scales much larger than the Planck length, along with a certain class
of corrections; on the other hand, in providing a resolution and reformulation of the so-called
“old black hole information paradox” [28, 39].

When the curvature of the bulk spacetime becomes locally of the order of the Planck scale,
the holographically dual conformal field theory on the boundary, becomes a free field theory —
but the complexity of the problem of understanding the space-time geometry and gravity of the
bulk appears in the guise of the construction of the infinitely “complicated” operators of the
free boundary conformal field theory. This is necessary for representing “local events” in the
bulk, as well as the bulk diffeomorphisms (the so-called “problem of locality” in the AdS/CFT
correspondence, presented, for instance in [1]). This phenomenon is a consequence of the so-
called UV/IR correspondence, that is inherent in the AdS/CFT framework. How to resolve it
is, at present, under study.

A few years ago the seminal paper [2] highlighted the relevance of the so-called “new black
hole information paradox” [43], which finally lead to the conjectures that go under the label
ER = EPR [40] and culminate in the so-called QM = GR correspondence [53].

These conjectures relate strongly the description of spacetime geometry and quantum grav-
ity to quantum information theoretic tools, such as entanglement of information, algorithmic
complexity,random quantum networks,quantum holography, error correcting codes etc.

On the other hand a direct discussion of the structure of the bulk spacetime at Planck scale
lies beyond the present capabilities of the holographic AdS/CFT framework.

We return, in what follows, to the ideas of discretization of spacetime which constitutes the
framework of our study.
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The hypothesis for a discrete and finite spacetime for quantum gravity is a possible way for
explaining the remarkable fact that the Hilbert space of states of the BH microscopic degrees
of freedom is finite-dimensional. Its dimensionality equals to the exponential of the Bekenstein—
Christodoulou-Hawking black hole entropy, which is of quantum origin. The generalization
of the Bekenstein entropy bounds implies that, for any pair of local observers in a general
gravitational background, the physics inside their causal diamond is also described by a finite-
dimensional Hilbert space of states [13]. This result has been exploited further and consistently
under the name of holographic spacetime, in the works [9, 10, 25].

Our idea about the nature of spacetime at the Planck scale, takes the notion of a holographic
spacetime one step further: Namely, that the finite dimensionality of the Hilbert space of local
spacetime regions originates from a discrete and finite spacetime, which underlies the emergent
continuous geometric description [6, 23].

Our starting point is essentially the hypothesis that spacetime, at the Planck scale, is fun-
damentally discrete and finite and, moreover, does not emerge from any other continuous de-
scription(conformal field theory, string theory, or anything else). We claim that, at “large”
distances (in units of the Planck length), the continuous spacetime geometry can be described
as an infrared limit thereof. This hypothesis, indeed, is similar to the proposal by 't Hooft [56].

This assumption then entails developing and using the appropriate mathematical tools, that
can describe the properties and dynamics of discrete and finite geometries as well as the emer-
gence, in their infrared limits, of continuous geometries.

We do not wish to imply that it is not possible to define quantum gravity, with a finite-
dimensional Hilbert space, in any other way; just that this is one possible way to describe
quantum spacetime with a finite-dimensional Hilbert space.

We shall now present a short review of our recent work, along with the outline of our paper.

1.2 Context and outline of the paper

In our previous work we have proposed a discrete and finite model geometry, which we have
called AdS3[Zy], for any, positive, integer N. This geometry is simply defined as the set of
points of integer entries, (k,l,m), that satisfy the relation k% + 12 — m? = 1mod N. Thus, we
have replaced, in the definition of the continuous AdS; geometry, the real numbers with the
finite ring of integers mod N.

AdSs[Zy], defined in this way, has a random structure, due to the modular arithmetic. It is
well known that deterministic processes, using modular arithmetic, can produce deterministic
random sequences of points [18, 32].

As explained in [6, 7, 8], this particular discretization is chosen, among many possible ones,
because it supports the holographic correspondence between the bulk, AdSs[Zy], and its bound-
ary, P![Zy], the discrete projective line. The reason this discrete holography exists at all is that
it is possible to realize the action of its discrete and finite isometry group, PSLa[Zy], in two
ways: Firstly, as the isometry group of the bulk and secondly, as the (M&bius) conformal group
on the boundary.

