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Abstract: We present a theoretical and numerical study of coherent anti-Stokes Raman scattering
Fourier ptychography microscopy (CARS-FPM), a scheme that has not been considered so far in
the previously reported CARS wide-field imaging schemes. In this approach, the distribution
of the Raman scatterer density of the sample is reconstructed numerically from CARS images
obtained under various angles of incidences of the pump or Stokes beam. Our inversion procedure
is based on an accurate vectorial model linking the CARS image to the sample and yields both the
real and imaginary parts of the susceptibility, the latter giving access to the Raman information,
with an improved resolution.
© 2019 Optical Society of America under the terms of the OSA Open Access Publishing Agreement

1. Introduction

Coherent anti-StokesRaman (CARS)microscopy is amarker-free imaging tool inwhich the sample
is illuminated simultaneously by two intense beams at different pump and Stokes wavelengths
and emits an anti-stokes radiation resulting from a non-linear light-matter interaction [1–3]. This
technique permits to probe the third-order susceptibility of the sample which is highly dependent
on the chemical components of the material. As a result, CARS microscopy is able to provide
chemical images of biological samples [4, 5] and more recently opened interesting perspectives
for histo-pathological applications [6–9]. Yet, to appear as a breakthrough in the bio-medical
investigation of tissues, CARS microscopy has still to demonstrate its ability to yield highly
resolved quantitative images with a reasonable acquisition rate. Because of the high power
involved, CARS microscopy has been mostly implemented with focused lasers scanning the
sample [1]. This point-wise approach proved to be particularly interesting for 3D sectioning
of thick samples down to hundreds of micrometer of depth due to its non-linearity providing
an intrinsic confocality property. On the other hand, for thin samples, i.e. with an axial extent
of only a few micrometers (e.g. <10 µm), the confocality loses its relevance and the scanning
technique appears orders of magnitude too slow to compete with the traditional widefield imaging
of stained tissues. Hence, in the last fifteen years, several widefield configurations based on
different illumination geometries for the pump and Stokes beam, such as co-propagating [10–13],
folded-box [11, 14–18], oblique [19, 20], converging beam [21] or light grids [22], have been
investigated in combination with holography [23] or Fourier-transform spectroscopy [24].

Surprisingly, none of these wide field studies developed a model linking the CARS image to the
sample susceptibility, thus preventing any comparison in terms of resolution between the different
configurations. In this work, we derive the relationship between the sample and any CARS image
obtained under widefield excitation and we analyze the resolution that can be expected with a
given illumination and observation configuration. Then, we investigate a novel wide-field CARS
image acquisition paradigm: CARS Fourier ptychography microscopy (CARS FPM) in which
various low resolved images recorded for different illumination angles of the pump or Stokes
beam are processed numerically to yield the sample’s complex third-order susceptibility with
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high resolution [25]. This work paves the way towards highly resolved quantitative widefield
CARS microscopy.

The paper is divided in three main parts. First we study the anti-Stokes radiation emitted by the
sample in far-field and we link the notion of transfer function to the phase matching conditions.
Second, we develop a vectorial model of the widefield CARS image of a microscope in a 4 f
configuration. Based on this model, we develop an inversion procedure able to reconstruct the
sample density from several CARS images recorded for various excitations. The potential of
CARS FPM is then tested on synthetic data. Last, we present a possible experimental setup with
a particular attention to the requirements of a suitable laser source.

2. Analysis of the transfer function and phase matching conditions

In the literature, the concepts of phase-matching conditions and spatial frequency transfer
functions are frequently used but by non-overlapping scientific communities due to a lack of
mutual understanding. In this section, we show the relationship between these two approaches.
Hereafter, the subscripts S, p and aS indicate affiliations to the Stokes, pump beam and anti-Stokes
radiation, respectively.
The phase matching conditions tell us that, if a homogeneous non-linear infinite medium is

excited by a pump and Stokes collimated beams Ep,S of angular frequency ωp,S respectively and
wavevectors kp,S , then it generates an anti-Stokes beam with angular frequency ωaS = 2ωp −ωS

and wavevector
kaS = 2kp − kS . (1)

In CARS imaging, one seeks to retrieve the varying sample third order susceptibility from the
CARS radiation. The first issue is thus to analyse how the phase matching conditions are modified
when the sample is inhomogeneous.

In the following, we assume that the sample placed in an homogeneous medium with refractive
index np,S,aS , excited by two linear polarized plane wavesEp,S at the pump and Stokes frequencies
generates an anti-Stokes radiation at ωaS = 2ωp − ωS . The wavevectors of the pump, stokes and
anti-stokes fields satisfy, kp,S,aS = np,S,aSωp,S,aS/c respectively.
The source of anti-Stokes radiation is linked to the third-order polarization defined as [26]:

P(3)
aS
(r) =←→χ (3)

aS
(r)Ep(r)Ep(r)E∗S(r), (2)

which obeys, in the slowly varying envelop approximation, the equation,

∇ × ∇ × EaS(r) − k2
aSEaS(r) = k2

aSP(3)
aS
(r), (3)

where ←→χ (3)
aS
(r) denotes the third order nonlinear susceptibility tensor of rank 4 which is a

function of the dipole or scatterer density N(r), its orientation and the Raman scattering cross
section [2]. Each of its 81 tensor elements may contribute to the anti-Stokes polarization with
polarization orientation A using Einstein notation as P(3)

aS,A
= χ

(3)
aS,ABCD

Ep,BEp,CE∗S,D with
A, B,C,D ∈ x, y, z. Introducing the Green tensor which is the solution of

