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Abstract In this work we propose high-order transparent boundary condi-
tions for the weighted wave equation on a fractal tree, with an application to
the modeling of sound propagation in a human lung. This article follows the
recent work [35], dedicated to the mathematical analysis of the correspond-
ing problem and the construction of low-order absorbing boundary conditions.
The method proposed in this article consists in constructing the exact (trans-
parent) boundary conditions for the semi-discretized problem, in the spirit of
the convolution quadrature method developed by Ch. Lubich. We analyze the
stability and convergence of the method, and propose an efficient algorithm for
its implementation. The exposition is concluded with numerical experiments.

Keywords Convolution quadrature - transparent boundary conditions -
fractal trees - DtN operator - quantum graph

1 Introduction

Sound propagation in a human lung can be used for non-invasive diagnosis
of the respiratory diseases, see e.g. [46] for some experimental studies, a PhD
thesis [27], and, in particular, the Audible Human Project [1] and references
therein. A human lung can be viewed as a network of small tubes (bronchi-
oles), immersed into the lung tissue (parenchyma) and coupled with their ends
to microscopic cavities in the parenchyma (alveoli). The physical phenomenon
of sound propagation in a lung is highly complex, due to the fractal geometry
of lung airways, heterogeneity of parenchyma, interactions/couplings between
various types of tissues, and, eventually, multiscale nature of the problem.
Thus, in practice, one uses simplified models. For instance, in the mathe-
matical literature, in [14,13], sound propagation in a highly heterogeneous
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parenchyma is modelled using the homogenization techniques. In [42] Sobolev
spaces associated to the Laplace equation on a fractal tree that models the
network of bronchioli are studied, and in [23] the wave equation with a viscous
non-local term on a dyadic infinite tree is analyzed, see as well the mono-
graph [41]. This point of view at the bronchioli as a self-similar network (with
possibly multiple levels of self-similar structure) seems to be rather classical
(though indeed simplified) in the medical and medical engineering literature,
see in particular [49,17,44,28] for the related discussion. In this article we
adapt this, simplified, approach of studying wave propagation in lungs.

In the limit when the thickness of the bronchiolar tubes tends to zero, the
problem becomes essentially one-dimensional inside each of the tubes. A rig-
orous asymptotic analysis [36,48] allows to take into account the differences
between the thicknesses of the tubes at different levels of the bronchiolar tree
via incorporating weights into the originally homogeneous wave equation. Con-
structing an efficient numerical method for the resolution of such a 1D weighted
wave equation defined on a fractal tree is the subject of the present work. In
the literature [9] the type of problems we consider is sometimes referred to as
problems posed on a metric graph, to underline the distinction between this
kind of models and discrete, finite-difference-like models on graphs.

This problem gives rise to numerous interesting questions from the ana-
lytical (relations between associated weighted Sobolev spaces on fractal trees,
in particular, embeddings and existence of a trace), and from the numerical
point of views (since the fractal tree has an infinite number of edges). The
analysis related questions have been answered in [35], while the construction
of efficient numerical methods for such problems is mainly the subject of the
present work. Our principal idea is to construct transparent boundary condi-
tions for the wave propagation in a fractal tree, which would allow to perform
all the computations on a truncated tree. Note that the transparent boundary
conditions in the present article can be extended to the case when the whole
tree 7 is not fractal, provided that after a certain generation, all of its sub-
trees are (as defined [35]). Most of such boundary conditions are based on an
approximation of the Dirichlet-to-Neumann (DtN) operator.

In this work we construct an exact DtN operator for a semi-discretized in
time system, in the spirit of the convolution quadrature (CQ) methods [39,40],
see in particular numerous recent works dedicated to the coupling of boundary
integral equations and volumic wave equations (FEM-BEM coupling) [7,38,
26,43]. Let us mention a related approach, based on constructing transparent
boundary conditions for problems discretized in space and time, see e.g. [3,11,
12,10,37] and references therein. Our transparent boundary conditions can be
viewed as Johnson-Nédélec style coupling [30], which was, in the context of the
acoustic wave equation, studied in the PhD thesis [24], or, for the Schrodinger
equation, in [47]. In this work we perform the convergence and stability analysis
for such a coupling.

In view of the abundance of the literature on the numerical methods for
similar wave problems, let us discuss the novel aspects of the work.
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First of all, up to our knowledge, no work in the literature was devoted to
the design of numerical method for time domain wave propagation in fractal
trees, together with the development of the corresponding rigorous analysis.
We have been developing simultaneously two competing approaches for dealing
with this kind of problems: high order local approximations of the DtN map
[34,33] and adaptation of the convolution quadrature method, which is the
subject of the present article. Let us remark that from the point of view of
physics, the problem that we consider is different from the classical setting of
the wave equation in the free space. The ’infinite’ boundary of the fractal tree
reflects waves, rather than absorbs them (i.e. loosely speaking the problem
is more similar to the wave equation on the interval than the wave equation
in the free space). It is therefore more advantageous to use non-dissipative
discretization methods (e.g. trapezoid rule convolution quadrature).

Second, concerning the contribution to the convolution quadrature itself,
we would like to cite a few novel aspects of this work:

— in the problem that we consider, neither the convolution kernel, nor its
Fourier-Laplace transform are known in a closed form (unlike many other
applications of the CQ). We thus propose an efficient procedure for its ap-
proximation, suitable for the use in the convolution quadrature.

— for the sake of efficiency, we use an explicit leapfrog time discretization
for the volumic terms and an implicit trapezoid rule discretization for the
boundary terms. This is different from the existing works [26,43] where
for the discretization purely implicit schemes were used. From this point
of view, the closest existing paper is the one by Banjai, Lubich, Sayas
[7]. However, we work with a different type of volumic-interface coupling.
Moreover, because of the combination of the discretization schemes used
in our work, there is no need for a stabilization term (unlike in [7]).

— finally, the full convergence analysis of the trapezoid rule (which we use
here) for boundary operators occurring in wave problems is much less devel-
oped compared to the analysis of the L-stable Runge-Kutta methods. The
complete convergence estimates (explicit in time) have been established
only very recently, cf. [21], based on the Laplace domain estimates; the
same is true for the coercivity preserving properties, cf. [6]. It is nonethe-
less not clear whether the error bounds of [21] are optimal. In the present
work we perform the analysis purely in the time domain (unlike e.g. [7,38]);
numerical experiments indicate that our error bounds are close to optimal
(we lose only one power of the final simulation time 7" in the estimates).

This article is organized as follows. In Section 2 we recall the notation and
formulate the problem. Section 3 is dedicated to the construction of transpar-
ent boundary conditions, as well as their analysis (stability and convergence).
In Section 4 we provide algorithmic aspects of the method and perform its
complexity analysis. Finally, Section 5 is dedicated to the numerical experi-
ments. We conclude with a discussion of the obtained results in Section 6.
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2 Problem setting
2.1 Notation

We will adhere to the notation and terminology used in [35]. Let us recall some
of the geometric assumptions:

1. By T we will denote a p-adic rooted tree with infinitely many edges and
no leaves. These edges are ordered in generations (collections of edges) G' in
the following manner: G° consists of a root edge (where by the root edge we
mean an edge whose one of the vertices is the root vertex); G"*t1 is a union
of children edges of all the edges from the generation G"™. Each generation G,
n € N, contains p” edges X, , k=0,...,p" — 1.

The children of the edge X, i (of the generation n + 1) are indexed as

Yntipkti,  J=0,...,p—1 (1)
The root vertex of the tree is denoted by M*. We will study metric trees.

2
Ha

Fig. 1 A self-similar 3-adic infinite tree. Left: In blue we mark the edges that belong to G°,
in red the edges of G1, in black the edges of G2. Right: Distribution of weights on the edges
of a 3-adic infinite self-similar tree.

This means that each edge of the tree X}, , can be viewed as a line segment
of non-zero length. This allows to introduce a distance d(M, M*) between a
vertex M and the root vertex M™ as the length of the path between M and
M*, i.e. the sum of the lengths of the edges that connect M and M?*. Then,
provided that the edge X, j is incident to two vertices My, M1, we denote by
My, = argmaxy ¢z, ar, 3 AV, M™). See Figure 1, left, for an illustration.

2. Each edge X, j; is assigned its length ¢, , > 0 and a weight p,, > 0.

3. We will assume that the tree is self-similar (fractal), in the sense of [35,
Definition 2.3]. Let us explain this in more details. Let

o = (O[Oa"'aap—l) and n= (u07'-'7up—1)

be two vectors with positive elements. Then the length ¢, pr1; and the
weight 41 pk+; Of the edge X1 pr4; are related to the length and the
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weight of the parent edge X, x, cf. (1), as follows:

Cni1phtj = il , Mt 1,pktg = Hjln,k j=0,....,p—1.

Without loss of generality, we will assume that 9 o = 1. An illustration to the
above is given in Figure 1, right.

Finally, we will denote by 7™ the subtree of T truncated to m+ 1 generations,
whose edges are given by a collection

m
T"i={Zns, 0<k<p"—1,0<n<m}=|]Jg" (2)
£=0
By Trm,; we will denote a p-adic infinite subtree of the tree 7, whose root edge
is X, ;. All over the article we will assume that ||« :=sup |a;| < 1 (i.e. the
tree can be compactly embedded into R?, d > 1). We will refer to a weighted
tree T as to a reference tree if the length of its root edge satisfies £o o = 1.

2.2 Wave propagation in self-similar weighted trees

We consider the problem of wave propagation on a self-similar weighted ref-
erence tree 7. For this we introduce a parametrization of each edge X, ; of
the tree, incident to the vertices M, ;, My ;, by an abscissa s, ; € [0,4,,5],
with £, ; being the length of the edge. This parametrization is chosen so that
0 is associated to the vertex My ; and £, ; to the vertex M, ;. With s being
an abscissa on the tree 7, defined on each edge X, ; as above, we define the

weight function p(s) on 7, with an abuse of notation:

1(s) = fin,j, 5€ Lnj.
An acoustic pressure u : T xRT — R (here R = [0, 00)) satisfies the weighted
wave equation, which can be written in a compact manner as

P — dy(pndsu) = f,  wu(.,0) = dyu(.,0) =0, (3)

with fv: T x Rt — R being a source term. We equip this problem with a
boundary condition at the root vertex u(M*,t) = 0. It remains to pose the
boundary conditions at the ’infinite’ boundary of 7, the meaning of which
will become clear in Section 2.3. For the moment, let us explain in detail the
meaning behind (3). With the notation u, ; = u|2w_7 from (3) it follows that:

8,5211,”,]' - afunJ = f’ﬂJ on En,j, j = 0, .. .pn — 1, n Z 0, (4)
u(.,0) = Opu(.,0) =0, w(M*t)=0, (5)

where f,, ; is the restriction of ,u_lfto Yn.;- It is equipped with the continuity
(C) and Kirchoff (K) conditions in all the vertices, cf. (1),

Un’j(Mn’j,ﬂ ZunJerjJrk(Mn,j,t), k‘ZO,...,p— 1, (C)
p—1

Ot (My i) =Y pi Ostinr ik (Mnjit), j=0,...p" =1, n>0. (K)
k=0
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2.3 Dirichlet and Neumann problems at the fractal boundary of the tree

The problem (4, 5, C, K) needs to be equipped with boundary conditions at
the fractal boundary of the tree. This becomes more clear when studying the
family of problems (3) posed on subtrees 7™, m — oo: for their well-posedness,
it is necessary to define boundary conditions on the ’outer’ boundary of the
tree 7™, i.e. vertices { M, j, j = 0,...,p™—1}. This will be done variationally,
by introducing the associated Sobolev spaces.

2.3.1 Sobolev Spaces on T

Given a function v = v(s), v: T = R, let

oo pt—1

/MU—ZZ /unkv

nOkOE

We will need the following three spaces:

— square-integrable functions
L2(T) = {v: oly, , € LA(E0y). [ollizer < oo},

ol = ol = [P, (9= [nvg

T T

— square-integrable continuous functions with square-integrable derivatives:
denoting by C(T) continuous functions on T,

H,(T) = {v € C(T) NLA(T) : [v]us (7 < 00},
vl () = [10svllez (1), ||U||H,1‘,(T) = ||U|\Lg(7) + |U|12q}‘,(fr)-
— the closure of compactly supported H}L—functions. For this let us define
H, (T):={veH,(T): v=00nT\T™, for some m € N},

i.e. functions which are supported inside 7™, for some m € N. Then

Hlll’o(T) — m”'”H}L(T).

The above definitions can be naturally extended to the spaces defined on a
truncated tree 7™, with an associated Li—scalar product denoted by (.,.)7m.

Remark 1 All over this article we work with real-valued function spaces in the
time domain, and with complex-valued function spaces in the frequency do-
main (as this is clear from the context, we do not provide explicit indications).
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2.8.2 The evolution problems in weak form
It is easily seen that any H,i(T)—solution of (4, C, K) satisfies
(0u,v) + (O5u, 05 v) = (f,v), forallve H}L,C(T), s.t. v(M™*) =0.

