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Abstract

Analyzing the sub-level sets of the distance to a compact sub-manifold of R is a
common method in topological data analysis, to understand its topology. Therefore,
topological inference procedures usually rely on a distance estimate based on n
sample points [41]. In the case where sample points are corrupted by noise, the
distance-to-measure function (DTM, [16]) is a surrogate for the distance-to-compact-
set function. In practice, computing the homology of its sub-level sets requires to
compute the homology of unions of n balls ([28} |14]), that might become intractable
whenever n is large.

To simultaneously face the two problems of a large number of points and
noise, we introduce the k-power-distance-to-measure function (k-PDTM). This new
approximation of the distance-to-measure may be thought of as a k-pointbased
approximation of the DTM. Its sublevel sets consist in unions of k£ balls, and this
distance is also proved robust to noise. We assess the quality of this approximation
for k possibly drastically smaller than n, and provide an algorithm to compute this
k-PDTM from a sample. Numerical experiments illustrate the good behavior of
this k-points approximation in a noisy topological inference framework.

1 Introduction

Let M C R be a compact set whose topology is to be inferred from an n-sample
X, ={X1,Xo,...,X,,} drawn on M. The pioneering work [37] has paved the way of
topological inference, showing that the Devroye-Wise estimator U?Zl B(X;,r), the union
of closed Euclidean balls of radius r centered at sampled points, has the same homology
as M, provided that M is a compact submanifold and r is well-chosen according to n.
This result can be thought of as a particular instance of topological inference based on
distance estimation: if dj; denotes the distance to M, then djs is inferred via dx,,, the
distance to sample points. The method exposed in [37] then boils down to infer the
homology of the 0-sublevel set of dyy, dX/ll((—oo, 0]) from the homology of the r-sublevel
set of dx,. A general framework for geometric inference based on distance function
estimation can be found in [16]. In a nutshell, [16, Proposition 4.3] states that if d is an

*This work was partially supported by the ANR project TopData and GUDHI and Ecole Centrale de
Nantes



estimator for djp; and M is smooth enough, then, for some r > 0, the r-sublevel set of d
has the same homology as M provided that [|da; — d|so is small enough.

This distance estimation problem has been thoroughly investigated through the lens
of Hausdorff set estimation: indeed, if M is a set estimator, d=d, xr» and dg denotes

the Hausdorff distance, then dg (M, M) = ||d — dj||es. Optimal rates of convergence
for ||€1 — dpslloo, in terms of sample size n have been derived under various types of
regularity assumptions on M and noise conditions. In the noise-free case, optimal rates
for ||d — dar||ee are given in [39] whenever M satisfies some convexity-type assumptions,
whereas |27} 29} [2, 1] provide optimal rates when M is a smooth compact manifold. Note
that, in the smooth manifold case with noisy observations, additional results on optimal
rates for Hausdorff estimation can be found in [27]. All of these bounds can be combined
with the aforementioned result |16, Proposition 4.3] to assess that the homology of M
may be retrieved from the sublevel sets of d, provided that n is large enough.

However, when the sample size n is large, computing the homology from an n-
pointbased distance estimator d may be computationally intractable. For instance, in
the simplest case where d= dx, , a standard way to compute the homology of a sublevel
set of dx,, is to build a Rips complex based on X,, whose homology can be efficiently
computed [41]. The construction of such a simplicial complex requires the computation
of pairwise distances, that is n? distances. To reduce this computational cost, a practical
solution is to extract a coreset X, C X,, such that ||dx, — dal|e is small enough to
ensure topological correctness, then to compute a Rips complex based on X. In the
noise-free case, extracting such a coreset boils down to find an e-covering of X,,, where ¢
is the desired sup norm precision. Using a uniform grid shows that an e-covering with
k(e) < £~ points at most exists, and can be found in practice using farthest point
sampling algorithm for instance |24]. Such a coreset may also be used to compute more
involved estimates for dpy, as in [33)].

In noisy settings, with observations of the type X; = Y; + N;, Y; on M and N;
denoting Gaussian noise, using a covering of sample points as base points for a coreset
can lead to arbitrarily poor estimation of d,;. The goal of this paper is to nonetheless
provide a coreset in such noisy situations, that is to build an approximation of d;;, based
on the computation of a distance to k points, that may be proved close enough to d,; to
allow further geometric inference.

To be more precise, we will build our k-points distance approximation as an approxi-
mation of the distance-to-measure [16], that may be thought of as a robust surrogate for
dys. Namely, for a Borel probability measure P on R¢, a mass parameter h € [0, 1] and
r € RY, the distance of = to the measure P (DTM), dpp(z) is defined by

dp (@) = Popllz — 1%,

where P, j, is the probability distribution defined as the restriction of the distribution P
to the ball centered at x, with P-mass h, and with the notation @ f for the expectation
of the function f with respect to the distribution ). When P is uniform enough on M
and M is regular enough, this distance is proved to approximate well the distance to M
(116, Proposition 4.9]) and is robust to noise ([16, Theorem 3.5]).

The distance-to-measure is usually inferred from X,, via its empirical counterpart,
called empirical DTM, replacing P by the empirical distribution P, = % Z?Zl dx,, where
d; is the Dirac mass on z. As noted in [28], the sublevel sets of empirical DTM are
union of around (") balls, with ¢ = hn, which makes their computation intractable in
practice. To bypass this issue, approximations of the empirical DTM have been proposed
in 28] (¢-witnessed distance) and [14] (power distance). Up to our knowledge, these
are the only available approximations of the empirical DTM. The sublevel sets of these
two approximations are union of n balls. Thus, it makes the computation of topological
invariants more tractable for small data sets, from alpha-shapes for instance (see, e.g.,



[22]). Nonetheless, when n is large, there is still a need for an optimal set of points
allowing to efficiently compute an approximation of the DTM, as pointed out in [38]. Up
to our knowledge, the only results on such a reduction are on the negative side, exposing
a lower bound on the number of points k(e) that are needed to build an e-approximation
of the empirical DTM [36].

The main contribution of this paper is the construction (Section, for a distribution
P and a mass parameter h, of a k-power distance dp i of the form

dpa(e) = [min o=l + wh, (),

that we call k-power-distance-to-measure, k-PDTM for short. We will prove that this
k-points power distance is robust to noise (Proposition [17]), and is a provably good
approximation of the distance-to-measure (Proposition This will allow us to give
bounds on ||dpjk — dar]leo (Proposition that can be used for further topological
inference based on the sublevel sets of dp . We then prove that its empirical counterpart
dp, nk is an optimal approximation of dpj from an n-sample (Theorem and
Proposition . At last we provide a Lloyd’s type algorithm [32] to compute in practice
such a k-power distance based on n sample points (Section, and numerically illustrate
its good performance in a framework of topological inference (Section .

The paper is organized as follows. Section [2] introduces definitions, notations and
base results that are required for the construction of the k-PDTM. A proper definition
of dpj i is given in Section along with some basic properties. Section [3| exposes the
main theoretical results of the paper, that consist in guarantees for the k--PDTM in a
topological inference framework (Section , optimality of the sample approximation of
the k-PDTM (Section [3.2), and an algorithm to compute it (Section [3.3)). Numerical
illustrations are given in Section [} and Section [f] [6] gather the derivations of the main
results. Proof of technical intermediate results as well as additional figures are deferred
to the Appendix.

2 Notations, definitions and first results

2.1 Notations for the distance-to-measure

Throughout the paper, observations will be elements of the Euclidean space (R, || - ||).
The ball centered at ¢ with radius 7 is denoted by B(c,r) = {z € R? | ||z — ¢| < 7} and
its closure by B(c,r). The sphere is denoted by S(c,r) = {z € R* | |z — c[| =r}. As
well, if A C R?, A denotes the closure of A, A° its interior, A = A\ A° its boundary and
A¢ = R4\ A its complementary set in RY. For any positive integer k, [1,k] = {1,2,...,k}.
For any set A, A®) stands for {t = (ti,t2,...,tx) | Vi € [1,k], t; € A}, where two
elements are identified whenever they are equal up to a permutation of the coordinates.
Following the quantization terminology, elements of (]Rd)(k) are called codebooks and their
k elements codepoints. For any distribution P and any integrable function f, the integral
of f with respect to P is denoted by Pf or [ f(u)P(du). We also denote sup, | f(z)| by
£l

We consider probability distributions P with support Supp(P) C R¢. The family of
these distributions is denoted by P(IR%). The subset of distributions P in P(R?) with
finite moment of order 2 (P|| - ||2 < 00) is denoted by P2(IR?). The distribution whose
support is to be inferred is an element of PX(R%) = {P € P(R¢) | Supp(P) C B(0,K)}
for K > 0. To infer Supp(P), we use a modified version @ of P. This measure Q is
assumed to be sub-Gaussian with variance V2 > 0. That is, @ is a distribution in P(IR%)



such that

(& t2
QB(0.07) < e (15 )
for all t > V. The set of such measures is denoted by P(V)(R%). Given X, =
{X1,Xa,..., X, } an n-sample from P, we denote by P,, = % >, 6x, the corresponding
empirical distribution.
For P € P»(R?%) and h € (0,1], we use the notation Py, (P) for the set of distributions
Py = fp with g a submeasure of P (i.e. such that u(B) < P(B) for every Borel
set B C R?) satisfying u(R%) = h. The set of all of their expectations is defined by
My (P ) = {m(Ph) | P, € Pp(P)}, with the notation m(P,) = [uP,(du) for the mean
of Pp, v = [|lu = m(Py)|* P (du) for its variance and M (Py) = ||m(Py)||> + v(Py)
for its order 2 moment.
Some distributions in P, (P) will be of special interest. Denote by dp p(x) = inf{r >
0| P(B(x,7)) > h} the smallest radius of a ball centered at = € R? of P-mass h. Then,
local distributions are defined as restrictions of P to these balls.

Definition 1.
Let P € P(R®). The set of local distributions at a point x, with mass parameter h € (0, 1],
denoted by Py 1 (P) is the set of distributions Py p, defined by Py p, = %u, where [ satisfies:

1. p is a submeasure of P with P-mass h: 3p € Pp(P).
2. u coincides with P on B(z,dpn(2)).
3. Supp(p) C B(x,dpp(z)).

Note that when P (0B(x,dp(z))) = 0, the set of distributions P, ,(P) is reduced
to a singleton {P, ,} with P,;(B) = +P(BNB(z,6ps(x))), for any Borel set B.
Accordingly, we may define a local mean as the expectation of a local distribution,
m(Py.p) = [ uPy (du) associated to some z € ]Rd and h € (0,1]. The set of local means of
P with parameter h € (0, 1] is defined by M;,(P {m en) | @ € RY, Pypy € Pyn(P )}

Example 2 (Uniform distribution on a circle). Let P denote the uniform distribution
on the unit sphere S(0,1) C R%  Then, for every x # 0, Py pn(P ) is the singleton
{Py.n}, Prp being the uniform distribution on the arc centered at Hr\l subtending an
angle 2rth. For x = 0, Py n(P) coincides with Pp(P). As a consequence, for x # 0,
m(Py,p) = sinc(hm) & Ty @nd v(Py,p) = 1 — sinc(hm)? where sinc : z +— % is the sinus
cardinal function. For x =0, the set {m(FPo) | Po,n € Po,n(P)} comczdes with the ball
B (0,sinc(hm)) and v(Py ) > 1 — sinc(hm)? with equality if and only if Py, = Py for
some x # 0. Note that for such an example, Mh(P) coincides with the set of local means

My (P).

These notions of local distributions and local means are required to define the notion
of distance-to-measure.

2.2 Definition of the distance-to-measure (DTM)

In the framework of geometric inference, to face the non-robustness to noise of the
function distance to a compact set, the notion of distance-to-measure (DTM) has been
introduced in [16]. The DTM dpy, is a function defined on R?, associated with a
probability distribution P and depending on a mass parameter h € [0,1]. A definition of



the DTM in terms of submeasures is given in |16, Proposition 3.3]. For every x € RY,
h e (0, 1] and ng,h S 7?(1;7h(P),
A%, (z) = inf Pyllz—-|?> = Pupllz — |2 1
ba@ =, inf  Pulle—|* = Poale | (1
Whenever h is small, the DTM provably approximates well the distance to the support
of P |16, Corollary 4.8 and Proposition 4.9], when P is a uniform distribution on a
submanifold for instance.
If a small h allows to approximate the distance to the support of P, larger values
for h make the DTM robust to small variations of the distribution P, in terms of the
Wasserstein metric. Indeed, according to [16], if P and @ are two probability distributions

on the space (R, || - ||) with finite second moment, then
1
451~ dgle < 2 Wa(P.Q). @
Let us recall that the Wasserstein metric W), is defined, for p > 1, by
WP(P,Q)= inf E ~x | X = Y], 3
p( Q) welllr(lP,Q) (X,Y) [|| || ] ( )

where II(P, Q) denotes the set of distributions on R? x R? of random vectors (X,Y’)
such that X ~ P (i.e. X is a random variable of distribution P) and Y ~ Q.

