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Abstract
Westudy the angular dynamics of small non-spherical particles settling in a turbulentflow, such as ice
crystals in clouds, aggregates of organicmaterial in the oceans, orfibres settling in turbulent pipeflow.
Most solid particles encountered inNature are not spherical, and their orientations affect their settling
speeds, aswell as their collision and aggregation rates in suspensions.Whereas the randomaction of
turbulent eddies favours an isotropic distributionof orientations, gravitational settling breaks the
rotational symmetry. The precise nature of the symmetry breaking, however, is subtle.Wedemonstrate
here that thefluid-inertia torque plays a dominant role in the problem.As a consequence rod-like
particles tend to settle in turbulencewith horizontal orientation, themore so the larger the settling
number Sv (a dimensionlessmeasure of the settling speed). For large Sv wedetermine thefluctuations
around this preferential horizontal orientation forprolate particleswith arbitrary aspect ratios, assuming
small Stokes number St (a dimensionlessmeasure of particle inertia). Our theory is based on a statistical
model representing the turbulent velocityfluctuations byGaussian randomfunctions. This overdamped
theory predicts that the orientation distribution is verynarrowat large Sv, with a variance proportional
to -Sv 4. By considering the role of particle inertia, we analyse the limitations of the overdamped theory,
anddetermine its range of applicability.Our predictions are in excellent agreementwithnumerical
simulations of simplifiedmodels of turbulentflows. Finallywe contrast our results with those of an
alternative theory predicting that the orientation variance is proportional to -Sv 2 at large Sv.

1. Introduction

The settling of particles in turbulence is important in awide range of scientific problems. An example is the
settling of small ice crystals in clouds [1]. The orientation of small ice crystals hasmanifestly a direct impact on
the reflection properties of electromagnetic waves (including light) from clouds [2–4], with potentially
important consequences for the albedo and the climate. In addition, it was noted that the dispersion in the
orientation of identical crystals leads to differences in their settling velocities, which in turn affects the collision
and aggregation rates [5, 6], essential in the formation of precipitation. A second example highlighting the
significance of particles settling in turbulence is the dynamics of small aggregates of organicmatter in the oceans
(‘marine snow’) [7]. The interaction of settling and turbulence also affects the dynamics of swimming of
microorganisms [8–10] in the oceanographic context. A problemof industrial relevance is thewall-deposition of
fibres in a turbulent pipeflow [11].

The settling of spherical particles in turbulence has been intensively studied.Maxey and collaborators
[12–14] found that turbulence increases the settling speed of small spherical particles. This pioneeringwork has
led tomany experimental and numerical studies, using direct numerical simulation (DNS) of turbulence, and it
is a question of substantial current interest [15, 16]. An important question is how frequently particles collide as
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they settle in turbulence [17, 18]. The collision rate is influenced by spatial inhomogeneities in the particle-
number density due to the effect of particle inertia. There is substantial recent progress in understanding this
two-particle problem [19–23]. The conclusion is that settlingmay increase or decrease spatial clustering of
spherical particles, and that it tends to decrease the relative velocities of nearby particles because settling reduces
the frequencies of ‘caustics’, singularities in the inertial-particle dynamics [19].

Most solid particles encountered inNature and in Engineering are not spherical, yet less is known about the
settling of non-spherical particles in turbulence, and their settling depends in an essential way on their
orientation. In afluid at rest the orientation of a slowly settling non-spherical particle is determined byweak
torques induced by the convective inertia of the fluid—set inmotion by themoving particle. For a single, isolated
particle in a quiescentfluid this effect is well understood [24–27]: convectivefluid inertia due to slip between the
particle and thefluid velocity causes non-spherical particles to settle with their broad sidefirst. For axisymmetric
rods, for example, symmetry dictates that the angular dynamics has two equilibriumorientations: either the rod
is alignedwith gravity (tipfirst) or perpendicular to gravity. At weak inertia, only the latter orientation is stable,
so that the rod settleswith its long edgefirst. Butwhen there is turbulence, then turbulent vorticity and strain
exert additional torques that causefluctuations in the orientations of the settling crystals [1, 28].

To understand the angularmotion of a non-spherical particle settling in turbulence is in general a very
complex problem, because there aremany dimensionless parameters to consider. There is particle shape (shape
parameterΛ), and the effect of particle inertia ismeasured by the Stokes number St . The importance of settling
is determined by Sv, a dimensionlessmeasure of the settling speed. The significance offluid inertia is quantified
by twoReynolds numbers, the particle Reynolds number Rep (convective inertia due to slip between particle and
fluid velocity), and the shear Reynolds number Res (convective inertia due tofluid-velocity gradients). The
nature of the turbulent velocityfluctuations is determined by the Taylor-scale Reynolds number lRe .

If the particles are so small that they just follow the flow and that any inertial corrections to thefluid torque
are negligible ( = =Re Re 0p s ), then the angular dynamics of small crystals in turbulence is well understood
[10, 29–38]. The particle orientation responds to local vorticity and strain through Jeffery’s equation [29]. The
effect of particle inertia is straightforward to take into account [39], but the role offluid inertia ismore difficult to
describe, even in the absence of settling. In certain limiting casesfluid-inertial effects arewell understood. The
most important example is that of a small neutrally buoyant ( =Re Sts ) spheroidmoving in a time-independent
linear shearflow, so that the centre-of-mass of the particle follows the flow ( =Re 0p ). Neglecting inertial effects
( =Re 0s ) and angular diffusion, the angular dynamics degenerates into a one-parameter family ofmarginally
stable orbits, the so-called Jeffery orbits [29]. Fluid inertia breaks this degeneracy and gives rise to certain stable
orbits [40–43].Much less is knownwhen Rep is not zero. Candelier,Mehlig andMagnaudet [44] recently
showed how to compute the effect of a small slip upon the force and torque on a non-spherical particle in a
general linear time-independent flow, by generalising Saffman’s result [45, 46] on the lift upon a small sphere in
a shearflow, valid in the limit where  Re Re 1p s .

The results summarised in the previous paragraph pertain to time-independent flows. Time-dependent
spatially inhomogeneous flows present new challenges, and very little is known about the effect of fluid inertia
for suchflows, in particular for turbulence. In some studies, therefore, effects offluid inertia were simply
neglected [5, 6, 47–49]. Thesemodels predict that the breaking of isotropy due to gravity causes a bias in the
orientation distribution of the settling particles, so that rods tend to settle tipfirst, parallel to gravity. For small
particles it is safe to neglect Res [50]. But experiments and numerical simulations of slender particles settling in a
vortexflow [51] and in turbulence [52] show that convective inertial torques due to settling canmake a
qualitative difference to the orientation distribution.

In this paperwe therefore consider the effect of the convective inertial torques on the orientation of small
spheroids settling in turbulence. Following [51], ourmodel assumes that the hydrodynamic torque is
approximately given by the sumof Jeffery’s torque and the convective inertial torque in a homogeneous, time-
independentflow. For nearly spherical particles this convective torquewas calculated byCox [24], and for slender
bodies byKhayat andCox [25]. Their resultswere generalised to spheroidswith arbitrary aspect ratios in [26].

Our goal is to analyse how the turbulent-velocity fluctuations affect the orientation distribution of a prolate
spheroid settling through turbulence.We assume that the particles are small enough so that convective-inertia
effects due to thefluid-velocity gradients are negligible, that inertial effects on the centre-of-massmotion are
small (small St and Rep), but that the settling number Sv is large enough so that the fluid-inertia torque
dominates the angular dynamics.