In this approach a long-standing question has been the meaning and existence of a continuum
limit of the finite and random modular geometry as N — oo; of equal importance is, of course
whether the usual smooth AdS, geometry can be recovered in this way at all.

In the present paper we will demonstrate firstly that this limit exists and, secondly that, in
fact, the continuous geometry of AdSy emerges from the discrete AdS3![Zy] geometry as an
infrared limit. In order to show this we reconstruct this geometry from AdSs, in two steps:

1. The first step involves the discretization of AdSs, using an appropriate spacetime lattice
in the ambient (2 + 1)-dimensional, Minkowski, spacetime. This requires introducing
an ultraviolet cutoff a = Rags,/M, for any integer M. The lattice spacing a has the
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important property that it breaks the continuous Lorentz group to its arithmetic discrete
subgroup SO(2,1,7Z) [47, 48]. The Minkowski spacetime lattice induces moreover, on the
continuum AdSs, an infinite set of integral points with isometry group SO(2,1,Z). This
set defines an integral lattice of AdSs, for any M, which we shall call henceforth AdS3![Z].

The reason for introducing a sequence of lattices is that it allows us to define the continuum
limit by taking a — 0 or M — oo, keeping Raqs, fixed.

In this limit the sequence of spaces AdS)/[Z] tends to AdSs in the topology of the ambient,
flat, three-dimensional spacetime.

. The second step involves the introduction of an infrared cutoff, L = alN, where N > M,
such that, in the limit M — oo and N — oo, the ratio N/M tends to a finite value,
L/Raqs, = > 1. It should be noted that this construction remains consistent, also when
N < M and v < 1. The difference is that in this case the throat doesn’t lie within the
enclosing box.

The introduction of the infrared cutoff is realized by symmetrically enclosing a region of
the throat of the AdSs hyperboloid, as large as desired, in a box, of size L, in the ambient
spacetime and then imposing periodic boundary conditions. In this way, we obtain the
AdSs hyperboloid infinitely folded due to the periodic boundary conditions. It is possible
to recover the unfolded AdSs complete geometry by removing the infrared cutoff in the
limit L — oo.

On the other hand, the introduction of the periodic box of size L = Na identifies all the
points of the integral lattice, whose coordinates differ by integer multiples of V.

This equivalence relation implies that all the points of AdS}! [Z] can be classified by a finite
number of equivalence classes represented by points inside the box. However, these repre-
sentatives need not lie on the part of AdS}![Z] that’s enclosed by this box. We observe in
addition that the IR cutoff, N, deforms the SO(2,1,Z) symmetry of the integral lattice to
its mod N reduction, SO(2,1,Zy).

The coordinates of all points (k,I,m), of AdS}[Z], that satisfy the equation
k> 41?2 —m? = M?mod N

define the finite geometry AdSY [Zy].

In order to identify the solutions of the above equation with the elements of AdSs[Zy], it
is necessary to impose that

M? = 1mod N.

This condition provides a relation between the UV and IR cutoffs, M and N.

Having reconstructed the finite geometry AdSé\/f [Zn], by the two-step process, discretization and
toroidal compactification, we are able to show that the continuum limit can be taken by finding
infinite sequences of UV/IR cutoff pairs {(M,, N,,)}, under the constraint M? = 1 mod N that
satisfy the conditions described in the two-step process, mentioned above.

The main result of our paper is the explicit construction of the continuum limit, by a reverse,
two-step, process:

1. First, we remove the UV cutoff, using pairs of UV/IR cutoffs, chosen from the k-Fibonacci

sequences, which lead to different values of the ratio ~, for different values of k.

