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HYPERBOLICITY OF BASES OF LOG CALABI-YAU FAMILIES

YA DENG

ABSTRACT. We prove that for any maximally varying, log smooth family of Calabi-Yau klt
pairs, its quasi-projective base is both of log general type, and pseudo Kobayashi hyperbolic.
Moreover, such a base is Brody hyperbolic if the family is effectively parametrized.
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0. INTRODUCTION

0.1. Set-up. Following [Kob05], a complex space X is pseudo Kobayashi hyperbolic, if X is
hyperbolic modulo a proper Zariski closed subset A C X, that is, the Kobayashi pseudo
distance dx : X X X — [0, +oo[ of X satisfies that dx(p,q) > 0 for every pair of distinct
points p, g € X not both contained in A. In particular, any non-constant holomorphic map
y : C = X has image y(C) ¢ A. When such A is an empty set, this definition reduces to
the usual definition of Kobayashi hyperbolicity, and the Kobayashi pseudo distance dy is a
distance. A Kobayashi hyperbolic complex manifold X is Brody hyperbolic, that is, there are
no non-constant holomorphic maps f : C — X.

Let X° and Y° be complex quasi-projective manifolds, and let D° = 3%, a;D; be a
Kawamata log terminal (klt for short) Q-divisor on X° with simple normal crossing sup-
port. The morphism f° : (X°, D°) — Y° is a log smooth family if f° : X° — Y° is a smooth
projective morphism with connected fibers, and D° is relatively normal crossing over Y°,
namely each stratum D} N --- N D; of D° is dominant onto and smooth over Y° under
f°. Such log smooth family is of maximal variation if the logarithmic Kodaira-Spencer map
p : Tye = R'f2(Txe y-(—log D°)) is generically injective. Here p is defined to be the edge
morphism of Rf; for the short exact sequence

e
0 = Tyeye(~log D°) — Txe(~log D°) L () Ty — o0.

0.2. Main results. The goal of this paper is to prove the hyperbolicity for bases of log
smooth families of Calabi-Yau pairs with maximal variation.
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2 YA DENG

Theorem A. Let f° : (X°,D°) — Y° be a log smooth family over a quasi-projective manifold
Y°. Assume that the family is of maximal variation, each fiber (Xy, Dy) := (f°)"'(y) is a kit
pair, and ny + Dy =g 0. Then the base Y°

(i) isof log general type, and
(ii) is pseudo Kobayashi hyperbolic.

Theorem A.(i) is often referred to Viehweg hyperbolicity in the literature. Although The-
orem A.(i) and Theorem A.(ii) are conjecturally to be equivalent by the tantalizing Lang’s
conjecture [Lan91, Chapter VIII. Conjecture 1.4], we cannot conclude one from the other
directly at the present time. Theorem A can be seen as some sort of Shafarevich hyperbolicity
conjecture for log smooth families of Calabi-Yau pairs. As first formulated by Viehweg and
Kovacs, Shafarevich’s conjecture for higher dimensional fibers and parametrizing spaces
states that a family of canonically polarized manifolds of maximal variation has as its base
a variety of log general type. The Shafarevich hyperbolicity conjecture as well as its gen-
eralized formulations drew a lot of attention for a long time, and much progress has been
achieved during the last two decades. We refer the reader to the survey [Keb13, CKT16] for
more details, including references to earlier results that are not mentioned here for lack of
space.

The log smooth family f° : (X°,D°) — Y° is effectively parametrized if the logarithmic
Kodaira-Spencer map

Tyo,y e I‘I1 (Xy, Txy(— log Dy))

is injective for any y € Y°, where (X;, D,) := (f°)"'(y) is the fiber. As a consequence of
Theorem A, one has the following

Theorem B. In the setting of Theorem A, assume additionally that the log smooth family
f°:(X°,D°) — Y° is effectively parametrized, then

(i) the base Y° is Brody hyperbolic, and
(ii) every irreducible subvariety of Y° is of log general type.

According to another conjecture of Lang [Lan86, Conjecture 5.6], Theorem B.(ii) and The-
orem B.(i) are also expected to be equivalent. It is quite natural to ask whether the base Y*
in Theorem B is Kobayashi hyperbolic, which we cannot prove at this moment. However,
let us mention that we know the Kobayashi hyperbolicity for the bases of effectively para-
metrized smooth families of projective manifolds with big and nef canonical bundle by our
work [DA19, Theorem C].

The proofs of Theorems A and B are discussed in § 3.2.

0.3. Outline of the proof. Based on the work by Campana-Paun [CP19] and the au-
thor [DA19], the proof of Theorem A is reduced to the construction of certain negatively
twisted Higgs bundles (which is called Viehweg-Zuo Higgs bundles in Definition 3.1) over
the base Y° (see Theorem 3.2). Indeed, once the Viehweg-Zuo (VZ for short) Higgs bundle
on the base is established, Theorem A.(i) follows from the celebrated theorem of Campana-
Paun [CP19] on the vast generalization of generic semipositivity result of Miyaoka; and
Theorem A.(ii) can be deduced from [DA19, Theorem F and Theorem 2.12] on the construc-
tion of a generically non-degenerate smooth Finsler metric over the base (up to a birational
model) with holomorphic sectional curvature bounded above by a negative constant.

Let us briefly explain the construction of VZ Higgs bundles over the base space Y° in The-
orem A. The starting point is the strong positivity of direct images of log Calabi-Yau families
by Ambro [Amb05] and Cao-Guenancia-Paun [CGP17] (see Theorem 1.6 below). Based on
this theorem, we apply Abramovich’s Q-mild reduction for semilog canonical (slc for short)
families (see Theorem 1.5) as in [DA19], to find a smooth projective compactification of Y°
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so that after replacing the original family by Viehweg’s fiber product, one gains enough
positivity for the relative dualizing sheaves. This enables us to perform Viehweg’s cyclic
cover technique. To construct the desired negatively twisted Higgs bundles, we mainly fol-
low the general strategy by Viehweg-Zuo [VZ02,VZ03] to extend their Hodge theoretical
methods to the logarithmic setting. However, different Higgs bundles defined in the proof
of Theorem 3.2 are related in a more direct manner inspired by the recent work of Popa-
Schnell [PS17] on the alternative construction via tautological sections of cyclic coverings.
Our work is also influenced by the work [PTW18]. Indeed, we have to perform some “a pri-
ori” birational modification of the base so that certain desingularization of the cyclic cover
is smooth over an open set of the base whose complement is an simple normal crossing
divisor, by applying an important technique in [PTW18, Proposition 4.4].

