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TOPOLOGICAL EXPANSION IN ISOMORPHISMS WITH RANDOM
WALKS FOR MATRIX VALUED FIELDS

TITUS LUPU

ABSTRACT. We consider Gaussian fields of real symmetric, complex Hermitian or quaternionic
Hermitian matrices over an electrical network, and describe how the isomorphisms with random
walks for these fields make appear topological expansions encoded by ribbon graphs. We
further consider matrix valued Gaussian fields twisted by an orthogonal, unitary or symplectic
connection. In this case the isomorphisms make appear traces of holonomies of the connection
along random walk loops parametrized by border cycles of ribbon graphs.

1. INTRODUCTION

It is known since the works of Symanzik [Sym65|, [Sym66, [Sym69] and Brydges, Frohlich and
Spencer [BES82] that the Gaussian free field (GFF) has representations involving random walks,
sometimes referred to as ”isomorphisms”. For a survey on the subject we refer to [MRO06, [Szn12].
Here we will be interested in a representation that appears in Brydges, Frohlich, Spencer [BFES82]
and Dynkin [Dyn84aj, Dyn84b], that expresses

E| i Olee) F(¢/2)|.
k=1

for ¢ a GFF, in terms of parings of vertices xx-s and random walks joining the pairs. Following
[BHS19], we will call it the BFS-Dynkin isomorphism.

Kassel and Lévy considered vector valued GFFs twisted by an orthogonal or unitary connec-
tion [KL16]. In this setting isomorphism theorems make appear the holonomy of the connection
along the random walks. Holonomies along random walk or Brownian loops have been also stud-
ied in [LJ17, LJ16, [CLJR20].

In this paper we will consider fields of random Gaussian matrices, real symmetric, complex
Hermitian or quaternionic Hermitian, on an electrical network. These are matrix valued GFFs.
The matrix above any vertex of the network is proportional to a GOE, GUE or GSE matrix.
Here we will write an isomorphism for

vi+-tyg

m(v)
(1.1) <( E Tr ( I1 <I>(xk)>>F(Tr(<1>2)/2)>67 ,

n
k=vi+--+y_1+1

where @ is the matrix valued GFF, § € {1,2,4}, n is the size of the matrices, v1,. .., V() are
positive integers with |v|:= vy + -+ + Vm(v) €ven, and 1, ..., x),| vertices on the network. By
taking the xj-s equal inside each of the trace, we get symmetric polynomials in the eigenvalues.
By expanding the traces and the product above, one can write a BFS-Dynkin’s isomorphism
for each of the terms of the sum. However, one gets many different terms that give identical
contributions, many terms with contributions that cancel out, being of opposite sign, and many
terms that give zero contribution. By regrouping the terms surviving to cancellation into
powers of n, one gets a combinatorial structure known as topological expansion. The terms of
the expansion correspond to ribbon graphs with m(v) vertices, obtained by pairing and gluing
|v| ribbon half-edges. Each gluing may be straight or twisted. The power of n is then given by
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the number of cycles formed by the borders of the ribbons. It can be also expressed in terms of
genera of compact surfaces, orientable or not.

The topological expansion has been introduced by ’t Hooft for the study of Quantum Chromo-
dynamics [tH74], and further developed by Brézin, Itzykson, Parisi and Zuber [BIPZT78, 1Z80].
Nowadays there is a broad, primarily physics literature on this topic. In particular, topological
expansion of one matrix or several matrix integrals is used for the enumeration of maps on
surfaces and other graphical objects [BIZ80) [Zvo97, [LZ04, [Eyn16]. Compared to the case of one
matrix integrals, where each ribbon edge comes only with a scalar weight, in our setting each
ribbon edge will be associated to a measure on random walk paths between two vertices xj and
xp on the network. For an introduction to the topological expansion we refer[Zvo97, [EKR1§].

We will further extend our framework and consider matrix valued free fields twisted by a
connection of orthogonal (5 = 1), unitary (5 = 2) or symplectic (f = 4) matrices. We rely
for this on results of Kassel and Lévy for twisted vector valued GFFs [KL16]. If @ is the
matrix valued GFF twisted by a connection U and (A1,...,A,) its fields of eigenvalues, then
the isomorphism for

m) n §
< 111 (;)\i(%wn'ﬂl)yl)F(%;)‘?)>Zm

involves a topological expansion where instead of n to the power the number of cycles in a
ribbon graph appears a product of traces of holonomies of the connection, one per each border
cycle in the ribbon graph. The holonomies are taken along loops made of concatenated random
walk paths. Such traces of holonomies along loops are called Wilson loop observables.

2. PRELIMINARIES

2.1. Quaternions, symplectic matrices and quaternionic Hermitian matrices. H will
denote the skew (non-commutative) field of quaternions. Its elements are of form
4= q + i+ ¢+ ak,

where ¢, q;,q;,qr € R, and i, j and k satisfy the relations

iZ=j=k*=-1,

ij = —ji =k, jk = —kj =1, ki=—-ik =j.

gr is the real part Re(q) of the quaternion g. The algebra of quaternions has the usual repre-
sentation over 2 x 2 complex matrices:

Cla)= ( ITd T ET A ).

q; — 4Kl 4qr — gl

The conjugate of a quaternion is given by
7= qr — qii — ¢;5 — k.

C(q) is the adjoint of C(g) for the Hermitian inner product:

¢(q) = ¢(q)"
If q1,92 € H7

4192 = q241-
The absolute value |g| is given by

qI* = ¢ + ¢} + ¢} + 4 = 97 = qq = det(C(q)).

For more on quaternions, we refer to [MGS14].

M, (H) will denote the ring of n x n matrices with quaternionic entries. The product of
matrices is defined in the same way as for matrices over a commutative field:

(AB);; = Z AiBrj, i,je€{l,...,n}.
k=1
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One can associate to a matrix M € M,,(H) a 2n x 2n matrix with complex entries, by replacing
each entry M;; by a 2 x 2 block C(M;;). The resulting matrix in Mo, (C) will be again denoted
C(M). C is then a morphism of rings from M,,(H) to Ma,(C).

The trace of a matrix of quaternions is defined as usually:

n
Tr(M) = ). M;;.
i=1
However, it is more convenient to deal with the real part of the trace, as

Re(Tx(M)) = 3 Tr(c(M)),

and for A, B e M,,(H),

Re(Tr(AB)) = Re(Tr(BA)).
Note that in general there is no equality between Tr(AB) and Tr(BA), since the product of
quaternions is not commutative.

The quaternion adjoint of a matrix M € M, (H), denoted M*, extends the notion of adjoint
for matrices with complex entries:

(M*);j =My,  i,je{l,...,n},
where M—ﬂ is the quaternion conjugate. We have that
C(M*) = Cc(M)*,

where on the left-hand side * denotes the quaternion adjoint, and on the right-hand side, *
denotes the complex adjoint. If A, B € M,,(H),

(AB)* = B*A*.
The quaternionic unitary group, U(n,H) is the set of matrices U € M,,(H) satisfying
uv* = I,
I, being the n x n identity matrix. The relation above is equivalent to
U*U = I,.

It U € U(n, H),
det(c(U)) =1,

and C(U) € SU(2n). The image of U(n,H) by C is the compact symplectic group Sp(n), a
subgroup of SU(2n).
The set of n x n quaternionic Hermitian matrices H,,(H) is composed of matrices M € M,,(H)
satisfying
M* = M.