∇ × ∇ ×←→G (R, r) − k2
aS

←→
G (R, r) =←→I δ(R − r), (4)

that satisfies out-going boundary condition, the anti-Stokes radiation at observation point R is
given by [26]

EaS(R) = k2
aS

∫
dr
←→
G (R, r)P(3)

aS
(r). (5)

The link between the anti-Stokes radiation and the sample is easily obtained when the observation
point is far enough (Fraunhofer diffraction regime) from the sample for the radiated field to be
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approximated by a centered spherical wave whose amplitude depends only on the direction of
observation kaS = kaSRfar/Rfar. The far-field amplitude, e(kaS), can be directly recorded at the
Fourier or pupil plane of a microscope [27], each point of the latter corresponding to a specific
direction of observation. In far-field, the Green tensor can be approximated by,

←→
G (Rfar, r) ≈

←→M (kaS) exp(−ikaS · r)/(4πRfar), (6)

with
←→M (kaS) defined as,

←→M (kaS)P = P − [P · kaS]kaS/k2
aS, (7)

is the projection operator onto the plane normal to kaS [26, 28] and P a generic polarization
vector. Injecting Eq. (6) in Eq. (5), one obtains the expression for the CARS far-field,

EaS(Rfar) ≈
2π2k2

aS exp(ikaSRfar)
Rfar

eaS(kaS), (8)

with
eaS(kaS) =

←→M (kaS)P̃
(3)
aS(kaS), (9)

where we have introduced the 3D Fourier transform of P(3),

F3D( f ) = f̃ (k) = 1
8π3

∫
f (r)e−ik·rdr and F−1

3D( f̃ ) =
∫

f̃ (k)eik·rdk. (10)

To simplify our analysis, we will assume hereafter that the susceptibility tensor is proportional to
the scatterer density

←→χ (3)
aS
(r) = N(r)←→χ ′(3)

aS
, (11)

with ←→χ ′(3)
aS

known. The density N(r) = Nel(r) + Nre,vib(r) + iNim,vib(r) is complex, where
Nel(r) denotes the electronic contribution giving rise to the nonresonant background. Nre,vib(r)+
iNim,vib(r) express the vibrational contribution. It should be noted that Nre,vib(r) is spatially
independent from Nim,vib(r) as soon as the nonhomogeneous sample consists of several molecular
groups of unequal Raman shifts that contribute to the overall CARS signal.
Recalling that the excitation beams are plane waves, Ep,S(r) = exp(ikp,S · r)up,S , the third

order polarization can be written as,

P(3)
aS
(r) = N(r) exp[i(2kp − kS) · r]u, (12)

where u =←→χ ′(3)
aS

upupu∗S . Using the modulation theorem and Eq. (12), the 3D Fourier transform
of the polarization verifies,

P̃(3)aS(k) = Ñ(k − 2kp + kS)u, (13)

and the far-field CARS amplitude is,

eaS(kaS) ∝ Ñ(kaS − 2kp + kS)
←→M (kaS)u. (14)

Thus, the recording of the anti-Stokes far-field amplitude at a point of the microscope pupil
plane corresponding to the observation direction kaS depends on the three-dimensional Fourier
coefficient of the scatterer density N taken at K = kaS − 2kp + kS . Now, if the non-linear
medium is homogeneous and infinite, Ñ(K) = 0 everywhere except for K = 0. In this case, the
CARS radiation occurs only in the direction kaS such that kaS = 2kp − kS . The classical phase
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matching condition is retrieved. On the contrary, when the sample is inhomogeneous, the CARS
field is emitted in all the directions,

kaS = K + 2kp − ks, (15)

for which Ñ(K) is not negligible.
In an imaging experiment, one uses the CARS radiation to retrieve the scatterer density.

The one to one relationship, Eq. (14), between the far-field CARS amplitude and the Fourier
coefficient of the scatterer density gives access to the scatterer density spectrum in a restricted
three-dimensional Fourier domain, hereafter namedW , that depends on the imaging configuration.
The domain W is built by following the extremity of the transfer vector K = kaS − 2kp + kS

when kp,S , fixed by the pump and Stokes beam, and kaS corresponding to the observation
directions, are varied. This support determines the resolution with which the scatterer density
can be reconstructed.
In an ideal widefield CARS imaging set-up, where the far-field radiation is observed from

all possible angles (using a 4π objective for example [29]), while the pump and Stokes beams
are fixed, W is a sphere of radius kaS translated by 2kp − kS . In an ideal widefield CARS
tomography, where the observation and illumination are done from all possible directions, Ω is a
ball of radius kaS + 2kp + kS . As a reminder, the Fourier support of an ideal linear tomography
experiment at the pump wavelength is a ball of radius 2kp [30]. Thus, CARS has the potential
to provide three-dimensional images with a twice better resolution than that of an ideal linear
tomography set-up, which would be about λp/8.
Yet, generally the observation and illumination directions are restricted by the microscope

configuration. In particular, the observation directions are limited by the size of the pupil of
the microscope objective. Introducing the transverse and axial components of the wavevector,
kaS = k‖ + γz where γ =

√
k2
aS
− k2
‖ and z is the unit vector along the optical axis, the pupil

imposes that k ‖ < kaSNA where NA is the numerical aperture of the objective. As a result, kaS

describes a cap of sphere of radius kaS whose projection onto the transverse (kx, ky) plane is a
disk of radius of kaSNA.

Figure 1 illustrates Eq. (15). In most experiments, the momentum transfer between the axial
components of the wavevectors is assumed to be always fulfilled so that only the transverse
components are accounted for in Eq. (15). In particular, this condition is satisfied for thin samples
(axial extension < λaS).

