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SPECTRAL SEQUENCES FOR COMMUTATIVE LIE ALGEBRAS

FRIEDRICH WAGEMANN

ABSTRACT. We construct some spectral sequences as tools for computing com-
mutative cohomology of commutative Lie algebras in characteristic 2. In a
first part, we focus on a Hochschild-Serre-type spectral sequence, while in a
second part we obtain comparison spectral sequences which mediate between
Chevalley-Eilenberg-, commutative- and Leibniz cohomology. These methods
are illustrated by a few computations.

INTRODUCTION

The classification of finite-dimensional simple Lie algebras over a field F of char-
acteristic 2 is still widely open. It is known from the classification of Lie algebras
over a field of characteristic zero that cohomological methods may be powerful al-
lies in the classification quest. In [5], there has been recently introduced a new
cohomology theory for Lie algebras in characteristic 2, called commutative coho-
mology [5]. It is more generally defined on so-called commutative Lie algebras in
characteristic 2, i.e. vector spaces g over I with a bracket which satisfies the usual
Jacobi identity and on top of that [z,y] = [y, z] for all z,y € g. The corresponding
cohomology theory is then based on the symmetric tensor powers of g with the
usual Chevalley-Eilenberg differential.

It has been illustrated in [5] that commutative cocycles and commutative coho-
mology arise in the classification of finite-dimensional simple Lie algebras in charac-
teristic 2, see [5] and references therein. The authors of [5] listed a whole catalogue
of questions concerning commutative cohomology, and we will answer some of them
in the present paper. We hope that the computational methods of the present paper
will serve in future computations of commutative cohomology.

We focus in the present paper on two cohomological tools for the computation
of commutative cohomology. In Sections 1-3, we develop a Hochschild-Serre-type
spectral sequence for commutative cohomology. The construction is very close to
the original construction by Hochschild and Serre [2]. In Section 4, we perform
some cohomology computations with the help of the spectral sequence, notably for
the two dimensional commutative Lie algebra 9t generated by e and f with the only
relation [f, f] = e and for the two dimensional Lie algebra a generated by e and h
with the relations [h,e] = [e,h] = e. On the other hand, we obtain a cohomology
vanishing theorem for any commutative Lie algebra g with a 1-dimensional ideal
with values in the 1-dimensional non-trivial g-module F;, see Theorem 4.1.

The second part of the paper in Sections 5-6 concerns three comparison spectral
sequences which mediate between Chevalley-Eilenberg- and Leibniz cohomology,
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2 FRIEDRICH WAGEMANN

between Chevalley-Eilenberg- and commutative cohomology, and between commu-
tative- and Leibniz cohomology, respectively. In order to illustrate the use of these
comparison spectral sequences, we show for example in Theorem 6.4 that for any Lie
algebra g with a 1-dimensional ideal with values in the 1-dimensional non-trivial
g-module Fy, the vanishing of commutative cohomology implies the vanishing of
Leibniz- and Chevalley-Eilenberg cohomology as well.

Note that there are more spectral sequences which should transpose easily to
commutative Lie algebras, as for example the Feigin-Fuchs spectral sequence for
N-graded Lie algebras.

1. COMMUTATIVE LIE ALGEBRAS AND THEIR COHOMOLOGY

Let F be a field of characteristic 2.

Definition 1. A commutative Lie algebra over F is an F-vector space g with a
bilinear bracket [,]: g X g — g such that for all x,y,z € g

[z,y] = [y, z], and [z, [y, 2]] + [y, [z, 2]] + [z, [2,y]] = O.

Remark 1. In particular, a commutative Lie algebra is a left and right Leibniz
algebra, i.e. a symmetric Leibniz algebra.

As usual, an F-vector space M together with an F-bilinear map g x M — M,
denoted (xz,m) — - m, is called a g-module in case for all z,y € g and all m € M,
we have

[zy]-m=a-(y-m)+y-(z-m)

Following [5], we next define a cochain complex for commutative Lie algebras
which will have its applications in the study and classification of Lie algebras in
characteristic 2.