Convention. Throughout this paper we will work over complex number field C. An al-
gebraic fiber space f : X — Y is a surjective projective morphism with connected fibers
between smooth projective manifolds. SNC is the abbreviation for simple normal crossing.
For a normal crossing divisor D on a complex manifold X, we write Qx(log D) instead of
Qx(log Dyeq) for simplicity.

1. PRELIMINARY

For the reader’s convenience, we recall some notions and definitions in [AT16, KP17]
which are frequently used in this paper.

Definition 1.1. A pair (X, D) consists of an equidimensional demi-normal variety X and
an effective Q-divisor D = }}", a;D; on X, such that the Q-divisor Kx + D is Q-Cartier on
X. A pair (X, D) is log smooth if X is smooth, and D has SNC support.

The slc pair is an extension of the pair with log canonical singularities to non-normal
varieties.

Definition 1.2 (slc pair). An slc pair (X, D) consists of a reduced variety X and a Weil

R-divisor D = ;" | a;D; on X with Kx + D a Q-Cartier divisor so that

(i) The variety X satisfies Serre’s condition 52,

(i) X is Gorenstein in codimension 1, and

(iii) if v : X — X is the normalization, then the pair (X", X", ;v '(D;) + D) is log
canonical, where D" denotes the preimage of the double locus on D.

The slc family arises naturally in the moduli theory of higher dimensional varieties.

Definition 1.3 (slc family). An slc family over a normal variety consists of a pair (X, D)
and a flat proper surjective morphism f : (X, D) — Y such that

(i) each fiber (Xy, Dy) := f~!(y) is an slc pair.
(ii) The m-th reflexive power a)g(”;]y(D) := Ox(mKx,y + mD) is flat for any m € N.
(iii) The family f : (X, D) — Y satisfies the Kollar condition, that is, for any m € N, the

flexi [m]
Irerlexive power w

b /Y(D) commutes with arbitrary base change.

It is easy to see that a log smooth family f° : (X°,D°) — Y° on a quasi-projective
manifold is an slc family.

Notation 1.4. For a log smooth family f° : (X°,D°) — Y°, let X" := X° Xyo - -+ Xyo X°
be the r-fold fiber product of f° : X° — Y°, and D" := }7_, pr;D°, where pr; : X*" — X°
denotes the projection to the j-th factor. The induced morphism f° : (X°",D°") — Y°is
also a log smooth family, which we say r-fold fiber product of f° : (X°,D°) — Y°.
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The following Q-mild reduction by Abramovich [DA19, Corollary A.2] is applied to find
a “good” compactification of the log smooth family f° : (X°,D°) — Y° in Theorem A.

Theorem 1.5 (Q-mild reduction, Abramovich). Let f° : (X°,D°) — Y° be a log smooth
family with Y° a quasi-projective manifold. Assume that (X°,D°) is a klt pair. Then for any
given finite subset S C Y°, there exist

(i) a smooth projective compactification Y° C Y with B :=Y \ Y° an SNC divisor,

(ii) an SNC divisor T C Y containing B and disjoint from S,

(iii) a finite morphism W — Y unramified outside T with W a smooth projective manifold,
and

(iv) an slc family g : (Xw, Dw) — W extending the given log smooth family (X°, D°) Xy W.

While the Q-mild reduction is only stated for the compact setting (D° = @) in [DA19,
Corollary A.2], the proof can be repeated here verbatim, and let us explain it briefly.

Sketch of the proof of Theorem 1.5. In the same spirit as [DA19, Theorem A.1], one first ap-
plies the work of [DR18, Theorem 1.5] on moduli of Alexeev stable maps of slc pairs, to
compatifity the slc family f° : (X°,D°) — Y° in Theorem 1.5 into a projective morphism
f:(X,D)— Y. Here X and Y are Deligne-Mumford stacks with projective coarse moduli
spaces, and O is a Q-divisor on X, such that the fibers of f are slc pairs. The rest of the
proof is the destackification of f, which completely follows from [DA19, Proof of Corollary
1.2]. O

The following result on the strong positivity of direct images can be thought as a logar-
ithmic extension of Viehweg’s Q,, n,-conjecture [Vie83, p. 330-331].

Theorem 1.6 (Amb05], [CGP17, Corollary D]). In the setting of Theorem A, let f : (X, D) —
Y be any projective compactification of f° : (X°, D°) — Y°, so that (X, D) is a smooth klt pair,
and Y is smooth. Then f.(mKx;y + mD)** is a big line bundle for m sufficiently large and
divisible. m]

2. POSITIVITY OF DIRECT IMAGE SHEAVES

We will replace the log smooth family f° : (X°,D°) — Y° by its r-fold fiber product
which is still log smooth over Y°, so that its projective compactification possesses the strong
positivity for direct image sheaves.

Theorem 2.1. For the log Calabi-Yau family f° : (X°,D°) — Y° in Theorem A, there exist a
smooth projective compactification Y D Y°, a smooth kit pair (X,D = }", a;D;), an ample
line bundle A on Y, and an algebraic fiber space f : X — Y so that

(i) each irreducible component D; of D is dominant onto Y under f;

(ii) the restriction (X, D)|f-1(yey — Y° is the r-fold fiber product of f° : (X°,D°) — Y°. In
particular, f : (X, D) — Y islog smooth over Y°;

(iii) the complement B := Y \ Y° is an SNC divisor, and A := f*B has SNC support, and

(iv) thelinearsystem |mKx ,y+mD—mf*A| is non-empty for m sufficiently large and divisible.