Wefind an approximate theory for the angular distribution of settling spheroids using a statisticalmodel
[48, 53] for the turbulent fluctuations. The theory is valid for large Sv and small St, in the overdamped limit, and
its predictions are in excellent agreement with results of numerical simulations of the statisticalmodel, andwith
simulations using a kinematic-simulation (KS)model [54, 55] for the turbulent flow.Wefind that the variance
of the orientation is proportional to -Sv 4 in the limit of large settling number Sv, for small enough Stokes
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number St, and the theory determines how the pre-factor depends on the shape of the spheroid. In the slender-
body limit, the -Sv 4-scaling of the variancewas also found in [56] using an approach equivalent to ours.

We contrast our results with a theory for the orientation variance derived byKlett [28] for nearly spherical
particles. This theory predicts that the variance is proportional to -Sv 2. Atfirst sight thismay appear to be at
variancewith the overdamped theory, butwe show that the overdamped approximation breaks down into
several different regimeswhen particle inertia begins tomatter. At very large values of Sv, when the time scale at
which thefluid-velocity gradients decorrelate is the smallest time scale of the inertial dynamics, our numerical
simulations show a -Sv 2-scaling, as suggested byKlett’s theory. But the theory is difficult to justify because it
neglects particle inertia in the centre-of-mass dynamics. Our numerical simulations demonstrate that
translational particle inertia has a significant effect upon the angular dynamics, indicating that itmust be taken
into account as soon as the overdamped approximation for the angular dynamics breaks down.

The remainder of this paper is organised as follows. In section 2we describe ourmodel: the approximate
equations ofmotion and the statisticalmodel for the turbulent-velocity fluctuations. In section 3we show results
of numerical simulations of ourmodel.We describe how andwhy the results differ from those in [5, 6, 47–49],
and explain the intuition behind our theory for small St and large Sv. The overdamped theory is described in
section 4. Section 5 discusses the effect of particle inertia, and section 6 contains our conclusions aswell as an
outlook.

2.Model

2.1. Particle equation ofmotion
Newton’s equations ofmotion for a single non-spherical particle read:

= + =˙ ˙ ( )v f g x vm m a, , 1p p p p p

 w t w= = [ ( ) ] ˙ ( )n n nm b, . 1
tp

d

d p p p

Here g is the gravitational accelerationwith direction =ˆ ∣ ∣g g g , xp is the position of the particle, vp its centre-
of-mass velocity, mp the particlemass, and the dots denote time derivatives.We assume that the particle is
axisymmetric, so that its orientation is characterised by the unit vector n along the symmetry axis of the particle.
The angular velocity of the particle is denoted by wp, and  ( )np is its rotational inertia tensor per unit-mass in the
lab frame. For a spheroid, the elements of  ( )np are given by [57]

 d
l

= - + =
+

=^ ^ ^ ^ ( ) ( ) ( ) ( )n I n n I n n I a I a,
1

5
,

2

5
, 2ij ij i j i jp
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where l º ^a a is the aspect ratio of the spheroid, 2aP is the length of the symmetry axis, and 2a⊥ is the
diameter of the spheroid. Prolate spheroids correspond toλ>1, whereas oblate spheroids haveλ<1.

The difficulty lies in computing the hydrodynamic force f and torque τ on the particle. In the Stokes
approximation, unsteady and convective inertial effects are neglected. In this creeping-flow limit [57], the force
and torque exerted by a steadyflowupon the spheroid are linearly related to the slip velocity º -W v up , to the
angular slip velocity w W-p , and to thefluid strain :


 

t
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Hereμ is the dynamic viscosity of thefluid, º ( )u u x t,p is the undisturbedfluid velocity at the particle position

xp,W º  u1

2
is half the vorticity of the undisturbedfluid-velocityfield at the particle position, and  is the

strain-ratematrix, the symmetric part of thematrix of the undisturbedfluid-velocity gradients (its antisymmetric
part is denotedby). The tensors , , and are translational and rotational resistance tensors. Their forms are
determined by the shape of the particle. Equation (3) shows that the tensor  relates the hydrodynamic force ( )f 0

to the slip velocityW . For an axisymmetric particlewith fore-aft symmetry the tensor takes the form

dº - +^ ( ) ( )A A n n A n n . 4ij ij i j i j

The resistance coefficients Â andAP depend on the shape of the particle. For a spheroid, they are given by [57]:
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For a sphere one hasA⊥=AP=1, so that ( )f 0 simplifies to the expression for Stokes force on a spheremoving
with velocity vp through afluidwith velocity u.
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In the creeping-flow limit, the steady slip velocity W of a spheroid subject to a gravitational force gmp is
obtained by setting the acceleration v̇p to zero in equation (1a):

T Tt= - +^
- -

[ ( ) ] ( )( )W nn nn gA A . 60
p

1 1

Here  is the unitmatrix, and t r nrº ^( ) ( )a a2 9p p f is the particle response time in Stokes’ approximationwith
kinematic viscosity ν=μ/ρf ,fluid-mass density ρf , and particle-mass density ρp. The slip velocity depends on
the orientationn of the particle.

For an axisymmetric particle with fore-aft symmetry, the rotational resistance tensors take the form:

dº - + =^ ( ) ( )C C n n C n n H H n nand . 7ij ij i j i j ijk ijl k l0

Here òijl is the anti-symmetric Levi-Civita tensor, andwe use the Einstein summation convention: repeated
indices are summed from1 to 3. For a spheroid, the rotational resistance coefficients read [57]:
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Expressions (3)–(8) determine the hydrodynamic force and torque in the creeping-flow limit. Fluid-inertia
effects are neglected in ( )f 0 and t ( )0 .

There are two distinct correctionswhen fluid-inertia effects areweak but not negligible, due to the
undisturbed fluid-velocity gradients,  and, and due to the slip velocity W . The former are parameterised by
the shear Reynolds number Res, the latter by the particle Reynolds number Rep:

n n
= = ^ ( )

( )sa W a
Re and Re . 9s p

2 0

Here a=max{a⊥, aP} is the largest dimension of the particle, and ^
( )W 0 is an estimate of the slip velocity: the

magnitude of the velocity of a small slender spheroidal particle settling under gravity in a quiescent fluidwith its
symmetry axis perpendicular to gravity. From equation (6)we see that t=^ ^

( )W g A0
p . In the definition of Res,

the parameter s is a characteristic shear rate. In turbulence it is on average of the order t~ -s K
1where tK is the

Kolmogorov time

ETt n= á ñ ~-( ) ( ) ( )2 Tr . 10K
1 2 1 2

Here the average á ñ is over Lagrangian fluid trajectories, and E is the turbulent dissipation rate per unitmass.
This yields the estimate [50] h~ ( )/aRes K

2, where

Eh nt n= ~ ( ) ( )11K K
3 1 4

is the Kolmogorov length [58]. Thus the shear Reynolds number is small for small particles.
Now consider the effect of convective inertia. Following [51]we assume that the torque on the particle is

given by the sumof Jeffery’s torque and the instantaneous convective-inertia torque in a homogeneous flow.
This approximation can be strictly justified for a steady linearflow in the limit  Re Re 1s p . In this limit the
singular perturbation problem that determines the fluid-inertia torque simplifies: the length scale at which fluid-
velocity gradients cause the Stokes approximation to fail (the Saffman length a Res ) ismuch larger than the
length scale where convective fluid inertia causes the Stokes approximation to break down (theOseen length
a Rep). This implies that the leading convective-inertial corrections to the torque are those corresponding to a
quiescent fluid, and a similar argument can bemade for the convective-inertia contribution to the force.While
there is no general theory explaining how the convective-inertia contributions to the force and the torque are
affected by spatial inhomogeneities in time-dependent flows, the results of [51] show that the simplemodel used
here can successfully explain important features of the orientation distribution of rods settling in a vortex flow.