Definition 2. Let g be a commutative Lie algebra and M be a g-module. We set
CS™(g, M) := Homp(S"g, M),

where S™g denotes the usual symmetric algebra on the vector space g. The graded
vector space C'S®(g, M) becomes a cochain complex with the usual Chevalley-Filenberg
differential

n+1

d"f(x1,. . Tng1) = in'f(xlv---,fi,---,znﬂ)
i=1

(11) + Z f([ziazj]azla-'-ai'ia-"vjjv"'aszrl)

1<i<j<n+1

forany f € CS™(g, M) and all elements x1,...,x,11 € g. The corresponding coho-
mology is called commutative cohomology of commutative Lie algebras and denoted

by HS®(g, M).

Remark 2. Observe that this cohomology is different from the usual Lie algebra
cohomology in characteristic 2, where one takes cochain spaces C4(g, M) which
vanish in case q exceeds the dimension of g.

We next show that we have the usual Cartan relation for the symmetric coho-
mology of commutative Lie algebras.
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Proposition 1.1. Let g be a commutative Lie algebra over F. Then we have for
allx € g

L,=doi,+1,0d,

where L, is the Lie derivative, i.e. for all f € CS™(g, M) and all x1,...,2z, € g,
we have

(Laf)(x1,. .. 2n) ::x~f(xl,...,zn)Jer(zl,...,[z,zi],...,:cn),
i=1

and i, is the usual insertion operator, i.e. forall f € CS™(g, M) and all x1,...,xy—1 €
g, we have

(ixf) (@1, y2n_1) = f(z, 21, ..., Tno1).
Proof. Let f € CS"(g, M) and z,z1,...,2, € g. When computing
(i (df)) (21, ... 2n) = df (T, 21, ..., X0,

there are the terms involving x in the bracket terms or in the action term of the
coboundary operator, and there are the terms where x is simply inserted as the first

argument of f. These last terms constitute exactly d(i,f)(z1,...,2,), because
in d(iyf), the element = is never involved in the action or in the bracket. The
remaining terms constitute (L, f)(z1,...,2Zn). O

2. THE SPECTRAL SEQUENCE ASSOCIATED TO A SUBALGEBRA

In this section, we construct a Hochschild-Serre-type spectral sequence, closely
inspired by [2], which is designed to compute the commutative cohomology of a
commutative Lie algebra g which admits a subalgebra b.

The filtration leading to the spectral sequence is defined as follows.

FPCS™(g, M) :={ce CS"(g,M)|c(x1,...,z,) =0 if n—p+1 elements z; belong to h}.

Lemma 2.1. The filtration is compatible with the Chevalley-FEilenberg coboundary
operator (1.1), i.e.

dFPCS™(g, M) C FPCS" (g, M).

Proof. Consider Equation (1.1) with n+1—p+1=mn —p+ 2 elements in h. We
have to show that all terms in this equation are zero in case the cochain f vanishes
on n — p+ 1 elements of h. The action terms vanish when n — p + 2 elements are
in b, because there always remain at least n — p + 1 elements in h as arguments of
f. The situation is similar for the bracket terms, because even if both x; and z;
are in b, the bracket will also be in § as b is a subalgebra, thus also in this case the
corresponding term vanishes. O

The next step in the construction of the spectral sequence is the computation of
the term Fy which is by definition the associated graded space to the filtration, i.e.

Eb9 .= FPCSPT(g, M) | FPHCSPY(g, M).
Lemma 2.2. The vector space E§? is isomorphic to

Eg?® = Hom(S7, Hom(S”(g/b), M)).
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Proof. The isomorphism is induced by the restriction map
r: CSPT(g, M) — Hom(S?h, Hom(S”(g/h), M))

which restricts the first ¢ arguments of the cochain f to elements of . Clearly, the
kernel of 7| zp o gpta(g,ary is FPT1CSPT(g, M). Tt remains to show that 7| z»cgera(g,m)
is surjective. This follows as in the proof of Theorem 1 (p.593) of [2]: Denote by
m : g — g/b the natural quotient map and by p : ¢ — b a linear projection onto
the subspace h < g. For a given f € Hom(S9h, Hom(S?(g/h), M)), we define a
preimage f € FPCSP+4(g, M) of f by

f(SCl,...,ZL'n) = Z f(p(xa(l))v"'7p(xa(q)))(7r(z0(q+1))v"'77T(:C<T(p+q)))a

o€Sh(p,q)

where the sum extends over all (p, ¢)-shuffles. Observe that only one term of the sum
contributes to r(f), because, as the shuffles keep the order in the first ¢ arguments,
only one term has all its elements in h and for the other terms, there is 7w applied to
at least one element of h which gives zero. Thus r(f) = f as had to be shown. [