Proof. By the Q-mild reduction in Theorem 1.5, we can take a projective compactification
Y O Y° with B := Y \ Y° simple normal crossing, and a finite morphism 7 : W — Y so that
the log smooth family (X°, D°) Xy W — W, extends to an slc family g : (Z,Dz) — W:

(X°,D°)xy W —— (Z,Dy)

(2.0.1) l lg

wWee——— W
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Here W° := r71(Y°). We denote by Z" := Z Xyy - - - Xy Z the r-th fiber product of Z — W,
and set pr; : Z" — Z to be the projection to the j-th factor. Write D), := Jr-:l pr;.‘DZ. As
is well-known (see e.g. [BHPS13, Proposition 2.12] or [AT16, Proposition 4.5]), this fiber
product family g" : (2", D’,) — W is still an slc family.

(mDy) is invertible, g*(a)[m] (mDy))

Claim 2.2. For some sufficiently large and divisible m, " Ziw

Z/W
is a big line bundle, and for anyr € Z-,, one has

(2.0.2) (9" (@), (DY) = g (@), (mD2)) .

Proof of Claim 2.2. By [AT16, Proposition 4.4], (Z, D7) is a log canonical pair, and in partic-
ular Kz + Dy is Q-Cartier. Moreover, it was proved in [WW 18, Proposition 4.1] that (Z, D)
is even klt. Take a log resolution y : Z — Z of (Z, Dz) with

(2.0.3) y"(Kz +Dz) = K; + Dz — E,

where D and E are both effective Q-divisors, such that (DZ + E)red is 31mple normal cross-
ing, E is exceptional and the coefficients of irreducible components of D are all in (0, 1).
Set Z° := (g o p)"'(W°), and DS, = Z°nN Dy. Then (Z°,D >) — W? is isomorphic to
(X°,D°) Xy W — W°. Set 7° := 1y-. Then the logarithmic Kodaira—Spencer map associ-
ated to (£°, D},) — W® is equal to

§ Te <5 (1) Tye 5 (&) R £2 (T (- log D°))
where p : Ty = R' £ (Txe jy=(—log D°)) is the logarithmic Kodaira-Spencer map of (X°, D°) —
Y°, which is generically injective by the assumption. Since 7 : W — Y is finite to one,
p’ is also generically injective. By Theorem 1.6, for m > 0 large and divisible enough,
§«(mKy y, + mDz)** is a big line bundle. On the other hand, by (2.0.3) one has

Gu(mK y + mDz) = g.(mKzw + mDy),

which is a reflexive sheaf of rank 1, and thus invertible. Therefore, g.(mKz,w + mDz) is a
big line bundle as well.
Finally, note that if m(Kzw + Dz) is Cartier, then using Definition 1.3 the line bundle

O7(m(Kz)w + Dz)) = a)[Z";{/V(mDZ) is compatible with base-change, and thus

o™ (mD}) = (pr,)* o™ (mDy)® --- @ (pr,) ") (mDy).

Wz Iw zZ/w Z/W
(2.0.2) then follows from the projection formula. ]
By the above claim, g, (w Z/W(mDZ)) v*(Ow(—2mA—mB)) is effective for some r > 0.
Combining (2.0.2), there is a morphism
(2.0.4) T A" = (¢ (0 Z,/W(mD )) ® T (Ow(—mA — mB))

which is generically isomorphic. To keep notation as simple as possible, we replace (X°, D°) —
Y® by its r-folded fiber product (X°", D°") — Y°, which is still a log smooth family. Then
(Z,Dz) — W is replaced by its r-folded fiber product (2", D’,) — W so that (2.0.1) still
holds. Hence (2.0.4) is renamed as

(2.0.5) A" — g*( (mDZ)) ® *(Ow(-mA — mB))

Dz w
which is generically isomorphic. Pushing forward (2.0.4) by 7., by the projection formula
(2.0.5) induces a morphism

(2.0.6) A" @ 1.0w — 1.9 (0 Z/W(mDZ)) ® Oy(—-mA — mB)
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which is also generically isomorphic. For m > 0 sufficiently large such that A™ ® 7,0y is
generated by global sections everywhere, (2.0.6) shows that 7.g. (w[Z%V(mDZ)) ® Oy(-mA—
mB) is generated by global sections at general points of Y.

Take a smooth projective compactification X D X°, and define D to be the closure of
D° in X. After passing to a blow-up of X with the center in X \ X°, we can assume that
f°:(X°,D°) — Y° can be compactified into is a surjective morphism f : (X,D) —» Y

(X°,D°) — (X,D)

(2.0.7) lfo lf

Yo e— Y
so that f*B + D has SNC support. In particular, (X, D) is a log smooth kit pair, which is
log smooth over Y°. Set Z; := X Xy W, and Z;, denotes to be its normalization. Since Z; is

birational to Z, one can take a log resolution 7 — Z of (Z,Dy), so that it also resolves the
birational map Z --» Z,, and g*(W \ W°) is normal crossing.

¢

/h/\ p

X < 7, L =7

(2.0.8) lf “ l lg
w

Z
lg
Y ¢ F— W &= w

Since 7 : W — Y is flat, by [Vie83, Proof of Lemma 3.3] or [Mor87, (4.10)], Z; is irreducible

s -~ m m ..
Gorenstein, h*wx/y = wz,/w and v*a)Z/W C Wy By flat base change and the projection

\

7
N
7

formula, one has
g*(ﬁz(mKZ jw +m(D + f*B))) < (g1):( 1y ® K" Ox(mD + mf*B))
= (g1)« (h*(a))'?/y ® Ox(mD + mf*B))) 5 " fu(Ox(mKxy + mD + mf*B)),

which is an isomorphism over W°. Note that g~ }(W®) ~ X, Xy W for u : g {(W°) — Z is
an isomorphism, and thus ¢*(D + f*B) — Dy is supported on §*(W \ W®). Since Dy is Kt,
and ¢* f*B = G*1*B > §*(W \ W°), ¢*(D+ f*B)— Dy is thus effective. One has the following
morphism

9+(Oz(mKzw + mDz)) = é*(ﬁz(sz”/w + mﬁz)) -
Go(O3(mKpy +mg"(D + £°B))) = " fo(Ox(mKx )y +mD + mf"B))
which is an isomorphic over W° = r7!(Y°). Hence the morphism
(2.0.9) T+ s (a)[Z"/’{/V(mDZ)) — 1,7* f.(Ox(mKx )y + mD + mf*B))
= f.(Ox(mKx;y + mD + mf*B)) ® t.0y.

is isomorphic over Y°. The (surjective) trace map 7.0y — Oy as well as (2.0.9) induces a
generically surjective morphism

(2.0.10) ¥ :7,g, (m[z”;]w(mpz)) ® Oy(-mA —mB) — f.(Ox(mKxy + mD)) ® Oy(-mA).