We conclude this section with a comment on folded box illumination configurations [11,14–17].
From Fig. 1 as well as Eq. (14), it is evident that a simultaneous illumination with two pump
(probe) beams with wavevectors kp1 and kp2 featuring different incident angles leads to mixing
terms in the far-field amplitude so that e(kaS) is now related to 2Ñ(kaS + kp1 + kp2 − kS) +
Ñ(kaS + kp1 + kp1 − kS) + Ñ(kaS + kp2 + kp2 − kS). Thus, the image will be composed
of the coherent superposition of these three band-passes which may results in artifacts if the
absolute values of sample spectrum are not sufficiently low for high spatial frequencies. We now
focus on one possible technique for retrieving the sample spectrum on a large Fourier domain,
CARS Fourier ptychography microscopy. To this aim, we first derive a comprehensive vectorial
model of the CARS images obtained in a wide-field microscope which will be the basis of the
reconstruction procedure.

3. Modeling the CARS image of a widefield microscope

We consider an imaging configuration similar to that of the previous section, see Fig. 5, in which
the sample is excited by a pump and Stokes beams that are approximated by plane waves. The
CARS radiation is recorded at the image plane of the microscope by propagating through an
objective (L1) with focal f1 and numerical aperture NA and a tube lens (L2) with focal f2 placed
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Fig. 1. Phase-matching and lens transfer: a) Linear scattering: the incident plane wave
of wave vector k′1 is scattered into direction k1 if the object contains the spatial frequency
vector K following k′1 +K = k1. The scattered wave is collected through the pupil of the
microscope if its transverse component, k‖,1 satisfies, k ‖,1 ≤ k1NA, i.e. if k1 ends on
the cap of the sphere outlined in dark blue. b) Nonlinear four-wave-mixing: the effective
incident wave vector in direction k′

aS
= kp + kp − kS for an homogeneous infinite non-

linear medium is scattered in direction kaS = k′
aS
+ K if the sample contains the spatial

frequency vector K. The scattered anti-Stokes wave is collected by the microscope objective
if k ‖,aS ≤ kaSNA. c) Classical phase-matching condition for a homogenous sample, i.e.
K = 0 under plane-wave excitation. d) Conventional representation of the transfer function
displaying the kz -projection of the Ewald’s spheres of sub-Figs. a) and b).

in a 4 f configuration (see Fig. 2). Hereafter, we denote by object space the semi-infinite medium
before the objective and by image space the semi-infinite medium after the tube lens. The optical
axis z is oriented from the object to the image space and we note r‖ = (x, y) the transverse
coordinates. For convenience, the phase origin in the object space is taken at the intersection of
the optical axis and the object focal plane while the phase origin in the image plane is taken at the
intersection of the optical axis and the image focal plane. Last, we assume that the background
medium of the image space is the same as that of the object space.

3.1. Modeling the CARS radiation in the object space

Tomodel the anti-stokes field recorded at the image plane of the microscope, one needs to evaluate
the radiated field at R in the object space comprised between the sample and the microscope
objective [12, 31, 32]. As shown in the previous section, the CARS radiation satisfies Eq. (5).
The observation point being now a few wavelength away (>λaS) from the sample it is appropriate
to use the angular spectrum representation of the Green tensor [27, 31, 33], restricted to the plane
waves propagating in the forward direction,

←→
G (R, r) ≈ i

8π2

∫
dk‖h(k‖)

←→M (kaS) exp[ikaS · (R − r)], (16)

where kaS = k‖ + γz with γ =
√

k2
as − k2

‖ and h equal to 1/γ if k ‖ < kaS and 0 elsewhere.
Introducing Eq. (16) into Eq. (5) yields, after some reordering,

EaS(R) =
ik2

aS

8π2

∫
dk‖h(k‖)

←→M (kaS) exp (ikaS · R)
∫

dr exp(−ikaS · r)P(3)aS(r). (17)

Then, the right-hand side of Eq. (17) can be rewritten as a sum of plane waves whose amplitude
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Fig. 2. Declaration of variables: r coordinates of the object; R coordinates of the far-field;
R′ coordinates of the image plane; k wavevector in the object space; k’ wavevector in the
image space; p(′), s(′) unit vectors of plane wave polarization; θS polar angle of the Stokes
beam; θp polar angle of the pump beam; φS azimuth angle of the Stokes beam; φp azimuth
angle of the pump beam; θl polar angle alteration after both lenses; f1 focal length of lens L1;
f2 focal length of lens L2; z0, z1, z2 axial sample coordinates; Z0 axial image coordinates.

are related to the 3D Fourier transform of the anti-Stokes polarization,

EaS(R) = iπk2
aS

∫
dk‖
←→M (kaS)eikaS ·Rh(k‖)P̃

(3)
aS(kaS). (18)

3.2. Modeling the CARS radiation at the image plane

We now study the field in the image space of the microscope. The plane waves forming the field
in the object space are modified by the imaging system because of the magnification M brought
by the objective and tube lens, M = − f2/ f1 [31].

1. First, the wavevectors of the plane waves forming the field in the object space are changed
from kaS to k′aS = k‖/M + γ′z with γ′ =

√
k2
aS
− k2
‖/M2.

2. Second, the vectorial amplitude of the plane wave is rotated to remain normal to the novel
direction of propagation k′aS and dimmed to ensure energy conservation. Introducing the
(s, p) basis related to kaS , s = z × kaS/kaS and p = s × kaS/kaS , when the plane wave
direction kaS is changed into k′aS , the field amplitude E = E ss + Epp is transformed into
E′ = M−1

√
γ/γ′(E ss + Epp′) where p′ = s × k′aS/kaS and the coefficient M−1

√
γ/γ′

ensures the energy conservation. To perform this rotation we introduce the tensor,
←→
Q (k′aS, kaS) which rotates vectors by an angle θl defined as sin θl = |kaS × k′aS |/k2

aS
about the axis (k × z)/|k × z|.