Reciprocally, any H}L(T)—solution to the above problem solves (4, C, K).
To distinguish the Dirichlet and Neumann problems for (3), let us introduce

Va(T) ={v e H}(T) : 0(M*) =0}, Vo(T)={v € H,o(T):v(M*)=0}
Definition 1 (Neumann problem) Find
un € C(RY; Vo(T)) N CHRY;LE(T)),
s.t. un(.,0) = dpun(.,0) = 0, and, for all ¢ > 0,
(8fumv) + (Osun, 0sv) = (f,v), for all v € Vo (T). (N)
Definition 2 (Dirichlet problem) Find
uy € C(RT; Vo(T)) N CH R LE(T)),
s.t. up(.,0) = Opup(.,0) = 0, and, for all ¢ > 0,
(021, v) + (Dstp, O5v) = (f,v), for all v € V5(T). (D)

Remark 2 Although, strictly speaking, the problem (N) is a mixed problem
(because of the Dirichlet condition at the root of 7), we call it 'Neumann’,
since we are interested in the behaviour at the fractal boundary of 7.

These problems are well-posed, as summarized below.

Theorem 1 Let f € L}OC(RJF;Li(T)). Then the problem (N) (resp. (D)) has
a unique solution

ug € CRT;VL(T)) N Cl(R"‘;Li(T)), a=n (resp. a =0).
Moreover, there exists C' > 0, s.t. for all T >0 and 0 <t < T,

10cua(t) Lz (1) + [10sua ()2 (7) < CllflLr 0,27 (6)

Proof The proof is classical. The existence and uniqueness result follows from
the semigroup theory (see in particular [45, Section 7.4] and [45, Section 4.2]).
To show (6), one first tests e.g. (N) with d;u,, which gives

d 1
%En(t) = (f, Orun), En = 5 (”atunHz + Hasun||2) .

The application of a Gronwall inequality (cf. [32, Appendix E]) yields the
desired result. O
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To state the following result, let us recall that, provided a Banach space X,
the spaces Wl’fy’cl (RT; X) of X-valued distributions are defined as follows:

Ty
WELRY; X)={v:RT = X sit. /Z 167 0(t) || xdt < 00, VT >0
o =0
Corollary 1 Let k > 1, f € WEH R L2(T)) and f(0) = ... = 8f 1 £(0) =
0. Then

ug € CFRT;Vo(T)) N CkH(R*;Li(T)), ae{o,n}.

Moreover, there exists C > 0, s.t. for all0 <<k, allT>0and0<t<T,
it holds:

107 wa () Iz () + 1050Fua(®)ll2 () < ClIOE Il 0,102 (7))- (7)

Proof The function ¢ = dfuy, 0 < ¢ < k, solves the problem (N) (resp. (D))
with f replaced by f() € L'(R*; Li(T)), hence Theorem 1 applies. ]

It is natural to ask whether the solutions to (N) and (D) coincide (like in the
case p=1, p=1and o = 1, when 7 can be identified with R"). The answer
depends on the following two quantities:

<ua> = Zguiai, <§> = <u/a> = Z; Z—z

Theorem 2 ([35]) If (pa) > 1 or (p/a) <1, H}L70(7-) and H}L(T) coincide,
and thus u, = uy. Otherwise, H}L’U(T) - HL(’T), and Uy # Up.

2.4 Transparent boundary conditions

In [35] it was shown how to construct transparent boundary conditions for the
problems (N), (D). To recall the main ideas, we fix m > 1, and assume that

Assumption 1 The source f(s,t) is s.t. for all t >0, supp f(.,t) C T™ L.
We will use this assumption in the remainder of the article. When f satisfies

Assumption 1, for all £ > 0, 8fu(M,, ;,0) =0, j = 0,...,p™ — 1, because of
the finiteness of the wave propagation velocity.
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2.4.1 Auziliary notations

We will denote by V,(7™) the following subspace of H}L(’Tm):
Vu(T™) = {v e H,(T™) : v(M*) = 0}.

Let us introduce additionally the trace operator v, : H}L(Tm) — RP™ defined
for v € Hi(Tm) (recall that v is continuous on 7™) by

o = (U(Mm,o), . ,U(Mm,pm_l)).

In the sequel, by (.,.) we will denote the Euclidean scalar product in RP™.
Obviously, by the usual trace theorem

[¥mvllgem < C"/m‘lasUHH}L(T"l)v v E Vu(Tm)~
2.4.2 Transparent boundary conditions

We truncate the computational domain to the tree 7™, and impose transpar-
ent boundary conditions at the (truncated) boundary of this tree:

_:um,jasumd(Mm,j’ t) = Bzz,j (at)umﬂ' (Mmdv t)’ J=0,....p" -1, (8)

where a € {0,n} and By, ;(0;) is an exact DtN map for the Dirichlet (corresp.
Neumann problem), associated to the point M,, ;, that we describe below. Let

H&,loc(RZO) = {U € Hlloc(R20)7 U(O) = O}
Then this operator is a continuous mapping:

By, (1) € L (H e (RT), Li(RY)) .

loc
As we will see later, this follows from (18) and Theorem 6. To define this
operator, let Ty := T pj+k, K = 0,...,p — 1, are p-adic self-similar infinite
subtrees of 7 sharing M,, ; as the root vertex (cf. notation in the end of
Section 2.1 and (1)). Because of the self-similarity property, see Section 2.1,
the weights of their roots edges are respectively px i, j, K =0,...,p—1. Then
the DtN By, :(9;) associates to g € Hj ;,.(R1) the quantity

loc

p—1

B (009 == fimj i Osu j(Mpn 5., 9)
k=0

where uf , € C'(RY; L7 (7x)) is defined as follows:

L ifa=n, uy, € C(RY; H),(Ty)) solves the Neumann problem:

/,u@fu;’kv + /,uasu;’k Osv =0, for all v e Vo (Ty),
Tk T
tg 1 (M j,t) = g(t), ug i (- 0) = Brug (-, 0) = 0. (10)
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2. if a =0, u}; € C(RT;H,, o(Trmpj+k)) solves the Dirichlet problem:

/u@fu;kv + /,u@su;k dsv =0, for all v e Vo(T),
T Tk
u27k(Mm7j,t) = g(t), u;k(.,()) = 5tu27k(.,0) =0. (11)

The definition (9) of the DtN map is obviously consistent with the Kirchoff
conditions, cf. (8) and (K). In a short form, we will write

BS,(9,) = diag ( .0(08)5 - - ,thpm_l(at)). (12)
With this notation, the transparent condition (8) rewrites
— Y (1 0su)(t) = (B7,(00)u) (t). (13)

Since the coefficients of the problem do not depend on time, B, (9;) is a con-
volution operator; the corresponding convolution kernel is not known in closed
form. The goal of this work is to provide an accurate discrete approximation
to B2, (9:), which relies on a tractable characterization of its convolution kernel
that was obtained in [35]. In order to show how to obtain an expression for
B2, (0r), let us first introduce the notion of the reference DtN operator.

Remark 38 The above boundary conditions are called transparent, because any
ug solving the Dirichlet (corresp. the Neumann problem) satisfies (9) exactly.

2.4.8 Reference DN operator

A reference DtN operator associated to the Dirichlet/Neumann problems on
the reference tree T (i.e. the tree with oo = 1 and the same p, ) is a
continuous operator, see Theorem 6,

Aa(at) €L (Hé,lOC(RJ’_)’ L%OC(R+)) ) ac {Dﬂn}’
defined as
Aa(9r)g(t) = —Osug(M”, ), (14)
where ug € C*(R¥; Li(’T)) is defined as follows:
L if a =n, u) € C(R*; H}L(T)) solves the Neumann problem:
/u@fu;v + /,u@su; 0sv =0, for all v € V,(T),

/ / (19
ug(M*,t) = g(t), ug(.,0) = duy(.,0) =0.

2. if a=10, u) € C(R*;H,, ((T)) solves the Dirichlet problem:
/u@fugv—i—/uasuzasvzo, for all v € V5(T),

7 7 (16)

ud(M*,t) = g(t), uf(.,0) =8wui(.,0) =0.
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Again, the operator A,(d;) is a convolution operator, i.e. formally:
t
Aa@)9(t) = [ Aalt = Tyglr)ar
0
Defining the Fourier-Laplace transform of a causal tempered distribution A as
(FA)(w) = / e“iIN(t)dt, weC,
0

we denote the symbol (FAq)(w) of the convolution operator Aq4(9;) by Aq(w).

Characterization and properties of Aq(w). Positivity of Aq(0r). A practical
use of the CQ relies on the ability to compute the symbol of the DtN map,
cf. (9), for various complex frequencies w. In Section 2.4.4 we will show that
this symbol can be easily expressed with the help of Ay(w). The latter func-
tion, in turn, satisfies the following non-linear equation, which will serve the
computational purposes.

Lemma 1 (Lemma 5.3 in [35]) The symbol of the reference DtN operator
Aw) = Aq(w), a € {n, 0}, A: C\ R — C, satisfies the following equation:

Alw) = — wtanw — Fq ,(w)

p—1
Hi
Fo,uw) =Y " Alaw). 17
tanwF, (@) + @’ (@) 2o (i) (17)

Since the solutions of (17) are, in general, non-unique, to single out the so-
lutions that correspond to the symbols of the DtN operators, we restrict the
solution space to meromorphic even functions analytic in the origin, cf. The-
orem 4. To distinguish between the solutions corresponding to the Dirichlet
and Neumann problems (where needed, cf. Theorem 2), we fix the value A(0);
this ensures the uniqueness. This is similar to initial-value problems, where
fixing the value in zero leads to the uniqueness as well.

Theorem 3 (Lemma 5.5, Corollary 5.6 in [35])

—if <u/a> < 1, the symbol of the reference DIN operator Ay(w) = Ay(w) is
the unique even meromorphic solution of (17) that satisfies A(0) = 0.

— let {p/a) > 1 and (pa) < 1. Then the function Ay(w) is the unique even
meromorphic solution of (17) that satisfies A(0) =1—1/(p/cx).
Similarly, the function A, (w) is the unique even meromorphic solution of
the equation (17) that satisfies A(0) = 0.

—if <ua> > 1, Ay(w) = An(w) is the unique even meromorphic solution of
(17) that satisfies A(0) =1 —1/{p/cx).

The symbol A,(w) satisfies the following property, which extends the well-
known bounds for the DtN map for the classical wave equation on R? [18].
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Theorem 4 A,(w) : C — C is an even meromorphic function, whose poles
are all real. Moreover,

(a) Im (w™'Aq(w)) <0 forw e Ct ={z € C:Imz > 0}.

(b) There exists C > 0, s.t. for allw € CT, |Aq(w)| < Clw|max (1, 2-).

P Imw

Proof The fact that A4(w) is an even meromorphic function with real poles
was shown in [35, Section 5.1]. The statement (a) is from Theorem 5.9 in [35].
The bound (b) is new and its proof is given in Appendix A. O

The time-domain analogue of Theorem 4 (a) is the following (important) pos-
itivity result.

Theorem 5 Let g € H& (RT). The reference DN operator satisfies

loc

T
/ (Aa(01)g)(t) Brg(t) dt > 0, ae{o,n}, foralT >0.
0

Proof The proof is classical. The result follows from energy identities for prob-
lems (15) and (16). One finds that

(10l (- T2 + |85l (-, T)|?) .0

| =

T
/ (Aa(D1)g)(t) Deg(t) dt = EX(T) :=
0

On the other hand, Theorem 4 (b) translates into the time domain as follows.

Theorem 6 The operator Aq(;) = H1,.(RT;R) — L, .(RT;R) is continu-

loc
ous.

Proof The result is a trivial corollary of the upper bound for A,(w) stated in
Theorem 4(b) and the Plancherel’s inequality. We nonetheless chose to make
a proof completely in the time domain, see Appendix F.

2.4.4 Transparent boundary conditions via the reference DN

Using the reference DtN, we can express the operator By, ;(9;) as follows [35]:

p—1
By, ;(0t) = tim,j a;:j Z %A“(akam’j@)' (18)
k=0

Let us remark that by Aq(agoy, j0;) we denote a convolution operator with
the symbol A (ag 0y, jw). The above representation was derived using the Kir-
choff conditions and a scaling argument (recall in particular that a,, ; is the
length of the branch X, ;). We have thus reduced the problem of the construc-
tion of transparent boundary conditions to the problem of approximating a
convolution operator with the symbol A4 (w).
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Remark 4 Everything that follows, unless stated otherwise, holds true both
for the Dirichlet and the Neumann problems, and the distinction between
these two problems is encoded in the proper choice of the symbol A,. Hence,
where possible, we will omit the index a = {9, n}. We will study the Neumann
problem, keeping in mind that the Dirichlet problem can be handled similarly.

Remark 5 The construction of the transparent boundary conditions in the
present article can be extended to the case when the tree T is not fractal
(self-similar, as defined in [35]), however, some of its subtrees are.

2.4.5 Formulation on a truncated tree

With the notation from Section 2.4.1 and (12), the coupled problem with the
transparent BCs reads, in the weak form:

Find u,, € C(RT; V,(T™))nC (R L2(T™)), (19a)

s.t. um(.,0) = Opum(.,0) =0, and, for all ¢ > 0, (19b)

(atQU/TTH ’U)Tm + (asuma 88/0)7—7” + <Bm(at>’ymum’ ’)’mU> (19(3)
= (f,v)rm, for all v € V,,(T™).