2. Next, we remark that the ratio, L/Raqs, and, thus, the IR cutoff, L, is an increasing

function of k and, therefore, in the large k limit, we can remove the IR cutoff, while
keeping the radius, Ragqs, fixed, but arbitrary.
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The plan of our paper is as follows:

Section 2 consists of two subsections: In Section 2.1 we recall the salient features of the
geometry of AdSs as a ruling surface and as a coset space. In Section 2.2, we describe the coset
structure and the ruling property of the finite geometry, AdSs[Z ] and we discuss the problem
of counting its points, for N a power of a prime integer. Using the Chinese remainder theorem,
we find the number of points, for any integer N. We find that the ruling property leads to
a consistent description with one chart, when N = p” and pmod 4 = 3 and requires two charts,
if pmod4 = 1.

Section 3 consists of two subsections: In Section 3.1 we introduce a lattice in the embedding
two time-one space Minkowski spacetime, .#%!, with lattice spacing a = Rags,/M. This
“ultraviolet (UV) cutoff” induces the integral lattice of points of AdSy, which we call AdS}[Z].
We identify the isometry group of AdS3![Z] as SO(2, 1, Z) for any positive integer M and present
a review of its basic features. Moreover we show that all the points of AdS)[Z] lie on light-like
lines, which intersect the circle of the throat at rational points. Furthermore, on each light-like
line, there is an infinite number of, randomly distributed, integral points.

In Section 3.2 we compactify the embedding Minkowski spacetime, .#%!, inside a torus, T?,
of size L = Na, where N is an integer, larger than M, by imposing periodic boundary conditions.
This is equivalent to identifying the points, whose coordinates differ by integral multiples of L.
The continuum AdS,, after such a compactification, becomes infinitely folded inside the torus.
The infinite number of points of AdSéW [Z] gets mapped to a set of a finite number of points,
which defines a finite geometry, AdS}![Zy]. The isometry group of this geometry is found to be
SO(2,1,Zy) for all M, which is the reduction mod N of the group SO(2,1,7Z).

In Section 4 we construct the continuum limit of AdSq[Zy]|, by relating it to the geometry
AdS}[Zy]. This is achieved by imposing the constraint M? = 1mod N. In Section 4.2 we
construct a sequence of UV/IR pairs, (M,,N,), n = 1,2,3,..., that belong to the Fibonacci
sequence f,, with the properties mentioned previously. The limit n — oo corresponds to the
continuum limit a — 0, where the UV cutoff, with fized IR cutoff L = Ragqg,7, has been
removed. In Section 4.3 we show how the IR cutoff can be removed, once we consider UV/IR
pairs belonging to the k-Fibonacci sequences, by taking the limit k£ — oc.

In Section 5 we draw our conclusions and present our ideas for further inquiry.

2 Continuum AdS; and the AdS:[Zy] modular geometry

2.1 AdS; geometry as a ruling surface and as a coset space

In the near horizon region of spherically symmetric 4d extremal black holes the geometry is
known to be of the form AdSs x S?, where the AdSs = PSL(2,R)/PSO(1,1,R) factor describes
the geometry of the radial and time coordinates and S? is the horizon surface.

In the present work we will develop the necessary mathematical framework which will enable
us to discretize consistently the AdSsy factor, leaving for a future publication the discretization
of the S? factor.

Indeed, we shall review the salient features of the continuum AdS;, geometry as a single-
sheeted 2d hyperboloid, considered both as a ruled surface and as a coset space [12, 24]. Both
of these descriptions are amenable to consistent discretization as we shall see in the following
sections.

The AdS, spacetime is a one-sheeted hyperboloid, defined through its global embedding in
Minkowski spacetime with one space — and two time-like dimensions by the equation [15, 44].

2 2 2 2
zy+ a7 — 25 = Rags,-

We shall work in units where Raqs, = 1.
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The boundaries of AdS, consist of two time-like disconnected circles, where AdSy approaches,
asymptotically, the light cone of .#?1,

azg—l—a:%—:c%:O.

AdS; can be, also, described as the homogeneous space SO(2,1)/SO(1,1). This case is special,
in that SO(2,1) has a double cover, SL(2,R), so that we have AdS, = PSL(2,R)/PSO(1,1).