According to , the distance-to-measure can be written as a power distance, that is
the square root of a function f,, :  +— inf;es ||z — 7;||? + w;? for some set I, a family
of centers T = (7;);c; and weights w = (w;);cr. Special instances of power distances

are k-power distances, indexed on a finite set of cardinal |I| = k. Concerning the
distance-to-measure, for every P € Po(IR?) and x € R?, we have

d%,(x) = inf z —m(Py)|* +v(Py), 4

bule) =, int  fle = m(P)|P +o(Pa) (@)

where the minimum is attained at any measure P, = Py j, in Py, 5 (P). In this case, the
centers m(Py,) are elements of Mj,(P). Note that according to the second equality of
Equation (1)), P4 (P) can be replaced by (J,cpa Pa,n(P) in (4], so that the centers are
actually elements of My, (P). The following example gives some intuition on why the
distance-to-measure can be a convenient tool for geometric inference in noisy settings,
compared to classical quantization-based approaches.

Example 3 (Uniform distribution on a circle with noise). Let Qs = BUg(0,1) + (1 —
B)Up,1) be a noisy version of P =Us 1), the uniform distribution on the circle, for
some 8 € (0,1). According to [16, Theorem 3.5, Corollary 4.8], since Wa(Qg, P) <

V1 =5, we have ||dg,n — ds,1)llc < Ch+ \/% for some C > 0. Thus, for h >
81(1 — B) and 1 — B small enough, [16, Theorem 4.6] ensures that the r-sublevel sets of
dqs,n are homotopy equivalent to S(0,1), for a range of r’s.

Now let 7 be a minimizer of the k-means criterion Qg minjep g || - —7;|?, in other
words, an optimal k-points codebook for Qg. The following Lemma shed some light on
the approximation properties of the distance to T function.

Lemma 4.
Let dr« denote the distance to T* function. Then, for k large enough,
1 3
sup |dr«(z) — dg(,1)(z)] < C (kQ +(1- ﬁ)) .
z€5(0,1)
for some constant C > 0. On the other hand, for every p > 0, there exists k, g such that,
for allk >k, g, T* has at least one codepoint in B(0, p).



A direct consequence of Lemmal[{) is

0o = sup |dg(0,1)(0) — dr-(0)[ = 1.
£>0

sup ||ds(0’1) — d-,—*
k>0

A proof of Lemma [ is given in Section of the Appendix. The intuition behind
Lemma [4] is that though optimal codebooks designed via classical quantization can yield
provably good covering of topological structures such as manifolds, they are also likely
to have codepoints far from the structure in some noisy cases. In this case, geometric
inference based on the sublevel sets of d,« might lead to poor results.

2.3 Definition of the k.-PDTM

As illustrated above, in Example [3] the distance-to-measure may be thought of as a
robustified version of the distance-to-compact-set, designed for geometric inference in
noisy settings. According to , its sub-level sets are unions of balls centered at elements
of Mp(P). As noted in [28], in general, for empirical distributions based on n points
{X1,...,X,}, this amount of balls is finite but may be large (of order (:h), where h is
the mass parameter of the DTM). Approximations of the DTM consisting in reducing this
number of balls to the sample size n are exposed in [28, |14]. In this paper, we propose
to reduce this number of balls to some k € IN* possibly much smaller than the sample
size, resulting in an approximation of the distance-to-measure that we prove accurate
enough for further topological inference. This section is devoted to the introduction of
such an approximation, namely the k-PDTM.

The k-PDTM is an approximation of the DTM obtained after reducing the set of
submeasures P, (P) (or equivalently, the set of centers My, (P)) to a set of k well-chosen
submeasures (or k centers) in the definition of the DTM (4)). As an answer to [38], such
a set of k centers may be considered as a coreset for the DTM. These k submeasures are
obtained by minimizing the following criterion R.

Definition 5.
For P € P2(R?) and P = (P))icpi 1] € Pr(P)*), we define R(P) by

R(P) =P min_||-—m(P)|? + v(P,).
i€[1,k]

The following Proposition [6 ensures that there exist optimal submeasures with respect
to the risk R.

Proposition 6.
If P € Po(R%), then the minimum of R is attained in Py(P)*). We denote by P* any
such minimizer.

The proof of Proposition [f is to be found in Section These optimal submeasures
allow us to define the k-PDTM as follows.

Definition 7.
The k-PDTM is any function dpp i : R? — R defined by

dppi(®) = min_ |z —m(P)|? +o(F;),
i€[1,k]

for some P* = (Pf,..., P}) € argminpcp, (pyx) R(P).

The k-PDTM is a k-power distance which graph lies above the graph of the DTM. It
is not necessarily uniquely defined, since several minimizers of R may exist. Its sublevel
sets are unions of k balls. Besides, the k centers of the k-PDTM yield a decomposition
of the space R? into k cells, and consequently, a decomposition of P into k weighted
Voronoi measures.



Definition 8.
A set of weighted Voronoi measures associated to a distribution P € Pg(le), k submea-
sures (P;)ieq,x] € Pu(P)*) and h € (0,1] is a collection {Pih,Pop,... Prp} of k € N*

non-negative submeasures of P such that Zle IE’M = P and
Va € Supp(Pip), |z —m(P)|* + v(P) < [l — m(P))| + v(P), Vj € [1,k].

Note that a set of weighted Voronoi measures can always be assigned to any
P € P2(R?) and (P,)icpr € Py (P)*). Indeed, RY may be splitted into weighted
Voronoi cells associated to the centers (m(F;))ieq,x and weights (v(P;))iep,ey (195
Section 4.4.2]), with ties arbitrarily broken. The following key property of weighted
Voronoi measures implies that minimizers P* of the criterion R are actually elements of

(Usere Pt,h(P))(k). With a slight abuse of notation, for every t € (R%)*), we denote
the quantity R(Py, p,- .., P, 1) by R(t), where Py, , € Py, n(P).

Proposition 9.
Let P € Po(R?), and (P;);cqi 5] € Pu(P) ). Then

R(m(ﬁl’h), N ,m(pk’h)) S R(Pl, N ,Pk),

with equality if and only if, for all i € [1,k] such that P;,(R%) # 0, we have P; €
Pr,)n(P)-

The proof of Proposition [J] is deferred to Section [5.2] This proposition provides
a natural and tractable procedure for computing local optima of the criterion R, cf.
Algorithm [1] in Section [3:3] Indeed, Proposition [J] shows that minimizing R over the
set of k submeasures boils down to minimize t — R(t) over (R%)*). An alternative
definition of the k-PDTM in terms of local distributions may be stated accordingly.

Corollary 10.
The k-PDTM is any function dp i : R? — R defined by

dp ) x(z) = min [z — m(Pe p)|]* + v(Per n)
1€[1,k] K K

for some t* = (t7,...,t;) € argminge gaym R(t).

This definition of the k-PDTM in terms of local means and variances is very convenient
for the purpose of its computation, but the more general definition of the k&-PDTM in
terms of submeasures (Definition @ is also crucial. Indeed, from Definition [7| we may
also state an alternative parametrization of the k-PDTM by elements 7 = m(P;,) of
M n(P) that will allow for a geometric interpretation of the k&-PDTM. The corresponding
variances v(Pp,) will be obtained as images wp (7) of the function wp, defined for every
7 in R? by

Lemma 11. } }
If P € P2(RY), then wp (1) < +o0 if and only if T € My (P). Moreover, if T € My(P),
then there exists Pp, € Pp(P) such that 7 = m(Py,) and w%,h(T) =v(Py). More precisely,

w?’,h(T) = ianhEPh(P),m(Ph):T U(Ph)'

The proof of Lemma [[1]is deferred to Section [5.3] The natural reparametrization of
the criterion R with the set of centers follows.



Theorem 12.
Let P € Po(R%). Then t* € arg minge gayw R(t) if and only if

(n(Pia)oooem(Pr) € one_min, P g -7l + (7).

The proof of Theorem [I2]is to be found in Section [5.4] Theorem [I2] states that the
k-PDTM is a solution of a weighted k-meantype criterion. According to Lemma
the regularization terms wpy (7;) force the optimal codebooks 7* to be in /\;lh(P)(k).
Intuitively, elements 7 such that wpj(7) is small will be favoured. Such 7’s gather a
proportion h of the mass of P on their neighborhood. On the contrary, for elements
7 such that wpj(7) is large, the corresponding weighted Voronoi measures will not be
massive, and the ball associated to such 7’s will appear in the r-sublevel set of the
function = +— || - —7|]% + W123, (1) for large 7’s only. A direct consequence of Theorem
is that the squared k-PDTM may be interpreted as the closest squared k-power
distance to the squared DTM from above, in terms of L;(P) norm. This interpretation
comes from the straightforward inequality ||z — 7]|* + w} ), (1) > d% ), (). The resulting
inequality d%;’ hk = d% ,, allows for further comparison with k-means approximation of
the distance-to-compact-set in noisy settings.

Example 13 (Noisy distribution on the circle). For the distribution Qg = BUs 0,1y +
(L= B Up- If h > 1= B, since Ay, 5, 1,(0) > g, ,(0), we have d3y, , ,(0) > 1~ 25E.

As a consequence, infi> déﬁ’hﬁk(O) >1- %, whereas infy>od2.(0) = 0, where T*

denotes an optimal k-points codebook.

The above example shows that we can expect the k-PDTM to approximate well the
distance-to-compact-set in remote areas, contrary to the distance based on k-means,
dr«. To check whether the &-PDTM provides also an efficient covering of the targeted
structure is investigated in the following section.

3 Theoretical results for the k-PDTM

3.1 Geometric inference with the k-PDTM

Let M be a compact subset of R%, and let fy;(¢) denote the e-covering number of M
(minimum number of balls of radius ¢ needed to cover M). Here we show that the
k-PDTM approximates the DTM, provided that the covering number of M and the
continuity modulus of the map = — m(P, ) are not too large. In what follows, Cy, .. ;.
and ¢, ... ;. denote quantities depending on [, ..., only.

Proposition 14.
Let P € PE(RY) for K > 0 and let M C B(0, K) be such that P(M) = 1. Let fa(e)
denote the e-covering number of M. Then we have

0 < P}y, —dby, < 2f3 (k)Cpn(fi (k) with  f (k) = inf{e >0 far(e) <k},

where (p, is the continuity modulus of x — m(Py.p), that is

(pn(e) = sup sup {Im(Pen) = m(Pyp)l}-

z,yeM,||lz—y||<e Py h €Po,n(P), Py,n €Py,n(P)

A proof of Proposition [14]is given in Section Whenever P is roughly uniform on
its support, the quantities f]\}l(k) and (pj mostly depend on the dimension and radius
of M. We illustrate this point with two instances of particular interest for geometric
inference. First, the case where the distribution P has an ambient-dimensional support
is investigated.



Corollary 15.
Assume that P has a density [ satisfying 0 < frin < f < fmaz- Then

0< Pd??,h,k - d%’,h < CfmaI,K,d,hk_Q/d-

The proof of Corollary [15]is given in Section Note that no assumptions on the
geometric regularity of M are required for Corollary [L5| to hold. In the case where M
has a lower-dimensional structure, more regularity is required, as for instance in the
following corollary.

Corollary 16.

Suppose that P is supported on N C B(0, K), a compact d'-dimensional C?-submanifold.
Assume that P has a density 0 < foin < [ < fmaz with respect to the volume measure
on N. Moreover, suppose that P satisfies, for all x € N and positive r,

PB(z,r)) > cfmmrd/ Al (5)
Then, fork > cn f,... andh < Cn ¢,.,., we have 0 < PdQP’mkfd%h < CN,fmm,fmamkiz/d’-

Note that , also known as (¢fmin,d')-standard assumption, is a usual assumption
in the set estimation framework (see, e.g., [18]). In the submanifold case, it may be
thought of as a condition preventing the boundary from being arbitrarily narrow. This
assumption is satisfied for instance in the case where ON is empty or is a C? (d' — 1)-
dimensional submanifold (see, e.g., |3, Corollary 1]). An important feature of Corollary
[16]is that this approximation bound does not depend on the ambient dimension. The
proof of Corollary [16] may be found in Section Next we assess that our &-PDTM
shares with the DTM the key property of robustness to noise.

Proposition 17.
Let P € PE(R?) for some K >0 and Q € Po(R%). Let A3 .1 denote a k-PDTM for Q.

