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The planning of the Roman colonies was realized by the ancient land surveyors by means of a method which is known as limitatio or ceoturiatio. It is characterized by a layout in the form of a square or rectangular grids, created by parallel and perpendicular roads and canals, which subdivided the setlement into iosulae, which were the house-blocks in the towns or the agricultural plots in the countryside. In some cases these plots were allocated to Roman army veterans [START_REF] Haverield | Ancient town -planning[END_REF]. The main axes of the grids were called decumaous maximus and cardi maximus. The parallel roads to them were the decumaoi and the cardioes. Of course, the choice of the place of a town or colony was dictated by the local environment and the presence of rivers and roads.

To subdivide and label the plots of the land, the surveyor (grimatcus) identied a central viewpoint, known as the umbilicus agri or umbilicus sili. Taking positon there and assuming the same orientaton of the decumanus, the gromatcus deined the territory with the following names: ultra, the land he saw in front of him; citra, the land behind him; dextera, the land to his right; sioistra, the land to his lef [START_REF] Barthel | Römische Limitaton in der Provinz Africa[END_REF][START_REF]dextram appellauerunt quae septentrioni subiaceret, sinistram quae ad meridianum terrae esset, ab oriente ad occasum, quod eo sol et luna spectaret, sicut quidam architect delubra in occidentem recte spectare scripserunt. Aruspices altera linea ad septentrionem a meridiano diuiserunt terram, et a media ultra antca[END_REF]. According to the Latn writer Frontnus [START_REF]dextram appellauerunt quae septentrioni subiaceret, sinistram quae ad meridianum terrae esset, ab oriente ad occasum, quod eo sol et luna spectaret, sicut quidam architect delubra in occidentem recte spectare scripserunt. Aruspices altera linea ad septentrionem a meridiano diuiserunt terram, et a media ultra antca[END_REF], who was referring Varro, the Romans inherited the manner to subdivide the land from the Etruscan Doctrine.

We read in [START_REF]dextram appellauerunt quae septentrioni subiaceret, sinistram quae ad meridianum terrae esset, ab oriente ad occasum, quod eo sol et luna spectaret, sicut quidam architect delubra in occidentem recte spectare scripserunt. Aruspices altera linea ad septentrionem a meridiano diuiserunt terram, et a media ultra antca[END_REF] that the decumaous runs from irieos to iccasus, that is from the sunrise to the sunset. Of course, this is a natural manner to identfy the plots of the land by a simple orientaton from east to west and from north to south, in order to have a conventonal method to label them. However, afer Frontnuss words, some scholars, such as Barthel [START_REF] Barthel | Römische Limitaton in der Provinz Africa[END_REF], argued for an orientaton of the decumanus towards the point of the horizon were the sun was rising, secuodum cielum, but other scholars maintained that the orientaton was just dictated by the local environment or by the main roads of the area, as stressed by Le Gall and Castagnoli [START_REF] Castagnoli | Le ricerche sui rest della centuriazione[END_REF][START_REF] Gall | Les romains et l'orientaton solaire[END_REF].

In any case, to have the regular grids of the limitaton matching the local environments, secuodum oaturam, the Roman surveyors had to rotate the grids. The surveyors had some methods that we can include under the term of varati. We can ind the varati in the literature of the Gromatci, given in [START_REF] Libertni | Gromatci Veteres -Gli Antchi Agrimensori -Traduzione in italiano con comment, igure, schemi e illustrazioni a cura di Giacinto Libertni e con presentazione di Gianluca Soricelli[END_REF][START_REF] Campbell | The Writngs of the Roman Land Surveyors. Introducton, Text, Translaton and Commentary[END_REF].