3. Third, some plane waves of the field in the object space are blocked by the diaphragm at
the pupil plane. h is now replaced by hNA which verifies hNA(k‖) = 1/γ for k ‖ < kaSNA
and 0 elsewhere.
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4. Fourth, our imaging system is aplanatic (the objective satisfies the Sine-Abbe condition). In
other word, the lenses have been optimized so that plane waves that interfere constructively
at a point of the object focal plane will interfere constructively at a point of the image focal
plane (See appendix A for the transition R→R’).

Under these four conditions, the field at R′ in the image plane, stemming from Eq. (18)
becomes a sum of plane waves with wavevector k′aS and amplitude proportional to P̃(3)aS(kaS),

EaS(R′) = iπ
k2
aS

M

∫
dk‖eik

′
aS ·R

′
√

γ

γ′
hNA(k‖)

←→
Q (k′aS, kaS)

←→M (kaS)P̃
(3)
aS(kaS). (19)

At the image plane, R′ = (MR‖, 0), one can write Eq. (19) in a way that facilitates its
interpretation [27]. Introducing the three dimensional pupil function,

P(k) = H(k‖)δ[kz − γ(k‖)] whereH(k‖) =
k2
aS

M

√
γ

γ′
hNA(k‖) (20)

with k = k‖ + kzz, Eq. (19) reads,

EaS(MR‖) = iπF−1
3D[P(k)

←→
Q (k′, k)←→M (k)P̃(3)aS(k)](R‖). (21)

Recalling Eq. (13) in Eq. (21), we observe that, the anti-Stokes field at the image plane of the
microscope permits to recover the sample density spectrum Ñ on a cap of sphere (of radius kaS
with transverse projection the disk of radius kaSNA) translated by 2kp − kS . We retrieve the
Fourier analysis provided in the first section, Fig. 1.

Equation (19) is convenient for linking the image field to the three-dimensional sample. Yet, to
simulate the field at the image plane on the regular square meshing of the camera pixels, it is more
interesting to rewrite the expression so as to use two-dimensional fast Fourier transforms [34].

EaS(MR‖) =
i
2

∫
dzF−1

2D

[
H(k‖)e−iγz

←→
Q (k′aS, kaS)

←→M (kaS)F2D

[
P(3)
aS
(r‖, z)

] ]
, (22)

where we have used that P̃(3)aS(k) = 1
2π

∫
e−iγzF2D

[
P(3)
aS
(r‖, z)

]
(k‖)dkz . With the definition of

the 2D Fourier transform:

F2D( f ) =
1

4π2

∫
f (r‖)e−ik‖ ·r‖dr‖ and F−1

2D(g) =
∫

g(k‖)eik‖ ·r‖dk‖ (23)

4. Inversion procedure for CARS Fourier ptychography microscopy (CARS FPM)

The link between the field at the image plane and the sample being established, we now consider
an imaging approach where the scatterer density is reconstructed from several CARS images
obtained under L different excitations with various pump and Stokes wavevectors. If the complex
field EaS is recorded at the image plane (using an interferometric set-up similar to that used in
tomographic diffraction microscopy [30,35] for example), a direct linear reconstruction of the
sample complex density can be developed easily using Eqs. (21) and (13) as in Tomographic
Diffraction Microscopy [30].

On the other hand, if only the intensity |EaS |2 is recorded at the image plane, the reconstruction
issue resembles better that of Optical Fourier PtychographyMicroscopy (FPM) where the complex
index of refraction is retrieved numerically from several intensity images of the sample obtained
under various angles of illumination in a transmission microscope [25, 36–41].
Unfortunately, the direct adaptation of the FPM inversion algorithms to CARS FPM is

impossible for one major reason. In transmission FPM, the scattered field carrying the sample
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information interferes with the specularly transmitted beam. This interference brings important
clues on the scattered field phase. In CARS FPM on the contrary, there is no reference field at
the anti-Stokes wavelength with which the emitted CARS field could interfere (in this work we
neglect the possible non-resonant radiation of the glass slide holder and assume that the sample
is floating in air). We have thus derived an original intensity-based reconstruction algorithm,
inspired from [42].
The inversion scheme is based on Eq. (22). To simplify its presentation, we restrict here

the sample to a thin slice of material at z = z0. The unknown third order susceptibility is thus

written as,
←→
χ(3)(r) ≈ N(r‖)δ(z − z0)

←→
χ(3) ′ where

←→
χ(3) ′ is known. The inversion scheme aims at

reconstructing the scatterer density N(®r‖) at the plane z = z0.
The scatterer density is estimated iteratively so as to minimize the distance between the

recorded image data Imes
l

for the l = 1, · · · , L illuminations conditions (pump or Stokes varying
incident angle) and the simulated intensity at the camera plane,

F(N) = W−1
L∑
l=1

∫
d(MR‖)

��Imes
l − |EaS,l[N]|2

��2 (24)

where W =
∑

l

∫
d(MR‖)|Imes

l
|2 and the dependence of Imes

l
and EaS,l with respect to MR‖ and

N will be made implicit. A conjugate gradient method is used to minimize the cost functional,
Eq. (24). At iteration n, N can be updated using the formula,