Then, P ’d%,h,k — d%’h’ < Bp.q,h,k, where

Bpq,nk = 3Hd%,h - d2P,h||oo,B(0,K) + Pd%’,h,k - d%ﬂ,h +4W1 (P, Q) SuPd ||m(Ps,h)H~
seR
The proof of Proposition [I7] can be found in Section Note that Lemma
provides a bound on ||m(Ps )| whenever P is sub-Gaussian. Moreover, |16, Theorem
3.5] ensures that ||dZ, , — d% j[lo,B(0,x) can be bounded in terms of Wa(P,Q), up to a
constant dependent on K. Note at last that bounds on Pd%’,h,k — d% , may be derived

using Proposition |14

Proposition an provide guarantees on PdQQ’h’k. In turn, provided that M is
regular enough, these bounds can be turned into L., bounds between dg p r and das.
Following |16, Section 4], these L, bounds can guarantee that the sublevels sets of the
k-PDTM are homotopy equivalent to M, under suitable assumptions.

Proposition 18.
Let M be a compact set in B(0, K) such that P(M) = 1. Moreover, assume that there
exists d’ such that, for everyp € M and r > 0,

P(B(p,r)) > C(P)r? A1. (6)

Let Q be a Borel probability measure (thought of as a perturbation of P), and let A%
denote PdQQ)hyk. Then, we have

1

2
+2 A;}’+2’ 2AP; W?(PaQ)h_é}a

HdQ,h,k — dMHoo < max {C(P)_d'

where Wo denotes the Wasserstein distance.



The proof of Proposition [18| can be found in Section According to |16, Corollary
4.8], if P satisfies (6, then

1
a7

ldg — dallee < (C(’Ip)) WP Qh

Hence, Proposition [18| ensures that the k-PDTM achieves roughly the same performance
as the distance-to-measure provided that dQ n.k 1s small enough on the support M to
be inferred. As will be shown in the followmg section, this will be the case if @ is an
empirical measure drawn close to the targeted support.

3.2 Approximation of the k.-PDTM from point clouds

In this section, P € PX(R?) is a distribution supported on a compact set M to
be inferred. We have at our disposal an n-sample X, = {X;,Xs,..., X, } from a
modification @ € Pa(RY) of P. An approximation of the k-PDTM dg p k, is given by the
empirical k-PDTM dq,, p.i, where Q,, = ZZL 1 n6x is the empirical measure from X,,.
Note that when k = n, the empirical k-PDTM dg,, »,n coincides with the g-witnessed
distance [28], for ¢ = nh. We investigate the quality of approximation of the DTM dp
with the empirical k-PDTM dg,, n,%, when Q is defined as the convolution of P with a
sub Gaussian distribution with variance o2. Within this context, according to Lemma

4} Q is sub-Gaussian with variance V2 = (K +0)2

Theorem 19.

Let P be supported on M C B(0,K). Assume that we observe Xi,..., X, such that
X; =Y, + Z;, where the Y;’s and Z;’s are all independent, Y; is sampled from P and Z;
is sub-Gaussian with variance o?, with o < K. Let Q,, denote the empirical distribution
associated with the X;’s. Then, for any p > 0, with probability larger than 1 — 10n~"7, we
have

K*((p+1)log(n)): Ko
P(d? — 2 < CVkd +C—.
|P(d), pi — Ao ni)| < o 7

A proof of Theorem |19|is given in Section The \/@/ \/n term is in line with the
rate of convergence for the k-means method (see, e.g., [8]), as well as with the rate of
convergence for ||dp, , —dpnlleco exposed in |17]. The Ko term is due to the expectation
with respect to P (instead of Q). Theorem combined with Proposition allows us to
choose k in order to minimize |PdQ ok —dp, 2 | Indeed, in the framework of Corollaries
5land |1 where the support has intrinsic dimension d’ such a minimization boils down to

CIKQ((ZT;) log(n)) + Cppk™ ¥ . Choosing k ~ nai

achieves the desired tradeoff between bias and variance. From the point of view of
geometric inference, this leads to computing the distance to nd'/(d'+4) points rather than
n, which might save some time. Note that when d’ is large, smaller choices of k, though
suboptimal for our bounds, would nonetheless give the right topology for large n. In
some sense, Theorem |19 advocates only an upper bound on k, above which no increase
of precision can be expected. Combining Theorem [19] and Proposition [14] leads to the
following result.

optimizing a quantity of the form

Proposition 20.
With the same setting as Theorem[19, if M is a submanifold with intrinsic dimension
d > 1, then:

=K ((p+1)log(n)? Ko 2
|PdQ ok T d2P,h|SO kd ho/n +OT+CP,hI€ da’.
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d/
Thus, choosing k ~ nd+1 leads to

K?((p + 1) log(n))?
h

P2 5 — 34| < Cppdn 75 + C%.

The proof of Proposition|20|is to be found in Section m Noting that Pd?;yh < Cphﬁ
in this case (see, e.g., [16, Proposition 4.9]), Proposition [20| can be combined with
Proposition [1§| to yield a bound on ||dg, nk — dasllco-

To assess optimality of Theorem in terms of sample size dependency, a lower
bound on the best k-points approximation of the DTM that is achievable on the set of
distributions supported in B(0, K') may be derived from [7} Theorem 1] or [31, Proposition
3.1].

Proposition 21.
Fort € (RY)™ and P a probability measure, denote

d%, . :x+— mi —m(P. )2+ v (P )]
Phti T jg[ﬁ{}d][llx m(Py, n)|I? +v(Py, 1))

Fork23,n2%andh§i we have

2k
K22~ a
inf sup EP(d%, . —d%, ) > co : (7)
t P|Supp(P)CB(0,K) Pt TRAE Vn

where ¢q is a constant and t denotes an empirically designed vector (f1, ..., 1) in (R*)*).

Moreover, if n > 14k, then
K2k~ .
inf sup EP(&, i —dbyp) = o — 32Kk B2, (8)

vn

Thus, Proposition confirms that the sample size dependency of Theorem is
optimal in the noise-free case, up to log(n) factors. A proof is given in Section

t P|Supp(P)CB(0,K)

3.3 Algorithm

In this section we expose a Lloyd-type algorithm to compute a local minimizer for the
cost function associated with the empirical k-PDTM. For an n-sample X,, with empirical
distribution @, Proposition [J] suggests a procedure to minimize the empirical risk
t = Ry (t) = Qnmingepi i || - —m(Qn ¢,,0)[1* + v(Qn +,,n)- Indeed, given some codebook
t, replacing t with the means of the weighted Voronoi measures (Q,, ti,h)ic[1,k] can
only decrease the empirical risk R,,. For a sample X,,, this boils down to compute the
weighted Voronoi cells (C(t;))ie[1,x] (i-e. the support of the measures (Qn ti,h)ic[L,k])s
and to replace ¢; with the mean of the points of X,, in C(¢;). We use the notation |C(t)|
for the cardinal number of C(t), m(t) for m(Qy, ¢,n) and v(t) for v(Q,, ¢5). The procedure
is described in Algorithm

Algorithm 1: Local minimum algorithm

Input: X, an n-sample from @, h and k ;

# Initialization

Sample tq, ts,. ..ty from X, without replacement. ;

while the ;s vary make the following two steps:
# Decomposition into weighted Voronoi cells.

11



for j in 1..n:
Add X to the C(t;) (for ¢ as small as possible) satisfying
1X5 = mta)|I* + o) < [1X; =m(t)|I* +o(t) VI # i;
# Computation of the new centers.
for i in 1..k:
— 1 .
ti = e 2oxec() X
‘ Output: (t1,t2,...,t%)

Proposition 22.
Algorithm[1] converges to a local minimum of

m(Qn ti,h) ||2 + U(Qn ti,h)~

Bnit Qn min |

This result is a direct consequence of Proposition [0] Therefore, Algorithm [I] provides
an approximation of the k-PDTM. Since the algorithm does not converge to the optimal
centers, we suggest running the algorithm several times and storing the best solution in
terms of the empirical cost R,,, as for k-means.

As mentioned above, Algorithm [J] may be thought of as a special instance of Lloyd’s
algorithm [32]. This algorithm consists in repeatedly decomposing the space R into
cells associated to the ¢;’s, and then replacing the ¢;’s by the means of P restricted to
the cells. This kind of algorithm provably outputs local minimizers of risks of the form
Rq : T+ Pminep p d(-,74), for any Bregman divergence d (see, e.g., [6]). We recall
that a Bregman divergence is defined by d(z,y) = ¢(z) — ¢(y) — (Vo(y),z — y), for
some convex function ¢. Actually, Lloyd’s algorithm only works for Bregman divergences
[5], since they are the only functionals d such that ¢ — Pd(-, ¢) attains its minimum at
¢ = P-, the expectation of P. This suggests that our criterion R may be expressed in
terms of some Bregman divergence.

For P € P3(R%), according to |16, Proposition 3.6], the function vpy, :  — ||z||* —
d%h(:ﬂ) is convex, and its set of subgradients at z is given by Ay, p, = {2m(Py 1) | Pon €
Pun(P)}. A simple computation based on shows that the Bregman divergence
associated with ¥pj, is defined for every z,t € R? by

Ay, (2,1) = [lz = m(Pep)|* + v(Pen) — dp (). 9)

Since d%h(z) does not depend on ¢, our criterion R has the same minimizers as Rq for
the Bregman divergence d = dy,,,. Thus, Proposition |§| is a consequence of the fact that
Ypy is a Bregman divergence.

4 Numerical illustrations

4.1 Topological inference from noisy pointclouds

Let M be a compact subset of R%. Geometric and topological information about M
can be recovered from some r-sublevel sets of the function distance to M, ds (see, e.g.,
|16l Proposition 4.3]). To tackle the tough question of the selection of r, or simply to
track multiscale information, the concept of persistent homology has been introduced
in |23|. It consists in describing the evolution of the homology (number of connected
components, holes, etc.) of the sublevel sets of dj;. Persistent homology can be encoded
via persistence diagrams. A persistence diagram is a multiset of points (b, d). Each point
(b,d) is associated to one topological feature (a connected component, a hole, a void,
etc.) that appears when r = b (its birth time) and disappears when r = d (its death
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time). As well, if ||a — das||eo is small enough, then the persistence diagrams associated
with d and dp; will be provably close [19], that is the lifetimes d — b of the topological
features will be similar. To assess the relevancy of our approach in a noisy topological
inference setting, we will compute the persistence diagrams associated with the empirical
k-PDTM, and compare it with the outputs of other methods.

Following 28], we choose for M the infinity symbol embedded in R?. The persistence
diagram associated to dj; is depicted in Figure [2] (right). This diagram contains one red
point (0, 00), that corresponds to the connected component (0-dimensional topological
feature), and two green points that correspond to the two holes (1-dimensional topological
features). We generated a sample of 200 points, uniformly on the infinity symbol, with
an additional additive Gaussian noise, with standard deviation ¢ = 0.02. This sample
is corrupted by 80 outliers — 40 points generated according to the uniform distribution
on the rectangle [—2,5] x [—2,2] and 40 points on the rectangle [—4, 7] x [—4,4]. This
results in a corrupted sample X,, of 280 points.

We compared three methods to recover relevant features of M from X,,. Each
method boils down to build an approximation f of dj;. These functions are of the
type f :x = /miner |z — 7|2 + w?, for some finite set I, centers 7; € R? and weights
w; > 0. The first function we consider is derived from the k-means algorithm [34] (|I| = &,
centers 7; are given by the optima of the k-means criterion and w; = 0), the second is
the g-witnessed distance [28] (|I| = n = 280, it coincides with the k-PDTM for k = n,
with mass parameter h = ¢/n) and the third one is the k-PDTM (]I| = k, with mass
parameter h = ¢q/n).

These methods depend on two parameters ¢ and k. Providing a method to calibrate
q and k in general is beyond the scope of the paper. Here, we choose ¢ = 10 and k = 50.
Roughly, ¢ is chosen small enough so that the distance to the g-th nearest neighbor
remains small compared to the curvature of M but large enough to deal with noise, and k
is chosen large enough so that a uniform grid with k& points has grid size small compared
to the curvature of M. More details on this heuristic can be found in the Appendix.

k-means g-witnessed distance L-PDTM
T . . A 5
PR SR S
a Booow a0 a LB ARy N
AL aofT ot 0 e T A :
oAty . _ *,:H_@. g
’ N A‘ = i ‘

o Y I so 2 o

Persistence diagram Persistence diagram Persistence diagram

ith
2
8

% smmov oo
e
k=]

000 035 050 075 100 125 150 175 000 025 050 075 100 125 150 175 000 0325 050 075 100 125 150 175 200
Birth Birth irth

Figure 1: Comparison of the basic methods

We implemented the three methods with the R software. We used the R function
kmeans for the first method, and the FNN R library to compute the nearest neighbors for
the two other methods. In Figure [I] we plotted the points of X,,. Points are represented
with the same color when they lie in the same weighted Voronoi cell (for the centers 7;
and weights w?). Centers 7; are represented by triangles and colored in function of the
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weights w? (black centers correspond to w? = 0). The second row of Figure (1| depicts the
corresponding persistence diagrams, for the three methods. They were obtained using the
function weighted_alpha_complex_3d_persistence in the Gudhi C++ library, based
on alpha-shapes [22]. We observe on Figure [1| that the three main features of the symbol
infinity (one connected component, two holes) are recovered for the k-PDTM and the
g-witnessed distance, but not for k-means. As exposed in Lemma [4] this is due to the
"void-filling" drawback of k-means.