Now we identify the differential d; which is by definition induced from the
Chevalley-Eilenberg coboundary operator (1.1) on Ey. Observe for this that the
quotient g/h (which is in general not a Lie algebra !) becomes naturally an h-module
using the adjoint action, because § is a subalgebra.

Lemma 2.3. The differential dy on Ey identifies to the Chevalley-Eilenberg cobound-
ary operator on CS®(h, Hom(SP(g/h), M)), the commutative cohomology of the
commutative Lie algebra b with values in the h-module Hom(SP(g/b), M).

Proof. The differential
dp : ]:pcsp-i-q(g,M) /]:p-i-ICSp-i-q(g,M) N ]:pcsp-i-q-l-l(g’M)/]:p-i-lcgp-i-q-i-l(g,M)

is by definition induced by the Chevalley-Eilenberg coboundary operator (1.1). For
the identification of dy, we consider again Equation (1.1), but now with p + ¢ +
1—(p+1)4+1=gq+1 elements in h, because we want to see which terms lie in
FrHlCgprtatl(g M), and with a cochain f which vanisheson p+q—p+1=¢q+1
elements of b.

The action terms do not vanish exactly if z; is extracted from the first g elements
(under the identification of Ey with Hom(S%h, Hom(S?(g/bh), M))), otherwise g+ 1
elements in h stay as arguments of f and the resulting term is zero. Similarly for the
bracket terms, they do not vanish exactly in case z; and z; are both in §, because
the number of elements in h is then reduced by one. This shows the claim. (]

3. THE SPECTRAL SEQUENCE ASSOCIATED TO AN IDEAL

One can go further in the identification of the terms in the spectral sequence in
case b is not only a subalgebra, but an ideal in g. Suppose now we have a short
exact sequence of commutative Lie algebras

0—-bh—=9g—=>q—0.
We have seen in the previous section that
EP? = Hom(S(g/b), HS(h, M)) = Hom(S"q, HS(h, M)),

where we have exchanged arguments in order to express the cohomology with re-
spect to b.
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Lemma 3.1. The differential di on Ey identifies with the Chevalley-Eilenberg dif-
ferential of q with values in HSI(h, M).

Proof. Note that the action of q on HS®(h, M) is well-defined, because the Lie
algebra b acts trivially on its cohomology by the Cartan relation, see Proposition
1.1.

It is clear (noting also that b acts trivially on q) that the differential d; is given
by the remaining terms of the Chevalley-Eilenberg coboundary operator (1.1), thus
the claim. (|

Corollary 3.2. The Es-term of the spectral sequence associated to an ideal reads

EyY = HSP(q, HS(h, M)).

4. APPLICATIONS OF THE SPECTRAL SEQUENCE

Example D in [1] is the 2-dimensional commutative Lie algebra 9 := Fe @ F f
generated by e and f with the relations [f, f] = e. The subalgebra h = (e)r is
an ideal. Example E in [1] is the 2-dimensional Lie algebra a := Fh @ Fe with
the bracket determined by [h,e] = —[e, h] = e which becomes commutative over
F of characteristic 2. The subalgebra h = (e)r is an ideal in a. Observe that in
these examples, the bracket on the subalgebra is zero, thus the coboundary op-
erator on the complex CS*(h,F) for cohomology with trivial coefficients is zero.
Thus for these examples and trivial coefficients, it will be not simply an easy ar-
gument of cohomology vanishing which computes the Hochschild-Serre spectral
sequence, because HS%(h,F) = S9(h,F) is non-zero for all ¢ > 0. Note however
that all the spaces S9(h,F) are 1-dimensional as § is 1-dimensional. We then have
HSP(N/h, HS1(h,F)) = HSP(MN/H, S1(Hh,F)) and the coboundary operator com-
puting the latter cohomology is still zero, because 91/h = (f)y is a trivial quotient
Lie algebra and the action is also zero. Thus