In order to establish our notation and conventions, we proceed with the Weyl construction
of the double covering group, PSL(2,R).

To every point, z, € AdSs, =0, 1,2, we assign the traceless, real, 2 x 2 matrix

M(x)5< T 1:1+952>.

r1 — T2 —X0

Its determinant is det M(x) = —2% — 2% + 23 = —1.
The action of any element A of the isometry group SL(2,R) on AdS; is defined through the
mapping

M(z') = AM(z)A™ L,

This induces an SO(2, 1) transformation on (zg, x4, x_), where 4 = x1 + 9,

More concretely, when

()

the induced Lorentz transformation, A(A), in the light cone basis (zg,z4,z_), is given by the
expression

ad +bc —ac bd
AA)=| —2ab a®> b2
2cd -2 d?

Choosing as the origin of coordinates the base point p = (1,0, 0), its stability group SO(1, 1) is
the group of Lorentz transformations in the zq = 0 plane of .#Z%! or, equivalently, the “scaling”
subgroup, D, of SL(2,R)

D9$ME(3/£O

for A € R*,
For this choice of the stability point, we define the coset, ha, by decomposing A as

A = haS(Aa).

Thus, we associate uniquely to every point x € AdSs the corresponding coset representati-
ve ha(z).
We herein introduce the global coordinate system, defined by the straight lines that generate
AdSs and for which it can be checked easily that they form its complete set of light cones.
Consider the two lines, I+ (p), passing through the point p € .#>!, orthogonal to the zq axis
and at angles +m/4 to the x; = 0 plane. They are defined by the intersection of AdSy and the
plane xyp = 1, cf. Fig. 1.
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The coordinates of any point, g4+ € I (p), g- € l_(p) are given as (1, u+,tps), pr € R
correspondingly.

We can parametrize any point x,, of AdSs, by the intersection of the local light cone
lines, l4 (z), with coordinates puy and ¢4 through the relations

To = COS 1 — fi4 SN Py, x1 = sin¢x + p14 COS P, To = Epig.
These can be inverted as follows

iy _ Zo +izy -4 21

¢ l£iz,  METT (2.1)
The geometric meaning of the coordinates ¢ and p is that u parametrizes the xo, space-like, co-
ordinate and, thus, ++/2 parametrizes the light cone lines 14 (x). The angle ¢ is the azimuthal
angle of the intersection of I1(x) with the plane (xg,z1). From equation (2.1), by re-expressing

numerator and denominator in polar coordinates, we find
p=T7—o0, (2.2)

where 7 and o are the arguments of the complex numbers xg + ixr; and 1 + ixs.
The corresponding coset parametrization (group coset motion which brings the origin to the
point x) is

h(ps, ¢x) = R(9x) T (px),

where

R(@) = (Z?ﬁ s ::inqs%2>

and
T =Tl = (5 )

It is easy to see also, that Ty (u4), acting on the base point X (p), generate the light cone 4 (p),
so we identify these one parameter subgroups with the light cones at p.

In the literature the study of field theories on AdS, requires an extension, to the universal
covering of this spacetime, A/J/Sg, together with appropriate boundary conditions, in order to
avoid closed time-like geodesics and reflection of waves from the boundary. This extension can
be parametrized using as time coordinate the azimuthal angle 7, by extending its range, (—m, )
to (—m + 27k, m + 2w(k + 1)), k = £1,42,... and by the space coordinate o € (—m/2,7/2),
defined in equations (2.2). The extension of the range of 7 parametrizes the infinitely-sheeted
Riemann surface of the function log(-), used in deriving equation (2.2).

It is interesting to note that the coset structure of AdSs can be elevated to KES/Q by using

—_—

the universal covering group of SL(2,R), SL(2,R), which has been explicitly constructed in [46].

2.2 The discrete modular geometry AdS:[Zy]| and its isometries

We propose to model the random, non-local geometry of the near horizon region of extremal
black holes by a number-theoretic discretization of the AdSs factor, that preserves its group-
theoretical structure.