4.2 Outliers detection

Another possible interest of the proposed method is outlier detection, based on the
following principle: if an observation X; is such that da;(X;) is large, then it can be
considered as an outlier. Replacing dj; with an approximation gives the intuition of our
denoising scheme.

Such a procedure need as an input a level «, that is the proportion of points that
will be considered as signal points. Note that there exist heuristics to empirically design
such an « (see, e.g., |13]). A level @ being given, a straightforward approach consists in
removing the n(1 — «) points that corresponds to the largest values of €1, for an estimate
d of dps. In the following, we refer to this method as truncation, resulting in truncated
k-means, truncated g-witnessed and truncated k-PDTM.

However, it is possible to combine compression and denoising, by looking simultane-
ously for a subset of na points (trimming set) and a set of k points that approximates
the best the trimming set. For a non-negative function d, this corresponds to the
minimization of the criterion 7 — infp cp, (p) Po miniep k) d(., 7). Whenever d is a
Bregman divergence, minimizers of such a criterion may be obtained via a Lloyd-type
algorithm (see, e.g., [13]). Fortunately, since the k-means distance and the k-PDTM may
be expressed via Bregman divergences, namely the squared Euclidean norm and @, the
procedure exposed in [13] applies. The outputs of the aforementioned procedure will
be called trimmed k-means ([20]) and trimmed k-PDTM. We experiment each of these
methods for the dataset of the previous section (200 signal points around the infinity
symbol, 80 ambient noise points). We choose o = 200, ¢ = 10 and k& = 50. Figure
depicts, for the trimmed versions of the algorithms, the resulting partition signal/outliers
along with the k centers and weights (shade of triangles) in the first row. The second row
exposes the corresponding persistence diagrams. Similar illustrations for the truncated
algorithms may be found in the Appendix.

As depicted by Figure [2] the trimmed k-PDTM globally succeeds in identifying noise
points and providing a relevant geometric approximation of the signal, whereas trimmed
k-means still adds one spurious 1-dimensional topological feature. To be more precise on
the topological performances of the aforementioned methods, we repeated the experiment
100 times. At each time, we computed the lifetimes of the topological features and
sorted them in decreasing order. Figure [3] below exposes the means of these lifetimes.
We see that k-meanbased methods add spurious holes (corresponding to the three last
1-dimensional features), and add many spurious connected components. Note that the
first 0-dimensional feature, corresponding to the infinite connected component, has been
removed in Figure[3] On the whole, our method compares well with g-witnessed-based
methods.

The diagram on the right of Figure [3| depicts the mean amount of False positive
over the 100 repetitions, that is the number of signal points that are labeled as outliers
by the algorithm. We also include comparison with other trimming approaches for
outlier detection, such as tclust [26] (tclust function in trimcluster R library) and
the truncated version of k-median [15] (kGmedian function of the Gmedian R library).
Again, our method compares well with g-witnessed-based denoising, contrary to the other
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Figure 2: Comparison of the trimmed versions of the methods
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Figure 3: Features lifetimes and False positive number

Euclidean-based methods.

5 Proofs for Section 2

5.1 Proof of Proposition [6]

It suffices to prove that Py, (P) is a compact set (for the weak convergence metric) and
that R is continuous (i.e. that P, — m(Py) and P, — M (Py) are continuous on Pp(P)).

The set hPy(P) is tight. Prokhorov’s Theorem entails that, for any sequence
(ttn/h)nen in Pr(P), up to a subsequence, there exists p a Borel positive measure
on R? such that s, converges weakly to u. The dominated convergence Lemma ap-
plied to the functions 1z« and 1o, for an open set O, ensures that u(R?) = h and
1(0) < P(O), proving that € hPp(P). Then, |4, p.438] yields that p and P are regular
measures. Thus, p is a submeasure of P of mass h, and Py (P) is compact.

We will now prove that the maps P, — m(Py) and Py, — M(P),) are continuous
on Py (P). For M > 0 and u € R?, denote by u A M the vector (ug A M, ... ,uqg A M),
where u; A M denotes min(u;, M). Consider (P ,)nen a sequence in Pp(P) converging
to some distribution P,. Then there exists M. > 0 such that for every P; € Pp(P),
| Py (- A M) — Pl < P(| - I1).o>ns.)/h < €. On the other hand, since - — - A M, is
bounded and continuous, || Py (- A M) — P, (- A M, )|| converges to 0. This proves the
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continuity of P, +— m(P,). We also have that Py || - | A M — Py - |*> A M. Since
for every P} € Py (P), APAM = |- ®)]| < (P|| - IP1). 2> n)/h and P has a finite
second order moment, we deduce as well that M (P, ) — M(Fy). O

5.2 Proof of Proposition [9]

For short, we use the notation m; = m(P; ), v = v(P;;) and Q(du)f(u) for the
expectation of f with respect to the Borel measure Q. Then, a biavariance decomposition
yields

R(Py,...,Py) = P(du) Ir[[nn]]P(dz Mu—z|* = ZP’h du) P;(dz)||u — z||?

€1,k

|
‘Mw

@
Il
-

P n(RYP;(dz) (|2 — ma||* + v;) P, n(d2) (|2 — mg||* + v;)

HM»

P (du) P n(d2) |2 = ul|?,

|
‘Mw

Il
_

3

where P, i € P, n(P), and equality holds if and only if P; € Py, »(P). Thus, denoting
by ( ik )Z €[] the set of weighted Voronoi measures associated to the measures
(P,

zy

h)ie[1,k], We have

R(Py,..., Py ik 7h(dz)||zfu||2

H'Mw

k
z ”m( muh) - u”2 + U(Pmi,h)) = R(Pml,}w s 7Pmk7h)'

5.3 Proof of Lemma [11]

Let g(x, P,) = M(Py) — ||7]|?> + 2{x,7 — m(Py)). Then entails that w1237h(’7') =
sup,era infp, ep, (py 9(x, Pr). According to Section Pr(P) is a compact set, and
Py, — m(Py) as well as Py, — M(P,) are continuous. So, for every z € R?, g(x,-) is
continuous, and linear. On the other hand, for every Py, in Pp(P), g(-, Py) is linear and
continuous. Sion’s theorem [30] yields that

wP’h(T) = Phén;;{l(P) xseu]é) M(P,) — ||7—||2 +2{x, 7 —m(Pr)). (10)

Therefore, w},, () < oo is equivalent to 7 € M,(P). Now let 7 be in My, (P). According

to , we have

2 . 2 .
= f M(P;,) — = f P).
Wp,h(T) PhE'Ph(IgI)l,m(Ph):T ( h) HT” PhE'Ph(IgI)l,m(Ph):‘rU( h)

Since P, +— v(Py) is continuous on Py (P) and Py(P) N m~1({r}) is compact, there

exists Pj, such that m(P,) = 7 and w3, , (1) = v(Pp).
O
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5.4 Proof of Theorem [12]

Let R denote T — Pminjep p |- =75 1> +wp,, (75), for 7 € (R4)*). According to Lemma
T* is a minimizer of R if and only if 7} = m(P}) and w1237h(7'i*) =v(P}) for (Pf,...,P})
minimizing R. According to Proposition@ for such a 7*, with the notation m; = m(JBifh),
we have P} € P, n(P). Hence, 7 = m(Py,, ») and w?g’h(Ti*) = v(Pp, 1), for some
P b € P, n(P), and t* = (mq,...,my) is an R-minimizer. Conversely, Proposition
Eensures that if t* is an R-minimizer, then 7* = (7} )ic[1,x], With 77" = m(Pp 1), is a

R-minimizer. O

6 Proofs for Section [3

6.1 Intermediate results

The proofs of the Section [3] results will make intensive use of the following Lemmas,
whose proofs are postponed to the Appendix. We first mention some known results
about sub-Gaussian distributions.

Lemma 23.
Let Q € PYV)(RY), a sub-Gaussian measure with variance VZ > 0, and Qp € Pr(Q).
Then we have 2
3
Qnll- % < W
The proof of Lemma [23]is given in Section [A2] of the Appendix. Next, Lemma [24]
below ensures that the distributions involved in Theorem [I9] are sub-Gaussian.

Lemma 24.
IfY is a random variable sampled from a distribution P in P¥(R?) and Z is independent
from'Y and sampled from a distribution Q' in P (R?) for some o > 0. Then, the
distribution Q of the random variable X =Y + Z is sub-Gaussian with variance V? =
(K + 0)2, that is in PE+9)(RY).
Moreover,
Wi(P,Q) < 30 and W1 (P,Q) < v/30.

A proof of Lemma [24] can be found in Section Appendix. In what follows, we let
~ and 4 denote the functions

(t,z) = mingep iy —2(z, m(Qr,.n)) + [m(Qrn)I* +v(Qu, 1), (11)
) = minie[[l,k]] 72<x7m(Qnti,h)> + ||m(Qnt,;,h)H2 + 'U(Qnt,;,h),

for (t,z) € (RH)® x RY with t = (t1,ta,...,t,). We will use two deviation bounds,
stated below.

Lemma 25.
If Q is sub-Gaussian with variance V2, then, for every p > 0, with probability larger than
1 —n"P, we have

V2VEd(1 + p)? log(n)?
su - Yn ta : S C ’
L 1@ @) o

for some absolute positive constant C'.

The proof of Lemma [25]is deferred to Section of the Appendix.
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Lemma 26.
Assume that Q s sub-Gaussian with variance V2, then, for every p > 0, with probability
larger than 1 — 9n™P, we have

_ CVVd(p+ 1)log(n)
tSELlllfd Im(Qe.n) — m(Quen)| < e 7
Sp [ Quly =)k, ) < cy2Yde+ D logln)?

te(R) () hy/n

As well, the proof of Lemma [26] is deferred to Section [B:4]in the Appendix.

6.2 Proof of Proposition

The first inequality comes from . We now focus on the second bound. By defini-
tion of dpj i, for all t = (t1,t9,...,tx) € (RY)*) we have Pdf,’h)k < Pmingep || -
_m(Ptrnh)”Q + U(Pti7h)' Thus)

P =) < P (i [ =P )P+ o)~ a3 )

= (i (@)~ [67) = (@ = -2+ (=t =2m(P ) )

according to . Now |16} Corollary 3.7] ensures that, for =, y in R,
Iyl* = db 4 (y) — (l2]* = dpp(2)) = 2 (m(Pup),y — ) - (12)
We deduce that

P(d%,h,k - d?’,h) < Piél[[llhi]] 2(- = ti,m(P. ) — m(Py, pn))

<2P min |- —t;[|[|m(P. ) — m (P p)|-
i€[1,k]
Now choose t1, ...t such that M C ;cpy x B(ti fa7 (k). The result follows. O

6.3 Proof of Corollary

The proof of Corollary is based on the following bounds, in the case where P is
absolutely continuous with respect to the Lebesgue measure, with density f satisfying

0 < fmin S f S fmaz-
Filt (k) < 2KVdk=Y/4, (13)
Con(far (k) < Chpos ik (14)

d
; ; 2KVd
First, note that since M C B(0, K), for any € > 0, fu(e) < feo,x)(e) < (T) ,

hence . To prove the second inequality, we have to give a bound on the modulus of
continuity (pj. Let z, y be in M, and denote by § = ||z — y||. Since P has a density,
POB(x,0pn(z)) = POB(y,0pn(y)) = 0. We deduce that P, ) = %HB(W;PJL(JC)) and

Py = 7 PB(ysp,(y)- Without loss of generality, assume that 6p(2) > dp(y). Then
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B(y,dpn(y)) C B(z,dpp(x) + 9). We may bound ||m(Py,n) — m(P, )| by

1 K

3 1P (LB sp ) = LBopn ) | € 7P [1B@spn ) — LBGors )]
K

= 2P (B(y, dpn(y)\ (B(z, opn(2)) N B(y, dpa(y))))

< 2% P (B(, 3pa(x) +0) N B(x, 3 (x))")

1 d
_ 2%% [(Gpn(x)+06) = Spp(x)?] < 2Kd; = [(1 + 513,1(3(:6)) - 1] 7

where wy denotes the Lebesgue volume of the ball B(0,1) in R%. Since (1 + v)? <
1/d
1+d(1+v)4 v, for v >0, and dp(z) > ( h > , we have (pp(8) < Cy,... K.d,n0,

fmazwad

hence (14). The result of Corollary [15] follows. O

6.4 Proof of Corollary

Since N is a C2-submanifold, its reach p (as defined in |25, Definition 4.1]) is positive.
Without loss of generality we assume that N is connected. Since P has a density with
respect to the volume measure on N, we have P(N°) = 1. Thus we take M = N°, that
is the set of interior points. Since P satisfies a (¢fimin, d')-standard assumption, we have
Far(e) < 2% J(cfminr™ ), according to [18, Lemma 10]. Hence f,'(k) < Cy,... vk~

It remains to bound the continuity modulus of x +— m(P, ;). For any x in M, since
P(ON) = 0 and P has a density with respect to the volume measure on N, we have
Py = PB(2,5p,(x))- Besides, since for all r > 0, P(B(x,r)) > cfmmrd/7 we may write
Spn(x) < en g h? < p/12, for h small enough. Now let z and y be in M so that
|z —y|| = 0 < p/12, and without loss of generality assume that dpp(x) > dpp(y). Then,
proceeding as in the proof of , it comes

[ (Pen) = m(Py,n)ll < %P (B(z,0pn(x) +6) NB(z, 6pn(2))) .