We denoted by
(2.0.11)

O : HO(Z, Oz(mKzw + mDz — g't*(mA + mB))) — H° (X, Ox(mKx )y + mD — mf*A))
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the injective C-linear map induced by ¥, which indeed does not depend on the choice of
the intermediate birational model Z of Z in (2.0.8). Recall that for m > 0, the left hand side
of (2.0.11) is non-empty. Hence the linear system |mKy,y + mD — mf*A| is non-empty.

O

As we mentioned in the end of § 0, since we require the discriminant locus of the the
new family obtained by the desingularization of certain cyclic cover to be simple normal
crossing, we need some sort of “base change property” of direct images. The following
proposition follows the ideas in [PTW 18, Proposition 4.4], and it can be seen as the log
version of [DA19, Theorem 1.24].

Proposition 2.3. Let f : (X, D) — Y be the surjective morphism in Theorem 2.1, which is log
smooth over Y°. Then there exists a birational morphismp : Y — Y from a projective manifold
Y, a new birational model f : (X,D) —» Y

(X,D) —3 (X.D)

i I

Y % Y
where (X, D) is a log smooth kit pair, and a Zariski open set V. C Y° so that one has the
following:
(1) every irreducible component of D is dominant onto Y ;
(2) the morphism V= p (V) L Visan isomorphism;
(3) the complement T :=Y \ V is an SNC divisor;
(4) the restriction (X, D)y-1(ye) — u1(Y°) is isomorphic to (X°,D°) Xy Y. In particular,

(]Srf*l(f/) : (X~, D) ) — (X, D) f-1(v) is an isomorphism;

(5) the divisor f*(T) + D has SNC support, and
(6) there exists a divisorT' € |mK /Y+mD+mE mu*A “(T) form suﬁ‘icient{y
large and divisible, where A is an ample line bundle on Y, and E is an effective and f-
exceptional divisor with f (E) C T. Moreover, I contains one irreducible component P with
multiplicity one, and T > f (B), where B := = 1Y\ Y°).

Proof. By Theorem 2.1 one can pick a o € H(Z, mKz;w + mDz — g*t*(2mA + mB)) so that
s := ®(0) € H°(X, Ox(mKxy + mD — 2mf*A)) is non-zero, where ® is defined in (2.0.11).
Let U C Y° be the Zariski open set so that the zero divisor of s is supported on f~1(Y \ U).
Take a birational morphism y : Y — Y so that U := y~}(U) 5 Uisan isomorphism, and

= Y \ U is an SNC divisor. Write Y° := p~(Y°), B := Y\ Y°, and B = Y \ Y°. Let
(X Xy Y) be the normalization of main component of fiber product X xy Y domlnatlng Y,
and let X — (X Xy Y)™ be a blow-up so that f B + ¢*D has SNC support. Set D to be the
strict transform of D under g[) and (1) is satisfied. Hence (X D) is also a log smooth klt pair,
which is log smooth over Y°. Write X° := f 1(Y°), and D° := D N X°. One can easily see
that (4) is satisfied automatically, and X° N f *(S) is SNC.

Let 7 : W — Y be the surjective finite morphism in the proof of Theorem 2.1 so that
there is an slc family (Z, D) — W extends the log smooth famlly (X °,D°) Xy W — W, as
in (2.0.1). Take a desingularization W — W Xy Y, and 7 : W — Y is a generically finite
to one surjective morphism, which is finite over V. Hence we can leave out a codimension
at least two closed subvariety on Y \ V so that 7 is finite (and thus flat). Set (Z, f)Z) =
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(Z,Dyz) Xw w i W, which is also an slc family, and extends (X' °, bo) Xy w
(X°,D°) xy W —— (Z,Dy)
(2.0.12) \L ig
Wee— 5 W
where W° := #71(Y°). By the base change property in Definition 1.3, one has
5*c e H° (Z, ﬁZ(mKZ/W + mﬁZ —(ro0do0g)(2mA+ mB)))
where § : W — W. Since W'B > B,and 706 = u o7, then §*¢ induces a section
5eH° (Z, ﬁZ(mKZ/W +mDy; — 2mg* " (u*A) - mg*%*B))

which is isomorphic to itself when restricted to 7~1(U). Being similar to the C-linear map
® defined in (2.0.11), ¢ gives rise to a section

§ € HO(X, 05 ((mKg 5 + mD) @ frua™™")),

which is isomorphic to s when restricted on U =~ U. Note that § is only defined over a big
open set of Y for we leave out a codimension at least two subvariety containedin T = Y\ U.
It therefore gives rise to the zero divisor

Iy € [mKy )y + mD + mE — 2mf*u*A

where E is an effective and f -exceptional divisor with f (E) C S. Note that T} is supported
on f'l(S) for the zero divisor of s is supported on f~1(Y \ U).

Now we take a general smooth hypersurface H € |mp*A| so that HNU # @and T := H+S
has SNC support. Then for V := Y\ T and V := p(V), onehas V =y '(V)and p: V > V
is an 1somorphlsm Hence (2) and (3) are satisfied. Blowing up a bit more with centers in

Supp( f B), one can assume that f T + D has SNC support and (5) is satisfied. Set
r:=1 +fH€ |mK)~</?+mD+mE—mfyA|.