Nn(r‖) = Nn−1(r‖) + αeff dn(r‖) (25)

where αe f f is a real derived in appendix D and dn is the Polak-Ribière descent [43] provided by,

dn(r‖) = gn(r‖) +
∫

dr‖gn(gn − gn−1)∗∫
dr‖gn−1(gn−1)∗

dn−1 (26)

The gradient at iteration n, gn, is provided by (see appendix C for its derivation)

gn(r‖, z0) =
4i
W

∑
l

u∗l (r0) · F−1
2D

{
eiγz0H(k‖)

←→
Q (kaS, k′aS)

←→M (k′aS)F2D
[
tlEaS,l

]}
(r‖) (27)

where tn−1
l
= Imes

l
− |En−1

aS,l
|2 is the residue at the (n − 1)th iteration. The inversion scheme is

easily extended to samples that are made of J slices along the z axis by introducing {N1....NJ }
the unknown densities at each slice. At iteration n, Nj is modified using Eqs. (25) and (27) where
we recall that the field at the image plane En−1

aS,l is calculated with Eq. (22) with the estimations of
the J scatterer densities {Nj} obtained at the previous iteration.

5. Synthetic CARS Fourier ptychography

To test the reconstruction scheme, we consider the CARS FPM experiment depicted in Fig. 5 in
which the Stokes and Pump angles defined bykp,S = kp,S,[sin θp,S, cos φp,Sx+sin θp,S sin φp,Sy+
cos θp,Sz] can bemodified. To this aim, we consider two beams at λS = 1030 nm and λp = 796 nm
whose incidence angles are controlled by laser-scanning mirrors in combination with a 4 f -lens
system [2]. Before the mirrors, the polarization of the beams is fixed along the x direction. After
the mirrors, the excitation fields at the sample become [2],

Ep,S(r, φp,S, θp,S) = E0
√

np,S cos θp,S


cos2 φp,S cos θp,S + sin2 φp,S

−(1 − cos θp,S) sin φp,S cos φp,S
− sin θp,S cos φp,S


exp

[
ikp,S · r

]
.

(28)
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The CARS radiation at λaS = 649 nm corresponding to a Raman shift of 2850 cm−1 is collected
by a microscope objective of numerical aperture NA = 0.2 and magnification M = 10 after a
polarizer which detects only the x component of the field. Note that, the observation angles
being small, the x-component of the CARS field depends essentially on the x-component of the
polarization P(3). We consider two different scanning schemes, the pump (Stokes) beam is fixed
and the Stokes (pump) beam is varied. In all cases, the fixed beam is x-polarized and directed
along the optical axis. In the Stokes scanning configuration, because of the properties of the third

order susceptibility tensor
←→
χ(3) ′ the x-component of the polarization will depend only the first

coefficient χ(3)1111 as shown in appendix B. On the contrary, in the pump scanning configuration, it
will depend on χ(3)1111, χ

(3)
1221 and χ(3)1331. For computation we set χ(3)1111 = 1 while χ(3)1221 = 1/3 and

χ
(3)
1331 = 1/3.

The CARS images are simulated on 201 × 201 pixels with stepsize 500 nm at the image plane 
using Eqs. (25)–(28) and deteriorated with Poisson noise assuming a maximum mean value of 
1000 photons for the brightest pixel (which corresponds to a noise standard deviation of 3.2 %).

The sample is a 2D spoke-pattern placed at z0 = 20 µm. This kind of sample is particularly 
convenient for investigating the resolution in the transverse plane [44, 45], see Fig. 4(a) for the 
real and imaginary (Fig. 4(e)) parts of the ground truth image.

All reconstructions are launched with an initial estimate, N0 = 0.01 + i0.01 and the iterations 
are stopped after 400 iterations. The matlab inversion algorithm was run on an Intel(R) Xeon(R) 
CPU E5-1620 v4 @ 3.50 GHz. The computation time is estimated to 8 min, 18 min, 58 min for 
9, 49, 169 images, respectively. A video (Visualization 1) is provided within the supplemental 
material showing the development of the real and imaginary part of the scatterer distribution 
after each iteration. The matlab script for the computation of wide-field CARS images and the 
sample reconstruction will be provided on demand - please contact the corresponding authors.
In a first experiment, the Stokes angles are varied so that k ‖S points on a regular square grid 

with step 0.06kaS while the pump angle is kept at θp = 0◦. Figure 3 shows several synthetic 
images obtained for different illuminations. Introducing Eq. (13) in Eq. (19) shows that, for each 
illumination, the CARS image yields information on a specific portion of Ñ .  In the bottom plot, 
we display |Ñ | and indicate with blue circles the Fourier domain that is scanned when varying 
the Stokes angle according to Eq. (19) and Eq. (13). The disk of radius kaSNA corresponds to 
the region covered when varying the observation wavevector k‖ while its center is given by the 
transverse component of 2kp − kS which simplifies to − k‖S in the Stokes scanned configuration. 
The overlapping between these disks is about 75% as required in ptychography [41].

In the first experiment, only 9 images at low Stokes angles, NA = 0.26, feed the inversion 
scheme. The reconstruction displayed in Figs. 4(b) and 4(f) shows that both the real and imaginary 
part of N are recovered. In Figs. 4(c) and 4(g), 49 images are taken in the inversion scheme with 
increased Stokes angles, NA = 0.4, and yield better resolved reconstruction. Last, we improve 
further the resolution, by considering the pump scanning configuration, Figs. 4(d) and 4(h). In 
this configuration, the maximum angular excursion of the pump beam is taken similar to that of 
the Stokes scanning experiment. Yet, each disk in the Fourier plane being translated by 2k‖p , the 
accessible Fourier domain in the pump scanning technique is much larger than that of the Stokes 
configuration and corresponds to NA = 0 .7. Note that to ensure the same overlapping, 13 × 13 
images were taken in this case.