The leading-order inertial force correction for a heavy spheroidmoving in a quiescent fluid reads [25, 59]:

   p m= - -^
^

( ) [ ( ˆ · ˆ )] ( )( )
( )f W W Wa

W

W
6 Re 3 , 12p

1 3

16 0

with = ∣ ∣WW and =Ŵ W W . For a spheroid, the corresponding leading-order inertial contribution to the
torquewas calculated in [26]:

t l m= 
^

( ) ( · ˆ )( ˆ ) ( )( )
( ) n W n WF a

W

W
Re . 13p

1 2
2

0

The shape factor F(λ) is given in [26]. It is also shown infigure 1(a).
Combining equations (1)–(3)with (12), (13) yields the equations ofmotion for ourmodel.We use the

Kolmogorov time tK and theKolmogorov length hK to de-dimensionalise the equations ofmotion, h¢ =x x K,
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t¢ =t t K, t h¢ =v v K K, w wt¢ = K. This gives (after dropping the primes):

=˙ ( )x v a, 14p p
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Equations (14) have four independent dimensionless parameters:
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HereΛ is the shape parameter that appears in Jeffery’s equation, and Sv is the settling number[60], a
dimensionlessmeasure of the settling speed. It is proportional to the particle size squared, a2, just as the Stokes
number.

The shape-dependent prefactors in equation (14) are combinations of the parameters defined in
equations (2), (7) and (8)
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TheReynolds number Rep does not appear explicitly in equations (14)becausewemade the equations ofmotion
dimensionless by scaling time and lengthwith theKolmogorov scales tK and hK. Ifweuse an estimate of the slip
velocity instead (such as ^

( )W 0 ), then Rep features in the dimensionless equations ofmotion. The latter convention
is used in [25, 26], andmore generally in perturbative calculations ofweak inertial effects on themotionof particles
in simpleflows [44–46, 61]. These twodifferent choicesmust lead to equivalent equations ofmotion, but our
schemehas the advantage that it emphasises the different roles played by ( )f 1 and t ( )1 for small particles in
turbulence. Equation (14b) shows that thefluid-inertia contribution to the force, ( )f 1 , ismultiplied by the
dimensionless prefactor a/hK. Thismeans that ( )f 1 makes only a small contribution for small enoughparticles,
whichwedonot expect to qualitatively change the results derivedbelow. In the followingwe thereforeneglect this
contribution (although it could be taken into account in simulations and theory).More importantly, thefluid-
inertia contribution to the torque in equation (14d)has no such factor. Thefluid-inertia torque is of the sameorder
as the Jeffery torque. Thismeans that thefluid-inertia contribution to the torquemay be substantial for small
particles, even though thefluid-inertia correction to the force is negligible. This difference can be traced back to the
different particle-size dependencies of the translational and angular accelerations. Equations (1) and (3) show that
the Stokes acceleration is proportional to ~- -∣ ∣( )fm ap

1 0 2, while the inertial correction to the translational

acceleration is proportional to ~- -∣ ∣( )fm ap
1 1 1, parametrically smaller than the Stokes acceleration for small

particles. For the angular accelerationswefind:  t ~- - -∣ ∣( )m ap
1

p
1 0 2, and  t ~- - -∣ ∣( )m ap

1
p

1 1 2, of the sameorder
(these dependencies are consistentwith equation (14) since ~- -aSt 1 2 ). As a consequence,fluid-inertia effects

Figure 1.Geometrical shape factors. (a) Shape factor l( )F in equation (13). The data shown are obtained by evaluating equations (4.1)
and (4.2) in [26]. (b) Shape factorA l( ) defined in equation (25), as a function of the particle aspect ratioλ.
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mayplay a prevalent role in the orientation of small ice crystals settling inhighly turbulentflows. Inparticular, at
large Sv the particle settles rapidly so thatW is large. In this limit one therefore expects thefluid-inertia torque t ( )1

to dominate over Jeffery’s torque t ( )0 , so that the inertial torque cannot beneglected (aswas done in [5, 6, 47–49]).
It is argued in [62] that the orientationbias predicted in [5, 47, 48] canpossibly be observed in small- lRe flow, but
not at high lRe .

In the followingwe neglect the contribution from ( )f 1 . At the same timewe assume that the settling speed is
so large that thefluid-inertia torque t ( )1 dominates the angular dynamics. If therewas noflow, the particles
would settle with their broad side first in this limit. The question is how turbulent fluctuationsmodify the
orientation distribution of the settling particles.

2.2. Statisticalmodel
In our theorywe use a statisticalmodel [53] to represent the turbulent fluctuations.Wemodel the
incompressible homogeneous and isotropic turbulent fluid-velocity field ( )u x t, as aGaussian random function
with correlation lengthℓ, correlation time τ, and root-mean-squaremagnitude u0 (here and in section 2.3we
write the equations in dimensional formbecausewewant tomake explicit how these scales are related to the
Kolmogorov scales). Following [53]we express thefluid-velocity field ( )u x t, in three spatial dimensions (3D) as

N =  ( )u A. 183

The componentsAj of the vector field A areGaussian random functionswithmean zero, á ñ =( )xA t, 0j , and
with correlation functions

d
t
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2
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2
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Wechoose the normalisationN = 1 63 so that = á ñ∣ ∣uu0
2 . Belowwe also quote results for a two-

dimensional (2D) version of thismodel. In this case we take

N=
¶
-¶

⎡
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⎤
⎦⎥ ( )u

A
A

202
2 3

1 3

withN = 1 22 , andwhere ¶j represents the derivative with respect to the spatial coordinate xj. As the
equation ofmotion for the 2Dmodel we use equation (14)withn and the translational dynamics constrained to
theflowplane.

The statisticalmodel has an additional dimensionless parameter, the Kubo number t= ℓuKu 0 [53].
Evaluating equation (10) in the statisticalmodel gives (section 5.1 in [53]):

t
t

= + ( )d 2 Ku, 21
K

where d is the spatial dimension. Equation (21) implies that t tK in the limit of large Ku. Thismeans that the
relevant time scale of the flow is tK: thefluid-velocity gradients sampled along particle trajectories decorrelate
due to the spatial displacement of the particle rather than because of temporal changes of the fluid velocity. In the
limit of large Ku themodel therefore becomes independent of τ. Consequently the exact value of Ku no longer
matters as long as it isfinite (so that theflow is not frozen). Onemust use the limit of large Ku tomodel small-
scale fluid-velocity fluctuations in the dissipative range of homogeneous isotropic turbulence, because the
turbulent velocity gradients decorrelate on the time scale tK, as in the statisticalmodel for large Ku.We
emphasise that the small-scalefluid-velocity fluctuations in turbulence are universal [63] but notGaussian,
contrary to the statistics assumed in the statisticalmodel. The non-Gaussian character increases as the Reynolds
number increases [64]. Nevertheless, earlier comparisons between results from the statisticalmodel andDNS
often show a qualitative or even quantitative agreement [10, 48, 53, 65–67]. The spatial correlation length
ℓsatisfies = á ñ á ¶ ñℓ ( )u u2

1
2

1 1
2 , which defines the Taylor length scale [58] in turbulence. The length scaleℓis

related to theKolmogorov length by [58, 68]

C
h

= l
ℓ ( )Re , 22

K

where C is a constant of order unity. The ratio hℓ K (or alternatively the Taylor-scale Reynolds number Reλ)
constitutes a sixth dimensionless parameter of themodel, in addition to theKubo number and the four
parameters listed in equation (15). In all statistical-model simulations described in this paper we set =Ku 10
andℓ/hK=10, andwe determine the parameters τ andℓ of the statisticalmodel from equations (21), (22).