By this construction, I is supported on f ~(T). Since f : X — Y is smooth over Y° o U,
I = f"Hp is smooth, and thus T contains one irreducible component P with multiplicity

one, where P is the closure of f *H 0 in X. To show the last statement, one might assume
that A — B is also ample. Then we replace I' by

T+mf*y'B:=Ty+ fHe ImKy 3 + mD + mE — mf*y*(A—B)|

and the claim follows from the fact f WB > f *B. O

3. CONSTRUCTION OF VIEHWEG-ZUO HIGGS BUNDLES

3.1. Definition of Viehweg-Zuo Higgs bundles. Following Hitchin and Simpson, a log-
arithmic Higgs bundle (resp. sheaf) over a log pair (Y, B) consists of a vector bundle (resp.
torsion free sheaf) & and a morphism 6 : & — & ® Qy(log B) so that § A 0 = 0. This section
is devoted to the construction of certain negatively curved Higgs bundles on the base in
Theorem A. This type of Higgs bundles, first introduced by Viehweg-Zuo [VZ02,VZ03] and
later developed by Popa-Taji-Wu [PTW18], has proven to be a powerful tool in studying
the hyperbolicity of moduli spaces. Let us give the definition in an abstract way, follow-
ing [DA19, Definition 2.1].
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Definition 3.1 (Abstract Viehweg-Zuo Higgs bundles). Let Y° be a quasi-projective mani-
fold, and let Y D Y° be a projective compactification of Y° with the boundary B := Y \ Y°
simple normal crossing. A Viehweg-Zuo Higgs bundle on Y* is a logarithmic Higgs bundle
(&,0)onY consisting of the following data:

(i) an SNC divisor T on Y so that T > B,

(ii) a big and nef line bundle % over Y with the augmented base locus B.(#) c T,

(iii) alogarithmic Higgs bundle (&, 6) := ( @;:0 E"94, @2:0 On—q,q) induced by the grad-
ing of Deligne extension of a Z-variation of polarized Hodge structure defined over
Y \ T with eigenvalues of residues lying in [0, 1) N Q, and

(iv) a sub-Higgs sheaf (#,n) c (&,0)

so that one has the following:

1) (&,0) == (# ' ®&,1®0). Inparticular, 6 : & — & ® Qy(logT), and 0 A 6 = 0.

(2) (#,n) has log poles only on the boundary B, thatis, n : # — .7 ® Qy(log B).

(3) Write & := 7' ® E"**_ and denote by .% := & N.%. Then the first stage %, of 7 is

an effective line bundle. In other words, there exists a non-trivial morphism Oy — .%,.

Let us recall that, the augmented base locus of a big line bundle L on a projective manifold
Y, denoted by B, (L), is defined to be

B.(L) := ﬁ B(mL — A),

where A is any ample line bundle on Y, and B(e) is the stable base locus for a line bundle.

3.2. Hyperbolicity via VZ Higgs bundles. We are able to state our main result in this
section.

Theorem 3.2. Forthe log smooth family (X°, D°) — Y° in Theorem A, after replacing Y° by a
birational model, there exists a VZ Higgs bundle over some smooth projective compactification
Yove

Let us first show how the above theorem implies Theorem A.

Proof of Theorem A. Once the VZ Higgs bundle is constructed, the proof of Theorem A.(i)
should be well-known to the experts, and we briefly recall the proof for completeness sake.
The first step is the construction of Viehweg-Zuo (big) sheaf, which is due to Viehweg-Zuo

in [VZ02]. Since ( @220 Fqs @220 I]q) is a sub-Higgs sheaf of (é~a, é), as initiated in [VZ02],
for any ¢ = 1,...,n, the morphism 7 : # — Z ® X)?Qy(log B) defined by iterating
n: 7 — .F ® Qy(log B) g-times induces

(3.2.1) Fo — 748 (X)' Qy(log B).

(3.2.1) factors through .7, ® S9Qy(log B) by n A n = 0. Recall that .7, is effective, one thus
has a morphism

(3.2.2) Oy — Fy — ﬁq X Squ(log B).

We denote by N, and K, the kernels of n, : #; — F441 ® Qy(log B) and 0,,_g4 : Ep—gq —
Ep_gr1.4+1 ® Qy(log T) respectively, which are both torsion free sheaves. Then N, = Z
Ky) N Z,. By the work of Zuo [Zuo00] (see also [PW16, Bru17, FF17, Brul8] for various
generalizations) on the negativity of kernels of Kodaira-Spencer maps of Hodge bundles,
K is weakly positive in the sense of Viehweg', cf. [VZ02, Lemma 4.4.(v)]. Hence there exists

By [Bru17], one can even prove that the Hodge metric induces a semi-negatively curved singular hermitian
metric for K in the sense of Raufi [Rau15] and Paun-Takayama [PT18] (cf. also [HPS16]).
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a morphism
BK, —> N,
q q

which is generically surjective. Let k € Z=, the minimal non-negative integer so that n* # 0
and 7**! = 0. As proved in [VZ02, Corollary 4.5], k must be positive. Indeed, if this is not
the case, one has Oy c K, ® #~!, which is not possible. Hence there exists a non-trivial
morphism

Oy — Fy — N ® S¥Qy(log B).

In other words, there exists a non-trivial morphism
(3.2.3) % ® K — Ni — SkQy(log B).

Since # is big and nef, Z ® K| is big in the sense of Viehweg [VZ02, Definition 1.1.(c)], and

thus for any ample line bundle ./ on Y there exists & > 0 so that S%(# ® K}) ® &/ ' is
generated by global sections over a Zariski open set. By (3.2.3) there is a non-zero morphism

o — $**Qy(log B).

Such & is called the Viehweg-Zuo big sheaf in literatures.

Once the Viehweg-Zuo sheaf .o/ is constructed, it follows from [CP15, Theorem 4.1] that
Ky + B is big. Theorem A.(i) is thus proved.

The proof of Theorem A.(ii) is exactly the same as [DA19, Proof of Theorem A]. In [DA19,
§2] we establish an algorithm to construct a Finsler metric whose holomorphic sectional
curvature is bounded above by a negative constant via VZ Higgs bundles. By proving some
sort of infinitesimal generic Torelli theorem (ct. [DA19, Theorem F]) for VZ Higgs bundles,
in [DA19, Theorem B] we show that this Finsler metric is generically non-degenerate. The
pseudo Kobayashi hyperbolicity of Y° follows from a bimeromorphic criteria in [DA19,
Lemma 2.10]. O

Remark 3.3. Let us mention that although the Lang conjecture [Lan91, Chapter VIII. Con-
jecture 1.4] on the equivalence between pseudo Kobayashi hyperbolicity and being of log
general type is quite open at the present time, we know that it holds for Hilbert modular
varieties by [Roul6, CRT17] and subvarities of Abelian varieties [Yam19].