We have the following easy-to-prove result.

Theorem 7 For all f € L} (R"‘;LZ(T)) satisfying Assumption 1, (19) has

loc
a unique solution u,,. Moreover, u,, = u|7—m, where u solves (N).

Proof 1t is not difficult to verify that u|,;. = u, (by construction of the
transparent condition via the operator B,,(9;), cf. (9, ??)). This implies the
existence for (19). The uniqueness follows easily from the energy identity

(19 (D) o+ 1Outt (D))
/T /T / (20)
+ <Bm(at)'7mum, 'Ymatum> dt = M(S)f(s,t) Um(&t)ds dt.
0 0 Tm

If f =0, (20), (18) and the positivity result of Theorem 5 imply u,, =0. O

3 Discrete transparent boundary conditions (Convolution
Quadrature (CQ))

The main idea behind the CQ is to construct the exact transparent boundary
conditions for the problem (3) semi-discretized in time [47,4]. Provided that
the time discretization scheme is chosen so that the resulting problem is stable,
the corresponding exact transparent boundary conditions inherit its stability.
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Remark 6 For the implementation of the convolution quadrature, it is impor-
tant that the symbol of the operator B, :(0;), i.e. By, ;(w) (consequently,
A4 (w)) can be evaluated for any frequency w € Ct = {z € C: Imz > 0}. The
description of the respective method is postponed to Section 4, while here we

address the questions of stability and convergence of the method.
This section is organized as follows:

— in Section 3.1 we derive discrete transparent boundary conditions based on
the (implicit) trapezoid rule (also called -scheme with 6 = 1);

Section 3.2 is dedicated to the analysis of the semi-discretization in space;

— in Section 3.3 we provide the time discretization, demonstrate its stability
and prove the convergence estimates;

finally, Section 3.4 is dedicated to the solution of the discretized system.

3.1 Derivation of a CQ approximation for the transparent BCs

First, we will derive a discrete approximation for the reference DtN operator,
see Section 2.4.3, and next employ the obtained results to derive an approxima-
tion for the transparent boundary conditions. Let At be a time step, t™ = nAt.
We denote by u™ an approximation to u(.,t™). Also,

,Un+1 _ ,Unfl UnJrl — 2™ + ,Unfl

Dppp" = ——— D3 0" =
24t (At)? ’

vn+1 + 2,Un + ,Unfl ,Un + ,UnJrl

{Un}1/4 = ) ,Un+1/2 = T 5 (21)
4 2
n+l _ . n
Do t1/2 — v v
AtV At

3.1.1 Discrete approximation of A(0)

To derive the CQ approximation of A(9;), we will proceed like in the con-
tinuous case, see Section 2.4.3. We start with the problem (15), which we
semi-discretize in time using the trapezoid rule (-scheme with § = 1). As
well-known [15], this scheme is unconditionally stable, and thus the discretiza-
tion results in a well-posed and stable problem. Recall that our goal is to
approximate the transparent boundary conditions (8), cf. (18); because of the
finite velocity of the wave propagation, w,, (M., ;,.) vanishes in the vicinity of
t =0 (cf. Assumption 1); therefore, without loss of generality in what follows
we assume that g(0) = ¢’(0) = ¢”(0) = 0. The discretized problem then reads:

uy =0, ug (M) = g", find (uy)nen C H}L(T), s.t.

g9

Given u(g) —
{UZ}1/4,3SU) =0, forallveV,, n>1.

1
; (22)

(DQAtuZ,v) + (8
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The reference DtN is then defined analogously to the continuous case (14),
A(0AY) : RY — RN and, with g = (¢")nen,

(A(07")g)" = —oul(M*),  n>0. (23)

Where convenient, we will write instead of the above A(9/*)g™, with the ob-
vious abuse of notation. In the above form, the reference DtN operator is not
suitable for the computations; thus, let us find a tractable expression for its
discrete symbol. For this we will use the Z-transform.

The symbol of the discrete DtN operator. Let us apply the Z-transform to the
above problem. Recall that for a sequence (v"),en, s.t. [v"| < C(1+n)9, ¢ > 0,
its Z-transform is defined as follows:

Z:iv="penr V()= v"z", z€B(0)={2€C:|z] <1}. (24)
n=0

The function V is obviously analytic in B;(0). Applying the Z-transform to
(22), and using the following property of the Z-transform of the shift 7:
for v =(0,v1,v0,...), 7v:= (v1,v2,...) and Z(mv)=z"'V(2), (25)

we deduce that Uy(z) € Hi(T) satisfies Ug(M*, z) = G(z) and

0(2) 2 B S
_ <Zm> Uy0) + (OUp,00) =0, YoeVe, (=21 (20)

Since id : B1(0) = Ct = {w € C: Imw > 0}, the problem (26) is coercive for
any z € B1(0). With the help of (26), we can then define the discrete symbol
of the reference DtN as the mapping

Aa s C—C, Ap(2): GIM™,2) = =0 Ug(M™, 2). (27)
Comparing (26) and the definition of the symbol A(w), we obtain

Aa(z) = A (ﬁft)) . (28)

Because A(w) is analytic in C* := {w € C : Imw > 0}, cf. Theorem 4, and
zZ ”Z‘:) is an analytic function from B;(0) into CT, we conclude that A o (2)

is analytic inside Bq(0). Thus, A can be expressed via its Laurent series

Aar(2) =) M2 2l <L (29)
=0

The coefficients )\ft are called convolution weights. Alternatively, they can be
represented via the Cauchy integrals (with « being a directly oriented circle
of radius r < 1 centered at the origin):

1 e 1 e 0(2)
At _ L -1 _ -1 o(2)
At = 57 /z At (2)dz /z A (z At ) dz. (30)

211
¥ ¥
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A(OAY) as a convolution operator. Inverting the Z-transform in (27), using
(29) and the property (25), we obtain the discretization of the reference DtN:

—Osug(M*) = Aftg" " = A0 g™ (31)
£=0

In what follows, provided a convolution operator with the symbol K(w) (and
the respective discrete symbol K (i §(z)/At)), we will use the notation K(97)g"
to denote the discrete convolution of the discretized operator and the sequence
(9™ )nen (cf. Remark ?? for the continuous case). To compute the convolution
(31), it is sufficient to know the convolution weights A2!; classically [40], their
evaluation is done based on the fast numerical computation of the Cauchy
integrals (30), see Section 4.1.

Positivity properties of A(0f'). The following result, which we state here for
consistency reasons, is a discrete counterpart of Theorem 5.
Theorem 8 Let (g")nen € RY, with ¢° = g* = 0. Then, for all N > 2,

N-1

> {4@)9"}, ), Davg™ > 0.

n=1

Proof The proof mimics the proof of Theorem 5, namely, the result is obtained
by testing the strong form of (22) with Dasuy. In particular one finds

N-1

> {A@9"}, ), Davg™ =

n=1

N-—1 N—1
(1D asug 2||ii(7’)+||83ug 2||ig(7))- u

N | =

3.1.2 Discrete approzimation of the operators B, ; (04)

To derive a discrete approximation of B, ; (0;), we follow the same arguments
as in the continuous case, cf. Sections 2.4.2 and 2.4.4. This yields the following
discrete counterpart of (18), cf. (23) for the definition of A(9/):

p—1
Binj (07Y) = pimg oy S Z—ZA (Ctm joxDAY) (32)
k=0

which is a discrete convolution operator with the symbol

p—1
At _ —1 HE o (. 0(z)
B i (2) = pm,j oy, kz_o oTkA(mm’jakE)’ (33)

bAt

cf. (28). As a consequence, the convolution weights (by';.,) of Bﬁfj (z) are

related to the convolution weights (A3") via the identity

At

QOm,j O

p—1
At _ -1 K\ At ik _
bm,j;n = Hm,j Qpy 5 Z ;kA” ) Atmd;k - (34)
k=0
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Finally, let us introduce the notation for the discrete version of the aggregate
operator B,,(0;), cf. (12): its discretization will be denoted by B,,(9/"), the
corresponding symbol by Bff(z), and the respective convolution weights by
b2t (remark that they are m x m diagonal matrices).

m,n

3.2 Semi-discretization in space
3.2.1 Semi-discretization in space: basics

To semi-discretize the system (19) in space, we use the Lagrange P;-elements.

Let us parametrize each edge Y, ;, identified with a segment [M ., M, ;],

with an abscissa s, ; € [0, 4, ;], and define a quasi-uniform mesh
Toy={sk,, k=0,...,Ku;}, st.sk  <skt! (35)

n,y

where 0 . is identified with M*

Knj
1, n,jo and s, 07 with M, ;.

m p"t—1
The mesh on the truncated tree 7™ is then |J |J T, ;. Let
n=0 j=0
Bpj:= max |sF —s"71| h := maxmaxh, ;. (36)
5] 1<k<Kn n,j n,j n i »J

Let the finite element space be defined as U, C V,(T™), Uy, = span{yy, k =
0,...,Ng— 1}. The construction of this basis is classical on the nodes interior
to X, j, but a special treatment is needed in the vertices of the graph M, ;,
see [2]: we define the respective shape function as a piecewise-linear function
that equals to 1 in M,, ; and vanishes in the rest of the nodes, see Figure 2.

Mn,j?

Fig. 2 A shape function ¢ s.t. ¢(My ;) = 1.

In the following, up = Zu(k)gak will denote the approximation to the exact
solution w,,, u() being a nodal value. For convenience we omit the index m.

3.2.2 Semi-discrete system: formulation and stability

The semi-discrete formulation of (19) with the exact transparent boundary
conditions thus reads:

Find uy, € CY(RT;Uy), s.t. up(0) = dpup(0) = 0, and, for all v;, € Uy,

(07 un, 0n) - + (Dstn, Dsvn)Tm + (B (0)Ymun, Ymvn) = (f;vn)7m.  (37)
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The stability of the above problem follows trivially using the argument of
Theorem 7; however, the existence of a solution is somewhat more difficult.
For analysis purposes, we will rewrite the above problem in a different form.

Rewriting of (37). The idea is to propose an auxiliary semi-discrete problem,
set on the whole tree 7, whose restriction to 7" solves (37).
Let us introduce the following two Hilbert spaces:

L= {on €L3(T) < wlyo € Unds Lllon = [l le.

X" = {on € Vo) wnlpw €U}, Illlxn i= Il (38)

Contrary to the space Uy, these spaces are infinite-dimensional, the reason
why we use h as a superscript. In particular, the restriction of functions from
X" to each Tm+1,pj+k,J =0,...,p™ k=0,...,p—1 (see the end of Section
2.1 and (1) for the notation) coincides with the space Hi(Tm.‘,—ijJ,—k) (recall
that we consider the Neumann problem).

Let us now study the following auxiliary problem (a counterpart of (37)):
find @, € C(RT; X")nC*(RY; L"), s.t. 4, (0) = 9y, (0) = 0, and
(a?ﬂh, Uh) + (85ﬂh,asvh) = (f, ’Uh)7 for all v, € X", (39)

Using the above auxiliary problem, it will be easy to show the well-posedness
and stability of (37). This approach to the analysis of the coupled problem
bears some similarities with [26,43], see also references therein.

Well-posedness and stability of (37). We proceed as follows: first, in Lemma
2 we show the well-posedness/stability of (39), next, in Lemma 3 argue that
U"|m solves (37). Finally, a complete well-posedness/stability result for (37)
is summarized in Theorem 9.

Lemma 2 (Well-posedness, stability of (39)) For any source term f €
L} (RY; Li(’T)), the problem (39) has a unique solution. Moreover, it satisfies

loc

the stability bound (6) with u replaced by uyp,.

Proof The existence and uniqueness to (39) follows from the semigroup theory.
In particular, let us introduce the operator Aj, : D(A;) — L" defined for
vp, wy € X by (Apvn, wr) = a(vy, wy,) :=(Vuy, Vwy). Here

D(Ap) = {vp € X" : 3C(vp) > 0, |a(vn, wp)| < C(op) |lwpllpn, ¥ wy € X"}

Then the problem (39) can be reformulated as an abstract wave equation
@Uh‘FAhuh =1I"f,

where IT" is the Li—orthogonal projector on L. We conclude using the same
arguments as in the proof of Theorem 1. The stability bound also follows like
in the proof of Theorem 1. a
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In the following we state that the solution of (39) solves (37).

Lemma 3 Let f € L} (R*‘;Li(T)) satisfy Assumption 1, and let uy, solve

loc

(39). Then, the restriction of @y to T™ is the solution uy, of (37).
Proof We can split the variational formulation in (39) into two parts:

(0Ftp, vp)7m + (Ostin, Osvp)Tm

_ _ (40)
+ (07 an, vn) T + (Ostin, Osvn)\7m = (fyvn)7m, Von € X"
Taking the test functions v, vanishing in 7™, we deduce that

(8,5217,]1, 'Uh)T\T’" + (asﬂh, 85’Uh)7-\7-m =0,

for all v, € H,(T\ T™), s.t. vp(Mpm;) =0, j=0,...,p" — 1,
ie. (?77) with g(t) = @n(Mm ;,t). Integrating by parts the two last terms in the
r.h.s. of (40) and using the definition of the transparent BCs (9), we conclude
that @), € X" satisfies: for all v, € X",

(07tn, vn)7m + (Ostin, Osvn)7m + (B () Ymns Ymvn) = (fivn)7m. (41)

Since X"

7m = Un, we deduce that @l . solves (37). O

The following theorem is a simple corollary of the two above results.