M is quaternionic Hermitian if and only if C(M) is complex Hermitian. The diagonal entries
of a quaternionic Hermitian matrix are real. Given M € H,,(H), there exists U € U(n,H) such
that U*MU is diagonal with real entries:

U*MU = Diag()\l, )\2, e ,)\n),

with Ay = Ao = -+ = A, € R. The family A, Ao, ..., A\, is uniquely determined. This is also the
family of ordered eigenvalues of C(M), but the multiplicities have to be doubled. A1, Ag,..., A\,
are the right eigenvalues of M, and form the right spectrum of M, i.e. the set of A € H, for
which the equation

Mz = x)
has a non-zero solution. There is also a notion of left spectrum, corresponding to the equation

Max = Ax. But the right and the left spectra do not necessarily coincide, even for quaternionic
3



Hermitian matrices. For details on eigenvalues of quaternionic matrices we refer to [Zha97,
MGS14]. The trace of M equals

Tr(M) = Re(Tr(M)) = > A
=1

2.2. BFS-Dynkin isomorphism. Let G = (V, E) be an undirected connected graph, with V'
finite, and all vertices x € V of finite degree. We do not allow multiple edges or self-loops.
Edges {z,y} € E are endowed with conductances C(z,y) = C(y,z) > 0. There also a not
uniformly zero killing measure (k(z))zev, with x(x) = 0. G will be further referred to as
electrical network. Let X; be the Markov jump process to nearest neighbors with jump rates
given by the conductances. X; is also killed by k. Let ( € (0, +00] be the first time X; gets
killed by k.
Let (G(z,y))zyev be the Green’s function:

¢

G(z,y) = G(y,z) = Ex():wH

Lyt
0

Let p¢(z,y) be the transition probabilities of (X;)o<i<¢. Then pi(x,y) = pi(y, z) and

+00

G(x’y) = J;] pt(x’y)dt'

Let P}"Y be the bridge probability measure from z to y, where one conditions by ¢ < ¢. Let pi,,
be the following measure on paths from x to y in finite time:

+0o0
(2.1) pY(dy) = fo PyY (dy)pe (0, y)dt.

u™Y has total mass G(z,y). The image of u™¥ by time reversal is p¥*.
Given z1,x9,...,x9 € V and p = {{a1,b1},...,{a,,b.}} a partition in pairs of {1,...,2r},

ppt 2T (dryy, . .., dry,) will denote the following product measure on r paths:

T
Mghm,...wm (d’)’l, o 7d')’r) _ Hua:ai7arbi (d%.)_
i=1

We will sometimes, in particular in Section 3.2 use the convention that a; < b;. The order of
the pairs in p will not be important.
In general, for a path v and z € V', L(~y) will denote the occupation field of -,

T(7)
L(y)(x) = fo 1, —adt,

where T'() is the life-time of the path.
The Gaussian free field (GFF) (¢(z))zey will denote here the centered Gaussian process with
covariance

E[p(z)o(y)] = G(z,y).
If V is finite, the distribution of (¢(x))zev is given by
(22) : exp (5 2 p@e@P -5 D) Cluel) o)) [ det).

1
((QW)Card(V) det G) 2 2 xeV {z,y}eE xeV

The following isomorphism relates the square of the GFF (¢(z)?),cy and the occupation fields
of paths under measures p™Y. It first appears in the work of Brydges, Frohlich and Spencer
[BES82| (see also [Fro82, BES83bl, [BES83a]) and then in that of Dynkin [Dyn84al [Dyn84b]| (see
also [Dyn84c]). It is also related to earlier works of Symanzik [Sym65] [Sym66, Sym69]. For
more on isomorphism theorems, see [MROG6! [Szn12].
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Theorem 2.1 (Brydges-Frohlich-Spencer [BFS82], Dynkin [Dyn84a, Dyn84b|). Let r € N\{0},
T1, L2, ..., Lo €V and F a bounded measurable function RY — R. Then

E| [TotnF@?/2)] = f E| F(6%/24 L)+ -+ L(3) |lig =7 (d, ... dy).
k=1 p partition
of {1,...727"}’\/17'“%“
n pairs
2.3. Connections, gauge equivalence and Wilson loops. Let n € N, n > 2. Let U be
the group of either n x n orthogonal matrices O(n), or unitary matrices U(n), or quaternionic
unitary matrices U(n,H). We consider that each undirected edge in E consists of two directed
edges of opposite direction. We consider a family of matrices in U, (U(2,9)){zy1er, With

Uly,z) = U(z,y)* =U(z,y)"", V{z,y} € E.

(U(%,9)){z,yier is our connection on the vector bundle with base space G and fiber R".
Given a nearest neighbor oriented discrete path v = (y1,y2,...,y;), the holonomy of U along
v is the product

hol” (v) = U(y1,y2)U(y2,y3) - .- U1, 4;)-

If the path ~y is a nearest neighbor path parametrized by continuous time, and does only a finite
number of jumps, the holonomy hoIU(’y) is defined as the holonomy along the discrete skeleton
of v. % will denote the time-reversal of a path . We have that

(2.3) hol” () = holY (v)* = holV (v) 7.

Given a nearest neighbor oriented discrete closed path (i.e. a loop) v = (y1,%2,...,y;), with
y; = y1, we will consider the observable

Tr(hoIU(v))

in the orthogonal and unitary case, and
1
Re(Tr(hol” (7)) = 5 Tr(C(hol” (+)))

in the quaternionic unitary case. Such observables are called Wilson loops [Wil74]. Note that
the Wilson loop observable does not depend on where the loop v is rooted. Indeed, if 7 is the
loop visiting (i, ..., Y5, Y1, -, Yi—1,¥) (1 €{2,...,7}), and if v/ is the path visiting (y1,...,ys)
then

hol” (3) = holV (') ~tholY (y)holY ().

Given an other family of matrices in U, (4(x))zey, this time on top of vertices, it induces a
gauge transformation on the connection U:

(U(&U, y)){m,y}eE — (u(x)ilU(wa y)u(y)){m,y}eE-

Two connections related by a gauge transformation are said to be gauge equivalent. A connection
is flat if it is gauge equivalent to the identity connection. A criterion for flatness is that along
any nearest neighbor loop v = (y1,v2,...,¥;), with y; = y1,

holV (y) = I,,.

In general, any two gauge equivalent connections have the same Wilson loop observables. The
converse is also true (but less obvious): the collection of all possible Wilson loop observables
characterizes a connection up to gauge transformations [Gil81) [Sen94) [LE04].
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2.4. BFS-Dynkin isomorphism for the Gaussian free field twisted by a connection.
In [KL16] Kassel and Lévy introduced the vector valued GFF twisted by an orthogonal /unitary
connection, and generalized the isomorphisms with random walks to this case. Here we will
do a less abstract, more computational presentation of the same object. Kassel and Lévy’s
isomorphisms rely on a covariant Feynman-Kac formula ([BFS79] and Theorem 4.1 in [KL.16]).

Let us consider on top of the electrical network G = (V,FE) an orthogonal connection
(U@, 9)(zyrers Ulx,y) € O(n). The Green’s function associated to the connection U, GY
is a function from V x V to M,,(R) (i.e. the n x n matrices with real entries), with the entries
given by

G%(m,y) = J holg(fy),um’y(dfy), z,yeV, i,je{l,...,n},
gl

where the measure on paths p*¥(dy) is given by [21]). Since the image of u*¥ by time reversal
is u¥?, and because of (23]), we have that

Gi(x,y) = Ghiy, @), Gij(e,z) = Gi(,2).
ie. GY(x,y)T = GY(y,r) and GY(z,x) is symmetric. GY can be seen as a symmetric linear
operator on (R™)V. Tt is positive definite (see Proposition 3.14 in [KL16]). det GY we will

denote the determinant of this operator.
The R™-valued Gaussian free field on G twisted by the connection U is a random Gaussian

function ¢ : V — R™ (gg(:c) = (&51 (x),... ,QASn(x))) with the distribution given by

1 1 . 1 . " T oaa
e~ DI -5 Y Cwalpe) U new?) [T
GFF zeV {J:7y}€E xeV i=1
where | - || is the usual L2 norm on R™ and

Z8p = ((2m)" €240V det GV) 2.
Note that if {z,y} € E,
|@(z) = Uz, )3w)|* = |2(y) — Uy, 2)3 ()|

We have that IE[(E] = 0. As for the covariance structure, we have (see Proposition 5.1 in

[KL16]):
E[bi(2); (y)] = GY(x,y).