We show how Theorem A implies Theorem B, whose proof is quite standard.

Proof of Theorem B. We first prove (ii). Pick any positively dimensional irreducible closed
subvariety Z C Y°. We take a desingularization 7 — Z, which is positively dimensional,
connected quasi-projective manifold. Define a base change f; : (X°, D°) xy- Z — Z, which
is also a log smooth family of Calabi-Yau klt pairs. Since the logarithmic Kodaira-Spencer
map is functorial under the base change, by the assumption of effective parametrization for
f°, the logarithmic Kodaira-Spencer map of f; is generically injective. Hence Z is of log
general type by Theorem A.(i), and (i) is proved.

We will prove (i) by contradiction. Suppose that there exists a non-constant holomorphic
map y : C — Y°. Set Z to be the Zariski closure of the image y(C), and take a desingu-
larization Z — Z, which is positively dimensional, connected quasi-projective manifold.
Then y : C — Z lifts to a Zariski dense entire curve j : C — Z. By the above arguments,
Z can be realized as the base of a log smooth family of Calabi-Yau kit pairs with maximal
variation. This is a contradiction, since by Theorem A.(ii), 7 cannot have any Zariski dense
entire curve. mi
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3.3. Construction of VZ Higgs bundles. In this subsection we construct the VZ Higgs
bundles on some birational modification of the base Y° in Theorem A.

Proof of Theorem 3.2. We first apply Proposition 2.3 to make the following set-up. Changing
the smooth birational model, we may replace Y° by Y° := y~1(Y°) in Proposition 2.3, and
by abuse of notation we rename Y° as Y°. There exist a smooth projective compactification
Y D Y°, alog smooth kit pair (X, D) and a surjective morphism f : (X, D) — Y which is
log smooth over Y°. Set n to be the relative dimension of X — Y. For m sufficiently large
and divisible one can find an effective divisor

I' € [mKx)y + mD+ mE - mf"A

which is supported on f~(T), contains one irreducible component with multiplicity one
andT > A := f*B by (6). Here T is an SNC divisor on Y containing B := Y \ Y° by (3), E
is an effective and exceptional divisor with f(E) C T, and the line bundles A and A — B on
Y are both big and nef with the augmented base locus B.(A) = B,(A—B) € B. T + D has
SNC support by (5), and each irreducible component of D dominates onto Y by (1).

Set

(3.3.1) H:=T +m[D] —mD € [mKx/y + m[D] + mE — mf"A|

which has SNC support, and contains an irreducible component with multiplicity one. Let

Zcyc be the cyclic cover of X obtained by taking the m-th roots along H, and let Z,,, be the

normalization of Z.y., which is irreducible by [EV92, Lemma 3.15.(a)]. Write 7 : Zpor — Y.

Since H is relatively normal crossing over V := Y \ T, Z,q1,-1(v) — V is a locally trivial

family. Let Z — Z,o be a functorial resolution of singularities, which is a simultaneous

resolution for Zy 1.1y — V. Write g : Z — Y. Then Zj-1(y) — V is smooth. Blowing up

Z a bit more with centers in g~!(T), one can assume that IT := g~!(T) is an SNC divisor.

Write A := f*Band X := f*T. Leaving out a codimension at least two subvariety of Y,

one can assume that

(1) bot Band T are smooth;

(2) both f : X — Yand g : Z — Y are flat; in particular, the f-exceptional divisor E in
(3.3.1) disappears;

(3) A (resp. II) is relatively normal crossing over B (resp. T);

(4) for any I = {iy,...,i¢} C {1,...,r}, the surjective morphism D; — Y is also flat, and
Dy N A is relatively normal crossing over B. Here we denote Dy := D;, N--- N D;,.

Claim 3.4 (good partial compactification). Write Qx/y(log(A + [D])) := Qx/(log(A +
[D1))/f*Qy(log B), Qz/y(logIl) := Qz(logIl)/g*Qy(log T). Then they are all locally free.
In other words, one has the following short exact sequences of locally free sheaves

(3.3.2) 0 — f*Qy(log B) — Qx(log(A + [D])) — Qx,v(log(A + [D])) — 0
(3.3.3) 0 — g'Qy(logT) — Qz(logIl) — Qz/y(logIl) — 0.

Proof of Claim 3.4. As is well-know, the morphism h : (Z,II) — (Y,T) is a “good partial
compactification” of the smooth morphism Z \ IT — Y \ T in the sense of [VZ02, Definition
2.1.(c)], and one can easily show that Q/y(logII) is locally free.

To prove the local freeness of Qv (log(A + [D1)), it suffices to show that for any yo € Y
and o € Qy(log B)(U), where U > y, is some open set with o(yo) # 0, f*o(x) # 0 for any
xo € £~ (yo)-

Note that there is a unique I C {1,...,r} so that xo € Dy and xy ¢ D; for any other J D I.
After reordering, we can assume that I = {¢ + 1,...,p}. Take a local coordinate system
(%1, . . ., xm) centering at xo so that Ajeq = (x1---x¢ = 0) and D; = (x; = 0) for i € I. Since
A = f*B, the morphism f*Qy(log B) — Qx(log(A+[D])) factors through Qx(log A). Note
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that dlog xi, . ..,dlogx,,dxp.1,...,dx, and dlogx,, ...,dlogxs, dxey1, . . ., dxy form the
local basis for Qx (log(A+[D7)) and Qx(log A). Hence f*o = le aj(x)dlogxj+3",. | ai(x)dx;,
where a;(x) are local holomorphic functions. When we write f*o in terms of the basis of
Qx (log(A + [D])), one has

l P m
ffo= Z aj(x)d log x;j + Z ai(x)x;d log x; + Z ar(x)dxy.
j=1 i=0+1 k=p+1
Since xo € Dy = (x¢41 = - -+ = X, = 0), one has
4 m
(3.3.4) Fro(x) = Zaj(xo)dlong + Z ar (xo)dx.
j=1 k=p+1