E3T = SP(M/h,F) @ S(h, F)

is 1-dimensional in this case, and the computation of the spectral sequence has to
continue with the computation of

dy? - SP(N/H,F) ® S9(h, F) — STH(N/h,F) @ S (5, F),

which is induced by the bracket [f, f] = e. For the latter coboundary operator, it
matters only whether there is an even or an odd number of bracket terms. But
for n = p + ¢, the coboundary operator has w bracket terms, which gives
zero bracket terms for n = 0, one bracket term for n = 1, three bracket terms
for n = 2, six terms for n = 4 and so on. It follows that d5'? = 0 if and only if
eraptetl) g even, and d5'? is injective otherwise. But w is even if and
only if 4|(p+ ¢)(p+ g+ 1). As only one of the numbers p+ q or p+ ¢+ 1 can
be even, there are thus two cases: Either 4|(p+ ¢) or 4|(p+ ¢ + 1). In the first
case, 2 | w, thus furthermore d5 2%"' = 0. In the second case d5~ >+

is injective. This permits to compute
SP(M/h,F) @ S9(h,F) if  4[(p+q)
EDY = {0} if 4l(p+qg+1)
{0} else
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Observe that in the case 4| (p + ¢ + 1), it is the quotient space
(SP(M/H,F) @ S9(h,F)) / (SP~2(N/h,F) @ ST, F))

which is zero. The spectral sequences has vanishing higher differentials d, for » > 3
and the Fs-term thus computes the commutative cohomology of 91 with trivial
coefficients. We obtain

dimp(HS™(M,F)) = number of k € {0,1,...,n} such that 4| k.

For the Lie algebra a and trivial coefficients, the situation is similar: HS?(h,F) =
S%(h,TF) is non-zero for all ¢ > 0. But here it is already the coboundary operator
computing the cohomology HS?(a/h, S?(h,F)) which involves the original bracket
[h,e] = —[e, h] = e in its action terms. As all these action terms are non-zero, it
again depends only on the parity of the number of terms whether the coboundary
operator is zero or injective. We obtain as before

SP(a/b,F) © S9(h,F)) if  4|(p+q)
Byt = {0} if  4f(p+q+1)
{0} else

Again, all higher differentials d,. for r > 2 are zero and the Es-term computes the
commutative cohomology of a with trivial values. We obtain again

dimp(HS™(a,F)) = number of k € {0,1,...,n} such that 4] k.

In order to have an easier example, let us consider the following. Let h = F be
the 1-dimensional abelian Lie algebra generated by = € h. Let us take as a module
the 1-dimensional h-module F) generated by v € ) such that the action is given
by z-v = Av for a fixed A € F. Then all symmetric or Leibniz cohomology of b
with values in (the symmetric h-bimodule) F; is zero. Indeed, the complexes are
1-dimensional in every degree with a coboundary operator having zero bracket part,
but the action part is the identity in even degree and zero in odd degree. This gives
zero cohomology.

Therefore, we obtain the following theorem.

Theorem 4.1. Let g be commutative Lie algebra which has a 1-dimensional ideal
h. Suppose that b acts non-trivially on the module F1. Then

HS*(g,Fy) = 0.

Proof. By the discussion before the statement of the theorem, we have HS*®(h,F;) =
0. Inserting this in the formula of Corollary 3.2 shows the theorem. O

Using again the formula of Corollary 3.2, one can formulate conditions on a
commutative Lie algebra g with an ideal h such that the 1-dimensional quotient
g/b acts non-trivially on HS?(h, M) = F;. In this case, we have also cohomology
vanishing.

5. COMPARISON TO LIE- AND LEIBNIZ COHOMOLOGY

5.1. Leibniz algebras and bimodules. As already observed, a commutative Lie
algebra is in particular a left- and right Leibniz algebra.