Since dpp(x) + 0 < p/6, for any v in B(z,dpp(x) + ) N M we may write v = exp, (rv),
where v € T, M with ||v|| = 1 and r = dn(u,x) is the geodesic distance between u
and z (see, e.g., |25, Theorem 4.18] or |2, Proposition 25]). Note that, according to [2,
Proposition 26], for any u; and uy such that ||u; — us|| < p/4,

Jur — uzl| < dn(u1,u2) < 2fjur — ugl|. (15)

Now let p1, ..., pm be a 6-covering of the sphere S(x, §p () = B(z, dpn(x))\B(x, dpn()).
According to , we may choose m < cdlépﬁh(:v)d/_lé_(d/_l).

Now, for any u such that v € M and dp(z) < ||z — u|| < dpn(z) + d, there exists
t € S(z,dp,(x)) such that ||t — u|| < 2§. Hence

P (B(x,0pn(x) +6) N B(xz,6p4(x))?) < > P (B(p;,20)).

For any j, since 26 < p/6, in local polar coordinates around p; we may write,

P (B(p;,29)) < /

{rv| exp,, (rv)eM,r<46}

f(?", ’U)J(?", ’U)dT‘dU < fmam / J(T, ’U)d?“d”u,
{r,v|r<46}
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using (15)), where J(r,v) denotes the Jacobian of the volume form. According to [2}
Proposition 27], we have J(r,v) < Cyr?, hence P (B(p;,26)) < Cy' fmazd® . Thus,

2K /
Hm( T h) m(Py,h)H < Tmcd’fmaw(sd < CN7f7na:l;7f7ni7L6'

Choosing k large enough so that fy, (k) < Cy,... vk~/% < p/12 gives the result. [

6.5 Proof of Proposition [17]
For all 2 € Supp(P),

dZQ,h,k(l“) - df{h(l‘) = dg),h,k(x) - dQQ,h(x) + dé,h(x) - d%v,h(l‘)

> _||d?3,h - dg),h”oo,supp(P)'

Thus, (dQQ,h,k - d2P,h>_ < ”d%’,h_dé,h”OO,Supp(P) on Supp(P), where f_ : x — f($>]l,f(ac)go

denotes the negative part of any function f on R%. Then,

P |dQ Ak ’ dQ Bk~ d??,h) +2 (dé,h,k - d%ﬂ,h)_
< PA+ P(dp),, — dby) +2/dB ), — B 4 lloo,supp(P)»

with A = d?, ;, . — d3, ;- To bound PA from above, let s € (B EO,K))(IC) be a k-points
minimizer of R for P, such that when P;, 5 (R%) # 0, s; = m(Ps, ). Such an s exists

according to Proposition |§| and Lemma (1] u Set fo.(x ) = —2(x,m(Q,n)) + M(Qp) for
t € R, and let t be a k-points minimizer of R for Q.

ie[1,k] i€[1,k]

PA=P ( min_fo ¢ — min fpsl)
P— P s, + P s — s | -
<(P-Q) Zémgﬂ fot, +(Q—P) “Eﬁ“iﬂ fQ.s: ( ?ﬁr}cﬂ fQs: ?ﬁr}cﬂ fp, >
For a transport plan 7 between P and @, (P — Q) min;eqy k] f@,; is bounded by

Exyyes | s 206 m(Qu ) 4 M Qo) = i ~200,m(Qun) + M(@1)|

< 2E(x, vy~ {bup (Y = X,m(Q, h)>:|
teR
Thus, (P — Q) miniepi x f@,r, < 2W1i(P,Q)supsegra [[m(Q¢,n), choosing for m the op-
timal transport plan for the W; distance between P and @ in . Also note that
P(mineq k) f@,s; — minieqix] fp,s;) is bounded from above by

M»
’sz

(=20, m(Qs; ) + M(Qs;n)) — (=20, m(Ps; n)) + M(Ps; 1))

<.

k
ZPSI,hQ — S, M (Psz-,h) - m(QSi’h>> + dg},h(si> - d??,h(si)

k
<3, = dg 1 lloe.B0.5) Z m(Ps, ) = s, m(Ps; n) — m(Qs,.n))-
Since s; = m(Psi’h), the result follows. O
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6.6 Proof of Proposition

Let Ao,k denote sup,cy; dg,nk(2), and let € M achieving the maximum distance.
Since dg pk is 1-Lipschitz, we deduce that B (m, A?’K) C {y | dgkn(y) > A";’K }

d/
Since P (B (x, A”;*K)) > C(P) (A";K) A 1, Markov inequality yields that

d'+2 2
Ac>o,K) A Aoo,K

A§3>C(P)( 5 T

1

2
Thus we have sup,c s (dg.ak — da) (2) = Ase x < C(P)” 72 A5+ V 2Ap. Now, for
r € R%, we let p € M such that ||z — p|| = das(z). Denote by r = ||z — p||, and let ¢; be
such that dg pk(p) = /[[p — m(Q¢, 1) > + v(Q¢,,n)- Then

do k(@) < /e = m(Qe, 1) |2+ v(Qu, 1)
< \J8 5 (p) + 72+ 2rllp — Q)|

< \/dam(p) + 72+ 2rdg.n.k(p)
=dm(z) + (d@,nk(p) — dr(p))-

Hence, sup,cra (dg,nkx — dar) () = sup,cps (dg,nk — dar) () = Ao, k. On the other
hand, we have dQ,h,k > dQJL, along with HdQ,h — dP,hHoo < h7%W2(P,Q) (see, e.g., l16,

Theorem 3.5]) as well as dp, > das. Hence dg p, > dy — h_%Wg(P, Q). O

6.7 Proof of Theorem [19]

We recall that v and 4 are defined in (II)). According to Lemma 24 @ € P(V)(R?) with
V =0+ K. Let

= argmin {Q'y(t, St =(t1,ta,... ) € (]Rd)(k)},
= argmin {Q,A(t, ") | t = (t1,t2,... k) € (le)(k)} ,
= argmin {Qu(t,) [t = (t1,t2,... 1) € (R}

m U n

With these notations, for all z € R?, d3,, () = |z|* + y(s,2) and d3,_, ,(z) =
lz||* + 4(8, ). We intend to bound (s, §) = Q(den,h,k - d?Q7h7k) =Q(y(8,-) — Q(s,)).
< sSup (Q_ Qn)’Y(tW) +Qn(’7_’3’)(é>)

te(R4) ™)
where we used @,7(8,-) < Qny(s,-). Now, since Q,(5(8,-) —4(8,-)) < 0, we get

I(s,8) < SUPge(Rd) (k) (Q@—Qn)(t,) + SUPte(Rd) () (@n — Q)y(t,)
+ supgeraym Qu(y =)L)+ Supgera v Qn(¥ —7)(t, ).

Combining Lemma [25{ and Lemma [26| entails, with probability larger than 1 — 10n™?,

(p+ 1) log(n)?

8) < 2
I(s,8) < CV*Vkd NG
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It remains to bound |Pd?, , , — Qd3, ;| as well as [Pdg) }, , — Qd, ;, ;|- To this aim
we recall that X =Y + Z, Z being sub-Gaussian with variance ¢2. Thus, denoting by
sj(2) = argminjep g [l — m(Qs, n)[1* + v(Qs; 1),

P} g — Qg s SB[l —m(Qs,v+2)m)I° + v(Qs,(v+2).1)
— (1Y +Z = m(Qs,v+2.0)II> + v(Qs, (v +2).0))]
<Ez|Z|]” + 2E(y,z) max [{Z,m(Qs;n) = Y)]
JElLK]

CoK
V'
using Cauchy-Schwarz inequality, Lemma [23] and ¢ < K. The converse bound on
ng},h,k - Pd%hk may be proved the same way. Similarly, we may write

< 30% +2V30 <vmax lm(Qs; 1)l + K) <
JE€[1,k]

)

Pd2 bk — Qdémh,k < 302+ 2V30 <‘nﬁ?x lm(Qn S_7.7h)|| + K>

JE[1,K]

< 302420 e Qe+ sup [m(@u) = m(@u )] + K
J I

) teR

<302+ 2V30 (,Ql% Im(Qs, )l + C(K + o)/t Dloe®) 4
J

: ha/n

< CoK n CoKVd(p +1)log(n)
— \/E h,\/ﬁ 3

according to Lemma and Lemma The bound on QdQthwk — Pdémh’k derives from
the same argument. Collecting all pieces, we get, using o < K,

CoK+/d(p + 1) log(n) | Cok

|P(dy, g — doni)| <1QUED, 1x — dinr)| + NG 7h
CoK\Vd(p+1)log(n) CkK2V/dk((p+1)log(n))? CoK
= + + .
hy/n hy/n Vh
O
6.8 Proof of Proposition
Combining bounds obtained in Theorem |19 and Proposition [L7] yields
K ((p+1)logn)? Ko
Pd; —d},| < CVkd +C—
‘ nsh,k P,hl = h\/ﬁ \/ﬁ
+ 3||d22,h - d%’,h”oo,B(O,K) + Pd%’,h,k - d?—",h +4W1(P, Q) sup ||m(Psp)].

s€eR4
Using Corollary [I6] and Lemma [23] entails

2((p+ 1) log(n))?

K
[P}, s — dbpl < CVEd NG 7

22

)

)

Ko _2
+ 07 + 3||d22,h - d?’,h”oo,B(O,K) + Cpk™ .



At last, using , Lemmas 23| and [24] leads to

1435 — A4 lloo,B0,) < lI[dg.n — dppllos,B0.x) (1dQ.kllco,B(0,5) + [[dpkllo0,B(0,5))

WQ(PvQ) <

IN

Vh
V3o o+ K (0 + K)?
<\/E<\/K2+2K\/§\/E +3— +2K>

< NEY: (3K +V3(K + 0))
< . )

sup Iz = m(Qu )2+ 0(@Qun) + 2K>
z€B(0,K)

6.9 Proof of Proposition

As in the proof of |7, Theorem 1], for the sake of simplicity we assume that k is divisible
by 3, set m = (2k)/3, and let z1,..., 2, be a 6A-net in B(0, K), with A = K/(6m1),
so that such a net exists. We let as well wy, ..., w,, be in R% such that ||w;| = A and
z +w; € B(0,K). For o € {—1,4+1}™ such that }.,", 0; = 0 we denote by P, the
distribution that satisfies, for i € [1,m],

Ps({zi}) = Po({z if) = o
(1)) = Polfzi + i) = T2
with § < %. For 7 € {-1,1}%, o(7) is defined by o(7); = 7; and o(T)myj = —Tj,

for j € [1,m/2]. We define now a p-points quantizer F as a map from R? such that
|F(R?)| = p, and define F, as the k-points quantizer satisfying

FU(ZZ') = 2;, Fg(Zi + wi) =z +w; if o, =+1
FU(Zi) = Fg(Zi + ’LUl) =z if o, = —1.

At last, for a quantizer F' with images q1,..., g, and sets of preimages V1,..., V), we
denote by R(F, P,) the quantity

p
R(EP) = 3 By [l = m(By | + 0Py )] 1,
i=1

where for i € [1,p], P;,.n € Py n(P,). With a slight abuse we call nearest-neighbor
quantizer a quantizer whose sets of preimages are the set of Voronoi cells associated with
(m(Py;.n), v(Py, 1)), with ties arbitrarily broken.

The proof of Proposition [21] follows from the same arguments as |31, Proposition 3.1].
We first use the following Lemma.

Lemma 27.
Assume that § < % and h < 3%1 Let o and o’ be such that Y " 0, =Y i ot =0, and
let p(o,0’) denote the distance Y., |o; — ol|. Then

2

A
R(F,,P.) = R(F,,P,) + 087

5 p(o,0’).