When f*o is seen as the local section in Qx(log(A + [D1)), f*o(xe) = 0 if and only if
ai(xo) = -+ = ap(xo) = ap41(xp) = - -+ = am(xp) = 0. On the other hand, since the projective
morphism f7 : (Dr, DN A) — (Y, B) satisfies that f7 is flat, D N A — B is relatively normal
crossing, we thus conclude that f*o(xo) # 0. Since dlogxy,...,dlogx., dxps1, ..., dx,
form the local basis for Qp, (log D; N A), by (3.3.4), f*o(x0) = f;"o(x0) # 0, and we conclude
that Qy/y (log(A + [D1)) is also locally free. O

By the above claim, such a partial compactification of the log smooth family f° : (X°, D°) —
Y° can thus be seen as the “good partial compactification” in the log setting.

For any p € Z.,, let
(3.3.5) b (log(A+ D)@ ™' =F°> F15... 5 FP > Frl =0
be the Koszul filtration associated to (3.3.2) twisted with £~ := —Kxy —[D]+ f*A, defined

by
(3.3.6)
F':=Im ( f*Qi(log B) ® Q5" (log(A + [D])) ® 271 — 0F (log(A + [D])) ® 3—1)
so that the associated graded objects are given by
gl F* = F T = £5Ql (log B) ® Qf;g/;( log(A + [D])) ® £
The tautological exact sequence associated to (3.3.5) is defined by

f*Qy(log B) ® Qg’(‘/;( log(A +[D])) ® £ O (log(A + [D])) ® £

(3.3.7) H H
0 —m > qi!F* — % 70/ — 3 107 —3 0
By taking higher direct images R f, of (3.3.7), the connecting morphisms of the associated

long exact sequences induce F*4 1, ppolatl g Qy(log B), where we denote
RRENE qu*(Qi/Y(log(A +[D])) ® 3_1)/torsion.

Recall that Z.y. is the cyclic cover of X by taking m-th root along a normal crossing divisor
He|mZ|onX,and § : Z — Z,, is a desingularization of the normalization Z;,, of Zy..

é
Denote by ¥ : Z — Zyor i X the composition map.
Claim 3.5. Foranyi=1,...,n, one has a natural morphism

(3.3.8) s (Q;'(( log(A + [D])) ® g-l) — QL (log 1)

[1]
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Proof of Claim 3.5. Note that ¢ : Z,,, — X is a surjective and finite morphism, which is
étale over X \ Hyeq, and non-singular over Xy := X \ Sing(Hyeq). For the Z2, := ¢ 1(Xo),
Znor \ Z;,, has codimension at least two for Sing(Hyeq) is a subvariety in X of codimension
at least two. Write Hy := Hx,, and ¢ : Z;,, — X for the restriction of ¢ on Z . As
observed by Popa-Schnell [PS17] and Wei-Wu [WW 18], there is a natural morphism

¢ (Q, (log Hy) ® £ ) — Q!

Zgor,
and after taking the reflexive hull, one has

(3.3.9) ¢*(Qh(logH)® 27Y) — olll |

nor

where Q[ il is the reflexive differential form defined in [GKKP11, Notation 2.17]. Note that

110!‘

Znor 1s normal and has quotient singularities, it thus has klt singularities. It then follows
from [GKKP11, Theorem 4.3] that, there is a sheaf morphism § *Qg}m — QiZ, and combining
(3.3.9) one has

Y (Qk(logH)® L) — Q.
Note that I' > A, and (m[D] — mD);eq = Dreq for D is klt. Hence we have the inclusion
Q) (log(A + [D1)) € Qj(log H)

and the lemma follows from the obvious inclusion Q’ c Q! -, (log IT). O

Pulling back (3.3.2) by ¥*, we have a short exact sequence of locally free sheaves

(3.3.10) 0 — g"Qy(log B) = ¢¥*Qx(log(A + [D])) — ¢*Qx/y(log(A + [D])) — 0

In a similar way as (3.3.5), we associate (3.3.3) and (3.3.10) with two filtrations

(3.3.11) Qp(logH):gO S@l5 ... 5@l 5@t —
(312) P (Q(logh+ DD @27 ) = 505 F 55 55 F =
defined by

4" :=Im (g QY (logT) ® Q‘;—i(log ) — Q‘;(log H)),
F1i=Im (g Q! (log B) ® y* (Q” '(log(A + [D])) ® 1) = ¢*(Q§<(10g(A +[D))) ®$—1)).

Their associated graded objects are thus given by

@'y =G G = g"Ql(log T) ® Q| (log )
(3.3.13)
ar y.- 5"/2”1 =g Ql (10gB)®¢ ( X/Y(log(A+|'D-|))®$ ) :Eb*griﬁ

One can easily show that E defined in (3.3.8) is compatible with the filtration structures
E: 7% > ¥°in (3.3.11) and (3.3.12). It thus induces a morphism between their graded
terms gr’.#°* — gr'9*, and in particular, a morphism between the following short exact
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sequences
(3.3.14)

g"Qyllog B) @ y* (2 (log(A + [D]) @ £71) (0%, (log(a + [D]) ® 2

st P — 3 P T s 0T —————— 0

l l |

[e)
-

0 > orlygt ——— - 9V)gr —— 5 109 > 0
g'Qy(log T) ® O, | (logIT) Q) (logIT)

Pushing forward (3.3.14) by Rg,, the edge morphisms induce

pra 24y fr-la+l @ Oy (log B)

(3.3.15) ipp,q lpp_l,qﬂ@

’

6 .
ERT 2%y BTN @ Qy(log T)

where 1 : Qy(log B) — Qy(log T) denotes the natural inclusion, E‘g’q := Rig, (Qg /Y(log 1)),
which is locally free by a theorem of Steenbrink [Ste77] (see also [Zuc84, Kol86, Kaw02,
KMNO02] for various generalizations), and

FP4 .= Rig, (lﬁ*(Qf(/Y(log(A +[D])) ® 3_1))/torsion.