A left Leibniz algebra is an algebra £ such that every left bracket operator L, :
£ — £,y [z,y] is a derivation. This is equivalent to the identity

(5.1) [z, [y, 2]l = [[z, 9], 2] + [y, [, 2]]
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for all x,y,z € £. There is a similar definition of a right Leibniz algebra. Leibniz
algebras have been studied by Loday and Pirashvili, see [3], [4] and [6].

Every left Leibniz algebra has an important ideal, its Leibniz kernel, that mea-
sures how much the Leibniz algebra deviates from being a Lie algebra. Namely, let
£ be a left Leibniz algebra over F. Then

Leib(£) := ([z,z] | x € L)p

is called the Leibniz kernel of £. The Leibniz kernel Leib(£) is an abelian ideal of
£. By definition of the Leibniz kernel, £14c := £/Leib(£) is a Lie algebra which
we call the canonical Lie algebra associated to £. In fact, the Leibniz kernel is
the smallest ideal such that the corresponding factor algebra is a Lie algebra. As
alternativity (i.e. [z,z] = 0 for all € g) and anticommutativity ([z,y] = —[y, 2]
for all 2,y € g) are not equivalent in characteristic two, we see that commutative
Lie algebras are a class lying properly in between Leibniz algebras and Lie algebras:

Leib D CommLie D Lie.

Observe that in this notation, commutative algebras are not a special case of Lie
algebras !

Next, we will briefly discuss bimodules of left Leibniz algebras. Let £ be a left
Leibniz algebra over a field F. An £-bimodule is an F-vector space M with F-
bilinear left and right £-operations £ x M — M, (z,m) — z-m and M x £ — M,
(m, ) — m -z such that
(LLM) [z,y]-m == (y-m)+y- (z-m),

(LML) @ - (m-y) = (z-m) -y +m-[z,y],

(MLL) m - [z,y] = (m-z) -y +z-(m-y).

are satisfied for every m € M and all z,y € £. Observe that all this makes sense
over the field F of characteristic 2 and gives a notion of bimodules for commutative
Lie algebras which goes beyond the usual notion of modules.

5.2. The three relative complexes. In [6] (see also Section 2 of [1]), Pirashvili
constructs a comparison spectral sequence between Chevalley-Eilenberg cohomol-
ogy and Leibniz cohomology of a Lie algebra. Here, we can use the same construc-
tion to have three comparison spectral sequences: There is a comparison spectral
sequence between Chevalley-Eilenberg cohomology and commutative cohomology
for a Lie algebra (passage from A*® to S*), then a comparison spectral sequence from
commutative cohomology to Leibniz cohomology (passage from S® to ®°®) and also
the usual Pirashvili comparison spectral sequence from Chevalley-FEilenberg coho-
mology to Leibniz cohomology (passage from A® to ®*). Observe that all cohomolo-
gies involving the Chevalley-Eilenberg complex make only sense for Lie algebras,
while the comparison spectral sequence from S°® to ®® makes sense for the broader
class of commutative Lie algebras.

Let us first of all describe the different complexes which lead to these comparison
spectral sequences. In characteristic 2, there are two ways of expressing the idea of
alternating cochains which are not equivalent (corresponding to alternativity and
antisymmetry as above mentioned). The first one is:

(5.2) Veeg: f(...,z,...,x,...)=0.

This condition is equivalent to saying that f(x1,..., 2, ) vanishes in case the inserted
elements z1,...,x, of g are linearly dependent and describes cochains as maps on
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the usual exterior algebra A™g. These cochains have the property that if g is finite-
dimensional of dimension n and f has n + 1 arguments, then f is zero. We will
denote the quotient space of the vector space ®™g with respect to the subspace

I =(z1®..02®...0CrQ® ... Tpn_a|T,21,...,Tn_2 € g)F

by A"g := ®"g/I, and the corresponding Chevalley-Eilenberg cochain spaces by
C™(g, M) := Homp(A"g, M).
On the other hand, the condition

(5.3) Ve, xe €g: f(o..,z1,22,...) = f(...,22,21,...)

describes cochains on the usual symmetric algebra and such a cochain does not
have the vanishing property (5.2) in general. Observe that condition (5.2) implies
condition (5.3) by replacing = x1 + z3. Here the n-th graded component S™g of
the symmetric algebra S®g is defined as the quotient of ®”g by the subspace

In = {210, . . QrRYR. . .QLp_2+T1Q. . . QYRIR. . .QTp_9 | T, Y, T1,...,Tn—2 € G)F

(and not as the invariants with respect to the symmetric group). We had already
introduced CS™(g, M) = Homp(S™g, M). The fact that condition (5.2) implies
condition (5.3) can also be understood as the inclusion J,, C I,,.