The statisticalmodel is constructed to approximate the dissipative-range fluctuations of 3D turbulence [53].
We note that the predictions of the 2D and 3D statisticalmodels are essentially similar, but the 2Dmodel is easier
to analyse, and it can be simulatedmore accurately. Two- and three-dimensional turbulence, by contrast, exhibit
significantly different fluid-velocity fluctuations.
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2.3. KSmodel
Todemonstrate the robustness of our theorywe also compare its predictions to results of numerical simulations
using a differentmodel for the turbulent flow, namely theKSmodel [54]. TheKSmodel has been shown to
reproduce qualitativelymany features of turbulent transport, and it provides a convenient way to represent a
flowwith awide range of spatial scales, such as turbulence, albeit in a simplifiedmanner. In short, we discretise
Fourier space in geometrically spaced shells, up to a largest wavenumber. The largest and smallest length scales of
theflow are L and η, respectively. The total number of shells is denoted byNk.We choose the characteristic wave
vector in shell n as: h= - -( )( ) ( )k k Ln

n N
1

1 1k . In each cell, we pick onewave vector, kn. Theflow is then simply
constructed as a sumof Fouriermodes:

å w w= + + +
=

( ) ( · ) ( · ) ( )u x a k x b k xt t t, cos sin . 23
n

N

n n n n n n
1

k

The Fourier coefficients are chosen so that = =· ·k k ba 0n n n n (incompressibility), andwithmagnitude
= = D( )a b E k kn n n n

2 2 , where = -( )E k E kn n0
5 3 represents theKolmogorov spectrum [58]. The frequencyωn in

equation (23) is taken to be w = ( )k E kn n n
1

2
3 . Further details about the implementation of thismodel for

( )u x t, can be found in [55].

3.Orientation distributions

Figure 2 shows orientation distributions obtained by numerical simulations of equations (14) for the three-
dimensional statisticalmodel described in section 2.2. Shown are distributions of = · ˆn gng for rod-like
particles with aspect ratioλ=5, for different Stokes and settling numbers.We see that the particles settle with
their broadside approximately alignedwith gravity, that is ng≈0. This is the stable orientation for prolate
particles settling in a quiescent fluid [25, 26].

Compare the distributions infigure 2 to those shown in [48]. Figure 1(b) of [48] corresponds to rods that
tend to settle tipfirst. The reason for the difference is that the effect of the fluid-inertia torquewas neglected in
[48], whereas in the present workwe choose parameters where this torque dominates the angular dynamics.

When the Stokes number is small we expect that the vector n spendsmost of its time close to a stablefixed
point of the angular dynamics. Asmentioned above, this fixed point is ng=0 in the absence of turbulence. But
the turbulent velocity gradientsmustmodify this fixed point. Howdoes this affect the orientations of the settling
particles? Figure 2 shows that the orientation distribution is still peaked at ng=0, but that it acquires a finite
width. The question is how thewidth depends upon the parameters of the problem, on the settling number Sv
and upon the Stokes number St. Figure 2 indicates that thewidth decreases as Sv increases atfixed St , and that
thewidth increases as the Stokes number St increases atfixed Sv. In the followingwefirst consider small Stokes
numbers, because the problem simplifies in this overdamped limit. In this limit we expect that the particle
orientation follows thefixed-point orientation quite closely. This allows us to derive a theory for the orientation
distribution in this limit, described in the following section.

Figure 2.Distribution of = · ˆn gng obtained by three-dimensional statistical-model simulations of equation (14) for rod-like
particles with aspect ratio l = 5. (a) Settling number =Sv 18, Stokes numbers =St 0.22 (green,  ) and =St 1.1 (blue, à).
(b) =Sv 45, =St 0.22 (magenta,) and =St 2.2 (red, ▿).
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4.Overdamped limit

Assume that the relaxation time ofn ismuch faster than the time scale onwhich the gradients change as the
particlemoves through theflow. This corresponds to the overdamped limit of the problem, St 0 in
equations (14). It was shown by experiments and numerical simulations in [51] that this limit quantitatively
describes the orientation distribution of rods settling in a 2D vortex flow, and in the slender-body limit this
approachwas also used in [56, 69].

We also assume that Sv is large enough so that the fluid-inertia torque dominates the angular dynamics. This
allows us to take into account turbulent fluctuations perturbatively. It alsomeans that we can approximate the
instantaneous slip velocity by ( )( )W n0 , equation (6). In this limit we find:

= ( ) ( )( )W W n a, 240

Aw W= + L  + ( ) ( ˆ) ( )n n n gn bSv , 24gp
2

with = · ˆn gng , as defined in section 3. The overdamped equation for the dynamics of the vector n
corresponding to equation (24b) reads

A  = + L - + -˙ [ ( · ) ] ( ˆ ) ( )n n n n n n g nn n cSv . 24g g
2

To simplify the notationwe introduced the parameter

A A= ¢ ^

^ ^
( )I

A A C
. 25

Figure 1(b) shows howA depends on the particle-aspect ratioλ.

4.1. Two-dimensional dynamics in the overdamped limit
Weconsider the 2Dmodel first because it ismuch easier to analyse than the three-dimensionalmodel.We
assume that the gravitational acceleration points into the ê1-direction, and definef to be the angle (  f p<0 )
betweenn and this axis, so that f= =· ˆn gn cosg . For prolate particles (λ>1 or equivalentlyΛ>0) the
overdamped angular dynamics (24c) becomes in two spatial dimensions:

Af f f f= - + L - +[ ( ) ( )] ∣ ∣ ( ) ( )O S Scos 2 sin 2 Sv sin 2 . 26
t

d

d 12 12 11
1

2
2

This 2D overdamped equation ofmotion for the angular dynamics is essentially equivalent tomodelM2 in [51],
used there for simulations of the angular dynamics of rods settling in a 2D vortex flow. Apart from the fact that
[51] considers a different flow, it describes small cylindrical particles with slightly different resistance tensors,
and it approximates the n-dependence of the settling velocity. Equation (26) shows that the fluid-inertia torque
has the same angular dependence as the S11-component of the strain, but in general the signmay differ.When
S11>0, the strain tends to align the rodwith ê1, the direction of gravity. Thefluid-inertia torque acts against
alignment with this direction. To quantify this statement, consider the fixed points of the angular dynamics (26).
In the limit A  ¥∣ ∣Sv2 , the inertial torque dominates the angular dynamics, so that the fluid-velocity
gradients do notmatter. In this limit the fixed points are *f = 01 and *f p= 22 . For a prolate particle (λ>1)
*f = 01 is unstable while *f p= 22 is stable. This is the limit considered in [25], a slender rod falling in a
quiescent fluid: since *f2 is stable the rod settles with its broad side first. The same is truemore generally for
prolate axisymmetric particles settling in a quiescent fluid [26].

Now,what is the effect of the turbulent flow? In general this question is difficult to answer. But if the anglef
relaxesmuch faster than the fluid-velocity gradients change along the particle path, then the problembecomes
tractable. Assuming that the gradients are constant, we can find exact expressions for the twofixed points of
equation (26), for arbitrary aspect ratios and fluid-velocity gradients.We takeλ>1 and expand the stablefixed
point aroundπ/2 assuming that A∣ ∣Sv2 is large:

A A
*f

p
= - - +

∣ ∣ ( )
( )B B B

2

1

Sv
2

1

Sv
... 272 12 2 11 12 2 2

HereBij are the elements of thematrix   = + L . Equation (27) shows how thefixed-point orientation
*f ( )t2 changes as a function of ( )t , as the turbulent velocity gradients evolve.We expect that the orientation of a
settling rod follows the fixed-point orientation *f ( )t2 quite closely in the overdamped limit, provided that its
angular relaxation time is smaller than the time scale onwhich the flow (and thus *f2 ) changes.