The sensitivity to noise is studied in Fig. 4 where the residue of the cost functional F is plotted 
at the end of Fig. 4 for images with 3.2 %, 10 % and 31.6 % shot noise levels. Unsurprisingly, 
the larger the number of images taken in the reconstruction, the better the robustness to noise. 
Once the complex density has been retrieved, the amplitude and phase of the wide-field CARS 
images at the camera plane can be simulated, as seen in Figs. 4(i) and 4(j). Thus, reference-less 
phase-retrieval comes as a natural byproduct of CARS FPM. This property is important as the
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Fig. 3. Simulated 25 wide-field CARS images for different illumination angles of the
Stokes beam and normal pump beam incidence. The images were calculated using Eq. (22).
Parameters - Raman shift: 2850 cm−1, λS = 1030 nm, λp = 796 nm λaS = 649 nm,
magnification: 10x, defocus: z0 = 20 µm, detection NA: 0.2. While normal incidence of the
pump beam is assumed the illumination angles of the Stokes beam are outlined within each
image (θS polar angle, φS azimuthal angle). The imaginary and real part of the ground truth
(GT) of the 2D sample is displayed in Fig. 4 a and e. Poisson noise was added assuming
that the brightest pixel on the camera collects a mean value of 1000 photons. The scale bar
equals 200 µm. The blue circles on top of the Fourier images of the anti-Stokes polarization
is intended as a guide to the eye to estimate the overlap of neighboring illuminations.
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Fig. 4. Reconstruction results: The real and imaginary part of the sample’s ground truth (GT)
are displayed in the sub-Figs. a and e, respectively. The images b and f were reconstructed
from the center 9 wide-field CARS images presented in Fig. 3. Sub-Figs. c and g display the
corresponding reconstruction results for 49 wide-field CARS images. Scanning the pump
beam the images d and h were obtained. Note that though more images were included in the
reconstruction the maximum excitation angle θp equals the maximum excitation angle in
Stokes scanned configuration in sub-Figs. c and g. The added Poisson noise assumes 1000
photons for the brightest image pixel, i.e. a standard deviation of 3.2 %. Sub-Figs. i and j
display the calculated in-focus amplitude and phase images resulting from the reconstructed
complex sample structure of sub-Figs. c and g. The natural logarithm of the residue of the
cost functional F as defined in Eq. (24) is plotted in the lower center of the Fig. as a function
of the iteration number for 49 Stokes scanned wide-field CARS images. The continuous,
dotted and dash-dotted lines account for a standard deviation of 3.2 %, 10 % and 31.6 % of
added Poisson noise, respectively. The blue and white scale bar equal 10 µm and 100 µm,
respectively.
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imaginary part of the third order susceptibility is proportional to the Raman polarization and 
follows linearly the scatterer concentration [46].

This simulated experiment shows that CARS FPM is able to recover the complex nature of N 
with improved resolution, even though it does not benefit from the interference with a reference 
field as in linear FPM. However, CARS FPM is not always successful. An important condition 
is that the images should vary significantly with the Stokes (or pump) illumination angles. In 
the Visualization 1 (supplementary information), one observes that the reconstruction starts at 
points where the intensity variation with changing illumination angle is the most pronounced. 
When the sample is made of large homogeneous regions or, conversely, of sparse in-focus single 
emitters, the images do not depend on the incident angles and we have observed (not shown) 
the reconstruction algorithm fails. The variation of the intensity with respect to the angles of 
illumination is essentially due to the interference phenomenon between the fields radiated by the 
scatterers. A gentle defocusing and low detection NA may benefit to the reconstruction scheme 
by increasing the domain over which the fields i nterfere. In addition, the intensity variations 
should be different for the real and imaginary scatterer density N = N ′ + iN ′′ for the inversion 
scheme to distinguish the two contributions. Obviously, if N ′(r) = aN ′′(r), CARS FPM will not 
be able to extract the complex value of N .
Although not universal, CARS FPM is expected to be particularly efficient for imaging thin 

tissue sections as in [9] addressing CH-stretching vibrations. Obviously, these samples do not 
suffer from sparsity. Further, the nuclei, cytoplasm and the cell walls are made of different 
densities of CH2 and CH3 groups which are currently used to generate virtual H&E images [47]. 
Apart from the ever present nonresonant background, the methylene and methyl groups display 
different amount of real and imaginary contributions for a given Raman shift so that a sufficient 
spatially varying distribution of real and imaginary scatterer density should be provided.
We finish this theoretical and numerical study with some considerations on the feasibility of 

this widefield technique and an estimation of the required laser parameters.

6. Designing the implementation of CARS FPM, study of the field of view

Fig. 5. Proposed experimental implementation:1 High power pump laser at 1029-1065 nm
(FWHM <2 nm) with a repetition rate 10 kHz - 1 MHz and a pulselength 1 ps, 2 Optical
parametric amplifier (OPA) tunable within 730 - 1010 nm (200 - 4000 cm−1), 3 laser-scanning
mirrors, 4 4 f -imaging system, 5 linear polarizer, 6 dichroic beam combiner, 7 sample and
linear polarizer as well as dielectric filters, 8 low NA 4 f -system, 9 low noise (cooled) CCD
camera.

An outline for a possible experimental configuration of CARS FPM is displayed in Fig. 5.
Here, a dual-color laser system is employed for excitation of wide-field CARS radiation. The
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radiation of the Stokes (or pump) beam is angle-scanned at the position of the sample using a
combination of laser scanning mirrors and a 4 f -imaging system, e.g. composed of 2 lenses.
Alternatively, the Stokes beam could be scanned with laser scanning mirrors and an array of
mirrors as demonstrated for linear FPM [48] to avoid aberrations introduced by the lenses.