We thus have three inclusions of subcomplexes (in case g is a Lie algebra and
the bimodule M is symmetric)

i1 : C*(g, M) — CL*(g, M),

ig: C*(g, M) — CS*(g, M)
because condition (5.2) implies condition (5.3), and also
ig: CS*(g, M) — CL*(g, M)

which works for general commutative Lie algebras g.
All three give rise to cokernel complexes

Cr.el,/\ (gv M) = COker(il)[iﬂv

Creia,s(8, M) == Coker(iz)[—2],
and
Crer,s(g, M) = Coker(iz)[—2]

respectively (up to a degree shift), and we have the corresponding long exact se-
quences (like in Proposition 2.2 in [1]) induced by the short exact sequences of com-
plexes. In each case, the relative cohomology (i.e. the cohomology of the quotient
complex CF, (9, M), C%, s(g, M) or CF, 5 5(9, M)) measures the discrepancy be-
tween H®(g, M) and HL®*(g, M), resp. HS*(g, M) and HL®*(g, M), resp. H*(g, M)
and HS®(g, M) in the sense that if all relative cohomology vanishes, then the two

cohomologies coincide.
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5.3. Comparison Lie- to Leibniz cohomology. In this subsection, g is a Lie
algebra (i.e. [z,z] = 0 for all z € g). In order to obtain the comparison spec-
tral sequences, we now introduce filtrations in these three complexes CF, 1 (g, M),
Cros(9, M) and CF, 5 5(9, M) according to the condition of being alternating or
symmetric (in the first p arguments).

Observe that due to the degree shift, a representative of a class in C;‘eLA(g, M),
Cry.s(8, M) or CL) » g(g,M) has n + 2 arguments. On the quotient complex

re1.A (8, M), there is the following filtration
FPClaa(g, M) = {[c] € Ci a(g, M) | (21, . ny) = 01 3 < p+1: i = a5}

Note that the condition is independent of the representative ¢ of the class [¢]. This
defines a finite decreasing filtration

FOCR A8, M) = Clty p(g, M) D F'Clyp(g, M) D -+~ D F"HCL \ (9, M) = {0},
whose associated spectral sequence converges thus in the strong (i.e., finite) sense
to Hgl,A(ga M).
Like in Section 2 of [1] (due to Pirashvili [6] !), we have a product map
mi :A"g@g—)A"Hg, TIN... AT, QT =TI A... \NTp A 2.
The map m; induces a monomorphism
m} : O (g,F) = C*(g.9"),
where C* (g, F) is the truncated cochain complex
60(9,1[") =0 and C"(g,F) := C"(g,F) for every integer n)0.
Accordingly, we have a cochain complex
CR3} (g) := Coker(m?)[—1],

the cokernel of m$ (up to a degree shift). We then have a long exact sequence in
cohomology from the short exact sequence of complexes like in Proposition 2.1 in
[1].

For this filtration/spectral sequence associated to Cr'el, A(g, M), the arguments of
Section 2 in [1] go through word by word in order to show the following theorem
(this is Theorem A of Pirashvili [6]):

Theorem 5.1. Let g be a Lie algebra, and let M be a left g-module considered as
a symmetric Leibniz g-bimodule M. Then there is a spectral sequence converging
to Hy, A(g, M) with second term

EPY = HRY (g) @ HL(g, M) .

5.4. Comparison Lie- to commutative cohomology. In this subsection, g is
still a Lie algebra (i.e. [z,z] = 0 for all z € g). The next step is to alter the
arguments in Section 2 in [1] to apply to the filtration/spectral sequence associated
to C%) 4 s(9, M). We introduce a filtration as follows. In addition to
I=x1®..9%,0..0%,®...0x,|x; =x; VT1,...,2, € §,V1 < i < j < n)p,
we introduce

Iy =(@1®..02,0..02;Q...0x, |x; =x; Vr1,...,2, € 9,V1 <i < j < p)r.