Figure 3 shows examples of how thefixed point *f ( )t2 of the angular dynamicsfluctuates as the particle settles
through the turbulentflowand encounters differentfluid-velocity gradients. The data are obtained bynumerical
simulationof the 2Dmodel described in section2, for small Stokes numbers. Also shown is the instantaneous angle
f(t)obtained in these simulations.We see that the orientationdynamics follows thefixed point *f2 quite closely
when St is small. In this case the orientationdistributionof the settling particle is determinedby the distributionof
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*f2 , and thus by thedistributionoffluid-velocity gradients encountered by theparticle, throughequation (27). This
distributionmaydiffer from the distribution offluid-velocity gradients at afixed spatial position (preferential
sampling [53]). But in the overdamped limit preferential sampling of thefluid-velocity gradients is expected to be
weak for settling particles.Wehave checked that it is negligible for data shown in this paper.

If we consider only the leading correction in equation (27), then the orientation distribution is determined
by the distribution PB(B12) ofB12:

A
Aòf d f

p
f= - + = -p

-¥

¥ ⎛
⎝⎜

⎞
⎠⎟

⎡⎣ ⎤⎦( )( ) ( )
∣ ∣

∣ ∣ ( )P B P B
B

Pd
2 Sv

Sv . 28B B12 12
12

2 2
2

In the 2D statisticalmodel the distribution PB(B12) is Gaussianwith variance s = + L( )2B
2 1

8
2 . Thismeans that

the distribution off is Gaussian too:

f
ps

=
f

- f p
sf

-

( ) ( )

( )

P
e

2
, 29

2

2 2

2 2

with variance

A
s =

+ L
f (∣ ∣ )

( )1

8

2

Sv
. 302

2

2 2

Equation (28) shows that the distribution off simply reflects themagnitude of thefluctuations of the fluid-
velocity gradients, at least when the particle orientation relaxes faster than the fluid-velocity gradients change
(see below for a full discussion). The corresponding distribution of = · ˆn gng is:

f
f

p s

ps
= =

- -

-

f

f

( ) ( )
[ ( ( ) ) ( )]

( )P n P
n

n

1

sin

exp acos 2 2

2 1
. 31g

g

g

2 2

2 2

Figure 4 shows that equations (29) and (30) agreewell with results of simulations of the overdamped dynamics in
two spatial dimensions, provided that St is small enough (panel (a)). In this case the orientation variance
decreases as -Sv 4 as Sv increases.

Themodel predicts that the orientation distribution broadens as the particle aspect ratioλ increases (full
lines). This is consistent with the numerical results (symbols), and can be readily explained by noticing that A∣ ∣
is a decreasing function ofλ, see figure 1(b). As a consequence, the variance of the fluctuations, Aµ1 2,
increases asλ grows.When the Stokes number becomes larger [panel (b)], the distribution ismuchwider than
predicted by the overdamped theory.

The theory outlined above assumes that the angular dynamics (26) responds so rapidly that the orientation
of the particle follows the instantaneous fixed point of the dynamical system (26) quite closely. To quantifymore
precisely when this theory applies wemust consider the relaxation time τf of the angular dynamics. In units of
tK it is given by the inverse of the stability exponentσ of thefixed point *f2 . In keepingwith the assumptions
underlying equation (27)we require

A ∣ ∣ ( )Sv 1. 322

First, to leading order in A -(∣ ∣ )Sv2 1wefind from equation (26) that As ~ -∣ ∣Sv2. This gives

A
t s~ =f

-∣ ∣
∣ ∣

( )1

Sv
, 331

2

Figure 3.Angular dynamics of a settling particle in two spatial dimensions. Shown is the angle f ( )t obtained by simulation of
equation (14) (red), and the analytically exact result for the stablefixed point *f ( )t2 (blue). (a) =St 0.1, (b) =St 0.05, (c) =St 0.02.
Other parameters: Sv=25,λ=5. The three simulationswere performedwith the same initial conditions and for the same realisation
of the function ( )u x t, in the 2D statisticalmodel.
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and equation (32) implies that tf  1. Second, when Sv is large, thefluid-velocity gradients seen by the settling
particle change at the settling time scale τs, the time it takes a particle settlingwith an anglef=π/2 at a settling
velocity given by equation (6) to fall one correlation lengthℓ

t
t t h

= =^ ^ℓ ℓ ( )A

g

A1

Sv
. 34s

K p K

We therefore conclude that the theory outlined above holds if

A

t
t

h
=f

^


ℓ∣ ∣
( )

A

1

Sv
1. 35

s

K

This condition ensures that the gradient dynamics is ‘persistent’ [70], in the sense that thefluid-velocity gradients
changemuchmore slowly than the angular particle dynamics relaxes. Equation (35) indicates that the persistent
limit is achieved provided that A∣ ∣Sv is large enough, at least for the overdamped dynamics (26). For smaller
values of Sv the overdamped theory ismodified in at least twoways. First, the fixed point (27)may annihilate in a
bifurcationwith *f1 . Likewise, the time scale τfmay depend on the instantaneousfluid-velocity gradients if the
condition (32) does not hold. Second, the time scale at which the particle samples the fluid-velocity gradients is
different: at small Sv this time scale is no longer τs. Instead theKolmogorov time τKmust be used in
equation (35). Herewe do not discuss this limit further. The results derived above, and in the remainder of this
paper, assume that the condition (32) is satisfied.

4.2. Three-dimensional dynamics in the overdamped limit
In this sectionwe showhow to obtain the distribution of ^= ·n gng for the three-dimensional statisticalmodel,
in the same overdamped and persistent limit considered above. The calculation is analogous to the one described
in section 4.1. Let = - ˆp n gng . Using = -p n1 g

2 2 we express the equation ofmotion (24c) of ng as

A

A

  = = + L - + -

= + L - + - - + -

˙ ˆ · ˙ ˆ · [ ˆ · ( · ) ] ( )

[( ) ( ) ] ( ) ( )

g n g n g n n nn n n n

O n S n n S n S n n

Sv 1

1 2 1 Sv 1 . 36

g g g g

gp g gp g g gg g pp g g

2 2

2 2 2 2

Here the subscripts g and p denote contractions with ĝ and p. In the limit of A  ¥∣ ∣Sv2 , * =n 0g is the stable
fixed point for prolate particles (λ>1). To determine how the fixed point changes due tofluid-velocity
fluctuationswe seek an expansion in A -(∣ ∣ )Sv2 1 as in section 4.1, of the form A* µ + ¼(∣ ∣ )n 1 Svg

2 .We obtain
to leading order:

A
*


=

ˆ ·
∣ ∣

( )g p
n

Sv
. 37g 2

Assuming that the orientation of p is uncorrelated from the fluid-velocity gradients, we obtain for the variance
of the distribution of ng:

A A
s

s
=

á ñá ñ
»

∣ ∣
(∣ ∣ ) (∣ ∣ )

( )pB

Sv Sv
, 38n

B2 12
2 2

2 2

2

2 2g

where sB
2 is the variance of the distribution ofB12 (the gravitational acceleration points in the ê1-direction).We

also used that = - »p n1 1g
2 2 . This is a good approximation because in the limit we consider ng is small for

prolate particles. Assuming that p and thefluid-velocity gradients are uncorrelated implies that the distribution