Moreover, for every k-points nearest neighbor quantizer F there exists o and T such that

VP,(ry R(F, Pyiz) > R(Fy, Pyz)) > = R(Fy(z), Po(ery)-

N =
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The proof of Lemma is a slight modification of that of |31, Proposition 4.2].
For the sake of completeness it is given in Section of the Appendix. Let t
be an empirically designed vector in (R%)*), and recall that Pd%, , is defined as

PZ§:1 |- — m<Pti,h)||2 + v(Pti’h)} 1y,. According to Lemma we may write
inf sup EP(d%, ; —dp ) = inf sup ER(t) — R(Fy (), Pr(rr))
t P|Supp(P)CB(0,K) " o t P

1
> 3 inf sup ER(F,(#), Po(ry) — R(Fo(rry; Po(r))
L
IA?
> —inf sup Ep(7,7'), (16)
2m 7 pa(T,)
where 7 denotes an empirically designed element of {—1,+1}%. Let u denote the measure
>t (82, + 02;4w,). For any distribution P and @ having densities with respect to p we
denote by H?(P,Q) their Hellinger distance.

Lemma 28.
Let 7 and 7" in {—1,1}% such that p(t,7') = 2. Then

4And?
H(PER, PEM,) < 0 = o

o(r)’ m

The proof of Lemma [2§] is a slight modification of the proof of [31, Lemma 4.5], and
is given in Section in the Appendix. A direct application of Assouad’s Lemma (see,
e.g., [40, Theorem 2.12]) entails that, for a < 2,

inf  sup Ep(7,7) > m (1 —Va(l- a/4)) .
T m 4
Te{-1,1}2
Jm ; ; 2 2 K2k3 4 .
For § = NG yields inf; sup psupp(P)cB(0, K) EP(dP,h,.% —dpp i) > co N This
proves (7).
Now denote by A the event ;"1 {Pn({z:}) < h}U{P,({z +w;}) <h}. If§ < § and
h < ﬁ, using % —h> & and a union of bounded difference inequalities (see, e.g.,
[11) Theorem 6.2]) leads to P, (A) < 2me™ 7% , where P, denotes probability when the
distribution of X1, ..., X, is P,. Now, for t € R%, for any o, we may choose Py =0,
for some z € {z;,z; + wi}ie[l,m]]7 so that m(P; ) = z and v(P ;) = 0.
Next, on the event A°, we may choose for any o and t € R¢ P, t.h = P p. Thus
d3 e lac = dp, (Tac, where, for any t € (R ®) d3,, , is the function minjep || -
—m(Py, n)||* +v(P, 1). Therefore, since for every o, Supp(P,) C B(0, K), we may write

infsup Bo P(d, 3 = b i) = fsup B P(d], ) 5 = dby 1) Lae - 16K *me™ 7247
> infsup Eq P(d,, ; — dp ) Lac — 16K %me™ 72i7
t o e )7
> infsup Bo P(d2,, ; — ) — 32K me” 7247
e h, ),
Since n > 14k, § = % < % and leads to the result again. O
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Appendix

For ease of understanding, the statements of the results are recalled before the proofs.

A Proofs of Lemmas [4], 23] and

A.1 Proof of Lemma [

Let P = Usg(o,1), the uniform distribution on the circle, Qg = BUg(0,1) + (1 — B) Up(0,1)
and 7* be a minimizer of the k-means criterion Qgmin;ep 4]l - —7;||* (an optimal
k-points codebook for Q3).

Lemma .

Let d-« denote the distance to T* function. Then, for k large enough,

1 3
sup[dr- (o) ~ dsion @] <€ (5 + (1-5))
z€5(0,1)

for some constant C' > 0. On the other hand, for every p > 0, there exists k, g such that,
for allk >k, 5, T has at least one codepoint in B(0, p).

Proof of Lemmal[4 Let 7* denote an optimal k-points codebook for Qs and 7} an
optimal k-points codebook for P. We intend to bound sup,¢ (0,1 [ds(0,1)(®) — dr=(z)| =
SUP,es(0,1) dr (2) = Ao 500,1)- Let A% = Pd2.. We get that

AD <2(QpdZ. + W3 (P,Qp))
<2(Qpd7. +(1-5))
< 4Pd?. +6(1 - f).

Comparing with a uniform grid on S(0, 1), it is immediate that Pdf_; < k% Thus
9 1
Ay <C = +(1-p5)).

Let z € S(0,1) achieving the maximum distance d,«(z) = sup,eg(,1) dr* (y). Since d-
is 1-Lipschitz, we deduce that

A A
B<x§<°”> c{ydf*@)zg(“”}.

Since P (B (m, W)) >C (%) A 1, Markov inequality yields that
A AL 2
A% >C (;“’”) A (’5(0’”) .

2
sup |dr-(2) = ds(0,1)(%)] = Aae,500,1) < CARV Ap.
2€5(0,1)

Thus we have

Therefore, for k large enough,

1
A s0,1) <C <k2 + (1 — 5))
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Now, assume that for all j € [1,k], 77 ¢ B(0, p). Then
4
2 > (1 = p .

@ min |- =717 = ( 5)(2)

Let 7 be a k-points codebook and a %—covering of B(0,1) (a uniform grid for instance).

We have

% 2 2 2
1-— (* - < - <77
(1-5) 2) <Qp min |- —7f|F < Qp min || 7" < ¢

hence the contradiction for k large enough. O

A.2 Proof of Lemma 23|

Lemma [23] follows from basic properties of sub-Gaussian distributions, that are recalled
below. We recall that a sub-Gaussian measure @ with variance V2 > 0 is such that
Q(B(0,t)°) < exp(— 2VQ) for all t > V and that the set of sub-Gaussian measures is
denoted by P(V)(R?).

Lemma 29.

Let Q € PY)(RY), a sub-Gaussian measure with variance V2 > 0. Then, the following
bounds are satisfied:

Ql-11<3v, Q| |*<3v2

As a consequence, for allm € N*, with R = \/AV2(1 + p) log(n) we have:
QU zr <77 2,Q - 1y y=r) < VBVR™ M Q( - P12 k) < 3VZ0~(HP),

as well as
P( sup || X;|>R)| <n 271
i€[1,n]
where X,, = {X1, Xo,..., X} is an n-sample from Q.
At last, for Qpn € Pr(Q) (that is such that hQy is a submeasure of Q with Q-mass
h), we have

312 V3V

Qull -1 < % Il < X

Proof of Lemma[29 For the first inequality, note that

+oo
al-n=/_ [ Jlt<|\u||dtQ(dU)

= [ iz ot [z ou

+o00 .2
<V + / e 2vZdt.
t=V

Moreover, for X distributed according to the standard normal distribution A/(0,1), we
have

“+o0 t2

Elexp(AX)]
< MVW

2
= V21V exp (—)\ + )\) .
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The choice A =1 yields that

1
all-I = (1+vEren (-3 ) ) v
For the second inequality, note that

Qll-1? =@l - IPLyy<v + QI - P11 y>v
<V24Q|- 1Py sv-

Then, we get

+oo
Q- IPLyysv = / ]]-||u\|>V/ 2t 1 <jyy dtQ(du)
uweRd t=0

1% “+o0
= [ 2@ > Vides [ 2Qq) ) = o
0 t=V

\% . +o0 2
< / 2te” 2dt + / 2te” 2v2 dt
t t

=0 =V
= 3V2 3,
Thus, we have
Qll- 1Py sv < 2V7, (17)
and,
Qll-I* <3v>.

The bound on sup;cpy ,,j [|X; || derives from

P ( sup || X > R) < nP(| X1 > R) <n”?7h
i€[1,n]

Let Qp € Pr(Q). We may write

Qll-II”P<-Ql-|?

< Q- 1Ly + Q- 1Py y>v]

V2 oQl-IPLyysv
< 2= A=Y
~— h + h

V2
<3
- h

The last inequality follows from . O

A\
=l

A.3 Proof of Lemma [24]
Lemma .

If Y is a random variable sampled from a distribution P in PX(R®) and Z is independent
from'Y and sampled from a distribution Q' in P (R?) for some o > 0. Then, the
distribution Q of the random variable X =Y + Z is sub-Gaussian with variance V? =
(K +0)?, that is in PE+I)(RY).
Moreover,
Wi(P,Q) < 30 and W2(P,Q) < V30.
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Proof of Lemma[2{} For all z > ¢ it holds

P(Y + 2| = K +2) <P(]|Z]| = 2)

2’2
<exp—55

ag

(z + K)*
< _
=P F K)2

The L1-Wasserstein distance between P and () satisfies
Wi(P,Q)=E[|(Y+2)-Y[]=Q| -,

that is bounded from above by 30 according to Lemma [29] The L,-Wasserstein distance
between P and () satisfies

W2(P.Q) = VEI[|Y +2) - Y[l = vQ'l| - %,

which is bounded from above by v/3¢ according to Lemma O
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B Deviation inequalities for the proof of Theorem

This section is devoted to the proofs of Lemmas [25[ and We first expose the main
technical tools from empirical processes theory that will be needed.

B.1 Preliminary results and tools to bound suprema of empirical
processes

In this section, F is a countable family of functions f : R? — IR. We recall results that
allow to derive upper bounds for the maximal deviation sup ¢z |Pf — P, f|. Most of
these results can be found in |11} [10]. Their actual form is to be found in [12| Section 3.A].

We first recall the so-called bounded difference inequality |11, Theorem 6.2].

Theorem 30.
Assume that the elements of F take values in [—R, R]. Then for every § > 0, with

probability at least 1 — 6,
2R? <1>
+4/—log | =].
n 1)

When the elements of F are non-negative, the right-hand term can be replaced with
R2 1
3. log (3)-

Next, we will need tools to derive bounds on the expectation of suprema of empirical
processes. We begin by recalling the Vapnik-Chervonenkis inequality [10, Theorem 3.4]),
for the particular case of indicator functions.

Sup|Pf7Pnf|§E
fer

sup |[Pf — P, f|
fer

Theorem 31.
For all countable family F of indicator functions of some collection A, it holds

< 2\/2VC’(A) log(n +1)

n

E

sup |[Pf — P, f|
feFr

and, for some universal constant C,

VC(A)

E <Cyf ———=,
n

sup |[Pf — Py f|
fer

where VC(A) denotes the Vapnik-Chervonenkis dimension of the collection A (see, e.g.,
/11, Example 3.10]).

At last, we will need a more general result to bound the expectation of the maximal
deviation between P and P,, over an arbitrary family of functions F.

Theorem 32.
Assume that F contains the null function and that |f| < R, for all f € F. Then

[ e (5 72 ]

where (F U —=F)(X]) denotes the set {(f(X1), f(X2),...,f(Xpn)) | f€F or — f € F},
and, for S C R%, § >0, N')1.(6,8) denotes the §-covering number of S with respect to
the norm ||.]|.

E

sup |[Pf — P, f|
fer

R
<24—E
=S a

29



Theorem [32]is a particular instance of the so-called Dudley’s entropy integral |11}
Corollary 13.2]. In what follows, ||.|| will denote the Euclidean norm on R™. Combining
Theorem [30] and Theorem [32] results in deviation bounds, provided that the covering
number of the targeted class of functions is controlled. This is the aim of the following
section.

B.2 Tools for covering numbers

We first recall some basic combinatorial properties of covering numbers. If F; and F»
are two sets of measurable functions, we let Fi + Fo = {f1 + fao | f1 € F1, f2 € F2} and
FixFo={fifo| fi € F1, fo € Fo}.

Lemma 33.
For 6 >0,
N (20, Fi 4 Fa(a7)) < Nj (6, Fi(a7))Nj (8, Fa(a})). (18)

In addition, if the elements of F1 and Fo are all bounded by 1, then we have
N (26, F1 x Fa(a7)) < Nj (6, Fi(@])) Ny (6, Fa(7)). (19)

For a class of measurable functions F, we denote by —F = {—f | f € F}, and F) =
{minyepr iy fi | fi € F}. We have

Nj (6, F U =F(at)) < 2Nj (6, F(aT)), (20)

as well as .
N (6. Fao @) < (N0, F(@1))) (21)

Proof of Lemma [33 For the three first inequalities, if U,;cp1 v By (¢7,0) covers F(af)
and U;ep,ap By (¢"?,8) covers Fa(al), then it suffices to take balls centered at elements
¢+ 7, cidd or respectively ¢! and —c' to cover F; + Fa, Fi x Fo and respectively
Fi1U—=Fi.