We have then
In C (I + 1Inp),
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and denoting
APgVv S Pg ="y /) (Lnp+ Jn),
we have
FPCS™(g, M) := Homp(APg Vv S""Pg, M) C CS™(g, M) = Homp(S"g, M).

The successive inclusions (I, + Jn) C (Inp+1 + Jn) lead to a finite decreasing
filtration

flCﬁel,A,S(g’M) = Craa,s(8, M) D F? (@ M) DD FChy 4 59, M) = {0},
whose associated spectral sequence converges thus in the strong (i.e., finite) sense
to Hr”eLA’S(g, M).
Again like in Section 2 of [1], we have a product map
mo :A"g\/g%A"""lg, TIN...ANZ, VT =TI A...\NZp N\ T.
Here A"gV g C S™tlg is the quotient space of ®"Tlg by the sum I, 11, + Jpi1-
The map mo induces a monomorphism
m3 : C (9,F) = C3 5(g,97).
Thus we have a cochain complex
CR} s(g) := Coker(m3)[—1],

the cokernel of my (up to a degree shift). We then have a long exact sequence in
cohomology from the short exact sequence of complexes like in Proposition 2.1 in

[1]
For this filtration/spectral sequence associated to Cf, x (g, M), the arguments
of Section 2 in [1] still go through in order to show the following theorem:

Theorem 5.2. Let g be a Lie algebra, and let M be a left g-module considered as
a symmetric Leibniz g-bimodule M. Then there is a spectral sequence converging
to HY, s 5(9, M) with second term

Ey? = HR) g(g) ® HS(g, M).

5.5. Comparison commutative- to Leibniz cohomology. In this subsection,
g is now an arbitrary commutative Lie algebra (i.e. we have only [z,y] = [y, z] for
all z,y € g). For the comparison between commutative cohomology and Leibniz
cohomology, we reason as follows. The version of J,, which concerns only the first
p tensor factors is

Inp =T1Q0..90,9241Q ..., +21Q...QTi41 QT D ... Ty |
Z1y...,2n €g and i < p— 1)p.
The sequence of inclusions
{0} CJn2CIn3C...CJpn=1Jn
induces a sequence of surjections
@"g —» S2gR " g —» ... » S"g,

where we identify SPg ® ®" Pg = ®"g/ Jn,p, which induces in turn a sequence of
monomorphisms

FrCL"(g, M) =CS"(g,M) Cc F*"'CL"(g, M) C --- ¢ F*CL"(g, M) = CL"(g, M),
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where by definition FPCL™(g, M) := Homp(SPg ® ®" Pg, M). We interpret this
sequence of monomorphisms as a finite decreasing filtration of the quotient complex

flcrnel,s(GaM) = Cra,s(g, M) D F? re1,5(8, M) D --- D F"Crg 5(9, M) = {0},

which arises from dividing the above sequence of monomorphisms by CS™(g, M).
We need to show that this filtration is compatible with the Chevalley-Eilenberg
differential, i.e.

dFPCly s(8, M) C FPCll &g, M).

Indeed, given a cochain f € Homp(SPg ® ®" Pg, M), representing a class in
FPCL) s(g, M), we have to show that df, given by Equation (1.1), is still sym-
metric in the first p entries. But this is clear from the symmetry of the bracket of g
together with the symmetry of the terms of (1.1). In conclusion, we have a spectral
sequence converging finitely to HY, ¢(g, M).

Again like in Section 2 of [1], we have a product map

ms:S"gg— Sy, V.. Ve, Qx— a2 V...V, Ve,
The map m3 induces a monomorphism
m$: CS' (g, F) <= CS*(g,0%).
Accordingly, we have a cochain complex
CR3(g) := Coker(m3)[1]

the cokernel of m$ (up to a degree shift). We then have a long exact sequence in
cohomology from the short exact sequence of complexes like in Proposition 2.1 in
[1].