If (U(x))zev is a gauge transformation, then (L[(:U)gg(x))xev is the Gaussian free field related to
the connection ((x) U (x,y)4(y)) (s y1ep- In particular, if the connection U is flat, the field ¢
can be reduced to n i.i.d. copies of the scalar GFF with distribution (2.2)).

In [KLI16], Theorems 6.1 and 8.3, Kassel and Lévy gave a BFS-Dynkin-type isomorphism for
GFFs twisted by connections.

Theorem 2.2 (Kassel-Lévy [KL16]). Let r € N\{0}, z1,29,...,29, € V, J(1),J(2),...,J(2r) €
{1,...,n} and F a bounded measurable function RV — R. Then

2r
E[p by @) F(161%/2)]

s
- Z f E[F(HQSHZ/Q + L('Yl) +oeee+ L(’Yr))] 1_[ ho'?(ai)J(bi)(%‘)M“i’“””i (d%)’
s
in pairs
{{a1,b1},-.-,{ar,br}}
where the sum runs over the (2r)!/(2"r!) partitions of {1,...,2r} in pairs.

It will be useful for the sequel to rewrite the isomorphism above as follows. Let ()? @);>1 be
an i.i.d. family of random Gaussian vectors with n components, following the law N (0, I,).
6



Lemma 2.3. Let r € N\{0}, z1,22,...,20, € V, J(1),J(2),...,J(2r) € {1,...,n} and F a
bounded measurable function RV — R. Then

[H@ F3P/2)]
=N [ E[RGBPE L) o+ 1G]

partitions of
{1,...,2r}
n pairs

{{a17b1}7"'7{a7‘7b'f}}

Y15

s
[Tt 009) K50 | T
i=1
where the sum runs over the (2r)!/(2"r!) partitions of {1,...,2r} in pairs.

Proof. Indeed,

T
E[H (holU(%)X“)) Xf,()b ] HhoIJ(a (7). O
1=
2.5. Ribbon graphs and surfaces. Here we describe the ribbon graphs and the related two-
dimensional surfaces. For more details, we refer to [Eynl6], Sections 2.2 and 2.3, [EKRI1S],
Chapter 2, [LZ04], Sections 3.2 and 3.3, [Zvo97], and [MT01], Section 3.3.
Let be v = (v1,v9,...,Un), where m = 1, and for all [ € {1,2,...,m}, v, € N\{0}. We will

denote
m(v)

m(v) =m, Z v

We will assume that |v| is even.

Given v as above, we consider m(v) vertices, where each vertex has adjacent ribbon half-edges,
vy half-edges for the first vertex, v, for the second, etc. A ribbon half-edge is a two-dimensional
object and carries an orientation. Also, the ribbon half-edges around each vertex are ordered in
a cyclic way. The ribbon half-edges are numbered from 1 to |v|. See Figure [[l for an illustration
with v = (4,3,1).

Y A

D

8

“v A

FIGURE 1. Ribbon half-edges in the case of v = (4,3, 1).

Since the total number of half-edges, |v|, is even, one can pair them to obtain a ribbon graph
(not necessarily connected), with m(v) vertices and |v|/2 ribbon edges. Each time we pair two
half-edges, we can glue the corresponding ribbons in two different ways. Either the orientations
of the two ribbon half-edges match, or are opposite. In the first case we get a straight ribbon
edge, in the second a twisted ribbon edge. See Figure 2l We call such a pairing of ribbon half-
edges that keeps straight or twists the ribbons a ribbon pairing. Let R, be the set of all possible
ribbon pairings associated to v. The number of different ribbon pairings is

V! lvl/2 _ V!

PG R

Card(R,) =



Figure B displays an example of a ribbon pairing with only straight edges, and Figure 4] an
example with both straight and twisted edges.

Y A
Y A
Y A

Y A

FIGURE 2. A straight ribbon edge on the left and a twisted ribbon edge on the right.

.

A
\/

Y

oy

FIGURE 3. A ribbon pairing in the case of v = (4,3, 1) with only straight edges.

Aer

A
\/

v
oy

FIGURE 4. A ribbon pairing in the case of v = (4,3, 1) with straight and twisted edges.

A ribbon pairing p € R, induces a partition in pairs of {1,...,|v|}, denoted p,(p). The pairs
correspond to the labels of ribbon half-edges associated into an edge. Conversely, given p a
partition in pairs of {1,...,|v|}, R, p will denote the subset of R, made of all ribbon pairings
p such that p,(p) = p (Card(R,p) = 2I"/?).

Given a ribbon pairing p € R,, one can see the corresponding ribbon graph as a two-
dimensional compact bordered surface (not necessarily connected). Let f,(p) denote the number
of the connected components of the border, that is to say the number of distinct cycles formed
by the borders of ribbons. On Figure B f,(p) = 3, and on Figured f,(p) = 2. Then, one can
glue along each connected component of the border a disk (f,(p) disks in total), and obtain in
this way a two-dimensional compact surface (not necessarily connected) without border. We
will denote it ¥, (p), and consider it up to diffeomorphisms. On the example of Figure Bl X, (p)
has two connected components, a torus on the left and a sphere on the right. On the example
of Figure[d], ¥, (p) has again two connected components, a Klein bottle on the left and a projec-
tive plane on the right. Observe that if all the edges are straight, the surfaces that appear are

8



orientable. Let x,(p) denote the Euler’s characteristic of ¥,(p). According to Euler’s formula,

||

Xu(p) =m(v) == + fulp).

Next we introduce more combinatorial objects related to the ribbon pairings. We will consider
tuples (k1,s1, k2, s2,...,kj,s;), where j € N\{0}, each of the k; is in N\{0}, and each of the s;
is one of the three abstract symbols —, < or =. We will endow such tuples by an equivalence
relation &~ generated by the following rules.

e Cyclic permutation: forany i e {2,...,j}, (ki,si,...,kj, 85, k1,81,...,ki—1,8;-1) is iden-
tified to (/{?1, s1,k2,892,...,kj, Sj).
¢ Reversal of the direction: (kj;,r(s;),..., k2, r(s2),k1,r(s1)) is identified to
(k1,s1,k2,892,...,kj,s;), where r(—) is «, r(«) is —, and r(=) is =.
For the lack of a better name, we will call trails the equivalence classes of ~.

Given a ribbon pairing p € R,, we will associate to p a set T,(p) made of f,(p) trails, one
per each border cycle in the ribbon pairing. One starts on such a border cycle in an arbitrary
place, and travels along it in any of the two directions. Then one successively visits ribbon
half-edges with labels ki, ks, ..., k; and then returns to the half-edge k1. One can go from the
half-edge k; to the half-edge k;,1 either by following a gluing, and we will denote this k; = k; 11,
or by going through a vertex. In the latter case, one either does a turn clockwise, and we will
denote this k; — k;; 1, or counterclockwise, and we will denote this k; < k;1. A special rule
is applied if the vertex has only one outgoing half-edge, one just makes the arrows in the trail
and on the picture match, as in the example below. This is how a trial is obtained. Note that
by construction, there is an alternation between on one hand =, and on the other hand — or
«. In the example of Figure [, there are three trails:

(2.4)
(1,—,2,=,4,—,1,=3, —>,4,=2,— 3, =), (5,—,6,=,7,—,5,=,8—,8=), (6,—,7,=).