For the fourth inequality, choose c¢',c?,...c¢Y in R™ that satisfy the inclusion
Uje[[LN,]]BH,”(cj,(S) > F(z}). For fi,fa,...,fx € F, we let ¢V @ . c*) in R?
be such that f;(z}) € By (¢, 4) for all j € [1,k]. Then, for all i € [1,n], we have

1e1,k] le[1,k] T le[1,k]

2 2
( min f;(x;) — min c(l)(x,-)> < max (fl(xz) — c(l)(aji)) .
Also note that the number of elements of the type min;ey 4 (27 is at most (Nkl) < Nk,
Equation follows. O

It is possible to relate the notion of covering number of a set F(z}) to the notion of
shattering dimension of the family F.

Definition 34.
Given some § > 0, a subset S of R? is 6-shattered by F if there exists some function h
on S such that

vS'c S, 3f € F, st. Ve e S, f(x) < h(z) and Vz € S\S', f(z) > h(x) + 6.

As for the Vapnik-Chervonenkis dimension, the shattering dimension of F is defined as
the mazimal cardinality of a set S that is d-shattered by F, and is denoted by V(F,cd).
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It is immediate that, for any 6 > 0, V(F,d) < VC(F). The following result allows to
bound the §-covering number of a set F (z7) in terms of the cd-shattering dimension of
F, V(F,cb).

Theorem 35.
135, Theorem 1] Let F be a class of functions bounded by 1. There exist absolute constants
K and c such that, for all x7 € (]Rd)n and ¢ € (0,1),

1 o\ KV (F.cd)
! n
Ma (s geren) < (3)
Thus, controlling shattering dimensions is enough to bound covering numbers. At

last, we expose two lemmas that will be useful to control the shattering dimensions
involved in the proofs of Lemmas [25] and

Lemma 36.
Let F = {ILB(%T) |z € RY, r > O} for some R > 0. Then, for all § € (0,1),

V(F,8) <d+1.

Proof of Lemma[36 According to [21], VC(F) < d + 1. Thus, for any 6 € (0,1),
V(F,8) <VC(F) < d+1. 0

Lemma 37.
For R> 0, let F = {x — £ 1po,r)(®)(z,v) |v € S(0,1)}. Then, for all § € (0,1),

V(F,8) <d+2.

Proof of Lemma[37 Let S = {x1,z2,...,zv} denote a subset of B(0, R) that is d-
shattered by F, and let h denote the function defined in Definition [34] Then for all
S’ C S, there is some v € S(0,1) such that ((z,—h(z)),(v,1)) < 0if x € S’ and
((z,—h(x)), (v,1)) > § if z € S\S’". In particular, all subsets (S’, —h(S’)) rewrite as the
intersection of (S, —h(S)) with a half space in R4*!. According to [21], this is possible
only if |S| < d+ 2. Hence, V(F,d) < d+ 2. O

B.3 Application to truncated moments

As a direct consequence of the bounded inequality theorem together with the Vapnik-
Chervonenkis inequality, it is possible to derive bounds for empirical processes of indicators
of balls.

Corollary 38.
Let P € P(R®). Then, there exists an absolute constant C > 0 such that, for all p > 0,
with probability larger than 1 — 2n7P,

sup |P(B(x,7)) — P,(B(x,7))| < C\/d+ 1 n \/plogn

R, r>0 n 2n
d+1 1
sup |P<B<x7r>>—Pn<B<x,r>>|<0\/ . +\/”§;“f”.

z€R4,r>0

In particular,

sup  |P(9B(,1)) = P (9B(x, )| < 20\/ ET Wlogn.

zeR4,r>0 2n
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Proof of Corollary[38 Corollary |38| follows from Theorem [30| with 6 = n~?, combined
with Theorem Theorem [35] and Lemma [36] for the expectation part. O

Next, we can bound the deviations of truncated moments of order 1, for the particular
case of sub-Gaussian distributions.

Corollary 39.
Ifpep") (RY) is a sub-Gaussian measure for some V > 0, then for all p > 0, with
probability larger than 1 — 3n™P, it holds

1+ p)log(n)

(
sup  ||(Po = P) - Ip(en| < CVVd+2 7
z€R4,r>0 () \/ﬁ

and

(1 + p) log(n)
sup  ||[(P, — P ol € CVVAF 2=
z€R,r>0 It )1 )H Vn

In particular,

1+p)1
sup  [[(Po— P) - Lopem | < 20Vya g2t P) 108
z€R,r>0 \/’ﬁ

Proof of Corollary[39 Let A = plog(n), and R = /4V?(log(n . We may write

sup [|[(P, — P) - I, || = Sup ZX I(z,r) (Xi) = P 1B,

z,r

<bup ZX]IBM) Dlx<r — P 1@l <R

Py sr + Z 1 Xill x> R
=1

From Lemma [29] we get
Pl 115 p) < 2Vn~#FD,

Thus, with probability larger than 1 —n=2P~1 it holds

1 n
- Z Xl 1y x,>r = O

i=1

Next, using Cauchy-Schwarz inequality, we may write

sup  ||(Pn = P) - Ip(n Ino,m || = sup |(P, — P)
z€R,r>0 zeR4,r>0,0€S(0,1)

where [y r0(u) = (v, ulp (s, (u)Lpo.r) (u)) for all u € R®.
Choosing 6 = n~? in Theorem |30| yields that, with probability larger than 1 — n™P,

2R?plog(n)

sup |Pn_P|fw7r,v <E
n

= sup |Pn - Plf:mr,'u
z€R4,r>0,0€5(0,1)

z€R4,r>0,0€5(0,1)

It remains to derive an upper bound for IE {Sume]Rd,r>0,UGS(O,1) | P, — P|frym)] Accord-

/ \/log‘ T R%]-‘(X{’)))du],

ing to Theorem we have

]E sup |P P|ft7“1) < 247
z€R4,r>0,0€5(0,1)
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where £F(X7) denotes F1 x Fo(X7), for Fp the set of indicators of balls and F» the
set of functions = — = ]lB(o r)(x,v), for any v € S(0,1). According to Lemma E .,
for all 6 > 0,

N ( \F]-"l x B(a;l)) = iy (50 7 x Falat)
<Nj, (MJ:l(x?)) Ny (U\/ﬁ ]:2(93?)>

< N (4 Widad )>N||(4 Wik )>
According to Lemma V(F1,0) <d+ 1. Thus, Theorem [35| entails

Nj. |< T Fi(x )) < (i)mdﬂ).

From Lemma [37] V(F>,8) < d + 2, thus

u 1 . g\ K(@+2)
s (5 7me0) < (0)

Niij (u Ry @ )) < (i)K(2d+3)-

Gathering the above inequalities yields that, with probability larger than 1 — 2n =P,

As a consequence,

V2 2R?p1
sup |Pn — P|f$,7‘,v < CRﬂ + 2V7’l_(p+1) + M
z€R4,r>0,0€5(0,1) NG n
1 1
< cvyarzLtplos(n)
Vn
for some absolute positive constant C'. O

At last, we derive an upper-bound for the deviation of moments of order 2 restricted
to balls as follows.

Corollary 40.
Let Q € PY)I(RY) be a sub-Gaussian measure on R® with variance V2. Then, with
probability larger than 1 — 3n™P,

3

1+ p)log(n))?

sup Q[ PTG, = @nll - 1B < ov2yarT L p)los(n) 7
z€R,r>0 \/7’77,

3
2

((1+p)log(n))
sup QI I* 15, ) — Qull - P15, | < CVAVA+1
z€R,r>0 \/ﬁ

In particular,

3
2

1+ p)log(n
sup Q1 [P Lonen) — Qull - [2Longen| < 20v2Va T 1T P 0g(n)
z€R,r>0 \/ﬁ
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Proof of Corollary[{0 Let A = plog(n) and R = 1/4V?2(log(n) + A). We may write
sup |[(Qn — Q) - 18|

ZHX I Ln e, (X:) = QU - P 1pe,m)

= sup

Z 1 Xi* 1, (X)L x, <z — QU - IP1B@m 1y 1<r)

n

1
+ QU - IPLyy>r) + - S OIXillPLyx, > -

i=1

<sup|—
x,r

Using Lemma [29] we get
QU IPTy>r) <3V~ PHY,
and, with probability larger than 1 — n=172P,

1 n
=~ IXilPTyx >R =0,

i=1

Thus, choosing 6 = n~? in Theorem [30| yields that, with probability larger than 1 — n=>?,

|

<

sup | ZHX 1B (X Is0,m) (Xi) = QU - [*1B(er) IB(0,7))

sup

Z 1Xil1* LB (e, (Xi) Lo, ) (Xi) — QU - [P LB (e, 1B(0,R))

Riplog(n)
2n
Applying Theorem [32] gives

n

1
2 2 I ey (Xm0 (X0) = QU1 Lt L)

|
/\/log O R;\f(}'u —F)(X )))du],

where 35 (FU—F)(X]) = (F1U—F1) x Fo(X7), and F is the set of indicators of balls
= “ Ig(o, R)(l)} According to Lemmaa . for

E |sup|—

x,Tr

< 24—

and ]-"2 is the single function {a: —
all § > 0,

1 1
Nii <25 Rz\f(]:l U—JF1) x -7:2(95?)) < Njj <57 %(]:1 U —]:1)(33?)) Nij <57 \/ﬁ]:g(x?)) :
Using Lemma E , we get

1 n 1 n
Ny (5’ %(}"1 U —]:1)(331)> < 2N (5, \/ﬁfl(ﬂh)) :
Recall that Lemma [36] entails V' (F1,d) < d 4+ 1. Thus, combining the above inequalities
with Theorem [35] gives

s (s o) <2 (3)
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for some positive constant K. At last, gathering the above results yields that, with
probability larger that 1 — 2n™P,

sSup |Q|| ’ H2]]‘B(I,'r‘) - Qn” : ||2]]-B(m,r)|
z€RI r>0

R? 1
< mfc +R? L;g(n) 4 3V2y Pl
n mn

3
2

< Cvz\/m((l erz/lgg(”)) 7

for some absolute positive constant C. O

B.4 Proof of Lemma [26]
Lemma .

Assume that Q is sub-Gaussian with variance V2, then, for every p > 0, with probability
larger than 1 — 9n~P, we have

- CVVd(p+1)log(n)
e [m(Qt,n) = m(Qnin)ll < hy/n :
) Vd(p+1)% log(n)?
_ _ ,
e (B ® Qn(y=A)(t, ) = CV — .

The proof of Lemma [26]is based on the following deviation bounds.

Lemma 41.
Suppose that @ € P(V)(Rd) for some V> 0. Then, for every p > 0, with probability
larger than 1 — 4n~P, we have,

sup [(@n — Q)1 < Cm@

z,r

+ 1) log(n
sup (@n — Q) - Lngo || < OV 32t Dlos(n)

\/ﬁ
1 3
sup [(Qn — Q) 1P 1B < CVQ\/m«p"' 13/2g(n))

where C > 0 denotes a universal constant, x € R, v e S(0,1), r >0 and c € R.

Proof of Lemma[41 This is a direct consequence of the proofs of Corollary and
O

We are now in position to prove Lemma

Proof of Lemma[26 Let t € R¢, and denote by 7 = g (t), rn = dg, 1(t), and R =
2V4/(p+ 1)log(n). We may write, for Q) = %QHB(W) + ¥QLopg,ry and Qn tp =
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%Qn]lB(t,Tn) + 52 Q1pp(t,r,) for non-negative a and a,,

1
[m(Qt,n) — m(Qnen)|l < E(HQ gy +aQ - Lopery — Q- Itr,) — @@ - Lop@,r,)
+1Q - Ipt,rn) — @n - IB(t,r) )

+ anl|@Q - Lopt,r,) — Qn - Lo(t,r,)

1
< E(Q” M@y +alope,r) = IB@trn) — nloBr | + (Q — Qn) - In,r |l
+ (@ — Qn) - Lost,rl)
1
< E(RQU]-B(LT) + alo,r) — Ie,r) — @nloser)| + 1(Q — Qn) - L)l

+ (@ = Qn) - Lop,r) |l + QI - 1 1)) r)-

Moreover, considering the case r > r,, we have

Q1) + alopir) — IBt,rm) — @ loB,r,)
= Q(B(t,7)) + aQ(9B(t,7)) — Q(B(t, 7)) — nQ(IB(t, 7))
=h—Q(B(t,rn)) — nQ(IB(t,14))
< (Qn — Q)1B(t,r,) + anloB(e,r,)l
<|Qn — Qg + |Qn — QLaB(t,r,)-

The same inequality holds when r < r,,. On the event described in Lemma using
Lemma 29, we have that

(p +1)log(n)
\/ﬁ I

(p +1)log(n)
\/ﬁ )

Qn(B(t, 7)) — Q(B(t, 1)) < C\/g(piyﬁlog(n)’

”(Q - Qn) . ]lB(t,rn)” < CV\/g

(Q — Qn) - Lopg,r,)ll < cvVd

|Qn(0B(t, 7)) — Q(OB(t,1))| < Oﬁ%w’

Qll- Iy >r < oV~ (P+1)

Thus, we get

sup |m(Qen) — m(Qnin)l < CV\/&(;};jﬁl)log(n)’ (22)

teR4

that is the first equation of Lemma For t € (R%)¥, we get that

vt @) =4t 2)] < mae | =20z, m(Qu;n) = mU@niyn)) + (M(Q1,n) = M(Qnt;.n)) |

< 2llz]| max [[m(Qr;.n) — M(Qnt;p)ll + max [M(Qiyn) — M(Que,nl-
j€[1,k] J€E[1,K]

)

As well, sup,cra |M(Q¢,n) — M(Qnt,n)| is bounded from above by

1
= (BQn ~ QlLp(er,) + B 1Qn — QlLon(er,) + 1(Q ~ @n)  Lnger, |
+11@Q = @n) * Lon(er | + QI - P15 5)-
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Using Lemma [41] and 29] again yields

(p+ 1)} log(n)}
\/ﬁ

+1)2 log(n)?
Q= Qu)ll - [P Lon(er| < Cv2\/g(p)\/ﬁog(n)

(@ - Qu)age | < OV B

(@ = Qull - IP1pgr | < CVVd

(@~ Qu)lnier, | < OVANEE LB

QI - 21y y>p < 3V~ FHD,
Collecting all pieces leads to

(6,2) — (6, )] < Ol VY ALTDI08M) | 1y Vllp+1)" logln)?