Theorem 9 (Well-posedness, stability of (37)) The problem (37) has a
unique solution for any f € L} (R‘*‘;LZ(T’”)). Also, for all T >0,0<t<T,

loc

10cun ()7 + 10sun (@)l < V2IIFllLr 0,712 (7m))- (42)

Proof Existence: by Lemma 2, there exists a unique %y, solving (37); by Lemma
3, Up|ym € Uy satisfies (39). The uniqueness is a corollary of (42), which, in
turn, follows from the same argument as in Theorem 7. O

3.2.83 Convergence estimates for the spatial semi-discretization

In this section we will compare u,, solving (19) to uy, solving (37). The proofs
presented below use classical techniques of the FEM convergence for time-
dependent problems, see e.g. [31] and references therein, or the monograph
[19, Chapter 6]. The difference between our case and these works lies in the
fact that we analyze the problem (39), posed on an infinite-dimensional, rather
than FEM, space. We shall make the following regularity assumption on f (the
assumption of vanishing derivatives at ¢ = 0 is not necessary but allows us to
simplify the obtained estimates):

feWS R L2(T™), 9f(,0)=0,0<(<2. (43)



20 Patrick Joly, Maryna Kachanovska

Theorem 10 (Convergence of the spatial discretization) Assume (43).
Let uy, solve (37), and u,, solve (19). Then, for all T > 0, with Cr =
Cmax(1,T), C >0, it holds, for all0 <t <T,

19t = un) )z ) + 10w = ) Dy < CThI s (o0 ()

We will prove this result by comparing the solution u of (N) to the solution
ap, of (39), which is justified by Theorem 7 and Lemma 3. Obviously,

10 (um — un)llLz (7m) + 105 (um — un)lrz (7m) < (1)
< [0e(uw — an)llrz (rmy + 105 (w — an)lrz (7m).-

The proof itself is quite classical. Let us introduce an elliptic projection oper-
ator P" : V,(T) — X" defined for v € V,,(T) via

(v — P"v,vp) 7 + (0s(v — P), dyun) 1 = 0, for all v, € X" (45)
To analyze the convergence, we split the error into two parts:
U — Up, = Np + €p, nhzu—Phu, €h=Phu—ﬂh, (46)

and estimate €, in terms of 7, (which, in turn, will be shown to be small), via
the energy techniques. Let us first provide lemmas that quantify 7p,.

Estimates on the projection error. Let us introduce the space

H(T™) = {v € Hy(T™) : 9Zv|y;, € L3y ), 0<€<m, 0<j<p' —1},

’

m p‘—1
2
Hv”%ﬁ(Tm) = ||U||%{L(T7'L) + |U‘%ﬁ(7—m)7 |’U|%‘2L(Tm) = Z Z He,j / ’852’0| ds.
=0 =0 g

The following is a usual approximation result extended to X". The proof,
based on Céa’s lemma, is left to the reader.

Lemma 4 Forv € Vu(T), s.t. v|pm € fIﬁ(Tm), it holds
lv = Puvllez () + 105 (v = Pav)llez (1) < Chlolga (m)s
where C' depends on p, m only.

As a corollary of this result, we obtain the following.

Lemma 5 (Estimate for ||0Fn||) Let f satisfy (43). Let u solve (N) and
N be defined in (46). Then, for all T >0,0<t<T, and all 0 < ¢ <2,

||afﬁh(t)\|H;(T) < Ch||3f+1f||L1(o,T;Lﬁ(T))- (47)
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Proof By Corollary 1, u € C4(R+;LZ(T)). By Lemma 4, for v = 0fu,
106 (O3 7 < Ch 10F(D)] 3oy (48)

Let us prove that the right-hand side is bounded and provide an explicit bound
for it. Since on all edges X ;, it holds that 9%u = 07u — f, we have

OFu] sy < I0FH (8 Lz ) + 108F (D)l (-

dr.
O

One concludes using (48), (7) and ||8 f(t) HLz (Tm) < f HaHlf HLZ (™)

Proof (Proof of Theorem 10) As discussed, see (44), we will compare the so-
lution u of (N) to @, from (39). With (46), we can see that ¢, € X" satisfies
(97en,vn) + (Osen, Osvn) = —(07nn, vn) — (Dsmn, Osvy), v, € X"

By (45) and the definition of 7 in (46),
(87en,vn) + (8sen, Dsvr) = — (07, vn) + (9, vn), o € XM
By Lemma 2, the bound (6) applies to €, defined as above; thus, for all 7' > 0

andall 0 <t < T,

|Been ()] + 0senlt (182 () ez ey + llmn()lz e ) at

O\H

T
/ |83 ez (7my + 110ef (7 )”Lﬁ(’l‘"b)) dt,
0

where the last inequality follows from (47). Combining the above bound with
the triangle inequality, i.e.

10:(w = un)| + 110 (w — @) | < 18snnll + 10smnll + IOsenll + [ Osenl,

and using (47) to bound the first two terms in the right hand side, we obtain
the desired result in the statement of the theorem. ad

Remark 7 Obviously, the convergence is only O(h) because we measure the
error in the energy norm; using the Aubin-Nitsche techniques, we can deduce
the convergence O(h?) when measuring ||u,, — “hHLﬁ(TM)-
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3.3 Fully discrete problem

For the time discretization of the semi-discrete problem (37), we wish to use
the leap-frog scheme, at least for the first two terms of the left hand side of
(37). An advantage is that, if a mass lumping procedure is applied [16], the
scheme becomes fully explicit. Moreover, if one uses a uniform space step h
for meshing 7", and the time step At equals h, the scheme becomes exact.

In what follows, for simplicity, we shall not consider mass lumping in our
analysis, but this analysis could be easily extended to the mass lumped case.
The main issue is the approximation of the boundary term in (37). This is
where the discrete operators B,,(97!) will be involved. In order to guarantee
the stability of the resulting scheme, we will use the equivalence between (37)
and (39) and discretize (39) in time in a specific way.

3.3.1 Construction of the numerical scheme

In what follows we denote by u} (resp. @}') a discrete approximation to wuy, (")
(resp. 4p(t")). To discretize (37), we start with the split variational formula-
tion (40). The key point is that we use an explicit/implicit time discretiza-
tion of the stiffness bilinear form: we use (9saj,0sv)7m for approximating
(0sup (t™), Osv)7m (thus obtaining the leapfrog discretization) and the §-scheme
with 6 = 1, namely (9,{@}}1,/4,05v)7\7m, for approximating the remaining
term (Jsp(t™), 0sv)7\7m. The resulting scheme reads:

(D45, vn) o + (D5, O50n) o (49)

+ (DQAtﬂ27vh)T\7—m + (85{/&’2}1/47 asvh>T\Tm = (fnvq)h)va V’Uh € Xh~
According to Lemma 3, it is natural to define u} as the restriction to 7™ of
@) (assuming it exists, it will be shown in Lemma 6). Proceeding like in the
proof of Lemma 3, and using the definition of the operators B,,(9!), Section
3.1.2, it is easy to see that uj € U}, satisfies

(D2Atu2? Uh)TnL + (85u27 asvh)']’m

At n n (50)
+ {Bm (97 )ymunt1/as Ymvn) = (f";0n)7m, YV on € Un,
which, assuming also that f(.,0) = 9,f(.,0) = 0, we complete with
u) =0, wuj =0. (51)

Remark 8 Reinterpreting (50), we see that the discrete transparent condition
issued from (50) (to be compared with the continuous one (13)) reads

_'7m(/uasuﬁ) = {Bm(atAt)’ymuZ}l/‘l’ (52)

which is not a priori the most natural (or naive) idea.
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3.3.2 Well-posedness and stability of the fully discrete problem (50, 51).

This section dedicated to the proof of the well-posedness and stability of (50
51) under the following CFL condition
At?
chl — sup ||8s11h||ii(7—m) < 1. (53)

4
v €UR:||v my=1
n€UR:| hHLﬁ(T )

The CFL condition (53) comes from the definition of the discrete energy:

n+l n AtQ n n
Bt = L (s~ SN0 L) + S low 2
which is positive when (53) holds. More precisely :
1 1 1
Bt e L (-2 s + L 0af . G

Theorem 11 Let (53) hold true and f™ € Li(Tm)7 n € N. The scheme (50,
51) has a unique solution u}, n € N. Moreover,

VE 2 <CAt> | fF |7, (55)

k=1

where C depends on Ccy; only.

Proof Tt suffices to show the stability bound (55), which implies uniqueness.
Then, the existence is obvious, since the problem is finite-dimensional.
The main trick for deriving the energy identity consists in writing

At?
(Osupy, Os Uh) = ({0 uh}1/4,8 Uh)Tm - (Dit(asu’,}),asvh),m. (56)

Then, testing (50) written for n = k with vy, = Dasuf, yields

1 k+1 k—1
AL (Eh P -k, 2) + ({Bn (02 ) ¥mup b1 /4, Darymul) = (f*, Dagup) 7.

1
Summing the above in k =1,...,n, and using £, = 0 results in

" 1 n n
By A ({Bin (07" Ymub b0 Darymul ) = At (5 Daguf ). (57)
k=1 k=1

Let us bound the right-hand side of the above via El,f-%, k < n. First of all,

1 k+1 k—1
D]l < 5 (IDsey " llrm + 1Davr, )

Yo (VET BT,
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1
The above yields (where we again use E? = 0)

At 3 (%, Davuj)m| < CAL ||f”||7-,,,b\/EZT%
k=1 . - N
+CA S (Mt 15 e )V BT

Since the last term in the left-hand side of (57) is non-negative (see (32) and
Theorem 8), we deduce that

n—1
B < oa (nfnnww;:*% E S (U e + 17 0) EE ) |
k=0

A discrete Gronwall inequality (cf. [32, Appendix E]) yields the desired stabil-
ity bound. a

Remark 9 Using the fact that the function p is constant along each edge, it
is straightforward to check that, if A denotes the smallest step of the mesh of
T, then, for some constant ¢y independent of u, we have

At?
2 2
Ccfl < h2o

so that coAt/h < 1 is a sufficient stability condition. Moreover, a finer analysis
would also provide stability in the equality case, cf. e.g. [29, Chapter 6].

3.3.3 Error estimates for the time discretization

We compare in this section uy(t) and uj. To simplify the computations we
will assume that f satisfies (43).

Theorem 12 Assume that f satisfies (43) and the CFL condition (53) holds.
Let up and u}} be the solutions of (37) and (50, 51), respectively. Then, with
C(t") = cmax(1,t")?, where ¢ > 0 depends only on Cef,

lun (%) — w7 < C(E7) AP / 102 fll7 dt, (59)

tn+1

|osun (%) — 0 | < C(t7) A /0 163 |

Fodt.  (60)

To prove the convergence of the time discretization, we will use the equivalence
between (49) and (50), more precisely that u} is the restriction to 7™ of the
solution @} of (49). The existence of @} the subject of the next lemma.

Lemma 6 (Well-posedness of (49)) If f satisfies (43), there exists a unique
sequence W)l € X", that solves (49) and satisfies @) = i} = 0.
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Proof The proof is slightly non-classical, because X" is infinite-dimensional.
On X" we can define an equivalent scalar product:

(0, ) xn = / (s)o(s)w(s) + / u(s) du(s) dwls).  (61)

T T\T™

Equipped with the above scalar product, X" is a Hilbert space, because
X h|7_m = Up, where Uy, is a finite-dimensional space, and thus the respec-

tive norm is equivalent to the H}L—norm on X". Let us next rewrite (49), by
singling out terms with @)™, cf. (61):

At?

n+1 =v
(@ 1

Uy, ,’Uh>7_ + (85ﬂ2+1, 85Uh)7’\7'm = <€Z, Uh> Yo, € Xh, (62)

<£h7 Uh> At? (fn, Uh)T’” + (2@2 — ﬂZ_l, ’Uh)T — At2(8sﬂﬁ, 8svh)7m
where
— (At?/4) (8s(2up + T 8svh)T\Tm.

Note that (£}, v) defines a bounded linear functional on X"; in particular,

(s, Osvn)7m | < C(h) [[tn 7 |lvnll7m,

because ﬂh|Tm , vh\Tm € Uy,. The existence and uniqueness of the solution to
the above thus follows from Lax-Milgram’s lemma (cf. (61)). O

Based on the definition of the discrete transparent boundary conditions, cf.
Section 3.1.1, and the proof of Lemma 3 in the semi-discrete case, we can state
the following result.

Lemma 7 The solution (4}})nen of (49) with the initial conditions @) = 1}, =
0 and the solution (u})nen of (50, 51) satisfy Uj|rm = uj, n € N.