In the example of Figure M, there are two trails:
(17 _)7 27 :‘747 _)7 17 :‘7 37 (_7 27 :‘747 (_7 37 :‘)7 (57 _)7 67 i? 77 (_7 67 i? 77 _)7 57 i787 _)7 87 :‘)'

We will also consider oriented trails. Like the (unoriented) trails, they can contain positive
integer numbers and symbols — and =, but not the symbol «<—. In the oriented trails we quotient
by cyclic permutations, but not by the reversal of direction. We will associate oriented trails to
ribbon pairing that contain only straight edges. Given p € R, with only straight edges, ?l,(p)
will be a set of f,(p) oriented trails, one per each border cycle where one follows the cycle in
the direction of the arrows (clockwise). The oriented trails corresponding to Figure B are given

by 2.4).

2.6. One matrix integrals and topological expansion. Fj3,, will denote S,(R), the space
of real symmetric matrices, for 5 = 1, H,(C), the space of complex Hermitian matrices, for
B =2, and H,(H), the space of quaternionic Hermitian matrices, for g = 4.

(n+1)n
5
Eg , is endowed with the real the inner product

(M, M') — Re(Tr(MM)).

The Gaussian Orthogonal Ensemble GOE(n), the Gaussian Unitary Ensemble GUE(n) and
Gaussian Symplectic Ensemble GSE(n) are Gaussian probability measures on Eg,,, with 5 =1
for the GOE(n), f = 2 for the GUE(n) and = 4 for the GSE(n). We will use the usual
notation GSE(n). The density with respect to the Lebesgue measure on Eg,, is given by

dim Eg_1, = dim Eg_s,, = nz, dim Eg_y4 ,, = on’ —n.

1 1 2
2.5 e~ 3 Tr(M7)
(2.5) Zom
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The distribution of the ordered family of eigenvalues A\; = Ay = -+ = A, of GBE(n) is given by
1
Zov Luzdoz2 H (Ai — )\j)ﬁefé(’\%m“%)d)q o dAy.
Bn 1<i<j<n

For more on random matrices see [Meh04].
Let be v = (v1,V2, ..., Umm()), Where for all [ € {1,2,...,m(v)}, v, € N\{0}, and

m(v)
Yt

is even. Next we recall the expressions for the matrix integrals

m(v) m(v)

(2.6) <H Tr(M"))g = — ( I1 Tr(M”l)>e’%Tr(M2)dM, Be{1,2,4}.
Zn JEs, N i)

Note that if |1/| is odd, the above integrals are zero. The expression for ([2.6]) makes appear a
polynomial in n, with powers n/*(?), where p € R, are ribbon pairings associated to v. Since
fu(p) can be expressed using Euler’s characteristic of surfaces, the expression for (2.0]) is often
referred to as topological expansion. The topological expansion has been introduced by 't Hooft
[tH74]. The expansion for complex Hermitian and real symmetric matrices appears in [BIPZ78)]
(see also [BIZ80]). The combinatorics for quaternionic Hermitian matrices are given in [MWO03]
(see also [BP(09]). For more on the topological expansion, we also refer to [Eynl6], Chapter 2,
[EKR18], Chapter 2, [LZ04], Chapter 3, and [Zvo97].
Given a ribbon pairing p € R,,, we associate to it a weight w, g(p) depending on f3:

1

wVﬂ:l(p) = Wa wu,6=2(p) = 1p has only straight edges; wu,ﬁ:él(p) = (72)Xy(p)272m(1/)+\1/|/2.

In all three cases § € {1,2,4}, for every p partition in pairs of {1,...,|v|},
Z wl’yﬁ (p) = 1'
PERwv,p

Theorem 2.4 (Brézin-Itzykson-Parisi-Zuber [BIPZT78], Mulase-Waldron [MWO03]). For 8 €
{1,2,4} and |v| even, the value of the matrix integral <]_Hi(f) Tr(M™))s,, 28) is given by

m(v)
(2.7) (T T sm = D) wyps(p)n ).
=1 PERL

For instance, (Tr(M?))s,, equals dim Eg,,. For v = (4) and v = (2,2) one gets

1 5 5 1 1 5
Te(MHSa ;. = Zpd3+2p24 2 = Zp4 234202
(Tr(M*))p=1n 5" + " + " UTr(M*)*Y g1 ik + 5" + " +n,
(Tr(M*))p—2.p = 2n3 + n, (Tr( M2)) Yoo = n* + 2n?,
(Tr(M*"))g_gpn = 80— 1002 + 5n, UTe(M?)*gegm = 4nt —dn3 + 5n? — 2n.

3. MAIN STATEMENTS

3.1. Matrix valued free fields, isomorphisms and topological expansion. Let G =
(V, E) be an electrical network as in Section For g € {1,2,4}, ® will be a random Gaussian
function from V' to Eg,,. The distribution of @ is

(3.1) Zé exp(—— k() Tr(M(2)?) — = Z Oz, y) Tr((M(y) M(x))2)>HdM(x)
Bin zeV {m,y}EE zeV

® can be obtained out of dim Eg,, i.i.d. copies of the scalar GFF [22] by considering the entries

of the matrices. For any x € V, ®(x)//G(z,z) is distributed as a GSE(n) matrix. {-)g, will
denote the expectation with respect to the law of ® for corresponding values of (5, n).
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Let be v = (v1,v2, ..., Vp)), where for all [ € {1,2,...,m(v)}, v € N\{0}, and || even. Let
T1,Z2,...,T), be vertices in V, not necessarily distinct and F' a bounded measurable function
RY — R. By applying Theorem 1], one can a priori write an isomorphism for

m(v) vty
(T ( +1_[+ D)) ) F(Te(@2)/2))
=1 k=vi+-+y_1+1 ’

However, if one expands the traces and the product, one gets many terms that give identical
contributions, many terms with contributions that compensate, and many terms that do not
contribute at all. Here we will be interested in the exact combinatorics that appear. What
emerges is a topological expansion, generalizing that of Theorem 2.4

Let be ,uilﬁ’xrf """l the following positive measure on families of |v|/2 nearest neighbor paths
on G:
T1,T2,0 0T, y T1,29,...,T|,
Mu,lﬁ,; | ‘(d’}/l,... ,d’}/|l,‘/2) = Z U}Vﬁ(p)nf (p),U,p]l/(;) l l(d’yl,... ,d’Y‘VVQ)
PERL
Next we give examples.
1 1
HoZ(3) p=1n = (5”2 * 5”)”%@2’ HoZ(1 1), =t = T,
1 1 1 1 1 1
T1,22,X3,T o 3 2 , s 3 2 s s
/1’1/1:(42)7ﬁ3=14,n = (Zn + 5” + Zn) qul 2 @,UIS T4 4 (ZTL + 571 + Zn) qul T4 @Ium 3
1 2 3 r1,T3 2,74
+ <4n + 4n),u Sy ,
1 1 1 1 1
T1,22,T3,T o 4 3 2 , , 2 ) )
WG = (Gnt e gnt get e @tk (Gt 4 gt @ e
+ (%TF + %n>ﬂx1,l‘3 ® M$2,934,

T1,T2 2 1,22 1,72 Z1,T2
)

Py=(2),p=2;n = " H Py—(1,1),8=2,n = 77
Mlzllz,i(vz),,l“;j;n _ nSMmhm ® Mm37m4 + n3uaﬁ17x4 ® MZ‘Q,Z‘3 + numl,m ® Mm%m’

Mi::(v;,’;)?:,ﬁxiln - n4,u$1’$2 ® p3T 4 712,11,301’304 ® p2® 4 nZMxl,x:a ® P2,
x1,T 2 s Z1,T _ s
P2 (@) pmtn = (2T =T, D) gy = T,
P hal, = (A0 —dn® 4 n)ptT @ pt 4 (An® — dn 4 n)ptT @ it

+(—2n2 4 3n)pH"3 @ Pt

Mx1,932,$3,$4 _ (4n4 . 4n3 + nQ)Iurhrz ® MZBS,M + (2n2 _ n)Mﬂil,M ® MZBQ,ZB:’)

V=(272)7/3=47n
+(2n2 _ n)uxlny ® M$2,934.