Now the reasoning of Section 2 in [1] goes through (mutatis mutandis) in order
to show the following theorem.

Theorem 5.3. Let g be a commutative Lie algebra, and let M be a left g-module
considered as a symmetric Leibniz g-bimodule M. Then there is a spectral sequence
converging to Hy, (g, M) with second term

Ey? = HRg(g) @ HL (g, M).

6. APPLICATIONS OF THE COMPARISON SPECTRAL SEQUENCES

By general homological algebra, the spectral sequences of Theorems 5.1, 5.2, 5.3
imply (using the long exact sequences arising from the definitions of HY, , (g, M),
Heyps(9, M) and HY,) o(g, M) resp.) lead (exactly as in the proof of Theorem 2.6
in [1]) to the following three theorems.

Theorem 6.1. Let g be a Lie algebra, let M be a left g-module considered as a sym-
metric Leibniz g-bimodule My, and let n be a non-negative integer. If H*(g, M) =0
for every integer k with 0 < k < n, then HL*(g, M) = 0 for every integer k
with 0 < k < n and HL" (g, M) = H""(g, M) as well as HL" (g, M) =
H"2(g, M). In particular, H®*(g, M) = 0 implies that HL®(g, M) = 0.

This is exactly Theorem 2.6 in [1]. It has a converse stated in the Remark after
its proof in [1].
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Theorem 6.2. Let g be a Lie algebra, let M be a left g-module considered as a sym-
metric Leibniz g-bimodule My, and let n be a non-negative integer. If H*(g, M) =0
for every integer k with 0 < k < n, then HS*(g,Ms) = 0 for every integer k
with 0 < k < n and HS" (g, M) = H""'(g, M) as well as HS"%(g, M) =
H"2(g, M). In particular, H®*(g, M) = 0 implies that HS*(g, Ms) = 0.

And for the more general case of commutative Lie algebras:

Theorem 6.3. Let g be a commutative Lie algebra, let M be a left g-module con-
sidered as a symmetric Leibniz g-bimodule M, and let n be a non-negative integer.
If HS*(g, M) = 0 for every integer k with 0 < k < n, then HL*(g,M,) = 0
for every integer k with 0 < k < n and HL" (g, M) = HS" (g, M) as well
as HL""2(g, M) = HS"*%(g,M). In particular, HS®*(g, M) = 0 implies that
HL*(g,M;)=0.

The analogous converse statements (like in the Remark after Theorem 2.6 in
[1]) are obviously also true. Indeed, suppose for example that HL®*(g, M) = 0.
Then by the long exact sequence erT’QS(g,M) = HSP(g, M) for all p > 2 (while
HS%g,M) = HS'(g,M) = 0). On the other hand, the spectral sequence in
Theorem 5.3 shows that the Fa-term, and thus the relative cohomology erhs(g, M)
is zero for all p > 0. Therefore all cohomology HS®(g, M) = 0.

One may also formulate conditions relying on a vanishing of the tensor factor
HR% (g, M) for 0 < k < n in order to obtain from the spectral sequence (together
with the long exact sequence linking H®(g, M) and HL®*(g, M)) the isomorphy
between H*(g, M) and HL®(g, M). For example, the isomorphy of H?(g,FF) and
HL'(g,g) on the one hand and H3(g,F) and HL?(g,g) on the other hand imply
the vanishing of HR9(g) which then can be reported into the spectral sequence
of Theorem 5.1 to yield HroeL (8, M) = 0 and thus (by the long exact sequence)
H?(g, M) = HL?*(g, M). Obviously, this can be done with a vanishing of the first
n spaces H R,k\(g). Similar methods can be applied to the situations in Theorems
5.2 and 5.3, too. We refrain form stating all the consequences as theorems.

As a concrete computation, we may consider similarly to Section 4a Lie algebra
g which has a 1-dimensional ideal b, and consider cohomology with values in the
1-dimensional module ;. By the above theorems, we obtain directly with Theorem
4.1:

Theorem 6.4. Let g be a Lie algebra which has a 1-dimensional ideal fy. Suppose
that b acts non-trivially on the module F1. Then

HS.(97F1) = HL.(gaFl) = H.(gaFl) =0.
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