The stability of (49) relies, like for (50), on an energy estimate. Let us define

Byt e L (IDac b2 - 25 oDa H 2, ) + Sl 2

which satisfies (as in (54))

Ccfl

77,1_‘_%
h

n+2

| \/

D [t 5 Dt 5t 5 o™ 5 (63)

Then, proceeding as in Theorem 11, one easily proves

Lemma 8 (Stability of (49)) Under the assumptions of Theorem 12, one
has, with C > 0 depending on C.f; only, for alln € N,

VETE <oary |- (64)

k=1
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We now have all the auxiliary results needed to prove Theorem 12.

Proof (Proof of Theorem 12) By Lemmas 3 and 7, instead of comparing u}
with up,(t"), we will compare the solution @} of (49) with initial conditions
a9 = a3 = 0 with @, (t") solving (39). The proof is not fully standard, because
in one part of the domain an explicit scheme is used, while an implicit scheme
is employed in the other part.

Step 1. Error bound in the energy morm. The error e} = u} — u(t") € X"
satisfies, for any v, € X",

(DA, vn)T + (Oser, Osvn) T + (05 {114, svon) 7y 7m (65)
—(Dhgan(t") — O un(t"),vn) T — (05 ({un(t™)}1/a — un(t™)) , Osvn) 7,
with the initial condition &) = 0, and e}, = 4}, — ax(t') = —un(t!) to be

quantified later. Let us introduce the truncation errors

0y = Dayun(t") — Ofun(t"), e := s ({un(t")}1ja — an(t™)) .
Testing (65), written for n = k, with v, = Da.ef, we obtain (with (56) again)
k+1  —=k—3

~E; - -
At = - (52’ DAtGZ)T - (Efw DAtaSeZ)T\T’"a (66)

E

€

—=k+i . . _
where Ee+2 is the discrete energy of the error eﬁ:

LR (HDAt"+2HT HagDA#f+2\Tm) Ha‘ﬁ+2HT-
Summing (66) in k = 1,...,n, and next applying a discrete integration by

parts to the sum involving DAtasefL, we end up with the following identity:

gl 1 ntg €
E " =F? - tZ (6%, Davek) = (5, 0sep 2 )iy + (%8 1/2)7 Tm
k=1 \

Lk
+Atz (Eh At = Os¢ JHQ)T\Tm'

The right hand side can be bounded using (63) and the Cauchy-Schwarz
inequality (see also the proof of Theorem 11):

a1 1
EF < B+ Aoy E!
ORI+ 1|68 f—ht 2 il
+C (AtZ Mv B + ekl VEL

k+1 k
15 —€ —
ekl V E: +AtZH k| VE )

T\Tm
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The constant C' depends on the CFL (53). Applying to the above a discrete
Gronwall inequality (see [32, Appendix E]), we obtain (with a different con-
stant C' > 0):

n
—n+1 —1
VEIS <\BE 0 e [hlirrn + 0263 161

k=1
n—1 = k41 k
g — &
+CA ;_1: HhTthHT\Tm-

Step 2. Bounding the error stemming from initial conditions. This is classical.
One simply uses Taylor expansions and a priori estimates of @y (t), as a solution
of (39), similar to the ones of Corollary 1, to get

(67)

At
Fe% SCAtQ/HaE)f(T)”deT (68)
0

Step 3. Bounding in (67) the terms due to the consistency errors. To obtain
a bound on the right-hand side of (67), we use the Taylor theorem again:

o3Il < e At sup [|9fan ()],
te(th—1,tk+1)

k 2 24 —
IS m < c At su 020.ur (t -
lenllrgm < te(tmr’;k“)\l i Ostn ()|l 7 (69)
E’;L — sffl 9 5
a7 <cAt su 0307, (t .
H At HT\T”’ - tE(tk*13k+1) || t Us h( )HT\T

Step 4. Bounding the energy of the error. Substituting (68) and (69) into (67),
results in (for some C > 0),

te(0,tnt1)

At
VES S coae [0ttt 02 swp 0R0m Ol
0

+Ct"At2( sup |07 st (t) ||\ 7m +  sup ||afﬂh(f)HT\Tm)-
te(0,tn+1) te(0,tnt1)

Applying again a priori estimates for u, similar to the ones of Corollary 1, we
obtain the following bound, with C' > 0 depending on C.y;:

41
VE™ < 0 A2 max(L 6" )]103 L1 0 m 1,02 (7). (70)

Step 5. Derivation of (59, 60). Combining (70) with (63) yields, with C' > 0
depending on Clyy,

_n+%

entl _en ~ .
HMHT (106 | < C AP max(L ") | fll s s gz - (71)

At
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A classical argument of telescopic sums (with C'(t") as in the statement of the
theorem) yields

tTI,
lenllrm = llun (") — wgllrm < C(t")AtQ/O 102 fll7 . (72)

Next, writing

- n+1 - n
an(t"te) — ﬁZJr% = éZJr% + (uh(tn%) _ ) vt )) )

2

and then using (71) and Taylor estimates, we obtain (the details are omitted)

tn+1

105 (un (%) = up ™3| < (") Ar2 / 10 fllm dr. (73)
0

To obtain the bounds (59, 60) we use (72, 73) and the fact wy(¢) and u}} are
the restrictions of respectively @ (t) and @} to 7™ (Lemmas 3 and 7). O

Remark 10 We used a direct time domain approach. An alternative approach
is to use convergence estimates for the trapezoid rule discretization of the
operator B,,(9;), see [4, Appendix A] or a recent work [20], based on frequency
dependent coercivity/continuity bounds on the symbol B,,(w). However often
this approach leads to non-optimal estimates in terms of the powers of T.

3.8.4 Convergence of the time and space discretizations

From Theorems 10 and 12 and the triangle inequality, we deduce

Theorem 13 Assume that f satisfies (43) and the CFL condition (53) holds.
Let u,, be a solution of (19) and u} the solution of (50, 51). Then, with
C(t") = cmax(1,t")%, where ¢ > 0 depends on the CFL only, the following
error bound holds:

i (t7) = wh |l < CE") (AL + W) flwsao,min2 (7m)) (74)

n—4+i n+3 n
105 (87 %) = 1wy 2)|| 1 < CE™) (AL + 1) fllwas o, 4n1i02, (7 (75)

3.4 Solving the fully discrete system (50, 51). Complexity

In practice, to solve (50), we use the mass lumped FEM. This renders the re-
spective system fully explicit. In fact, the only implicit terms are the boundary
ones, which are essentially one-dimensional (and in total there are p™ = O(1)
of such terms). To see this, let us assume that £ > 0 is s.t. (with an abuse
of notation: ¢ here is a spatial index, rather than m from 7™) u} is a nodal
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value of u} in My, ;, and uy_, is the nodal value in the closest to M,, ; node.

Then the mass-lumped (50) for u} ™' reads
w2
(At)? h?
1 n+1 n n—1
"o (Z bty T2 b T Y bﬁfj;k“?1k> =0,
k=0 k=0 k=0
see (34) for the definition of the convolution weights bff’j;k. It is easy to see

that the above can be written in an explicit form. This nonetheless requires
evaluating several discrete convolutions, each of O(n) size, in order to compute
the right-hand side. Provided that the spatial discretization has N, degrees of
freedom, the total complexity of computing the solution to (50, 51) for Ny time
steps is thus O(N;Ny) + O(N?), where O(N?) comes from the computation of
the convolutions in the boundary terms.

4 Convolution quadrature: computing convolution weights

One of the major practical difficulties of the application of the CQ is linked
to the computation of convolution weights b4, | that is to say, A2*, cf. (34),

m,n?

particularly in our case, since the symbol A(w) is not known explicitly.

4.1 Classical FFT-based algorithm for computing convolution weights

The convolution weights for B,,(9;) can be expressed via the reference DtN
convolution weights, see (34). The latter, in turn, can be evaluated by dis-
cretizing the Cauchy integral (30), first by choosing the contour v as a circle
of radius p, and next using a quadrature. To compute Ny + 1 weights, we apply
the trapezoid quadrature with N quadrature points (where N > N; + 1):
N-1 27k

_;2mkn O(pe* ™)
NTA =i—
e "N Aw), wg=1 VR

n=0,...,N. (76)

While the value of (30) does not depend on p, this is not the case for the above
approximation. An optimal choice of p is ensured by minimizing the numerical
error in the above expression, which is the sum of the quadrature error O(p")
and the error stemming from the numerical computation of the value A(w),
estimated by O(p~Nte), cf. (76), where € is the accuracy of evaluation of A (w).
Crucially, this latter error can not be smaller than the machine epsilon. More
details can be found in [40], [8] and [4]; see as well Section 4.3.1. In particular,
the choice N = N; + 1 and p = e2~ results in the error O(y/2).

Obviously, (76) can be easily computed via the FFT. Provided that the com-
putational cost of evaluation of A(wy) for all k = 0,..., Ny is bounded by
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ca, the above computations require O(N;log N;) time to perform the FFT,
and O(N;cp) complexity to evaluate all A(wy). Of course, these costs depend
on the frequencies wy, and, just like in the case of the exterior problem for
the wave equation, cf. [4,5], increase with At — 0. One of the main goals of
this section is to quantify the efficiency of the CQ method for the approxima-
tion of the transparent BCs in fractal trees. This section is organized as follows:

— in Section 4.2 we present an algorithm to evaluate A(w), and very briefly
discuss its stability, convergence and complexity. In the end, we will demon-
strate how A(w) can be approximated efficiently when Im w is large enough.

— in Section 4.3 we will discuss the numerical aspects of (76), in particular,
the dependence of the evaluation error of A4 on the evaluation error of
A(w), and, as a result, the choice of the parameters in (76). Next, we will
present a strategy to compute convolution weights, and then provide the
respective asymptotic complexity bounds, as At — 0.

Remark 11 When At — 0, |A(wy)| ~ |wg]|, cf. Theorem 4. Since the frequen-
cies |wg| grow at least as O((At)~1) (cf. (76)), to preserve the O(1) scaling as
At — 0, instead of computing the convolution weights for A(w), we compute
the convolution weights for the scaled quantity A®(w) := (—iw) 1 A(w) (hence
the use of the index ’s’ for ’scaled’). This can be incorporated into the coupled
formulation (50, 51) as follows.

With (32), see also (31) and the explanation below for the notation, denot-
ing by 97t A° (amwjakc?tm) a discrete convolution operator with the discrete

symbol 3(z) ps (z’am,jak 5(z)>, we have

At At
p—1
B (02 = i g 0y D 2 ok DA (o jon )

k=0 %

p—1

Let Bfmj(@ft) = lm,j Z,uk/ls (am,jakaft) , SO that
k=0
Binj(07) = 07 By, ;(07). (77)

The corresponding aggregate operator B2, (9/) is defined like in (12); see
also Section 3.1.2. In the final discretization (50, 51), it suffices to replace

{Bin (97 )ymu™} 1 by Dar (B (07 )ymu”) - (78)
To see this, by the injectivity property of the Z-transform, it suffices to verify

that for any sequence (v"),en, the Z-transform of D, (Bfn (8ft)'ymv”) coin-
cides with the Z-transform of {Bm(atm)’ymv"}i. This is indeed the case: for
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all j =0,...,p"™ — 1, we have

24800y = 0, () vy
@2 +2+z +42 +z (‘Z’?) B, (z‘l?) V(2)

2l —2 . 0(2)
= 347 Bmi (m) Vi),
1—2

where to obtain the last expression we used the explicit form of §(z) = 27 —=.

We finally remark that the last expression in the above is nothing more than
Z (D3, (0200,

4.2 Evaluation of A (w)
4.2.1 A method for computing A(w)

The method for computation of A(w) presented in this section resembles the
method of [35], which aims at approximating A(w) in a domain of C* = {w :
Imw > 0}. However, the approach of this article is better suited to the case
when a highly accurate evaluation of A(w) at a set of points on a curve in a
complex plane is needed, like in (76). It is based on the following ideas:

— to be able to evaluate A(w), it suffices to know the values of A(ow),
i=0,...,p—1 (i.e., for p ’smaller’ frequencies), cf. Lemma 1;

— for |w| < r, where r is a fixed value smaller than the first pole of A,
A(w) can be accurately approximated by 2N, + 2 first terms of its Taylor
expansion in zero. Provided even coefficients { A2, }nen of the Taylor series
for A in w =0 (A is even by Theorem 4), this approximation reads

N
Aw) ~ Y Agn W™, (79)
n=0

The coefficients A2, can be computed recursively, cf. [35, Appendix C].

To formulate the algorithm, let us fix w € C* for which we need to evaluate
A(w), and introduce the following sets:

p—1
Ln(w):= {A(a§°~-~a];p_’11w) :0<k;i<n,i=0,...,p—1, Zkl :n}.
i=0

These sets possess the following properties:

(a) the set Lo(w) = {A(w)}.
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(b) provided that the values in £, (w) are known, it is possible to compute
all the elements in £,,_1(w) using the expression (17) (rewritten below, cf.
(80)) and the elements of £, (w).

|
—

P

Fa,u(w) =

wtanw — Fq ,(w)

E

Aw) =— LA (ouw). (80)

K2

8

tanwFq ,(w) +w’

Il
o

This is immediate when n = 1, and not difficult to check for n > 1.