The pump (or Stokes) beam is adapted in size, e.g. by means of a telescope, and superimposed
with the Stokes beam in time and space using a delay stage. A dielectric and a linear polarization
filter is positioned just after the sample to collect only x-polarized radiated CARS light and
to prevent the radiation of the excitation laser from entering the collection objective lens with
potential multi-color generation while interacting with the glass, e.g. by means of four-wave-
mixing or auto-fluorescence. For collecting the anti-Stokes radiation a low NA objective lens is
used in combination with a second lens to form an image at a low noise CCD camera.

The major crux of the implementation lays in the definition of the parameters of the lasers for
a given field of view (FOV). The peak power and repetition rate have to be optimized to activate
the third-order nonlinear excitation on the FOV while minimizing sample damage mechanism
as heating or multi-photon-absorption. As a reference, we consider the widefield experiment
conducted in [21]. Using a laser with repetition rate ρ = 76 MHz, pulse full width at half
maximum τ = 3 ps, λaS : 600 nm (2850 cm−1), average power Pp,(S)=150 mW, the authors were
able to image test samples up to 33 frames-per-second (fps) and biological samples up to 2 fps
with a FOV S = 20 × 20 µm2. Now, the CARS signal per unit area (SPUA) is linked to these
parameters as,

SPUA =
ηρ

λ4
aS

P2
pPS

(Sρτ)3
, (29)

the coefficient η depending on the image integration time, the quantum yield and the collection
objective. We propose to upgrade this experiment in order to image a larger FOV. We consider
a realistic Yb-fiber laser system with an optical parametric amplifier (OPA) meeting the key
parameters: ρ=10 kHz, τ=3 ps, λaS : 650 nm (2850 cm−1), Pp,(S)=1 W. To compute the expected
FOV for the second system these parameters are inserted into Eq. (29) assuming the same SPUA
and η as the reference experiment. With such a kHz ps laser system, a FOV of about 1 mm2

could possibly be achieved with the same frame rates and image quality as in the reference
experiment [21].

7. Conclusion

In conclusion, we proposed and derived a novel CARS wide field imaging scheme referred as
CARS Fourier ptychography (CARS FPM). By scanning the incident angles of the incoming
Stokes or pump beams, we show that it is possible to retrieve a wide field chemical image
featuring an improved resolution as compared to a single illumination as previously reported in
the literature. For this we have developed a full vectorial model of the wide field CARS image of
a microscope in a 4 f configuration together with a novel inversion procedure able to reconstruct
the sample density from several CARS images recorded for various excitations angles. We have
shown that CARS FPM allows the reconstruction of both real and imaginary parts of the complex
third order susceptibility, the latter being linear with the chemical concentration and giving
directly access to the Raman information. We have finally proposed a realistic experimental
scheme that would be suitable to perform CARS FPM. Possible extensions of this work could
include a 3D sample reconstruction that is possible using a modified inversion algorithm and the
reconstruction of the pupil function [40] allowing aberration-free wide field CARS images.

Appendix A - phase acquisition of planes waves passing a 4 f system

The phase acquired by the plane wave propagating from r to R′ (see Fig. 6) in paraxial
approximation is provided by :
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φ4 f =k (r1 − r) + k (u − r1) + k′ (R1 − u) + k′ (R′ − R1)
=k′R′ − kr + ku − k′u
=k′R′ − kr + 2 f1k0 + 2 f2k0︸           ︷︷           ︸

const ∀ k

(30)

where it was used that

k ≈


k‖

k0

(
1 −

k2
‖

2k0

) k′ ≈


k′‖
k0

(
1 −

k′2‖
2k0

) u =

f1k‖
k0

2 f1

 =

f2k′‖
k0

2 f2

 (31)

Thus, the phase relation between any point r1 and R′ is provided by a constant plus k′R′ − kr.
If the constant term is neglected Eq. (30) results the missing link for the transition from the far
field coordinate R to the image space coordinate R′ (see Eqs. (18) and (19)).

Fig. 6. Declaration of variables: r coordinate at the object plane; r1 coordinates of the
intersection of the object plane and the center ray (L1) with propagation direction k; R′
coordinate of the image plane; R1 coordinates of the intersection of the image plane and
the center ray (L2) with propagation direction k’; m coordinates of the intersection of the
Fourier plane and the center ray (L1) with propagation direction k.

Appendix B - analysis of the third order susceptibility tensor

In this appendix we detail some properties of←→χ (3)
aS
. In general, the nonlinear susceptibility

comprises 81 elements. For an isotropic medium only 21 elements are non-zero and they
satisfy [49]:

χ1111 = χ2222 = χ3333

χ1122 = χ1133 = χ2211 = χ2233 = χ3311 = χ3322

χ1212 = χ1313 = χ2323 = χ2121 = χ3131 = χ3232

χ1221 = χ1331 = χ2112 = χ2332 = χ3113 = χ3223

(32)

where χaS,p,P,S links the aS component of the anti-Stokes polarization to the, (p, P, S) components
of the (pump, Probe, Stokes) fields and (1, 2, 3) = (x, y, z). Thus, there are in total 4 independent
elements, which are further linked by the relation:

χ1111 = χ1122 + χ1212 + χ1221 (33)
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In the experiment, we have placed an x-oriented polarization filter in front of the detector and use
a low NA collection objective. Thus, we can assume that the image depends essentially on the x
component of the anti-Stokes polarization, which means that we do not probe the susceptibility
components that start with 2 or 3. In the Stokes scanning configuration, the pump beam impinging
on the sample is x-polarized while the Stokes polarization may exhibit (x, y, z) components. Yet,
because of the tensor property, only the χ1111 is involved in the image formation. In the pump
scanning configuration, the Stokes field is x-polarized while the polarization of the pump may
vary. In this case, χ1111, χ1221 and χ1331, are involved in the image formation. In the synthetic
experiments, we set χ1111 to 1 and χ1221 = χ1331 to 1/3.