1,%2,...,28
V=(47371)7/37n
on Figures Bl respectively M, are measures of form p%3 ® pu*2%4 @ us"8 @

wu:(4,3,1),5(:0)”3, respectively wu:(4,3,1),6(:0)”2-

Theorem 3.1. For § € {1,2} and F a bounded measurable function RY — R, one has the
following equality:

In the examples of Section 28] the terms in p corresponding to the pairings displayed

T6,T7 with prefactors

vi+-tyg

m(v)
<( I1 Tr( I1 <I>(xk)>>F(Tr(<1>2)/2)>B
=1 ’

n
k=vi+-4y_q1+1

T1,22, T |y

= f <F(Tr((1>2)/2 + L(y1)+ -+ L(V‘”|/2)>>6,nu”’ﬁ’" (dvi, .- dV)2)s

Y15 Yw|/2
11



where <->5,nuilﬁ’m;""’x'”'(-) is a product measure. For f =4,

vi+-tuyg

m(v)
<( H Re (Tr( I1 <I>(xk)>))F(Tr(q)2)/2)>6247n

k=vi+-4y_q1+1

= <F( Tr(®*)/2+ L) + -+ + L(V\u|/2))> Hoiam sy d2)-
6:4,71 ’ ’
Vi Yw|/2
In particular, if A\i(x) = XAa(x) = ... \y(x) is the family of eigenvalues of ®(z), x €V, and
xlz"':xlﬂ? xu1+1:"':xy1+y27 ey x|y‘_ym(y)+1:...:m|y‘,

then, for B € {1,2,4},

m(v)

09 (T (Erten ) (0,
=1 =1 i=1 ’
B j (F(3 DN L)+t LOwa)) ), Hag O ),
Y15 Yw|/2 =1 ’

where the notation (xy,4...11,, ;) means that x,, 4.4y, is repeated vy times.

Now, we consider a family of |v| deterministic square matrices with complex entries of size
n x n:
A(l, 2), e ,A(l/l — 1, Vl),A(Vl, 1),
A1 + L1 +2),..., A(ry + vo — 1,11 + 10), A1y + 19,11 + 1),
cee ,A(|V| ~ Um(v) +1, |V| ~ Vm(v) + 2)a s aA(|V| -1, |V|)aA(|V|a |V| ~ Vm(v) + 1)
Note that by convention, for each I € {1,...,m(v)} such that v, = 1, we have a single matrix
A+ -4+, +---+y). Forle {1,...,m(v)}, I1,,;(®, A) will denote the product

(3'3) Hl/,l((bv A) = ¢($V1+"'+Vl—1+1)A(V1 +otya+ L+ fy+ 2)(I>(xl/1+~~~+ul_1+2)
A+ =L+ ) (z e ) A+ i+ F o + 1)

In case v = 1, I, )(®, A) = ®(2p, 400 ) A1 + - -+, 01 + - + 1)
Next, for g € {1,2}, we will write an isomorphism for

m(v)
((TT e (@, 4)) ) P(Tr(@2)/2))
=1 Bin
It will involve the following (complex valued) measure uzlﬁ’xjg’x'”' on |v|/2 nearest neighbor
paths on G:
f e ) = D wyﬁ(ﬂ)( 1] Tr(Ht(A))> oo dns ).
PERy teTw (p)

I (A) is a product of matrices of form A(k,k’) or A(k',k)T, where T denotes the transpose
(and not the adjoint). For each sequence k — k' in the trail t we add the factor A(k,k’) to
the product, and for each sequence k < k', we add the factor A(k’, k)T, all by respecting cyclic
order of the trail. For instance, if
(34) t= (57_)767:.777(_767:.777_)757:.787_)787:.)7
which is one of the trails on Figure (), then

I, (A) = A(5,6)A(7,6)T A(7,5)A(8,8).

Note that while the product II;(A) depends on the particular representative of the equivalence
class t, its trace does not. Indeed, the trace is invariant by a cyclic permutation of the factors.
12



Moreover, reversing the direction of a representative of t amounts to taking the transpose of
the product, which has the same trace.
. Z‘l,l‘g,...7$‘y‘.
Next we give examples of measures p, Bn.A

T 1 L x1,x
HyZ@)potna = (5 Tr(A(1,2)) Tr(A(2, 1)) + 5 Tr(A(1,2)A(2, 1)T)>M 1e2,
1 1
1,72 _ 1 1 T o
Py=(L1).p=1na = (2 Tr(A(L 1)A(2,2)) + 5 Tr(A(L,1)A(2,2) ))u e,

1,22
ILLV:(2)7B:27n7A
1,72

MV:(171)76:27'”7A

= Tr(A(1,2)) Tr(A(2,1))u"+"*2,

= Tr(A(1,1)A(2,2))u* 2.

Note that if all of the matrices A(k,k’) are equal to I, the n x n identity matrix, then
T1,T250 05Ty« L1,T25-05

Iy fnA is just 1, 5., ‘I because all of the traces Tr(Il;(A)) equal then n.

For 8 = 4, we will need a slightly different setting. We consider matrices ﬁ(k‘, k'), with the
same indices (k, k') as for the matrices A(k, k'), but instead the A(k, k’)’s are n x n quaternion
T2,

valued. The (signed) measure y_ Gdn i will be defined as follows

Milﬁ’iz;;;"”'(d’Yl,...,d’)’\u|/2) = Z wy,5:4(P)< H Re(Tr(ﬁt(z@)))ﬂiiﬁ)m%l(d’h,..-,d’)’\y|/2)-
PERL teT. (p)

Il (A) is a product of matrices of form A(k, k') or A(K',k)*. For each sequence k — k' in the
trail t we add the factor A(k,k’) to the product, and for each sequence k «— k', we add the
factor A(k', k)*, all by respecting cyclic order of the trail. Let us emphasize that for 8 = 4, we
use the quaternion adjoint *, and not the transpose '. For the trail ([3.4)), one gets

I, (A) = A(5,6)A(7,6)* A(7,5)A(8, 8).

Next are two examples:

o oy petm A = (2Re(Tr(ﬁ(1,2))Tr(ﬁ(ll)))_Re(Tr(g(Lz) ;1(271)*))) T,
1 ~ ~ 1 ~ ~

T1,T2 . - - * 1,2

B and = (5 Re(T(AL DAER,2) + 5 Re(Tr(A(LDA(2,2)%)) ).

Theorem 3.2. For € {1,2} and F a bounded measurable function RY — R, one has the
following equality:

m(v)

((TT ™ (M@, 4)) ) F(Te(@2)/2) )

ﬁ?n

T1,22,- T |y

= f <F(TI‘(@2)/2 + L(’)’l) + -+ L(V‘I/V?)) 3 nﬂy,57n,A (d’)/la e 7d’)/|l/‘/2)7
Y15 Yw|/2

where <.>ﬁ’nui1ﬁ,m;£.,x|y|(.) is a product measure. For B =4,

m(v)
<< E Re (Tr (Hl,,l(@,ﬁ))))F(Tr(tI)Z)/2)>ﬁ:4’n

= f <F(T1“(‘I>2)/2 + L)+ + L(’Y\u|/2))>anuijﬁ’z;;§"‘ (dy1s- s dY)2)-
Yoo Nwl/2

3.2. Isomorphisms and topological expansion for matrix valued fields twisted by a
connection. Ug, will denote the group O(n) if 8 = 1, U(n) if 8 = 2, and U(n,H) if § = 4.
We consider a connection on G, (U(%,9))(zy1er, With U(x,y) € Ug, and

Uly,z) =Ulz,y)* =Ulz,y) "
13



Let be <>g,n the following probability measure on (Eg,,)", defined by the density
(3.5)

ﬁ exp ( B % > k(@) Tr(M(z)?) — % Y, Clay) Tr((M(y) — U(y,x)M(x)U(x,y))z))-
B,n zeV {rylek

Note that if {z,y} € E , then

Te((M(x) = U(z,y) M (1)U (y,2))*) = Te((M(y) = Uy, 2)M (2)U (z,))*).
® will denote the field under the measure <>gn It is the matrix valued Gaussian free field
twisted by the connection U. If (4(z))zev is a gauge transformation, then (U(x) 1@ (2)U(x))zev
is the field associated to the connection ($(x) U (x,y)4(y)) (s y1ep- If the connection U is flat,
then for all z € V, ®(z)/4/G(z,x) is distributed as a GSE(n) matrix. This is not necessarily
the case if the connection is not flat.