A remarkable work on the Roman land surveying is [START_REF] Roth Congés | Modalités pratques d'implantaton des cadastres romains : quelques aspects (Quintarios Claudere. Perpendere. Cultellare.Varare : la constructon des cadastres sur une diagonale et ses traces dans le Corpus agrimensorum[END_REF]. The author, Anne Roth-Congès, explains the methods used by the Romans and the Euclidean geometry involved in them. Let us note that Roth-Congès uses the verb varare, from which varati is coming. This verb can be translated in the acton of measuring by means of triangulaton [9]. The method is based on the vara, a sort of pertca. The noun indicates in general "any of various branched structures or implements". It is a term derived from feminine of vārus, "bent outwards with converging extremites, bow-legged," of uncertain origin [9]. According to [START_REF] Roth Congés | Modalités pratques d'implantaton des cadastres romains : quelques aspects (Quintarios Claudere. Perpendere. Cultellare.Varare : la constructon des cadastres sur une diagonale et ses traces dans le Corpus agrimensorum[END_REF][START_REF] Peterson | Design and Performance of the Varatoscope[END_REF], the term varati, also writen uarati, refers in general to the process of oblique surveying. It has two approaches: the varati fumiois, by means of which the distance of an inaccessible point could be calculated by the constructon of right angled triangles, and the varati io agris divisis, that the surveyors could made by means of lines "along the hypotenuse of right angled triangles deined in a rectangular coordinate system" [START_REF] Peterson | Design and Performance of the Varatoscope[END_REF]. This second varati is the one which is statstcally analyzed in [START_REF] Peterson | Design and Performance of the Varatoscope[END_REF]. As stressed by John Peterson, when introducing his analysis, the variety of observed oblique relatonships, that is (1:1, 1:2, 2:3, 3:4 …), is limited.

Besides the study of varati concerning the Hadrianss Wall and the Weterau Limes [START_REF] Peterson | Design and Performance of the Varatoscope[END_REF], we can ind the varati considered for the orientaton of the Roman towns in Spain [START_REF] Orila | Las estructuras ortogonales de nueva planta en época romana[END_REF][START_REF] Rodríguez-Antón | The Uarato and Its Possible Use in Roman Urban Planning to Obtain Astronomical Orientatons[END_REF]. In [START_REF] Sparavigna | The Geometry in the Urban Layout of the Roman Como and Verona: The Same Soluton to Diferent Problems[END_REF], we have analyzed two Roman towns in Italy, Como and Verona. Here we show some example of varati applied to the layout of Roman towns. The axis of reference for the varati was the east-west line. It is quite easy to determine this directon by a gnomon, a pole ixed on a plane surface, its shadow and a circle. In the following discussion, we search for the hypotenuse of rectangular triangles as a segment of the east-west axis. We will try to ind the cathet as multples of the sizes of the townss iosulae. 

Como and Verona

The cases of Como and Verona had been discussed in [START_REF] Sparavigna | The Geometry in the Urban Layout of the Roman Como and Verona: The Same Soluton to Diferent Problems[END_REF]. These two towns are showing the same geometry used for a quite diferent natural environment. For what concerns Como, is was founded by Julius Caesar in 59 BC, with the name of Nivum Cimum. In the case of Verona, its territory became Roman about 300 BC. Verona became a Roman colony in 89 BC, and it was classiied as a muoicipium in 49 BC.

As we can see from the Figure 1, the terrain of the two towns is quite diferent. But, as shown in [START_REF] Sparavigna | The Geometry in the Urban Layout of the Roman Como and Verona: The Same Soluton to Diferent Problems[END_REF], the layout is the same. So let us consider the geometry of this layout. We assume that the iosulae of the centuriaton were squares. Let us note that, during the centuries, the iosulae had been deformed and therefore it is difcult to see today the original Roman layout perfectly maintained in the town. In the Figures 2 we can see the rectangular triangles which could have been determined by the varati. The hypotenuses are coincident to the east-west directon. The cathet seem to correspond to 3 and 4 iosulae respectvely [START_REF] Sparavigna | The Geometry in the Urban Layout of the Roman Como and Verona: The Same Soluton to Diferent Problems[END_REF]. So we have that the rectangular triangle is that of the fundamental Pythagorean triple 3,4 and 5. In the Figure 3, a corresponding ideal scheme is given. The two cathet give the directons of the decumaous and the cardi. The angle that the decumanus and the hypotenuse form is given by α=arctan( 3/4)=36.87°.

Therefore the azimuth from true North of the decumaous is 53,13°. These two towns have been proposed as oriented to solstces [START_REF] Sparavigna | Roman Towns Oriented to Sunrise and Sunset on Solstces[END_REF][START_REF] Morandot | Quel solstzio che disegnò il volto di Como[END_REF][START_REF] Gaspani | Verona. Origini storiche e astronomiche[END_REF]. As shown in [START_REF] Sparavigna | The Geometry in the Urban Layout of the Roman Como and Verona: The Same Soluton to Diferent Problems[END_REF], we can see that, within an error of one degree, the directon of the sunrise on solstces is close to the directon of the decumanus given in the Figure 3 (ideal case). The same happens for the decumani of Como and Verona. The fact that the towns were planned according to the varato 3:4 seems well posed. But that this varato was chosen to have the towns aligned to sunrise on solstces could be simply a coincidence.