Appendix C - derivation of the gradient g

The expression for the gradient g is derived in [42] for any intensity imaging scheme. Here,
we propose a less conceptual approach based on the variation of the cost functional when the
scatterer density N(r) is modified at r0 = (r‖0, z0). We introduce ∆N(r) = δNδ(r − r0) where
δN is complex and the variation of N . The gradient g at point r0 is defined via,

F(N + ∆N) − F(N) = Re[δNg∗(r0)] + o(δN). (34)

We first derive the expression of the field variation when N is changed to N + ∆N , using
Eq. (21), its linearity with respect to N(r) and (12):

∆EaS,l(MR‖) = EaS,l[N + ∆N](MR‖) − EaS,l[N](MR‖)

=
i
2
δN
4π2

∫
dk‖eik‖ ·(R‖−r‖0)−iγz0H(k‖)

←→
Q (k′aS, kaS)

←→M (kaS)Ul(r0). (35)

where Ul(r0) =←→χ (3)
′E2

p,l(r0)E∗S,l(r0) and we recall that kaS = k‖ +γz while k′aS = k‖/M +γ′z.
Then, we calculate the variation of the cost functional using Eq. (35),

F(N + ∆N) = W−1
∑
l

∫
d(MR‖)

��Imes
l − |EaS,l[N + ∆N]|2

��2
= W−1

∑
l

∫
d(MR‖)|Imes

l − (EaS,lE∗aS,l + 2Re(E∗aS,l∆EaS,l) + ∆EaS,l∆E∗aS,l)|
2

= F(N) − 4W−1Re
∑
l

∫
d(MR‖)

[
tlE∗aS,l · ∆EaS,l

]
+ o(δN) (36)

where tl = Imes
l
− |EaS,l[N]|2 is the residue at previous iteration and the dependence of Imes

l
,

EaS,l , ∆EaS,l with respect to MR‖ and N is implicit. Introducing Eq. (35) in Eq. (36) yields,

F(N + ∆N) − F(N) = −4W−1Re
( iδN

4π2

∑
l

∫
d(MR‖)

∫
dk‖H(k‖)eik‖ ·(R‖−r‖0)−iγz0

tlE∗aS,l(MR‖) ·
←→
Q (k′aS, kaS)

←→M (kaS)Ul(r0)
)
+ o(δN) (37)

which yields, after reordering the integrals and conjugating the expression,

F(N + ∆N) − F(N) = −4W−1Re
(
δN∗

∑
l

∫
dk‖eik‖ ·r‖0 eiγz0H(k‖)

←→
Q (k′aS, kaS)

←→M (kaS)U∗l (r0) ·
−i

4π2

∫
d(MR‖)e−ik‖ ·R‖ tlEaS,l

)∗
= 4W−1Re

(
iδN∗

∑
l

U∗l (r0) · F−1
2D

{
eiγz0H(k‖)

←→
Q (kaS, k′aS)

←→M (k′aS)F2D[tlEaS,l]
} )∗
(38)
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where we have used the property v · ←→Q (k′aS, kaS)
←→M (kaS)U = U · ←→Q (kaS, k′aS)

←→M (k′aS)v and
←→
Q←→M as well asH and tl are real. Comparing Eq. (34) and Eq. (38), one obtains the gradient,

g(r0) =
4i
W

∑
l

U∗l (r0) · F−1
2D

{
eiγz0H(k‖)

←→
Q (kaS, k′aS)

←→M (k′aS)F2D
[
tlEaS,l

]}
(r0) (39)

Appendix D - derivation of the scaling factor α

Once the search direction is established, the scaling factor α has to be optimized. We start from
Eq. (34),

F(N + ∆N) = W−1
∑
l

∫ ���tl − 2Re(E∗aS,l · ∆EaS,l) − ∆EaS,l · ∆E∗aS,l
���2 d(MR‖). (40)

We introduce the polynomial coefficients,

P00
l =

∫
|tl |2 d(MR‖)

P11
l =

∫ ���2Re(E∗aS,l · ∆EaS,l)
���2 d(MR‖)

P22
l =

∫ ���∆EaS,l · ∆E∗aS,l
���2 d(MR‖)

P01
l =

∫
tl2Re(E∗aS,l · ∆EaS,l)d(MR‖)

P02
l =

∫
tl∆EaS,l · ∆E∗aS,ld(MR‖)

P12
l =

∫
2Re(E∗aS,l · ∆EaS,l)∆EaS,l · ∆E∗aS,ld(MR‖)

(41)

At the n-th iteration, the scatterer density is modified by ∆Nn = αngn so that Eq. (40) becomes,

F(αn) ≈ W−1
∑
l

(
P00
l + α

2
nP11

l + α
4
nP22

l − 2αnP01
l − 2α2

nP02
l + 2α3

nP12
l

)
(42)

Then, αn is determined so as to minimize the polynomial F(αn). It was found that the speed of
reconstruction can be improved by multiplying αn with a factor l to yield αeff = lαn. After each
iteration l is reduced or increased in dependence whether Fn−1/Fn − 1 is larger or smaller than
4%.
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