Let us mention that the similar construction as (P gt FPa, ., prq=t @p.g) is made by Taji
in his work [Taj18] on a conjecture of Kebekus-Kovacs [KK08, Conjecture 1.6].

Recall that ¢ : Z i Znor — X. As is well-known, Z,,,, has rational singularities (see
e.g. [EV92, §3]), and one thus has R15.07 = 0 for any g > 0. By the projection formula
and the degeneration of relative Leray spectral sequences, for any locally free sheaf & on
X, one has

(3.3.16) RIY,(f*E) = & @ Ry, 07 = & @ R1¢.(5.07) =0, Yq>0

thanks to the finiteness of ¢. Applying (3.3.16) to (3.3.13), for any g > 0, we have wa*(grij') =
0, and therefore, the exactness of the tautological short exact sequence of .#* is preserved

under the direct images . as follows:
(3.3.17)

0 — (L. Z°) ——— Y (F°)F?) ——— Y (qr°".F°*) —— 0

0 — qt'.7* 9.0, — F° F:R Y07 — qt°F* @ Y.0; — 0

By the collapse of relative Leray spectral sequences, one has

(

33.13) Rig.(y/"gr' . 7*) (3:3.16) RIf (" or' 7 °)) = R1fi(0v'.F° @ 1. O)

= Qi(log B) ® RY ﬁk(Qf(_/iY( log(A + [D])) ® £ @ ﬁz).

Rig.(ar'.Z*)
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Therefore, (P pq=t FPa, $ prq=t ¢p.q) can also be defined alternatively by pushing forward
(3.3.17) via Rf,, with ¢, , the edge morphisms.

By [EV92, Corollary 3.11], the cyclic group G := Z/mZ acts on .07 = ¢.0__, and one
has the decomposition

m—1 )
Y07 = Ox & @(Z(i))_l, where £ .= ¥'g ﬁx(—l_ﬂj).
i=1 m

In particular, the G-invariant part (.. 07)° = 0. Hence one can easily show that the cyclic
group G acts on (3.3.17), whose G-invariant part is

0 — (@' F*)° —— Y (F/ TN —— (@ F*)° —— 0

0 — gl F®* — 3 7Y 72 — s W0 F* —— 0

Therefore, ( @p+q=€ FPA, @p+q=€ Tp,q) is a direct factor of ( @“q:{ FPA, @“q:{ q)p,q). Comb-
ing (3.3.15), we have

0, _
EP? %y EPTM @ Qy(log T)

Po, qT Tpp—l,qﬂ@l

pra 224y fr-14+1 @ Oy (log B)

] !

pra 1y pr-la+l @ O (log B)

(3.3.18)

Note that f.0x = Oy for f : X — Y is an algebraic fiber space of relative dimension n.
Hence

(3.3.19) F™0 = f*(KX/y — A+ Aq+ [D] + g_l) = f*(Ared + f*(A - B)) D A,

where % := A—Bis abig and nefline bundle with B, (%) C B. Define Fg_q’q = B 1@F"94,

and
1®Tn-g,q

Tpgq: B OFT ——— %7 @ F71" @ Qy(log B)

By (3.3.18), one has the following diagram:

110!

(3.3.20) BroE M — " B E T @ Qy(logT)
p;l—q,qT Tp;z—q—l,q+1®l
g, e
Fy%4 e Fy 7MY @ Qy(log B)

where F; ¥ is an effective line bundle by (3.3.19). Note that all the objects in (3.3.20) are only
defined over a big open set Y’ of Y.

Write Z, := g~'(V), which is smooth over V = Y \ T. The local system R"g,C,z, extends
to a locally free sheaf V' on Y (here Y is projective rather than the big open set!) equipped
with the logarithmic connection

V:V—>VeQy(logT),

whose eigenvalues of the residues lie in [0, 1) N Q (the so-called lower canonical extension
in [Kol86]). By [Sch73,CKS86,Kol86], the Hodge filtration of R"g.C,, extends to a filtration
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V=F">Fl>... > F" > F™ = 0 of vector bundles so that their graded sheaves
E"%4 .= F"79/F 91 are also locally free, and there exists

On—gq : B 1 — E"9719 @ Qy(log T)

for each ¢ = 0, ...,n. As mentioned above, Eg_q’q is locally free by Steenbrink’s theorem.
By a theorem of Steenbrink-Zucker [Zuc84], we know that (@220 Eg_q’q, Z:o On—q, q) =

(@Z:o E"94, @;:0 en_q,q)[y', hence it can be extended to the whole projective manifold
Y defined by (@;:O Er94, @;:0 0n—q,q)- For every g = 0,...,n, we replace F, 7 by its
reflexive hull and thus the morphisms and the diagram (3.3.20) extends to the
whole Y.

To finish the construction, we have to introduce the sub-Higgs sheaf of ( @;:0 B®

E"=94, @ZZO T® Gn_q,q) in Definition 3.1. For each ¢ = 0,...,n, we define a coherent
torsion-free sheaf .7, := p;_q,q(Fg “49) ¢ #7' ® E""?9, and denote 7, by the restriction of
1® 0,_qq to F4. By (3.3.20), one has

Then ( @220 Fqs @220 ng) is a sub-Higgs sheaf of ( @220 B~ @ E"94, @220 1® Opgq)-
By (3.3.19), there exists a morphism 0y — %, which is an isomorphism over V. The VZ
Higgs bundle is therefore constructed. O

/7 4
Th—q.q Pn-q.q

Remark 3.6. The morphism = defined in (3.3.8) was first observed by Popa-Schnell [PS17],
and was later generalized to the log setting in [Weil7, WW18]. This morphism inspires

us to construct an intermediate Higgs bundle ( @220 Fr=94, @220 Pn—qq), Which relates
( @ZZO Fra4, @ZZO Tn—g,q) With ( @;:o Ey %, @ZZO 0,_4.q) in a more direct manner. In
the above proof, we do not require the divisor H for cyclic cover to be generically smooth

over the base?, which is more flexible than the original construction in [VZ02,VZ03].
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