W NG (23)
At last, according to Lemma [29]
P {max||Xi| > R} <n=27,
We deduce that
Qu,) ~3(0,| < ov> Y0 L elw)?,
with probability larger that 1 — 9n™P. O

B.5 Proof of Lemma [25]
Lemma .

If Q is sub-Gaussian with variance V2, then, for every p > 0, with probability larger than
1—2n"P, we have

V2VEd(1 + p)? log(n)?
sup  [(Q — Qu)y(t, )| <C ;
te(Rd)mK )y (¢, )] NG

for some absolute positive constant C'.

Proof of Lemma[25, With the notation Iy, (z) = —2(x, m(Q¢, 1)) +|m(Qt; 1) |12 +0(Qt: 1),
we get that:

sup ‘(Q - Qn)’Y(t, )| = sup (Q - Qn) ‘IIliIl ltq‘,
te(Rd) () te(R4)(*) 1€[1,k]

First we note that since @ is sub-Gaussian with variance V2, it follows from Lemma
that, for every c € R,

2

W
Set R =2V 4/log(n) + A and A = plog(n). Then, according to Lemma with probabil-
ity larger than 1 —n=2P~1,

Im(Qe,n)|I” +v(Qen) = Qepnll - |I* < (24)

maxﬂ I X:] < R. (25)

i€[1,n
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We may then write

sup (@ — Qn)y(t,-)| = sup

nthX Q(t, )|
i=1

te(RI)™) te(Ra) (k)
< sup (b, Xo)1x,1<r — @Y(t, )<k
N N ? 1: 1% i<

ZW 6 X)L x| >R

+ sup Q|’7(t»')1\|~\|>R|+ sup |
=1

te(RA) () te(Ra) (M)

According to , the last part is 0 with probability larger than 1 — n=2P~!. Moreover,
according to Lemma [29]

Qly(t, )L >k < QL >k sup 2|(, Q1)) + [Im(Qe 1) 1 +0(Qu, )

i€[1,k]

1% 3V2
<2vV3—=Q| - |1 >r + Q1.
< 23O Lo+ == Qg n

2
< 3V -1 (2\/E + n*H’)
<Z__p7lp,

It remains to bound

sup  [(Q = Qu)y(t, )1y <k -

te(RE) ()

Since Lemma ensures that, for every t and u, |y(t,u)Lj,<r| < (R + V\f‘[) = Z,
then Theorem [30] entails

P( sup (@ — Qu)y(t, )Ly <r| > E Supm|(Q—Qn)7(t,')]l|.|§R|+Z\/?>

te(R4) () te(R4)(k
<eMN=n"

Then, Theorem [32] yields

E sup  [(Q— Qn)Y(t, )1y <k]

te(RA) ()
! log (N7 (%, 21 (Foo U—Fo) (X)) ) du
A S\ 9 NG (k) (k))\A1 )

with - f(k) {Z%/ERIH\SR ming e[ k] lti}. According to , and , it holds
that

N (5 7P m»(x%)
<2y (5 7R
> (v (5 om0 )
2 (w1 (2 pm @ )« (4 omtenn) )
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m(&Jt 2t t,h x
where G = {I — 72<w’m(g%>l”x”§2 |t e Rd} and Gy denotes the set G = {x — (Im(@:)1 ;/(7? 1) Lizisn |te
According to Theorem [35 and Lemma [37] we have

V'(d+2)
Myeaon < (3)

for some absolute positive constant V'. Also, NI’Hl((S, G2(X)) < N\/|~\I(5’ G3(X7)) < 2

with Gz = {x — ﬂ”“% |t €0, 1]} As a consequence, with probability larger than
1—2n7P it holds

kvd+2 9V? 2pl
swp 1(Q - Quin(t, )] < 0z YRVIX2 V2 iy g, [200B()
te(Ra) () vn h n
< C,VQ\/ kd(1 4 p)? log(n)?
— h\/ﬁ b
for some positive absolute constant C. O

39



C Proofs of intermediate Lemmas for Proposition

This section is devoted to the proofs of Lemmas and that are needed to prove
Proposition

We recall that m = 2k/3, 21, ..., zm is a 6A-net in B(0, K), with A = K/(6m1), so
that such a net exists ; wy, ..., w,, in RY are such that |jw;|| = A and z; + w; € B(0, K).
For o € {—1,+1}™ such that Y ;" 0; = 0, P, denotes the distribution that satisfies, for
i€ [1,m],

Po({z:}) = Po({zi + wi}) = ——

with § < £. For 7 € {=1,1}%, o(7) is defined by o(7); = 7; and o(7)=m4; = —7;, for
j € [1,m/2]. A p-points quantizer F is a map from R? to R? such that |F(R%)| = p,
and F, is the k-points quantizer satisfying

Fg(Zi) = Z2;, Fo—(zi + wi) =z +w; if o, = +1
FU(ZZ‘) = Fg(Zi + ’LUZ) = Z; lf g; = 71.

At last, for a quantizer F' with images q1, .. ., ¢, and sets of preimages V1,...,V,, R(F, P,)
denotes the quantity

P
R(F,Py) = 3" Py Il = m(Py )| +v(Py)] v,
i=1
where for i € [1,p], Py, n € Pgi.n(Ps).

C.1 Proof of Lemma

Lemma .
Assume that § < & and h < 5. Let o and o’ be such that > ;" 0, => 1", 0} =0, and

i=1
let p(o,0’) denote the distance .-, |o; — o}|. Then

, SA? ,
R(FU,PU) = R(Faapo) + %p((f,a )

Moreover, for every k-points nearest-neighbor quantizer F' there exists o and T such that

vF)U(T’) R(vaa(r')) > R(Fa'vpo(r’)) > R(FO'(T)7PO'(T'))'

1
2
Proof of Lemma[27 First recall that if § < % and h < ﬁ, then, for any o and t € R,
we may choose P, ), = 9§, for some z € {z;,2; —|—wi}i€[[1)m]], so that m(P, ;) = z and
v(P;,p) = 0. Thus, we may restrict our attention to nearest-neighbor quantizers F’ whose
preimages are (non-weighted) Voronoi cells, with ties arbitrarily broken. In particular,
we have that

/ 5A2 /
R(F,,P.)=R(F,,P,) + %p(a,a ).

Let F be such a nearest-neighbor quantizer with k& codepoints, and for short denote by

R(F') the quantity R(F, P,(,). The following construction provides I, (not depending
on o (7)) such that R(F,) < R(F). Let V; denote the union of the Voronoi cells associated
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with z; and z; + w;, in the Voronoi diagram generated by the sequences z and w. We
adopt the following notation.

ni(F) = |F(B(0,K))NVi,
n"(F) = |F(Vi)NVel,
L) = Ailn(F) =7},
ii(F) = L),

iz (F) = ;ij(F)-

The first step is to add codepoints to empty cells. From the k-quantizer F', a quantizer
F} is built as follows.

o If n;(F') > 1, then we take F}y, = Fjy,.
e If n;(F) =0, then we set F}(V;) = z;.

Notice that F} is a (k+1io(F'))-quantizer. Let us denote k1 = k+1ip and py = E—Tf. Then
R(Fy) can be bounded as follows.

Let ¢ be an integer between 1 and m. We denote by R;(F) the contribution of V; to
the risk R(F'). If ¢ € Iy, then R;(F') = R;(F1). Otherwise, if i € Io(F),

Ri(Fy) = p+ A%

Furthermore, if i € Iy, then n?“(F) > 1. Without loss of generality assume that
F(z) ¢ V;. Then |[m(Pp(s)n)—2il = %52 Since F is a nearest-neighbor quantizer and
21,.. ., Zm is @ 6A-net, we also have F'(z; +w;) ¢ Vi. Thus |m(Pp(z,4w,),n) — 2i +wil| >
%. Hence

Ri(F) > p+8A>.

It follows that

R(F) < R(F) - Tio( F)p_A%.
At last, we build the k-points quantizer F, according to the following rule: we choose
i0(F') cells with n;(F') = 2 and withdraw one point in every cell. Since i2(F') = io(F) + g,
12(F) > ig(F'), thus such a procedure is valid. Elementary calculation show that

R(E,) < R(F) +io(F)(p+ — Tp—)A% < R(F),
since p+ < 2p_.

Now let 7 be in {—1,1}% such that p(o(7),0) = min. p(c(7'),o). Recalling that
R(F,) = R(Fy, Py(+)), it follows that

R(Fyo). Patr) = R(Fo(er. Par) + L2220 0(0), ()
< 2R(Fyrry, Pair) + L2207, 0) 4 plo o)
(p+ —p-)A?
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C.2 Proof of Lemma 28|

Lemma .
Let 7 and 7" in {—1,1}% such that p(1,7') = 2. Then

4né?
= o.

H? (P®” pen ) <
oy Loty ) S 0

Proof of Lemma[28 Let us introduce, for distributions P and @ with densities f and g
with respect to the distribution = >"1" (85, + 2, 4w,), the affinity

a(P.Q) = / JTgdn,

so that H2(P,Q) = 2(1 — a(P,Q)). Elementary calculation shows that, if p(c,0’) = 4,
then

Hence we deduce

H*(P2", PE"™) = 2(1 — a(PE", PE™))
=2(1-a"(Py, P,))
4né?

< )
m

Finally, we notice that p(,7') = 2 implies p(co(7),0(7")) = 4, for 7, 7/ in {—1,+1}%.
This gives the result. O
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D Additional figures

In this section, we give some more details about the numerical illustrations of Section [4]

D.1 Robust topological inference
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Figure 4: Parameters selection

In the experiments, we have calibrated the mass parameter h (or equivalently the
number of nearest-neighbors ¢) manually. We chose the largest g such the distance to the
g-th nearest neighbor remains small with respect to the regularity of M, seized by the
reach of M |25, Definition 4.1]. This heuristic resulted in choosing ¢ = 10. According to
the remark following Theorem there is no need to take k as large as the sample size n
for the k&-PDTM to be a good approximation of ds;. This is confirmed by Figure 4| (left),
where we plotted an approximation Pd%m ni Of the risk Pdg . as a function of k, for
different values of ¢. Here, P is the uniform distribution on a set of points regularly
generated on M and dx, nr the k-PDTM associated to the uniform distribution on X,,.
The curve strongly decreases and then stabilizes. We selected k = 50, the parameter k
at the beginning of the stabilization phase.

D.2 Outlier detection

In this section, we give more details on the truncated versions of k-means, the g-witnessed
distance and the k-PDTM. The proportion of signal points « can be calibrated from the
data. In Figure [4] (right), we displayed the mean of the empirical k-PDTM for the points
in its sublevel set that contains an points, as a function of the level an. We observe two
jumps in the slope, one at an = 200 and the other one at an = 240. This makes sense
since we generated 200 signal points, 40 outliers on a small rectangle and 40 others on a
large rectangle.

We experimented the compression and denoising scheme with an = 200 for the three
methods. Results are depicted by Figure [f] The points removed by the procedure are
colored in pink. Note that for k-means, some points far from M are considered as signal
points. On the contrary, we remove outliers and recover the features of M from the
truncated versions of the k-PDTM and of the ¢-witnessed distance.

Note that similar graphics as Figure [4] (right) can be obtained for the trimmed
k-PDTM procedure, so that it is possible to select the number of outliers from data in
this case as well.
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Figure 5: Comparison of the methods after thresholding
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