(c) in L, (w), there are 021;71 = O(n?) elements.

Given r as described before (79), let us assume that |w| > r and fix L € N s.t.

la|L |w| <7, ie L:=L(w,r)= {(log \a|g01)71 log ]

J +1. (81)

w
The above ensures that all the arguments of A(.) in £, (w) satisfy:

1

p—1 =

> ke
T ¥ ol < (Jedoo) = o] = el < r.
=0

Knowing all the elements in the set L£r(w), we can compute exactly the ele-
ments of L1_1(w), then L}, _5(w), and so on, up to A(w). The method pre-
sented here is based on this idea, with the only modification that the elements
in L, (w) are approximated with the help of (79). The respective approxima-
tion of the sets L, (w) will be denoted by L} (w) = L.

Given k = (ko,...,kp—1), by Ax = Ak, k, , we will denote an approxima-
P

sRp—1
tion to A ( a/w).
(=0

1: procedure EVALLAMBDA (w, N, 7, {\an }220)
2: forn=L,L—1,...,0do

3: if n = L then
4: E*L = (Z)
p—1
5: forkl()gksz,z:O,,pfl,Zk,:Ldo
i=0
6: k.= (ko,...,kp_l)
p—1
7 w = [ oFw
i=0
N.
8: Ak = > Aopwim, see (79)
n=0
10: else
11: Lr =10

p—1
12: forkizogkiSn,z’:O,...,p—l,Zki:ndo
=0
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13: k.= (ko,...,k‘p_l)
p—1 &

14: w = [] o 'w
i=0
p—1

. - He
15: k= > @Ak()vklf“1k[—1>k£+1>k@+11'“7kp—1
> Remark: Ay, ky . ko1 ket 1,ker, o kpy € Lpyq forall £=0,...,p—1

> Remark: F}, plays a role of F,, ,(wg) in (80)

wi tanwg — Fg,

16: A = —wp——m7 5, 80
k Wk tan wpFy, + wg see (80)
17: Lr=L0 U{Ag}
return L]

Remark 12 A somewhat tricky part in the practical implementation of the
above procedure is arranging and accessing the computed values in the sets
L7 this nonetheless can be done efficiently, as described in the section that
follows.

Remark 18 In the above algorithm, the choice whether the DtN for the Dirich-
let or Neumann problem is computed is encoded in the coefficients {)\gn}ﬁfgo.

4.2.2 An implementation of the algorithm for computing Aq(w)

Storing and accessing the values in L, ; implementation of the method. In our
implementation of the method, we store and access the values of A in the sets
L,, in the following manner.

Let L be fixed. We construct the tree which will store the values of A from
L foralln =0,..., L. This leads to an extra minor memory overhead (which
we will discuss later) compared to storing the sets £ for each n = 0,..., L,
separately; however, this algorithm is somewhat easier to implement. It allows
to generate a single tree for all the sets and reformulate the algorithm of the
previous section in terms of a simple recursive algorithm for computing A (w).

p—1
The main idea of this construction is that the value approximating A( [] ap*)

is stored in the leaf of the tree, which can be located by the path

(HQ,O) — (Tl1,1) — .. (np_l,p— 1),

where (n;, j) is the label of each of the vertices on the path.
We construct the tree 77, , according to the following rules:

1. the height of the tree is p+ 1

2. to each vertex v an integer n, € [—1,p] (level’) is assigned. If the vertex
v has the level equal to n,, the level of its children is n, + 1. For the root
vertex v*, ny,« = —1.
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3. each vertex (but the root) is labelled by (k, £), where £ is the level at which
the vertex is located, and k corresponds to a power of a; (we’ll explain

later what it means).

4. the root vertex has L + 1 children, labelled as (4,0), with j =0,..., L.

5. the vertex (4,0) has L + 1 — j children, labelled as (L — j,1), with j =
0,..., L. In particular, the vertex (L, 0) has 1 child, labelled as (0, 1).

6. let us consider the vertex (kg, ¢) with £ < p—1. Suppose that the path from
the root to this vertex is given by (ko,0) — (k1,1) — (k2,2) — ... — (ke, 0).

¢
Then this vertex has ket1 := L — > k; + 1 children, labelled as (0,¢ +

7=0
1)7 (17€+1)a L) (k£+l *1764’1)

An illustration of such a tree for L = 2 and p = 3 is given below.
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Fig. 3 The tree described in Section 4.2.2 for L = 2 and p = 3.

§ (82) )

Important properties of such labeled trees 1: connection between
L, and the tree 17, ,. We remark the following important properties:

(R1) the sequence

(ko,0) — (k1,1) — ... Y

§=0
identifies the leaf vertex the path to which is

(ko,0) — (k1,1) — ...

- (kp—lap - 1)

—(kp-1,p—=1), Y _kj <L, kj€{0,...,L},

uniquely (i.e. the vertices cannot be identified uniquely by their labels;
but the sequences of the labels defining the paths to the leaf vertices are

unique).
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(R2) alternatively, we see that the leaf vertices are uniquely identified by the
sequences (ko, ..., kp—1)

p—1
(R3) let k € {0,1,..., L}~ st. > k; < L. Then there exists a unique leaf
i=0

vertex indexed with (k,—1,p— I), s.t. the path from the root to this vertex
is given by the sequence of vertices

(k’o,O) — (kl, 1) — ... (kp_g,p — 2) — (kp—lap — 1)

(R4) This shows that for each 0 <n < L, the elements from the sets £,, can be
p—1

indexed by the leaf vertices of such a tree. For the element A( ] aflw),
=0

p—1

for ky < L, s.t. > k¢ = n, the corresponding leaf vertex is given by the
£=0

path

(ko,0) — (k1,1) — (k2,2) — ... — (kp—1,p — 1),
i.e. is uniquely identified by the sequence (ko,...,kp—1), cf. (R2).

Important properties of labeled trees 2: related complexity esti-
mates. This tree has the following properties.

— in total it has O(L?) vertices. To see this, we remark that the number of
the vertices at each level k =0,...,p — 1 is bounded by L*, and there are
in total p levels. Then this is a geometric progression sum.

— accessing any vertex, provided the values (ko,...,kp,—1), requires O(p) =
O(1) operations.

Recursive Version of EvalLambda.

Auxiliary labels of the vertices. Assume that each leaf vertex labelled
with k := (ko,...,kp—1) has an extra label IsLambdaSet, which takes the
value true, if A(a*o---a*»-1w) had been already approximated, and false
otherwise. We additionally store the corresponding computed value Ap =~
A(ako ... aF»-1w) in the respective leaf vertex.

We initialize the constructed tree 17, , with all leaf vertices having labels
IsLambdaSet = false.

We need two extra procedures:

— IsLambdaSet(TL,, k) returns I'sLambdaSet for the vertex indexed by k =

(koy. .-, kp_1)
— A(TLp, k) returns the value of Ay stored in the vertex indexed by k =
(ko,.... kp_1).

The recursive version of EvalLambda for computing A then proceeds as
follows.
1: procedure EVALLAMBDARECURSIVE(TY p, k,w, Na, 7, {Aan }220)
2: if IsLambdaSet(T}, ,, k) then
3: > Remark: case when A} had been computed before
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4: return A(Ty, ,, k)
5: else
6: for /=0,...,p—1do
7 kg:Z(ko,...,kg—i—l,...,kp,l)
8: if IsLambdaSet (7%, k¢) then
9: Aktz = A(TLm, k:g)
10: else
11: > Remark: here we compute Ag,
p—1
12: if Z (k}p)l = L then
i=0
13: ’
p=1
14: wr, =[] af’w X oy
i=0
15: ’
N..
16: Ak, = Y donwii?, see (79)
=0
17: "
18: else
19: Ay, := EvalLambdaRecursive (17, k¢, w, Ny, T, {)\gn}ﬁfgo)
20: _A(TLJ,7 ki) = Ak(
21: IsLambdaSet (17, ,, k) := true
p—1
22: wr = ] oFiw
i=0
p—1
23: F;; = Z %Akg
=0
wi tan wi —F7
24: Ak = —ka
25: return Ay

4.2.8 Well-definiteness and convergence of the method for computing A

Well-definiteness. One could wonder whether using (80) may result in division
by zero in the course of EvalLambda. The answer is given below.

Proposition 1 There exists rg > 0, s.t. for all v < rg, N. > 0, for all
w € C*, no division by zero occurs in the course of the procedure EvalLambda

(w7 N*7 7", {)\271}7]:];0)

The proof is based on the following auxiliary result. We remark that rg in the
result below is the same as in Proposition 1.

Lemma 9 Let {\2,}52 be even coefficients of the Laurent expansion of A(w)
around w = 0. Then, there exists rg > 0, s.t. for any N > 0,

N
Im (wl Z)\ka%> <0, forallwe C N{z: |z| <rg}.
k=0

When N = 0, the above inequality holds with < replaced by <.
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Proof We will show that for all sufficiently small w € CT,

N
sign Im (wl Z )\ka2k> = signIm(Aow ™" + Aow) < 0, for all N > 1.
k=0

With Lemma 5.5, Corollary 5.6 in [35], we observe that
Ao > 0 and A\ < 0. (82)

Case N < 1. When N =1, a direct calculation gives
N
Im (W_lz/\QkUJQk> =XoImw '+ A Imw <0 for all w € CT,
k=0

while when N = 0, the above holds with < replaced by <, cf. (82).
Case N > 2. Let us now assume that N > 2. Given w = |wl|e’?, ¢ € (0, ),

N N
Im <w_1 Z )\%w%) = Z Aok |w] " sin(2k — 1)
k=0 k=0
N
= —Xolw| ' sin @ + Ap|w|sin g + Z Aok oV sin(2k — 1)¢.
k=2

Provided that the sum of the first two terms is strictly negative, cf. (82), it
suffices to show that the latter sum can be controlled. For this we use the

following expression (which can be easily proven by writing sin(2k — 1)¢ =
o ((e“")%f1 - (e*i@)%fl) and replacing e™ = cos £ isin p):

k

—

(—1)66'22]&1 sin?*! cpcos2<k—£—1) ®,
=0

sin(2k — 1)y

N =

which allows to rewrite

N
Im (wl Z Azkw2k> =sing (—Aolw| ™ + Aefw| + Q(w, ),  (83)
k=0
v 2k—1 % ) L,
Qn(w,p) = B Z Aok W] Z(,l)fogﬁti sin? o cos2(F—¢=1) o,
k=2 £=0
f& uniforn]l in ¢ bound for Q(w, ¢) follows from the Cauchy estimate for Az
22, p.118]:

ae| < Mpp~2,  forall 0< p < wp, (84)
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where wy is the smallest positive pole of A(w), and M, = n]13a>(< : |A(w)]. Fixing
z€B,(0
p > 0, and applying the above estimate to bound |Agx| in Q(w, ¢) results in

N k—1
M, _
Qulw, )l < 275 1Y O3 [sin® g eos D g
k=2 =0
M N 2k—1 N
2k—1 — 2k—1
STZ 2 |l ZCQQk 1<M,,Zp 2R 20| :
k=2 k=2

With some C, > 0, for all sufficiently small |w|, we then have |Qn(w,p)| <
C,|w|?. Importantly, this bound is uniform in N. By (83), for all w = |w|e’? €
C™, s.t. |w| is sufficiently small, it holds

sign Im < -1 Z)\ka > = sign (sin ¢ (—Aolw| ™" + Ao|w])) (8<2) 0. O

Proof (Proof of Proposition 1) To prove the statement of the proposition, we
will use the same idea as in Lemma 5.15 in [35]. To re-use the proof of the
lemma, it suffices to show that

p—1 p—1
Im (w_lAryN* (H aZ’%u)) <0, s.t. an =1L, (85)
k=0 k=0

i.e. for all elements of £} (w). Then, by Lemma 5.13 in [35], the same holds
true for the elements of £ _,, as they are computed with the help of (80) (and
thus by induction for £, n < L —2). Let us remark that it can be shown (by
a trivial generalization of the result of Lemma 5.13), that it suffices to have
the equality sign in (85).

Recall that the elements from £} are computed with the help of (79).

1 i

Provided pZ ni = L, the quantity pH ap*w € CT, and, moreover, belongs to

k=0
B(0,r), where r is from (81). Hence 1t suffices to show that exists rg > 0, s.t.
for all r < rg, N, >0,

N.
m <w1 Z )\an2n> <0, weCtNB(0,r).

n=0
This had been shown in Lemma 9, with ro = rg. O
From the proof of the above result we obtain almost immediately the following

corollary (in the formulation of the corollary we use the notation from the
procedure EvalLambda).

Corollary 2 With rg > 0 like in Proposition 1, all the quantities Ag com-
puted in the course of the algorithm EvalLambda(w,r, N, {/\Qn}g;()), with
r<rg, N. >0, weCt, satisfy

Im (kak,) S 0.
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Error estimate. There are two parameters in the method that affect its accu-
racy: N, and r. Let us denote by A, n,(w) the solution computed with the
help of the procedure EvalLambda (w, N, r, {)\gn}g;o), and let

Epn. (W) = AN, (@) = Alw)]-

To formulate the error estimates, let us introduce the following notations. First
If all, let us fix a parameter p > 0 that can be chosen arbitrarily from

pEe (OaWO)a (86)

where wq is the smallest positive pole of A(w). Let also

p—1
N() = min {f 2 0: Zuia?‘eJrl < 1} . (87)

i=0
Then, provided r > 0, we define an exteriour of the circle in C* as follows:
Ch:={z€C*t: |z| >r}.