Figure 4.Orientation distributions for the two-dimensional statisticalmodel. (a)Distribution of anglef=acos(ng) obtained from
numerical simulation of the dynamics (14) (markers) and the limiting theory for small Stokes numbers, equation (29) (solid lines).
Parameters: =Sv 22, =St 0.022, andλ=3 (red, ◦ ),λ=5 (green,),λ=7.5 (blue, à),λ=10 (magenta,). (b) Same, but for
different Stokes numbers. Parameters:λ=5, and =St 0.022 (green,), =St 0.22 (red, ▿), =St 22 (dark green, ).
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of ng is Gaussian in the statisticalmodel:

ps s
= -

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟( ) ( )P n

n1

2
exp

2
, 39g

n

g

n

2

2
g g

and the variance evaluates to

A
s =

+ L
(∣ ∣ )

( )1

Sv

5 3

60
. 40n

2
2 2

2

g

Figure 5 shows results for the distribution of ng from simulations of the three-dimensional statisticalmodel.
Panel (a) shows results for small Stokes numbers, the parameters are the same as infigure 4(a). Also shown are
the results of the theory, equations (39) and (40). In this case St is small enough and Sv large enough so that the
theoryworks verywell. Panel (b) shows the orientation distribution for different Stokes numbers, to
demonstrate how the theory fails when the Stokes number becomes larger. The behaviour is similar to that
described in section 4.1: the distributionwidens as St increases.

Equation (38) says that the variance of the distribution of ng is inversely proportional to the fourth power of
Sv, s µ -Svn

2 4
g

, for large values of the settling number provided that the Stokes number is small enough. In

figure 6(a) this prediction is comparedwith results of simulations of the three-dimensional statisticalmodel.
Shown is the variance of ng as a function of Sv, for two Stokes numbers.When the Stokes number is small we see
that the prediction (40)works well for large Sv, as expected. Figure 6(b) shows the kurtosis b = á ñ á ñn ng g2

4 2 2,
measuring theflatness of the distribution P(ng). As predicted by the theory, the kurtosis approaches theGaussian
limit (β2=3) for large settling numbers, at small enough Stokes numbers.

When Sv 0 the variance tends to 1

3
and b 2

9

5
, indicating that equation (40) fails because

condition(32) is no longer satisfied. In this limit the distribution of ng becomes uniform and independent of the
Stokes number, because the angular dynamics is isotropic when gravitational settling is weak. Figure 6(c) shows
results for the variance fromnumerical simulations using theKSmodel (section 2.3), for three different values of
the Stokes number. The results are very similar to those obtained using the statisticalmodel (figure 6(a)). There is
good agreement with the overdamped theory, equation (38), at large Sv for small enough St.We determined sB

2

from theKS simulations, so there are nofitting parameters infigure 6(c). The good agreement shows that the
overdamped theory is robust, insensitive to the details of the spectrumof the velocity fluctuations. Figure 6 also
shows numerical data for larger values of St . For small Sv thismakes little difference, the distribution is uniform.
For larger Sv the numerical resultsfirst follow equation (38) or (40). But as Sv increases further, the overdamped
theory starts to fail, the earlier the larger the Stokes number. This indicates that particle inertia begins to become
important.

The results obtained here rely on the statisticalmodel described in section 2.2, based on a simplifiedmodel
for the turbulent fluid velocity-gradients. In turbulence there are subtle correlations between vorticity and strain
that are essential for the alignment between the rod direction and vorticity [30], in the absence of settling, and in
the overdamped limit. These correlations are neglected in the statisticalmodel, but we argue that the results
presented here are insensitive to these correlations. The alignment between orientation and vorticity builds up
over a time scale of the order of a few τK [71] (see alsofigure 1 of [30]). Since heavy settling particles do not follow
themotion offluid particles, the correlations between vorticity and strain do not play a significant role, in

Figure 5.Orientation distribution for the three-dimensional statisticalmodel. Same conventions and parameters as in figure 4. (a)
( )P ng in the overdamped limit. (b) Same, but for different Stokes numbers.
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particular for large Sv. This is consistent with comparisons between the results ofDNS and of the statistical
model in[48], showing quantitative agreement between the two approaches.

Finally we remark that the orientation distributions (29) and (39) areGaussian in the statisticalmodel. This
follows from the simplifying assumption that the velocity-gradient statistics is Gaussian. In turbulence this is not
the case, as explained in section 2.2. The overdamped theory shows that the angular distribution simplymirrors
any non-Gaussian features of the turbulence velocity-gradient statistics, equation (28). Similarly, the relation
(38) between the orientation variance and the variance sB

2 holds also for turbulence—where the corresponding
distributions are notGaussian.

5. Beyond the overdamped limit

The overdamped theory in the previous sectionwas derived for large Sv. Panels (a) and (c) offigure 6 show that
this theory describes the numerical results verywell. However, thefigure also exhibits deviations from the theory
at very large values of Sv when the Stokes number is small, butfinite. To understandwhen andwhy the
overdamped theory fails onemust check the full inertial dynamics. To this endwe begin by analysing the 2D
statisticalmodel.

5.1. Two-dimensionalmodel
To estimate the time scales that are important for the inertial angular dynamics, we consider the limit where the
torque due tofluid inertia dominates over Jeffery’s torque, as in the previous section. In the overdamped limit
this led to condition (32). For a qualitative analysis of the inertial angular dynamics we not only set the fluid-
velocity gradients to zero,  = 0, but also thefluid velocity, =u 0. In this case the dynamics of the phase-space
coordinate f wº ( )z v v, , ,x yp p p has the stablefixed point * p= ^( )z ASv , 0, 2, 0 , where gravity points in the
direction of ê1. The stabilitymatrix follows from equation (14):

A A

 º
¶
¶

=

-

-
-

-
¢

+
¢

-

^

^

^

^ ^

^

^




⎡

⎣

⎢⎢⎢⎢⎢⎢⎢

⎤

⎦

⎥⎥⎥⎥⎥⎥⎥

˙ ( )z

z

A

A
A A

A

A A

C

I

1

St

0 0 0

0 Sv 0

0 0 0 St

0 Sv Sv

, 41

2
2

whereA¢was defined in equation (17). The relaxation time following from equation (41) is given by
t s= -f ( )Rmax 1 i , themaximal stability time of J . Here sR i denotes the real part of the i

th eigenvalue of .
One eigenvalue of thismatrix is s = -Â St .We have computed the other eigenvalues numerically and
analytically in limiting cases.Wefind that the time scale tf interpolates between equation (33) for small St and
~ ÂSt for large St, for a fixed value of Sv. If wefix St , by contrast, thenwe find that the time scale τf
interpolates between equation (33) for small Sv and~ ÂSt for large Sv.We remark, however, that if Sv is not
large enough, then one cannot justify to neglect thefluid-velocity gradients in the stabilitymatrix (41), so that
any argument based on equation (41)must break down.

We expect that the overdamped approximation fails when the inertial estimate for the relaxation time of the
angular dynamics, t ~f ÂSt , becomes larger than the overdamped estimate equation (33). Thismeans that the

Figure 6.Width of the orientation distribution. (a)Variance of ng from simulations of the three-dimensionalmodel, as a function of
Sv , for two values of the Stokes number: =St 0.022 (red, ◦) and =St 0.22 (green,). Also shown is the theory for large Sv ,
equation (40), solid line, and the result for a uniformdistribution, á ñ =ng

2 1

3
(dashed line). (b)Kurtosis b = á ñ á ñn ng g2

4 2 2. Same

parameters as in panel (a). The overdamped theory (section 4.2) gives aGaussian distributionwith kurtosis equal toβ2=3 (solid
line). For a uniformdistribution, b =2

9

5
(dashed line). (c)Results for sn

2
g
fromKS for =St 0.025 (blue, à), 0.1 (magenta,), and 0.4

(red, ▿). Also shown is the theory, equation (38), solid line, as well as the uniform limit (dashed line).
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overdamped approximation requires

A ^∣ ∣ ( )ASv St. 422

Conversely, when equation (42) is not satisfied then particle inertiamatters, so that the overdamped
approximationmust fail (figure 6(a)). For a quantitative comparison, figure 7(a) shows numerical results for the
variance of the orientation distribution obtained from simulations of the 2Dmodel.We see that the overdamped
approximation breaks down for values of Sv larger than A~ ^ (∣ ∣ )A St , as predicted by equation (42).We
observe that the variance decreasesmore slowly as Sv increases further.