This is done by replacing the continuous coset structure of AdSs, presented in the previous
section, by the discrete cosets,

AdSy[Zn] = PSL(2, Zy)/PSO(1,1, Zy).
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Figure 1. The light cone of AdS, at p = (1,0,0).

We thereby replace the set of real numbers, R, by the set of integers modulo N. We called this
a “modular discretization” of AdSs in [6].

This is a finite, deterministically random, set of points in the embedding Minkowski space-
time .#Z%!.

By introducing appropriate length scales and by taking the large N limit we shall show in
the following sections how the smooth geometry of AdSy can emerge.

We notice some interesting factorizations of the algebraic structures with respect to the
integer N: If N = N1 N, with Nj o coprime, then we have [5]

PSL(Q,ZNlNQ) = PSL(Q,ZNI) X PSL(Q,Z]\&)
and
AdSQ[ZNlNQ] = AdSQ[ZNl] X AdSQ[ZNQ].

These factorizations imply that all powers of primes, 2™ ,3™2 5" ... are the building blocks of
our construction. The physical interpretation of this factorization is that the most coarse-grained
Hilbert spaces on the horizon have dimensions powers of primes.

In order to study the finite geometry of AdSs[p"], we recall the following facts about its
“isometry group” PSL(2,Zr):

e The order of PSL(2,Z,r) is p* 2 (p? — 1) /2 [41].

e The set of points of the finite geometry of AdS;[p”] is, by definition, the set of all solutions
of the equation

22+ 23 — 23 = 1modp".
The elements of this set can be parametrized as follows
xo = (a — bp) mod p”, x1 = (b+ ap) mod p", To = pmodp”.

where a? + b> = 1modp” and a, b, u € Lipyr .
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Figure 2. The integral points, (k,l,m), that satisfy k241?—m? = 1 mod 47, i.e., that belong to AdS,[47].

e The points of AdSq[p"] comprise the bulk — for the holographic correspondence — to these
we must include the points on the boundary.

The boundary is the “mod p™” projective line, P![Z,r], defined as the set
P Z,y] = Z*[p") U {0, 0},
so the number of boundary points (cosets) is p"~'(p — 1) + 2.

We shall focus henceforth on the properties of the random set of points, that constitute the
bulk, i.e., AdSe[N = p"].

The deterministic randomness of the points of AdS)/[Zy] can be illuminated from their
representation in the three-dimensional ambient space-time, cf. Fig. 2.

Proposition 2.1. It is interesting to notice, that, in analogy with the continuous case, it is
possible to define, for AdSa[N], a global ruling parametrization for N = p", where p is a prime
of the form (a) p = 3mod 4, while when (b) p = 1mod 4, we need two charts to obtain all such
points.

Proof. We, start, by parametrizing the points of AdS}![Zy] by the ruling of the discrete line
l = (1, u, ;1) around the discrete circle of the throat of AdSY[Zy]:

To = a — pb, r1 =b+ pa, Ty = U,

where a,b, i € Zy and a® 4+ b> = 1mod N, cf. Fig. 3.

This parametrization suffices to generate all the points, for case (a), as an explicit comparison
with direct counting confirms; for case (b), we must add a second parametrization, by exchang-
ing xg and x1. The reason this is necessary is that, in case (b), given xy and x; it’s not possible
to obtain a and b, since there exists a u = p, such that g2 = —1mod N in this case. |

We shall now proceed in counting the integral points of AdSa[V], for any integer N.

Proposition 2.2. When N = p", numerical experiments suggest the following recursion relation
for the number of points of AdSa[Z[p"], Sol(p"),

Sol(p") = p*""VSol(p) = Sol(p") = p* " (p + 1),

where Sol(p) =p(p+ 1) and r =1,2,... for any prime integer p.
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Figure 3. The points of the discrete circle, a? + b> = 1 mod 1001.

1000 -

Figure 4. The number of solutions to k? +12 —m? = 1 (blue curve) and k2 +1%> —m? = 1 mod N (yellow

curve), for 3 < N < 29 obtained by exact enumeration.

This proposition can be proved, by using the coset property of AdSa[p"].