Because we will be interested in approximating A(w) for w s.t. Imw > a > 0,
with a being fixed, let us additionally define

Ci,.={zeC}:Imw>a}, ac(0,1]. (88)

Obviously, for any r > 0, any w € C*, we have:

either w € C" NB,.(0) or weCH

ar» Where a = min(1, Imw).

We state the dependence of E, n,(w) on r, N, separately in two cases: the

case w € C* N B,(0), i.e. when A(w) is approximated by (79), and the case
w € Cf,., when (80) is used.

a,r’

Theorem 14 Let p be like in (86). Then there exists ro > 0, which depends
on p, p, a, and the problem in question (Dirichlet or Neumann), s.t. for all

r <1, Ny > Ny, with Ny defined in (87), it holds:

— for allw € C* N B,.(0),

r 2N, +2

— for allw € C} . (see (88) for notation), with W = max(log |w|, 1),
p\2Net2on B
E’I‘,N* (w) <C () 'YW +Wloga )
p

The constants C > 0, n > 0, v > 1 depend only on p, o, p and the problem
(Dirichlet or Neumann) in question.
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The proof of this result is based on two propositions, whose proofs are post-
poned to the section that follows.

Proposition 2 (Low-frequency case) Let 0 < r < p and N. € N be fized.
Then for all w € Ct, s.t. |w| < r, it holds:

22\ L 7 22
ET,N* (w) < Cwo,p <1 - p2) (p) ) Cwo,p > 0.

Proposition 3 (High-frequency case) Let p > 0 be fized, and be like in
Theorem 2. There exists ro > 0, which depends on p, p, o, and the problem
in question (Dirichlet or Neumann), such that for all r < ro, N, > Ny, and
all w e CF ., it holds:

a,r’?

r 2N,.+2—n ) .
|Er N, (w)] < C <> AW HWloga™ =y — max(log |w|, 1).
p

The constants C > 0, n >0, v > 1 depend only on p, o, p and the problem
(Dirichlet or Neumann) in question.

Proof (Proof of Theorem 14) For w € (Cj’r the result is stated exactly in

Proposition 3. For w € C* N B,.(0), we use Proposition 2, to obtain

T2 -1 r 2N+2 T2 -1 r 2N+2
ponier < (1-2) (5) s (i-2) ()
( ) 0,0 pg P 0,0 pz P

hence the result in the statement of the theorem.

Theorem 14 show that in order to ensure that E, y, (w) < €, we may fix r > 0
sufficiently small, and choose N, > Ny, so that, for some C, > 0,

N, > C, (loge™" + Wloga™ + W?), W = max(log |w|,1). (89)

Proof of Proposition 2 The estimate is a trivial consequence of the Cauchy
estimates for the coefficients of A(w). Recall that the coefficients {Aay, }r>0 of
the Taylor expansion of A(w) in w = 0 satisfy the Cauchy estimate (84).

Let 0 < r < p be fixed. Then, for all |w| < r and N, >0,

Ern, @) =] D> denw®™ < Y [Agnllw®™
n=N,+1 n=N,+1 (90)

<M, () (1 [wPp™) .
P

The estimate in the statement of the theorem follows by taking |w| =r. O
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Auziliary results for the proof of Proposition 3. Let us now prove Proposition
3. The proof is quite technical and requires several additional lemmas.

Because for n = 0,...,L — 1, the elements of £} are computed using the
set £y, and (17) (and the errors of approximation of elements computed
from L, are essentially given by 90), it suffices to understand how the error
of approximating A(«a;z) in (80) affects the computation of A(z). For this we
will need the following auxiliary estimate.

Let z € CT be fixed, and A$ be an approximation to A(a;z),i=0,...,p—
1, and

ztanz — F¢ pillw
A° e N —_— ) — ZLAS, 91
() “tan 2FS 42’ ok Z a; " (01)

Then, by replacing A°(z) from the above expression and A(z) from (80), we
obtain

Faaﬂ(z) - F(i,u
(F§ , tanz + 2)(F, 4 tan z + 2)
=T(z) (Fau(z) - F; ), (92)

1 1
Tz)= 11 .
(=) < * tan? z) (F§ 27! +cotz)(Fa 2™t + cot 2)

A(z) — A(2) = —2° (tan® 2 + 1)

(93)

It remains to provide an adequate estimate on 7'(z). It is given in Proposition
below.

Proposition 4 (A bound on T(z)) Let z € C* be fized. Let AS € C, i =
0,...,p—1, be s.t.

Im (o '27'AS) <0, foralli=0,...,p— 1. (94)

Let T'(z) be defined like in (93).
Then there exists Cr > 0, independent of A, p, o, z, s.t.

IT(2)| < Cr max(1, (Im2)72).
Proof First of all,
‘Fj,ﬂz_l + cot z‘ > {Im(Fj’#z_l) + Imcot z| > [Imcot 2|,

because Im cot z < 0 (see (134)), and Im(F5 ,2~") <0, by (94).

Using the expression (158) (let us remark that at this point of the proof
we do not use the estimates provided by Lemma 13 because they would lead
to non-optimal bounds), we arrive at

1— | 2iz|2

}Fg,uz—l +cotz‘ > [Imcot 2| = m'

(95)
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For the same reason (cf. Theorem 4(a)), the same lower bound holds for
Fo 27t + cot z| Thus,
1 |1 _ e2iz|4
(F5 27t +cotz)(Fapuz=t +cot 2) | = (1 — [etz])2”

(96)

Next let us consider

1 1 42
1+tan2z: s (e2iz 2
sin” z (e?z — 1)
Moreover, using || < 1,
1 4
1+ — < —
tan® z \6212 — 1\

Combining the above with (96) in (93), we deduce

T <4l o 10 o max(1, (m2)2),
(= eI~ (1 = emitm7)

where the last bound follows the same arguments as in the end of proof of
Lemma 13 in Appendix B. a

The problem with using the above result in (92) lies in the fact that the
respective bound clearly deteriorates when Imz — 0, and that is why the
above result is not sufficient to demonstrate the convergence of the method
EvalLambda : the obtained bound is too pessimistic when |z| is small. This
in particular poses a problem for proving the convergence of the method with
respect to the choice of the parameter r in the procedure EvalLambda.

However, we can show that in the vicinity of z = 0, the dependence of
the bound on T'(z) on Imz can be waived; this idea will be important for
understanding the convergence of the method. To see this, we will rewrite the
quantity T'(z) from (93) as follows:

T(z) = (1 +tan® 2) (D(2)D*(2)) ", (97)
p—1
D(z):=z 'tanz Z pia; A (eiz) + 1, (98)
i=0
D (z) =zt tanzpi,u,;ai_lAf + 1 (99)
i=0

When A = A(w;z), and A(0) = 0 (cf. Theorem 3), we remark the following:
for small |z|, D(2) = 1+0(2?), D¢(2) = 1+0(2?), and (1+tan? z) = 1+0(z?),
which shows that T'(z) is uniformly bounded in the vicinity of 0. This remains
true if AS is sufficiently close to A(a;z).

The following result shows that the quantity 7'(z) is bounded from above,
when z is sufficiently small and A are from L7, with n sufficiently large,
computed in the course of the procedure EvalLambda(w, N,,, {)\Qk}kN:*O).
The proof of this result will rely on a certain bootstrap argument.
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Proposition 5 (A bound on T(z)) There exists r, > 0 (depending on
0, by ), such that the following holds true.
Provided that the following holds true:

1) N, € N is fized, s.t. N, > Ny, with Ny being defined in (87),

2) r >0 1s fired and s.t. r < ryp,

3) weCT is fized,

4) the sets L7 (w) are defined in the course of EvalLambda(w, N, {)\Qk}g;o),
5) n. € Ny is the largest integer s.t. |w|la]% <,

6) n. > L, where L is from (81) (this is ensured when r < |a|sors)
p—1
7) k= (ko,...,kp—1) ENb is s.t. k=Y ki > n,,

£=0
p—1
let us define wg = [] a?ew, and set, for £ =0,...,p—1,
£=0

A; = Akea kg = (k07' . '7‘l€€—17k€ + lake-‘rla .. '7‘l€p—1)a

where Ay, is an approzimation to A(oywy) from the set Lf . Given these
values A5, let us define T(wg) by (97).
Then the following bound holds true:

-1

p—1
Teon)] < (z uiaf‘Nﬂ“)

=0

Remark 14 Let us comment on condition (6). To see that it is ensured when
r < |oooTs, let us proceed by contradiction. Assume that r < |oeomp and
n. = L. This implies that |w||a|Z1 > r,. Therefore, |w||la|l > |a|ers > 7,
i.e. a contradiction with |w||a|Z < 7.

Remark 15 The sense of the above proposition is the following: the quantity
T(wg) in the course of the algorithm EvalLambda(r, N,,w, {\2, }2*,) remains
bounded for every |wg| < rp, independently of the parameter r.

The proof of the above statement requires several auxiliary lemmas.
Lemma 10 Let D(z) be defined in (98), i.e.
p—1
D(z) =z 'tanz Z pic; P A (2) + 1.
i=0
There exist I Lemma 105 CLemma 10 > 0, s.t. for all |z| < TLemma 105

|D(Z)| >1- CLemma 10‘Z|2- (100)

The quantities T Lemma 10, ¢ depend on the problem in question (Neumann/Dirichlet),
pn and a.
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—1
Proof By Theorem 3, A(0) =0or A(0) = 1— <§> . We consider accordingly
the two cases:

1. let A(0) = 0. By the analyticity of A(w) in the vicinity of the origin, we
deduce that there exists 7, s.t. for all 0 < |z| < T,

< Mg |2

p—1
> pia; Aa;z)
=0

Also, there exists Ciqn > 0 and wyqn > 0, s.t.
|z_1 tanz{ < Cian, for all |z| < wian- (101)

Hence, for all |z| < min(7, wtar ), we have the desired bound:

p—1
271 tanzZuiai_lA(aiz) +1|>1-— C@OC’mn\zF.
i=0

—1
2. let A(0) =1— <g> . Recall, cf. Theorem 3, that this is possible only if
<§> > 1. D(z) can be rewritten as follows:

p—1

D(z)=z"" tanzz Hi (A(o;z) — A(0)) + 271 tanzpz_: %A(O) +1
i=0

o
i=0 !

=271 tanzz % (A(a;z) — A(0)) + 2z tan 2 <<g> — 1) +1
i=0 "

(102)

Because (A(a;z) — A(0)) = O(]z]?), and (27t tanz — 1) = O(|z|?) for all 2
sufficiently small, we have, with a constant cpemma 10 > 0 depending only
on W, o

|D(Z)| 2 <g> — CLemma 10|Z‘2~
The desired result follows by recalling that <%> > 1. O

The above result can be extended to the case when A(«;w) is replaced by
its approximation A$.
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Lemma 11 Let p be defined as in (86), and let C > 0 be fized.

There exists T Lemma 11 < p sufficiently small (which depends on p,C'), such
that the following holds true.

Provided that the following holds:

— 2 € C* is fizred and s.t. |2| < TLemma 115
— N € Ny is fized;
— foralli=0,...,p—1, A; € C satisfy the following bound:

2k+2
, (103)

IAS — A(as2)| < c’“gz

let us define D(z) like in (99), i.e.
p—1
Df(z) =271 tanzZuiaflAf + 1.
i=0
Then there exists a constant Cremma 11 > 0 that depends on C, p, p, o
only, s.t. the following holds true:
|DE(Z)| >1- CLemma 11‘Z|2~

Proof A straightforward computation, with D(z) defined like in (98) and using

the bound (103), yields:

gz |22
p

[D*(2) = D(2)] <

(104)

p—1
_ i
2 1 tan z E 20
° Q;
=0

Taking |z| < wian, cf. (101), and because |z| < p, we have

p—1
D*(2) = D(2)| < CoanCp |22 3 pia?*, ¥]z| < min(wr,p).  (105)
=0

Because «; < 1 for all 4, we have in particular, for all k£ > 0,

p—1
> el < (pa),
=0

and hence,
D%(2) = D()| < CCrunlz(na), Vo] < min(wranp).  (106)
Obviously,
[D*(2)| = [D(2)| = |D*(2) — D(2)],
and the conclusion follows from (100) and the above estimates. O

Lemmas 10, 11 will suffice to prove a bound for the error of computing the
elements of the set £ based on the elements of the set Ly ;.
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Lemma 12 Let p be like in (86). Let C > 0 be fized.

Then there exists TLemma 12 ° 0 < TLemma 12 < p, which depends on p, C,
u, o only, s.t. the following holds true.