As in Section [3.1], we take v = (v1,v2,...,Vpn,)), where for all [ € {1,2,...,m(v)}, v, € N\{0},
and |v| even. Let x1, ¥, ..., ), be vertices in V, not necessarily distinct. As in Section [3.1] the
A(k,k')’s respectively ﬁ(kz, k')’s are families of |v| square matrices with complex, respectively
quaternionic entries of size n x n. The products II, ;(®, A) and IT,,;(®, A) are defined as in ([B3).

Next we will write an isomorphism for

m(v)
( [ Tr (Hy,l(cﬁ,A)>)F(Tr(q>2)/2)>;n, Be (1,2},
and for

m(v) N U
<< [ Re <Tr <H,,,l(<I>,A))))F(Tr(be)/2)>B . B=4
=1 "
For 8 = 1, we introduce the following (signed) measure uilﬁ’mj{';ﬂ"[} on |v|/2 nearest neighbor
paths on G:

T1,82,..T |y

Hoy g1 A0 (@11 5 Ay 2) =

> wnpmi()( [T T A, ) )iy s )
PERY teTu(p)

e (U, A) (71, - -+, Ypw)y2) is a product of matrices of form A(k, k") or A(K', k)T, and holY (v) or
hoIU(W)*, ~ being one of the paths. For each sequence k — £’ in the trail t we add the factor
A(k,k') to the product, and for each sequence k « k/, we add the factor A(K' k)T, as in

. T1,T2,...,% . .
the construction of pu,, 5 A I Moreover, for each sequence k = k' with k < k’, a measure
b K b

p*ek (dry;) is present, and we add to the product the factor holV(v;). For each sequence
k = k" with & > Kk, a measure p“#""k(dv;) is present, and we add to the product the factor
holV (v;)* = holY (+;)T. In the product the factors respect the cyclic order on the trail.

For 8 = 2, we will need oriented trails. The (complex) measure pilﬁ’fé’nﬂfb on |v|/2 nearest

neighbor paths on G is as follows:
Hypoam A (e, dpy ) =
Z wl,ﬁ:Q(p)( H Tr(Ilp (U, A)(m, ... ,7\}/'/2)))”?)1;&2),...,1@\(dfﬂ, Yy 2)-
peRy TeT ()

2 (U, A)(71, - -+, Yw|j2) s a product of matrices of form A(k, k') and holY(v) or holY (7)*, ~
being one of the paths. For each sequence k — k' in the oriented trail T we add the factor
A(k, k") to the product. Moreover, for each sequence k = k' with k < k¥, a measure p*+*+'(d-;)
is present, and we add to the product the factor hoIU(%). For each sequence k = k' with k > k/,

a measure p*+ %k (d~;) is present, and we add to the product the factor hol” (;)*. In the product
H 8k v
14



the factors respect the cyclic order on the trail. The reason we use oriented trails is that the
reversal of the orientation of the trail changes the trace, as complex adjoints of holonomies

appear.
T1,T2;00 05|y |

For 8 = 4, we return to unoriented trails. We introduce the (signed) measure p fetn Ay OO
v,p=4,n,A4,

|v]/2 nearest neighbor paths in G, constructed as follows:

T1,22, T |y

g, a0 Dij2) =

> wipma()( [T Re(Tr(@u(U, D)o o)) )b " (@, ).
PERY teTu(p)

I, (U, )(71,...,7‘14/2) is a product of matrices of form A(k, k') or A(K,k)*, and hol”(v) or
hoIU( )*, v being one of the paths. For each sequence k — k' in the trail t we add the factor
A(k, k') to the product, and for each sequence k < k', we add the factor A(k,k)*. Moreover,
for each sequence k = k' with k& < k', a measure p™ " (d;) is present, and we add to the
product the factor holV (v;). For each sequence k = k' with k > k/, a measure p* % (dy;) is
present, and we add to the product the factor hoIU(%)*. In the product the factors respect the
cyclic order on the trail.

T2,y T1,L2,,T|y| |
Next are some examples of measures ,u B nay  and By smtn AU
1
B o aw = (5 THAQL 2Rl (3)) x Tr(A(2, Dhol” (7))

b TH(A(L 2ol (7)° A(2, 1) hol! (7)) ) 7% ),
r1,T 1
B an = (5 THAQL Dhol! (1) AR 2ol (3)7)

% TH(A(L, Dhol” (7) A(2,2)Thol” (7)*) ) 57157 (dy).

I o an = (AL 2)holV (3)%) x Tr(A(2, Dhol¥ (7)) %2 (d),
T = THA(L Dol (1) A2, 2)hol! (7)) 7 (dv)

W aw = (2Re(T(AL Dhol” (7) A(2, 2)hol” (7)*)

~ Re(Tr(A(1, 1)hol” () A(2,2)Thol” ()*)) ) ™72 (),
Py (%Re(Tr(Z(L1)ho|U(7)ﬁ(2,2)ho|U(fy)*))

—|—% Re(Tr(g(l7 1)hoIU(fy)g(2, 2)Tho|U(fy)*))) 122 ()

Theorem 3.3. For € {1,2} and F a bounded measurable function RY — R, one has the
following equality:

<(1ﬁ Tr (T(@, 4)) ) F( r<<1>2>/2>>Un
S

f <F(T1"(‘I)2)/2+L(’Yl)+ ’Y\u|/2 > :u',BnAU (dyr, -5 dy)p2),

Vs Yw|/2
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where <>gn,uilﬁm;145'”'() is a product measure. For f =4,
U

B=4,n

m(v)
(3.7) << [ Re <Tr <H,,,l(<I>,g))))F(Tr(®2)/2)>
=1
U

T1,X2,.., Ty
= f (F(Tr(®%)/2+ L) +---+L(%uw))>B=4vnﬂyf5=24vn,g‘}](d%---ad’ﬂu\/z)-
Y15 Yw|/2
Remark 3.4. Note that in the measures uijﬁ’f;”A'7’5‘”‘(d71,...,d’y|,,‘/2) for 8 € {1,2}, and in
T1,22;5--% ||

et A U(d%’ -+, dY)/2) the holonomy along each path ~; appears twice.

Remark 3.5. Consider the particular case when the connection U is flat, i.e. for any close path
(loop) 7, holY () = I,,. There is a gauge transformation $(: V — Ug.n

Y,y € V such that {z,y} € E, U(z)"'Uy) = U(z,y).
Then for any z,y,€ V and 7 nearest neighbor path from z to vy,
hol” () = U(z) "' U(y).