Proof. The rank of the group PSLy[p"] is known to be p3 2 (p2 — 1)/2, while that of its

dilatation subgroup PSO(1,1,p") is p

p — 1)/2. This is a consequence of the fact that the

rank is equal to the number of invertible integers modulo p” divided by 2 (due to its projective
structure). Thus, since AdS3[Z,-], is identified with the coset geometry PSLa[p"]/PSO(1,1,p"),

we get the promised result, p?"~!(p + 1).

The case N = 2" is special: We find Sol(2) = 4, Sol(4) = 24, and Sol(2*) = 4Sol(2%~1), for
k > 3. We remark that N = 4 is an exception. The solution is SoI(Zk) = 2%+ for k > 3.
We plot the results of exact enumeration in Fig. 4 for 3 < N < 29. We notice that there are
peaks for composite values of N. The additional points count the equivalence classes of points

of AdSs[Z] mod N.

From these results we deduce that, for large N, the number of solutions, mod N, scales like

the area, i.e., N2.
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Figure 5. Integral points on AdS,.

3 Discretization and toroidal compactification
of the AdS; geometry

3.1 The UV cutoff, the lattice of integral points
and the SO(2,1,Z) isometry of AdS2![Z]

We shall now present and study in detail the lattice of integral points of AdSy, along with its
isometries.

The physical lengthscale in our problem is the radius of the AdS, spacetime, Raqs,. We set
Rags, = 1 and we divide it into M segments, of length a = Rags,/M. This defines a as the UV
cutoff (lattice spacing) and M € N and, hence, a lattice in .Z>".

The continuum limit is defined by taking M — oo and @ — 0 with Ragg, = 1 fixed.

The global embedding coordinates (xg,z1,22) of this lattice are (ka,la,ma) = a(k,l,m),
where k,l,m € Z. They are measured in units of the lattice spacing a. Therefore the lattice
points, that lie on AdSs satisfy the equation

K +12—m? = M?,

whose solutions define AdS3?[Z], the set of all integral points of AdSy with integer radius M.

In the literature there has been considerable effort in counting the number of solutions to the
above equation, in particular the asymptotics of the density of such points [11, 20, 33, 37, 42, 51].
This problem can be mapped to a problem whose solution is known, namely the Gauss circle
problem. This pertains to finding the number r9(m, M) of solutions to the equation k% + 12 =
M? + m?. This number is determined by factoring M2 4+ m? into its prime factors [51] and
counting the number of primes, p;, of the form p; = 1 mod 4 (this is described in detail in [14];
the dependence on M is a topic of current research [37, 42]).

This factorization procedure generates a sequence of primes that contains an element of
inherent randomness. It is this property that captures the random distribution of the integral
points on AdSy — this is illustrated in Figs. 5.

Therefore, from these facts, the number of integral points of the hyperboloid, up to height m,
is given by the expression

Sol(m) =4+ ZZTQ(j, M).
j=1

We plot this function — in Fig. 6, for M = 1, when m runs from —200 to 200 (due to the
symmetry, m <> —m, we plot only the positive values of m).
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Figure 6. The number of integral points, on AdSs, as a function of the height, m, for M = 1. Due to
symmetry, m <> —m, we plot only the positive values of m.

It is, indeed, striking that the result is an almost straight line [37, 42].

We shall now discuss how to actually construct these points, using the property that they
belong to light-cone lines, which emerge from the rational points of the circle on the throat of
AdS,.

Using the ruling property of AdSs,

k = cos ¢ — psin ¢, I = sin ¢ + p cos ¢, m = U,

we may repackage these as follows

. . : k+il
1 s 1l = 1¢ 1 1 e l(b 1 1 1¢ e
xo+iry =k+il=e?(1+ip) =€e?(1+im) e i’
hence
l l—
cos ¢ = m and sing = 14-7::&]; (3.1)

We remark that these are rational numbers — therefore they label rational points on the circle [57].
The light cone lines at (k,l,m) are, therefore, parametrized by p € (—o0, ), as

k+1Im I —mk l—mk:+ k+1Im
= — xr1 =
14+m?2 /11+m2, V=1 me 'u1+m27

Lo T2 = [

(When pp =29 =m, o = k and 1 =[.)