Figure 7(a) also reveals that there is yet another, asymptotic regime at very large values of Sv—so large that it
is difficult to achieve small Rep at the same time. It is nevertheless of interest to analyse this regime, because it
reveals the ingredients that a theory describing effects of particle inertiamust contain. Figure 7(a) suggests that

á ñ ~ ( )n
c

Sv
43g

2 1
2

for very large values of Sv. Our simulations indicate that the prefactor c1 depends upon hℓ K, St, and uponλ
(not shown).We surmise that this regime describes particles settling so rapidly that the settling time scale τs is the
smallest time scale in the system. This cannot hold unless t ~f ÂSt ismuch larger than τs, and this crossover
occurs at

h
~

^ ℓ
( )

A

Sv St
1. 44

2
K

Weexpect equation (43) to be accurate for values of Sv much larger than those given by equation (44). This
condition is also shown infigure 7, andwe see that the large-Sv regime starts at values of Sv approximately
satisfying (44). Since condition (42) is violated in this regime, particle inertiamust be taken into account. A
difficulty is that particle inertia changes the translational as well as the angular dynamics. Thus it is no longer
guaranteed that = ( )( )W W n0 (assumed in the overdamped theory of section 4). Thismeans that particle inertia

is expected tomodify the angular dynamics in at least twoways. Firstly, it introduces the time derivative df
t

d

d

2

2

into the angular dynamics. Secondly, the fluctuations of the torque change because ¹ ( )( )W W n0 when particle
inertiamatters. This is discussed in section 5.2.

Figure 7(b) shows how the variance ofδfdepends on particle shape, forfixed Sv and St. There are four
regimes. First, in the limit l  ¥ the distribution is uniform and independent of the Stokes number. In this
regime the dynamics is overdamped (condition (42)), but the persistent approximation fails because
equation (32) is not satisfied. Second, for intermediate aspect ratios, both conditions are satisfied, so that the
theory (equations (29) and (30)) is accurate. Third, asλbecomes smaller, the overdamped approximation
breaks down. In this regime particle inertiamust be taken into account. Fourth, asλ→1 the orientation
distributionmust become uniform. This cross-over happens very rapidly: for spheres (λ=1) the orientation
distribution is uniform, but already forλ∼1.05 there is strong alignment.

We conclude this sectionwith a remark concerning figure 7(b): the overdamped theory (30) predicts that the
variance of δf grows as the aspect ratioλ increases, provided that St and Sv are kept constant. In physical terms
this is a consequence of the fact that themobility coefficients become smaller asλ increases. A smaller

Figure 7.Variance dfá ñ2 for the two-dimensional statisticalmodel. (a)Results of numerical simulations as a function of Sv for l = 5,
=St 0.1 (green, ), =St 0.2 (blue, à), =St 0.4, (magenta,). Also shown: theory from section 4.1, equations (29) and (30), thick

solid black line; condition A = ^∣ ∣ ASv St2 for the overdamped theory to fail [equation (42)], vertical dashed lines; condition (44) for
the white-noise limit, vertical dashed–dotted lines; large-Sv scaling (43), thick black dashed line; uniformdistribution at small Sv ,
horizontal black dashed line. (b)Results as a function of the particle aspect ratioλ for =Sv 25, =St 0.1 (green,  ), and =St 0.4
(magenta,).
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translationalmobility ( -
A 1 and ^

-A 1 ) reduces themagnitude of the slip velocity in equation (14d), while smaller

rotationalmobility ^ ^
-I C 1 increases the effect of the fluid-velocity gradients upon the angular dynamics of the

particle. Both tendencies diminish the effect of the fluid-inertia torque in equation (14d) asλ grows, diminishing
its tendency to align the particles. This prediction is in good agreement with the 2D simulation results shown in
figure 7(b).

5.2. Klett’s small-angle expansion
Klett [28] proposed a theory for the orientation variance of nearly spherical particles settling in turbulence,
including particle inertia in the angular dynamics. He uses that the orientation variance is very small for large
values of Sv. This suggests to expand the equations ofmotion in small deviations of the angle f = ( · ˆ)n gacos
from its equilibrium value: *f f df= + where *f = p

2
for prolate particles. Klett assumes that = ( )( )W W n0

(equation (6)) and expands the angular dynamics for nearly spherical particles in δf.
We can derive an equation ofmotion consistent with his by expanding equations (14) to leading order in δf,

assuming that = ( )( )W W n0 , retaining only the leading terms in A -(∣ ∣ )Sv2 1 (wemust also require that St is
small, in keepingwithKlett’s assumptions). In this waywe obtain for a prolate particle of arbitrary aspect ratio in
three spatial dimensions:

A df df df+ + = -^

^

^

^

^

^
∣ ∣ ˆ · ( )g p

t

C

I t

C

I

C

I

d

d St

d

d St
Sv

St
. 45

2

2
2

Whenwe expand the geometrical coefficients in equation (45) for smallΛwefind that the prefactors of the terms
on the lhs of this equation are almost identical, in this limit, to those in equation (17) of [28]. Slight discrepancies
arise in the δf-termbecause we use the expression for the inertial torque from [26], while Klett uses the form
obtained byCox [24] (the relative error of the prefactors is of the order of 10−3 [26]). At any rate, equation (45) is
simply a damped driven harmonic oscillator, with implicit solution

òdf =
W

W -^

^

-^ ^( ) [ ( )] ˆ · ( ) ( )( ) ( ) g pt
C

I
t t t t

St
d e sin . 46

t
C t t I

0 0
1

2 St
0 1 1

1

Here AW = -^ ^ ^ ^[ ( )] ∣ ∣C I I C2 St 4 Sv St 10
2 . Note that we discarded terms related to the initial angle,

because they cannot be important for the steady-state variance of df in the limit of large Sv, atfixed St. Squaring
equation (46) and averaging over realisations of the turbulent fluctuations in the statisticalmodel we obtain for
large Sv

dfá ñ ~ ( )c

Sv
, 472 0

4

where c0 is a function of hℓ K, St, and of the aspect ratioλ.We neglected a -Sv 3 contribution to dfá ñ2 because it
is exponentially suppressed. Equation (47) fails to describe the large-Sv behaviour (43), shown as the thick black
dashed line infigure 7. Thismeans that equation (45) cannot be used to estimate the large-Sv width of the
orientation distribution, or to compute deviations from the overdamped theory.

Which approximation causes equation (45) to fail? Since the variance is small for large Sv, df remains small
at all times. Therefore we see no reason to doubt that the small-angle expansion is valid. This leads us to conclude
that the assumption = ( )( )W W n0 breaks down, in agreementwith our conclusions in the previous section. To
check this, we artificially imposed the constraint = ( )( )W W n0 in simulations of the 2D statisticalmodel. The
resulting large-Sv variance follows equation (47), and thus fails to give the correct scaling, equation (43). This
demonstrates that it is important to allowW to deviate from ( )( )W n0 when particle inertiamatters.