The field ® under <>gn has same law as (4(z) 1@ (z)U(z))zev under {-)5,, So, in the particular
case of a flat connection, Theorem [3.3] follows directly from Theorem

A special case of particular interest in Theorem [33] is when all the matrices A(k, k") and
A(k, k') equal I, and
L1 =0 = Ty, Toi+1 = = Loy 4w Tt Ly —vpuy+1 = " = Tyl

Then, on the left-hand side of (3.6]), we have
n
Vie {1,...,m@)} Tr((®, 1n)) = D i@, 4oiy)™,
=1

where A\ (z) = Aa(z) = ... A\, (2) is the family of eigenvalues of ®. On the right-hand side of (3.6])
appears a product of Wilson loops. Indeed, each Il (U, I,) (71, - - -, Vu|/2)5 H?(U, L) (s Mwly2)

and ﬁt(U, L) (715 -+ Yu|j2) is then a holonomy along a loop formed by concatenating some of
the paths 7. In the example of Figure Bl the holonomies are

holV (71)holY (v2)holV (57 ) holV (73, holV (v3)holY (74)hol (57), and  holY(%3).

where 1 and 7, are paths from x4 to x4, 73 is a path from from z7 to x7 and 4 a path from
7 to xg. In the example of Figure dl we get

holV (71)holY (%2)holY (57)hol¥ (§3), and  holY(v3)holV (43)holY (v4)holV (57).

Note that since the joint distribution of all eigenvalues above all vertices is invariant under
gauge transformations, it is natural that expectations with respect to only these eigenvalues
involve only Wilson loops. We summarize this paragraph in the following corollary.

Corollary 3.6. For § € {1,2,4} and U a non-flat connection, in the isomosphism for

mv) n n
(T (S P (R H)),

=1 =1

compared to the case of a flat connection [B.2)), each power of n in the topological expansion,
that is nf(P) | is replaced by a product of fu(p) Wilson loops corresponding to holonomies along
random walk loops, one for each border of the ribbon in the ribbon pairing p.

Next we observe that the law of (Tr(®(x)))zey is the same whatever the connection U.
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Corollary 3.7. For g€ {1,2,4}, the field

(% Tr(@(x)))mv - (% Z:L: Ai(m))xev

is distributed under <>gn as a scalar GFF ([22)). In particular, this law is the same whatever
the connection U.

Proof. The field (Tr(®(x)))zev is centered real-valued Gaussian under <>gn, because so are the
diagonal entries of matrices (®(z))zey. In the expression of two-point correlations

(Te(®(x)) Tr(®(y)))5.n

appear only ribbon graphs with one border component (f,—(,1)(p) = 1). Thus, the two-point
correlations are expressed with

Tr(hol” ()hol” (7)*) ™ (dy) = nu™Y(d).
Hence,

(Tr(®(2)) Te(2(y))) . = nGlz,y). U

4. PROOFS

4.1. Proof of Theorem We give the proof of Theorem B.2] which contains Theorem 31
as a special case. A possible approach would be to develop the product of traces on the left-hand
side of the isomorphism identity, apply Theorem 2.1} and then recombine the terms to get the
right-hand side of the isomorphism identity. This works well for 5 € {1,2} (see [Zvo97] for one
matrix integrals), but for 5 = 4 this approach is less tractable because of the non-commutativity
of quaternions. Instead, we will rely on a recurrence over the numbers of edges |v|/2, similar to
that in [BP0J].

We use the notations of Section Bl For 3 € {1,2,4}, let (M®);~; be an i.i.d. sequence of
GAE(n) matrices with distribution [23). Given p = {{a1,b1},...,{a}, /2, b|/2}} a partition of
{1,...,|v|} in pairs and l € {1,...,m(v)}, II,; (M, A) will denote the product of matrices

Hy7l7p(M7 A) — M(I"1+‘”+Vl—1+l)A(V1 + . + Vlfl + 1’ 2 + . + Vl*l + 2)M(L’1+‘“+”l—1+2)
CA Ay =L+ ) MIn ) A oy 4 4y + 1),

where the index I is such that
ke {a[k, blk}'

Note that how exactly the pairs {a;,b;} in the partition p are ordered will not be important.
The product I1,,; (M, A) is defined similarly, with matrices A(k, k') instead of A(k,k’). Note
that in the products

m(v) m(v)
Tr (Myup(M.4))  and  [] Re(Tr(Mup(0,4))),
1=1 1=1
each M@ for i e {1,...,|v|/2} appears exactly twice, at positions corresponding to a pair in

the partition p.
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Lemma 4.1. Then, for 3 € {1,2} and F a bounded measurable function R — R, one has the
following equality:

m(v)

<< Tr( (@ A))) Tr((I)Q)/2)>B,n

=1

m(v)

- > (o))

p partition =1
15--

of (L} T IVI72

in pairs

X <F(Tr(<1>2)/2 + L)+ + L(W\u|/z))>/a g )

For g =4,
{( H Re (T (11,,(2, 4)) ) ) F Tr((I)Q)/2)>B:4,n
m(v)
= Z f << 1_[ Re <Tr< vl.p(M, g)>))>5:4,n

p partition
Of{l ‘I/|}’Y17 ’Y‘ v|/2
n pairs

x <F( Tr(®2)/2 + L(m) + - + L(my|/2))>6=4 T L d ).

Proof. On the left-hand side one can develop the product of traces
m(v)

( 1_[ Tr (Hy,l(q), A))) and Re (Tr (Hy,l(q), ﬁ))))

Then, one applies to each term in the sum Lemma 23] (in the particular case U = I,), so as to
make appear the entries of GSE(n) matrices M. Then one refactorizes these entries into

m(v)

(T (awora)  w (TTre(w(mgorn). o

It remains to compute the moments

m(v) m(v)
(T (apra))), - and - ((T]Re (T (Mo, D))

for |v|/2 i.i.d. GSE(n) matrices. For 5 = 4 we will use expressions of moments of quaternionic
Gaussian r.v. that appeared in [BP09).

Lemma 4.2 (Bryc-Pierce [BP09]). Let € € H be a quaternionic Gaussian r.v. with distribution

1
(27)

(4.1) 26_%|Q|2dqrdq,~dqjqu.

Then, for any q1,q2 € H,

E[Re(£q1€q2)] = 4Re(q1) Re(q2),  E[Re((q1€q2)] = —2Re(q172),

E[Re(€q1) Re(€q2)] = Re(q1g2), E[Re(£q1) Re({g2)] = Re(q132)-

18



Lemma 4.3. Let M be a random GBE(n) matriz Z35), 8 € {1,2,4}. Let AN AR be two
deterministic matrices in M, (C), and AV A® two deterministic matrices in M, (H). Then

1 1
(T (MADMAD) 1,y = 5 Tr(AD) TH(AD) + 2 Tr(AD AC)T),
(Te(MAW) Tre(MA®)))p_y, = %Tr(A(l)A(z))+%Tr(A(1)A(2)T),

(Tr(MADMAPD )59, = Tr(AD) Tr(AP), (Tr(MAD) Tr(MAP))5_5,, = Tr(AD AR)),
(Re(Tr(MADMA®)) 54, = 2Re(Tr(AM)) Re(Tr(A®)) — Re(Tr(AM AR)*)),

(Re(Tr(MAW)) Re(Tr(MA®))) gy, = %RG(TI“( AL F@y) 4 %Rem( AW j@%)),

Proof. If g € {1,2}, the identities follow from the second moments of the entries:
1

. 1 . . 1
Vie {17 ce 7n}7<Mi2i>5:1,n =1= 5 + 57 Vi#je {17 n} < ]>5 1n = <Miiji>5:1,n = 57

Vie{l,...,n},{M>pean=1, Vi#je{l,...,n},{(MijM;i)p—2, = 1,
all other second moments being zero.
If B = 4, the diagonal entries are still real and commute with quaternions, so for all 7 €

{1,...,n},
= 2Re(A}))Re(A}) — Re (A(”ﬁﬁz))’

Re(A(”) Re(A?)
— L1Re(AVA®Y 4 L Re (AW A®
- 2Re(A“ A”)+2Re<A ap).