Proposition 3.1. On these specific light-cone lines there exist infinitely many integral points,
when u, that labels the space-like direction xa, takes appropriate integer values.

Proof. We write

o(p) + i1 (p) = (1 + ip),

where ¢ is defined by equation (3.1).
We look for integer values of u = n € Z, such that zo(n) and z1(n) are, also, integers. That
is
k+il

zo(n) +izi(n) = T im(l +in)

should be a Gaussian integer and this can happen iff (1 +in)/(1 +im) = a +ib with a,b € Z.
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Therefore

l=a—mb
1+in:(a—mb)—|—i(am+b)<:>{ @ mo
n =am + b.

Thus on the light cone line passing through the point (k, [, m) there are infinite integer points
parametrized as

xog =k + b(km —1), x1 =1+ bk +1m), zy =n=m+b(l+m?). [ |

Proposition 3.2. Conversely, on any light cone line emanating from any rational point of the
circle on the throat of the hyperboloid there is an infinite number of integer points.

Proof. Indeed, we have

ei¢:a+ib . a+ib
a—1ib

(1+in)

with a,b € Z. In order to obtain an integral point, for u = n, we must have

1+in
a—1ib

=d+ic

with ¢,d € Z.
We immediately deduce that

1 =ad — be, n = ac + bd.

These expressions imply that, given the integers a and b, it’s possible to find the integers ¢ and d
and to express the coordinates xg, x1 and xo as

xo = ad + bc, r1 = ac— bd, To = ac + bd.

The Diophantine equation 1 = ad — bc is solved for ¢ and d, given two coprime integers a and b,
by the Euclidian algorithm — which seems to lead to a unique solution, implying that the point
(x0,x1,2) is unique.

However there’s a subtlety! There are infinitely many solutions (¢, d), to the equation ad—bc =
1! The reason is that, given any one solution (¢, d), the pair (c+ ka,d+ kb), with k € Z, is, also,
a solution, as it can be checked by substitution.

Therefore there is a one-parameter family of points, labeled by the integer x:

xo = ad + be + 2kab, z1 = ac — bd + r(a® — b?), zo = ac+bd + k(a® + b*). (3.2)

We remark, however, that the vector (2ab, a® — b%,a® + b2) is light-like, with respect to the
(+ + —) metric: (2ab)? + (a® — 172)2 — (e + 62)2 = 0. So equation (3.2) describes a shift of the
point (ad+ be, ac — bd, ac+ bd), along a light-like direction. Since the shift is linear in the “affine
parameter”, k, it generates a light-like line, passing through the original point.

In this way we have established the dictionary between the rational points of the circle and
the integral points of the hyperboloid. |

Now we proceed with the study of the discrete symmetries of the integral Lorentzian lattice
of .#*', where the lattice of integral points on AdSs is embedded. The lattice of integral
points of .#%!, with one space-like and two time-like dimensions, carries as isometry group
the group of integral Lorentz boosts SO(2,1,7Z), as well as integral Poincaré translations. The
double cover of this infinite and discrete group is SL(2,Z), the modular group. This has been
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Figure 7. The fundamental domain of SO(2,1,7) on AdS)?[Z] is the dark green part of the hyperoboloid,
in the positive octant, that lies between the two planes, m > k+1>0and k£ > 1 > 0.

shown by Schild [47, 48] in the 1940s. The group SO(2,1,Z) can be generated by reflections,
as has been shown by Coxeter [19], Vinberg [59]. This work culminates in the famous book by
Kac [31], where he introduced the notion of hyperbolic, infinite-dimensional, Lie algebras. The
characteristic property of such algebras is that the discrete Weyl group of their root space is an
integral Lorentz group. Generalization from SL(2,Z) to other normed algebras has been studied
in [22].

The fundamental domain of SO(2,1,Z) is the minimum set of points of the integral lattice
of .#*', which are not related by any element of the group and from which, all the other points
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