Klett obtains that dfá ñ µ -Sv2 2, assuming that thefluid-velocity gradients on the right-hand side of
equation (45) are just white noise in time. This scaling is consistent with the large-Sv power law observed in
Figure 7 (a), but Klett’s theory is difficult to justify fromfirst principles because it neglects fluctuations of

- ( )( )W W nt
0 that yield additional time-dependent terms in the angular equation ofmotion (45), which are

expected to affect the prefactor of the Sv-2 scaling.More importantly, the 2D simulation results shown in
figure 7 demonstrate that dfá ñ µ -Sv2 2 applies only in the unphysical limit of very large Sv, and that particle
inertia causes a complex parameter dependence of the orientation variance at smaller values of Sv, with a
number of different regimes to consider.

6. Conclusions

Convective fluid inertia affects the orientation of a small axisymmetric particle settling in a turbulent flow. In
[5, 6, 47–49] this effect was neglected. Herewe considered a limit of the problemwhere it is dominant, butwhere
turbulent fluctuations stillmatter. This limit is relevant to computing the distribution of orientation of ice
crystals settling in turbulent clouds [1]. Our goal was to compute the distribution of orientations of a spheroid in
turbulence, towork out how the torques due to convective fluid inertia and due to the turbulent velocity
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gradients affect the orientation distribution. In general the angular dynamics of the settling particle is very
complicated.Herewe looked at a limit inwhich the problembecomes tractable: we assumed small Stokes
number (a dimensionlessmeasure of particle inertia) and large settling number (dimensionless settling speed).
For small Stokes numbers the dynamics is overdamped. For large values of the settling number, the problem
becomes persistent: the angular dynamics relaxesmuch faster than the fluid-velocity gradients change. In this
limit the angular dynamics follows thefixed points determined by the instantaneousfluid-velocity gradients,
and our theory for the orientation distribution relates the shape of the distribution to that of the instantaneous
fluid-velocity gradients encountered by the settling particle. Our predictions are in excellent agreement with
numerical statistical-model simulations, andwith simulations using KS turbulence at large Sv and small
enough St.

At large Sv the orientation distribution is very narrowly centered around the orientation the settling particle
would assume in a quiescent fluid, in the absence offlow. The overdamped theory predicts that the variance of
the distribution is proportional to -Sv 4 for large Sv, and it determines how the prefactor depends on aspect ratio
λ of the particle. In the limit l  ¥ the variancewas computed in [56].

We demonstrated that the overdamped theory breaks down atfinite Stokes numbers, when the settling
number exceeds a threshold determined by St. In this regime particle inertiamatters. Klett [28] proposed a
theory for the orientation variance for nearly spherical particles, taking into account particle inertia in the
angular dynamics. His theory assumes that this dynamics is driven by the fluid-velocity gradients experienced by
the settling particle, and that these gradients are uncorrelated in time so that diffusion approximations can be
applied. Klett’s theory predicts that the variance is proportional to -Sv 2. In our 2Dmodel simulationswe do
observe this scaling for very large Sv, so large that the settling time is the smallest time scale of the inertial
dynamics. But our results indicate that it is necessary to take into account particle inertia not only in the angular
dynamics but also in the centre-of-massmotion to derive a theory from first principles. This gives rise to
additionalfluctuating terms in the angular equation ofmotion that are expected to change the orientation
variance.More importantly, our simulations also show that particle inertia gives rise to a complex dependence of
the orientation variance on particle shape, on the Stokes number, and upon the settling number.When the
variance is small, itmay be possible to derive a theory for the variance using small-angle approximations. But this
remains a question for the future.

Here we applied our theory only to prolate particles. It is of interest to consider oblate particles too, because
flat disks and slender rods have qualitatively different shape factors (figure 1).We therefore expect that the effect
of particle inertia on the angular dynamics offlat disks can be quite different from that on slender rods.

Also, we considered only the leading order in the inverse settling number, but the overdamped theory allows
us to take into account higher-order corrections in this parameter. Such corrections change the relation between
thefixed points of the angular dynamics and the fluid-velocity gradients experienced by the particle. This
modifies the formof the distribution of ng, and itmay explain the overshooting seen infigure 6(b) atmoderate
values of Sv, but the details remain to beworked out.

Here we analysed a limit of the problemwhere the fluid-inertia torque dominates the angularmotion. In
[5, 6, 47–49], by contrast, this torquewas neglected. The question is thuswhether one can find regionswhere
inertial torque does not dominate. This is considered in [62]. The simulations described there show that the
fluid-inertia torque can be smaller than Jeffery’s torque onlywhen lRe is small. In a very turbulent flow,when

lRe is large, the torque induced by fluid inertia is always dominant.More precisely, when the ratio of the
correlation length over theKolmogorov length is large, h µ l ℓ Re 1K

1 2 , then the only possible orientation
bias corresponds to non-spherical particles settlingwith their broad sides down, the limit considered here.

The experimentsmeasuring the orientations of rods settling in a vortex flowdescribed in [51] are performed
in the overdamped limit. In the futurewe intend to apply the theory outlined in section 4 to spheroids settling in
a 2D vortexflow, using the fact that the fixed points of the angular dynamics can be found explicitly as functions
of the fluid-velocity gradients in two spatial dimensions.Wewill analyse the effect of particle shape by
considering the angular dynamics offlat disks settling in suchflows. Figure 1 indicates that the behaviour could
be quite different from that of rods, because the shape factors are so different. This 2D system iswell suited to
study the effects offinite Stokes numbers inmore detail, because the 2Ddynamics ismuch simpler than the
three-dimensional turbulent dynamics.

The overdamped theory (equation (38)) assumes that Sv is large, and that St is small enough. Since
t h= =gSv St St FrK

2
K , this requires some discussion. Here h t= ( )gFr K K

2 is the Froude number [60].
We conclude that the Froude numbermust be small for the overdamped theory towork quantitatively. In
turbulence E n~ ( )gFr 3 4 1 4 where E is the dissipation rate per unitmass. Using n ~ - -10 m s5 2 1 and
= -g 10 m s 2 we find that Fr ranges from0.002 at E = -1 cm s2 3 to 0.3 at E = -1000 cm s2 3. Sowe require

modest values of the dissipation rate per unitmass, E, for the theory towork quantitatively. This is the limit
where gravity dominates over the turbulent fluctuations, the limit we intended to describe.
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In the future it is necessary to address possible shortcomings of ourmodel which approximates the inertial
contributions to force and torque by those for a homogeneous steadyflow. Even in the steady case it remains an
open question how tomodel the torquewhen Rep and Res are of the same order, even if both dimensionless
numbers are small. Furthermore, turbulent flow is unsteady.While it is common practice to use steady
approximations for the instantaneous force and torque (as we do here) it is not knownhow to compute
contributions to the torque due to unsteadiness for general inhomogeneous flows.We expect that themethods
presented in [44] can be generalised to treat at least spatially linear, unsteadyflows. Finally, to justify ourmodel
for the inertial torque it is necessary that Rep is small. At the same timewe assumed that Sv is large. From the
definitions (9) and (15) of these dimensionless numbers we see that h= ^( )( )a ARe Svp K . To satisfy both
requirements wemust therefore assume the particles to bemuch smaller than theKolmogorov length. Since

Eh n~ ( )K
3 1 4 this condition ismore easilymetwhen E is small. In the slender-body limit, Khayat andCox

[25] obtained an improved approximation for the inertial torque, valid for larger Rep, whichwas tested in [51]
andwas found to agree better with the experiments at larger Rep. But corresponding corrections for other
particle shapes are not yet known.
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