(22 (22

(Re(AY) M) Re(AY Mii))p—an

For the offdiagonal entries, \/EMij is distributed according to (41), so we apply Lemma
For alli# je{l,...,n},

<Re A“ M; A2>M o—tm = 2Re(A})Re(AD),

- 1 iy~
(Re(AY) M) Re(A) M)y = 3 Re(Af) A1),

~ 1 ~(1Y ~(9)
(Re(Af) Miy) Re(A) Myj)gsn = 3 Re (4545
All other second moments are zero. O
The following lemma will conclude the proof of Theorem

Lemma 4.4. For € {1,2}, and p a partition in pairs of {1,...,|v|},
m(v)

(T (s ), = 35wt TT ocie(a

=1 PERvp tETu
For 5 =4,

m(v)

<(HRe(Tr( M D)))) = 3 wsea(e) [ Re(Tr(iL(A)))

Bl PERv,p teTu(p)
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Proof. The proof can be done by induction on |v|/2. If |v|/2 = 1, the identities above are exactly
those of Lemma [£3]

If [v|/2 > 1, we fix p = {{a1,b1},...,{a)2, bp|2}} & partition of {1,...,|v[} in pairs. One
can take conditional expectations with respect to MU¥I/2) that appears at positions a2 and
bjy|/2 (i-e. conditioning on (M® ... MWF/2=1)Y) For that one again applies Lemma @3l p will
denote the partition of {1,...,|v|}\{a),|/2,b},|2} induced by p. To construct a ribbon pairing
p € Ry p one can proceed as follows.

(1) First pair the ribbon half-edges ay,|/2 and bj,|/2 in an either straight or twisted way.

(2) Then contract the ribbon edge {a),|/2,b},|/2}. After this operation one gets a new fam-
ily of positive integers, Us, if the edge {a),|/2,b),|2} Was straight, or iy if the edge
{aju|/2, b2} was twisted, and in both cases |Vsir| = [Ptw| = [v| — 2.

(3) Finally take a ribbon pairing g in Ry, 5. respectively Ry, -

One can show that the steps (1) and (2) above correspond to taking the conditional expectation

with respect to the law M ¥//2) and the step (3) to further taking the expectations with respect

to the law of (MM, ... MUY/2=1)) One needs to see how the weights w, 5(p) and wy,, 5(7),

respectively wy,, 5(p), are related, with a particular attention to the case 5 = 4.

We will not detail further the procedure, as it appears in the proof of a quaternionic Wick
formula in Bryc and Pierce [BP09], Theorem 3.1. There the authors do in particular the
verifications for the weights w,, g—4(p). Our setting is more general, and not limited to 5 = 4,
but the recurrence on ribbon graphs is the same. It would be quite lengthy to fully reproduce
the recurrence here. O

4.2. Proof of Theorem [B.3l We give the proof of Theorem B3l We use the notations of
Section As in Section I}, for 8 € {1,2,4}, (M®);>; is an iid. sequence of GSE(n)
matrices with distribution ([2.3). Consider x1,x2,..., 2z, € V, p = {{a1,b1},...,{ap |2, b 2}}
a partition of {1,...,[v|} in pairs, with a; < b;, and 71, ...,7),|/2 nearest neighbor paths on g,
with v; going from z,, to zp,. For I € {1,...,m(v)}, I, ; (M, U, A)(71,-..,Ys2) Will denote
the following product of matrices.

Hu,l,p(My U, A)(Vh s 7'7|l/\/2) =

M@t D Ay 4oy 4 1y + o+ g + 2) MO teat2)

A+ -+ — 1Ly +---+V1)M\(V1+---+V1)A(y1 +otuy oy + 1),
where the matrix M®) is given by
M® = holV (v)MDholV (v)* if k = a;,  M® = MO if k = b,

The product II,,; , (M, U, ﬁ)('yl, -+ +3Yy|/2) is defined similarly, with matrices g(k:, k') instead of
Ak, k).

Lemma 4.5. Then, for 3 € {1,2} and F a bounded measurable function R — R, one has the
following equality:

m(v)
(I (Hy,l(q),A)))F(Tr(@Q)/2)>Zn
=1 ’

m(v)

- ¥ j <(HTr(Hy7l7p(M,U,A)(71,...,7|VV2)>>>57n

p partition =1
iy
B I
n pairs

X <F(Tr((I>2)/2 + L)+ + L))
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For 5 =4,

(e (o ) e
m(v)

- % f <(HRe<Tr( yz,p(MaU,fT)(717---7’Y|u\/2))))>5=4n

p partition ’
Y15y
of {1 |} T2
in pairs

T1,82,..T |y

x (P(T@)/2+ Lon) ++ Lwi) ), ip (d1s - ) 2).

Proof. This follows from Lemma 23] Indeed, the action of U(z,y) on R" (8 =1), C" (8 = 2),

respectively H" (8 = 4), induces an action on Eg, by conjugation:
M — U(z,y)MU (z,y)*.

U(x,y) will denote the corresponding linear orthogonal operator on Eg,,. The holonomy of the
connection (U(7,y))(z,yjep along a path v is related to that of (U(7,y))(s yjer along v by

hol(7)(M) = hol” (y)Mhol” (y)*, M € Eg,,.
So one applies Lemma 2.3 to the connection (U(z,y))(z,y}ck- O

To finish the proof of Theorem B.3], one needs to check, for every fixed partition in pairs p,
the following expressions of expectations with respect to the law of (M (Z))1<i<|u\ /2t

m(v)
<< Tr (Hu,l,p(M’ U’ A)(ryl”ry|l"/2)>)>ﬁ=1n
=1 ’
Z wy75=1(,0) H Tr(Ile (U, A) (71, - - - a'Y\u|/2))a
PER Y p teTu (p)
m(v)
<< Tr (Hu,l,p(M’ U, A)(715’7|V\/2)>)>5=2n
=1 ’
= Z wy,5=2(/0) H TI'(H?(U, A)('Yl, s 57\V|/2))a
pRup TeT )
m(v)

((T] Re (T (M0, D)o, . ,7|V\/2>)))>B=4m

=1
= Z wl/,ﬁ=4(p) H Re(Tr(ﬁt(U’ g) (71, s 5’7\1/|/2)))
PERv,p teTu(p)

The identities above fOlNIOW already from Lemma [£4 One has to Napply the latter to matrices
A(k, k'), respectively A(k,k'), instead of A(k,k’), respectively A(k,k’), where A(k, k") and
A(k, k') are as follows:

Alai,a;) = hoIU(%)*A(al,aj)holU(%), ./T(al-,aj) = hoIU(%-)*ﬁ(ai,aj)holU(Wj),
A(alab ) - h0|U(fYZ) (aubj)a "Z(ahbj) = OIU(PYZ)*‘Z(G’hbj%
A(bi,aj) = A(bs,aj)holV (v;),  A(bi,a;) = A(bi, a;)holY (v;),

) )

A(bi,bj) = A(bi,b;),  Albi,by) = A(bs, b))
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Then, for every l € {1,...,m(v)},

Further,

Tr(My p(M, U, A) (155 Vwip2) = Tr(Ilp(M,A))),
Re(Tr(Ip (M, U, A) (1, ..., Ywi2))) = Re(Tr(Il,yp(M, A))).
if pe Ryp and t € T,(p),
Tr(Tle (U, A) (15 - -5 Wwl2)) = Tr(Ie(A))),
Re(Tr(Iy (U, A)(, -, u2))) = Re(Tr(IIg(A))).

If p is the only ribbon pairing in R, with only straight edges (the setting for § = 2), if

TeT,

(p) and t is the corresponding unoriented trail, then

Te(H (U, A) (31, - Y j2)) = Tr(IT5(A))).
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