Torino (Julia Augusta Taurinorum). About the foundaton and the orientaton of Torino, we discussed in [START_REF] Sparavigna | Discussione di alcuni artcoli sulla fondazione di Augusta Taurinorum[END_REF][START_REF] Sparavigna | The Orientaton of Julia Augusta Taurinorum (Torino)[END_REF][START_REF] Sparavigna | Julia Augusta Taurinorum, an archaeoastronomical reload[END_REF]. Torino was probably found in 28/27 a.C. as the cilioia Julia Augusta Taurioirum. The Roman town was placed close to the confuence of Dora and Po rivers, at the foot of the hills (see Figure 4). The geometry of Torino is based on the rectangular triangles 1:2. This geometry had been suggested by Gaetano Barbella in 2008 [START_REF] Barbella | [END_REF]. Triangles are shown in the Figure 5. In the image, the Decumaous and the Cardi are also shown such as the positon of the four gates. In the case of Julia Concordia, the iosulae are not squares. However, the decumanus has the same azimuth (within a degree) of Torino. Therefore the triangle is 1:2. Here in the Figure 6 we have the map and the triangle. The case of this town is very interestng, because of the rectangular iosulae. The fortied camp, which at the tme was the westernmost military fort of Rome in the Po Valley, survived the war and gradually evolved into a town. The importance of Pavia grew with the extension of the Via Aemilia from Ariminum (Rimini) to the Po River (187 BC), which it crossed at Placenta (Piacenza).

In the Figure 7 we can see the terrain of Pavia. The rectangular triangle is 2:7, as shown in the Figure 8. Piacenza. Piacenza and Cremona were founded as Roman military colonies in May 218 BC. The towns were planned in order to be constructed afer the successful war with the Gauls, that ended in 219 BC. In 218 BC, afer declaring war on Carthage, the Senate decided to accelerate the colonizaton. The layout that we see today is probably based on a second deducton of 190 BC [23]. In the Figure 9 we can see its triangle. Other cases Let us menton the case of Bologna. The geometry of the Roman Bologna is given in [START_REF] Incert | The Urban fabric of Bologna: orientaton problems[END_REF] by Manuela Incert. The rectangular triangle is 2:9. It is evident therefore, from [START_REF] Barbella | [END_REF] and [START_REF] Incert | The Urban fabric of Bologna: orientaton problems[END_REF], that the problem of the geometry on which the layout of the Roman towns had been founded, is a known problem, addressed in literature. The only way to contnue the study is that of collectng, besides the maps of the towns, also the literature on their planning.

To conclude, let me menton book [START_REF] Kaiser | Roman Urban Street Networks: Streets and the Organizaton of Space in Four Cites[END_REF]; this can be the origin of further analyses on street networks. As told in [START_REF] Boeing | Urban Spatal Order: Street Network Orientaton, Coniguraton, and Entropy[END_REF], [START_REF] Kaiser | Roman Urban Street Networks: Streets and the Organizaton of Space in Four Cites[END_REF] is telling that the "Roman Empire used standardized street grids to efciently lay out new towns and colonies during rapid imperial expansion". Therefore, the study of the geometry could be interestng to determine the standardizaton of the urban layout.
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 1 Figure 1: Thanks to Acme Mapper, htps://mapper.acme.com, we can appreciate very well the terrain of Como (lef panel) and Verona (right panel). The core of the Roman Verona is in the bend of the Adige river.

Figure 2 :

 2 Figure 2: Como (on the lef) and its rectangular triangle 3,4 and 5 shown on a epsg.io map. The same rectangular triangle on the right for Verona (© MapTiler © OpenStreetMap contributors).
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 4 Figure 4: Thanks to Acme Mapper, htps://mapper.acme.com, we can appreciate the positon of Julia Augusta Taurinorum, the red square, and the terrain surrounding it.

Figure 5 .

 5 Figure 5. By means of Acme Mapper and © OpenStreetMap contributors, we can see the layout of Torino. OpenStreetMap (CC BY-SA). In the image, the Decumaous and the Cardi are also given.

Figure 6 .

 6 Figure 6. Map of Julia Concordia by Bertolini D., Notzie degli scavi di antchità,1880.
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 7 Figure 7: Pavia in the Acme Mapper, htps://mapper.acme.com.
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 8 Figure 8: Pavia. The rectangular triangle is 2:7. Courtesy © MapTiler © OpenStreetMap contributors.
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 9 Figure 9: Piacenza The rectangular triangle is 5:6. Courtesy © OpenStreetMap contributors.
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