Provided that

— N € Ny is fized, and N > Ny is defined in (87),
— ze€Ct iss.t. |Z‘ < TLemma 12,
— the quantities A, i =0,...,p—1, are such that the following bound holds:

oz |22
|Af*A(CM742)‘§C ; ) Z‘:O,"'apf]-v (107)
let us define A°(z) like in (91).
Then Af(z) satisfies the following bound:
L |2N+2
|A€(z)—A(z)|§C'p . i=0,...,p—L (108)

Moreover, T(z) defined as in (97) satisfies

-1

p—1
2)] < (Z uia?NC)“) : (109)
=0
Proof Step 1. Bounding |A®(z) — A(2)| in terms of |T(z)|. By (92), and using
(107),

2N+2

[A%(2) = A(2)| < CIT(= |ZU1 i

(110)

Step 2. Bounding |T(z)|. Next, by definition of T'(z),
T(z) = (1 +tan? 2)D~(2) D! (2).

€

First, we remark that there exists 4, > 0, ¢ian > 0, s.t. for all |2| < ran, it
holds ’1 + tan? z| < 1+ cranlz|*

Taking 71 := min(Lemma 105 TLemma 11), We see from Lemmas 10, 11, that
for all |z| < 7y it holds, with ¢; = max(¢Lemma 105 CLemma 11):

D7 (2)D (2)] < (1= enef) 72

Therefore, for all |z| < min(rin, r1),
T(2)] < (14 cranl2*) (1 = ca]2*) 72 (111)
Step 3. Bounding |A°(z) — A(z)|. Replacing T'(z) in (110) by the bound (111)
yields, for |z| < min(r1, rien):

2N+2

z
(14 canlz | (I-calz | z#z 2N,

[A®(2) = A(2)| < C p
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Because N > Ny, and «; < 1 Vi, the above yields in particular:

2N+2

: (1 4+ ctanlz) (1 — c1]2]?) Zu ja2Notl - (112)

[A°(z) —A(z)[ < C p

The function

p—1
|2l = B(l2]) == D a1+ cranl2*) (1 = e1]2])?
1=0

is continuous and monotonically increasing in |z|. Moreover, as |z| varies from

2N0+1

0 to min(ry,7¢en), this function changes its value from Z jIte} <1

1=0
to a constant a priori exceeding 1. Therefore, there exists 0 < TLemma 12 <

min(ry, Tean ), S.t. for all |z| < rLemma 12, it holds

B(|z]) < 1. (113)

Inserting this bound into (112) yields the desired bound in the statement of
the theorem:

2N+2

z , forall 2] < 7Lemma 12- (114)

[A°(z) = A(2)| < C ’

Let us now show the bound for T'(z). Since, by (111)

-1

T(2)] < B(lz]) (Zu 2N““> ,

we conclude with (113) that for all 2z : |2| < rLemma 12,

p—1
()l < (z ma%%“)
1=0

We now have all the necessary ingredients to write down the proof of Propo-
sition 5.

-1

Proof (Proof of Proposition 5) Step 1. Choice of rp. Let us take réo) <p(p
like in (86)). By (90), for all |w| < r(o)

[A(w) = An. (W) < Cupp (1 - W) B ('“’p')m+2 (115)

)2\ 1 2N, +2 2N, +2
< Cwo 14 <1 - |rb | ) <|W|) < C (0) <M> .
’ p2 p wo,P,Ty, p

(116)
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We fix
C:=C (0,

wo,P,Ty,

and choose 7y like in Lemma 12, with C' defined like above, i.e.

Ty ‘= TLemma 12-

We remark that r, depends on p, p, « and the problem in question (Dirichlet
or Neumann). Let us now prove the statement of the proposition for this choice
of 1.

Step 2. Proof of the result. Let us take w € Ct, r < |a|oorp fixed (cf.
item (5) in the statement of the proposition), and let us consider the sets L7,
n > n,, with n, defined in the statement of the proposition. We will prove
the result for n = L — 1, next for n = L — 2, the remaining cases n > n.
follow similarly (by an induction argument). The the main idea is to prove the
approximation property (108) for the elements of L.

p—1
1.n =L —1. Let us fix k € Nj s.t. Y k; = n. Recall that the elements
i=0
7 bt
A}, € L}, are computed from (80) with Fy, ,, replaced by Fy, |, = >~ LAk,
=0
p—1
where Ay, € £%, and with w = wg = [[ o¥w.
i=0
In particular, if we set,

AS=Ag, (=0,....p—1,

then obviously Ag = A®(wg) defined in (91).
We remark that because Aj are computed using (79), we have from (116)
the following:

2N+2
Oé£Wk|> -

A7 - Alwran)] < € (124

Because 7, := rLemma 12 Was chosen so that the conditions of Lemma 12
hold, we conclude, using this result, that Ax = A®(wy) satisfies

2N+2
|Ak — A(wk)| <C <|<JJI<:|> R

p (117)

and, moreover, for T'(wg) defined as in the statement of the proposition,
we have

p—1 -1
T)] < (z ma?%“) |

=0

2. the proof of the result for n = L — 2, n > n, is repeated from the above
proof almost verbatim, using (117).
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The proof for n > L — 2 follows the same lines. Let us remark that for the
application of Lemma 12, it is crucial that |w,| < 75, and thus the above result
may hold only when |wy,| < |a|% |w| < 7. O

Remark 16 From the proof of Proposition 5, it follows that for |wg| < 74, we
have

2N+2
Ak — Awi)| < C <°;f|) .

We will not use this bound directly in the proof of Proposition 3, because with
its use we will not be able to demonstrate the convergence of the algorithm
EvalLambda when » — 0. However, the above bound is used in a bootstrap
argument, as we have seen in the proof of Proposition 5.

We are now able to prove the result of Proposition 3.

Proof (Proof of Proposition 3) Let 7, be like in Proposition 5. Let us fix
ro := min(|&|eors, 71 ), where rg is from Lemma 9.

Let us choose r < rg and fix N, > Np.

Case 1. |w| < rg. In this case, with the notation of Proposition 5, we
have that n, = 0.

To estimate how the error propagates when computing the values in the
set £ from the values in the set £}, we use the expression (92), where, in

turn, we will use the bound of Proposition 4.
p—1
Let us denote by k = (ko, ..., kp—1) € N, wi = [] a,’z"w and Ay € L the
(=0
approximation to A(wg) computed in the course of EvalLambda(w, r, Ny, {)\Qn}nN;O).
Let us introduce

E, := max Ak — Alwg)] -

p—1
keNE: 3 ke=n
£=0

Let us estimate the error committed when passing from one level to another, in
terms of the error Ey,. We have, for all ky = (ko, ..., ke—1, ke + 1, ko1, -, kp—1),

and for all Ay, € L7, 4,
()

p—1
3 (A, — Alwra))
1=0

With the expression (92), we have

E,<  max |T(wk)|<g>En+1.
kENg:pZ ke=n
£=0
Denoting by

T, = max |T(wk),
kENg: T’Z ke=n
£=0
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we arrive at the following error bound (where we denote by A, y, the ap-
proximation to the value of A(w) computed in the course of the algorithm
EvalLambda(w, N., 7, (A2n)220)):

L—1
AN, — Aw)| = By < <g>L (H Tn> Er. (118)
n=0

Now let us estimate the product of T,,. By Proposition 5, we have

L—1 p—1

2No+1
[ 7.« (Lo
n=0 =0

—L

Let us introduce
-1

p—1
n = (Z mafN“l) > 1. (119)
i=0
Then (118) yields

Arx. — A = Bo < (n{E))" By (120)

It remains to estimate the error Ey,. Because the elements in £} are computed
using (79), we use the result of Theorem 2:

o\ —1 2N, +2 o\ —1 2N, +2
B < Ch (1 - ’;) <r> < Chpu (1 - Tg) <T> (121)
p p p p

2N, +2 g\ —1
T T

= () , O =Cpu (1-3) :
p P

Therefore, with v := max (1, n<§>), the bound (120) yields

2N, +2
A, n. — Aw)| < €' max(1, ") (’") .
p

Next, let us recall (81) and bound L for all w s.t. r < |w| < ro:
L= [(log \a\;})_l log |o.1—‘ < [(log |a|;})_1 log @1 (122)
T r
< (log |oz|gol)_1 log 2 4+ 1.
r

We then have the following bound, with a constant C,, > 0 depending on
ro > 0:

vt [\ 2N
AN, — AW)| < Cpgr(0glalL) () .
p
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~ — -1
The above can be rewritten with C,, , = Crop”(log el )

B , 2N, +2-v(log el 1) "
A~ AW <Gy (1)
The above yields the bound in the statement of the theorem in the case when
lw| < 7.

Case 2. |w| > rg. We can repeat the arguments of the proof of the case
|w| < ¢ verbatim to obtain (118):

L—1
Ary. — Aw)| = By < <g>L (H Tn> Er. (123)
n=0

L—1

The difference is in the treatment of the product [] 7, which we split into
n=0

two parts. Provided that n, is the smallest integer s.t. o w| < 79, i.e. defined

in Proposition 5, and

Ny = L(log agol)*l log MJ +1, (124)
To
we split
L—1
H Th=Th -1 XTon,1,
n=0
L-1 =1
To.za= [ Tn, Tom.-1=]] T (125)
N=T n=0

The first factor, by Proposition 5, is bounded by, cf. (119),
Ty, 1 <t (126)

To bound the second factor T ., —1, we will use Proposition 4. In particular,

T, = max |T(we)| < Cr max max(1, (Imwg) ™ 2).
1 —1
keNp: pz ke=n keND: PZ ke=n
£=0 £=0
Because by the condition of the theorem, w € (C,Jf,a, with a € (0, 1], we have
p—1
Imwyg = H a?z Imw > a},,a,

£=0

where au,;, = minq;. For all 0 < n < n, — 1, we obtain
3

T, < Cpra " a1

min
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Plugging in the above bound into (125), we obtain
TO,n*—l < C,;l—v* a "o, . (127)

min

Combining the bounds (126) and (127), as well as (121), into (123), yields

W L s " 2N, +2
Arx. =A@ < () Chraan i Cpanry (p) . (28)

*

Because n > 1, cf. (119), we can bound

[Ar . = AW)| < A (’”)m” A= Gy (V) a0

p
(129)
L -1 —n? .
or A=C, w0 <<§>77> Clhrem=loga o Then, with a constant
ﬁ = max (<ﬁ>777 CTJ €, a_l) )
o
we have
A< Cpup gy Tmetmelose i, (130)

Let us now recall how L and n, depend on w, cf. (122) and (124). In particular,
we have

—1 log |w|
To

Mx = {(%g |Oé\gol) J +1 < (log ‘a|;ol)71 (log |w| + logro_l) +1

< ¢, max (log |w|, 1),

for some ¢, > 1 depending on r¢, |¢|co-
As for L, cf. (122), we have:

L < (log |a|;})_1 (log |w| 4+ logr™") + 1
< cp max(log |w|, 1) + ¢z logr™!,
with ¢z, > 0 depending on |o| .
Therefore, cf. (130),

L +n, +n,loga™t +n? < ¢p max(log|w|,1)
+ cp logr™! + ¢, max(log |w|, 1)

+ ¢, max(log |w|, 1) loga™" + ¢2 (max(log |wl, 1))*

< 3max(c?, cp, ¢.) (max(log |w|, 1)) + ¢z log 7~

+ ¢, max(log |w|,1)loga™".
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Combining these two bounds in (130), we obtain with some v > 1,
A< CP,WO,TOVWIOga71+W2r_CL 85 W := max(log |w|, 1).

This rewrites, with A = ¢z, log7:

Y
A< r—)\,leoga’1+W2 < (7"> p—,\7W1oga*1+W2
N AP

-X
< ép (;) AWloga™ +W? (131)

with some ép > 0.
Plugging in (131) into (129) yields the desired bound in the statement of
the theorem:

2N, +2—X
2 -1 '
Ay, = A@)] < Capoprary™ +W loxe <p) ’

for some constant Cq .p,a > 0 that depends on p, parameters of the problem
and the problem (Dirichlet or Neumann) in question. O

4.2.4 Asymptotic computational complexity of the method of Section 4.2.1

In this section we estimate the computational complexity of the procedure
EvalLambda, in terms of w and the desired accuracy €. We fix r > 0 suffi-
ciently small (cf. Theorem 14), and consider the case when w € C{ ., cf. (88),
with 0 < a < 1 fixed. First of all, the evaluation of each value in £,,, n < L—1,
requires O(p) = O(1) operations, while to compute each of the values in Ly,
we need O(N,.) operations. Thus the total computational cost scales as

(#U£)+ON#£L)

With the property (c) from Section 4.2.1,

ca=# U La= SOl =0, L= O(D),

n=0

When |w| — 400, L defined (81) satisfies L = O(log|w|), and the cost of
evaluating A(w) scales as

ca = O (log”*! |w| + N, log” |wl)

(89)

(132)
=" 0 (log"*? |w| + log"™" |w|loga™) + O (log” |w|loge™").
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10 10 10 10
a lm a _ lm
6 {0,001 6 {0,001
3 3
E E
4 16-05 4 16-05
2 '1;07 '1;07
— — . 1000

2
0 1e-09 0 —
-5 0 5

-5 0 5
Rew Rew

Fig. 4 Left: |A(w)w™! + 4| for the Neumann problem, e = (0.6,0.8), u = (0.8,0.2). Right:
|A(w)w™t + 4| for the Neumann problem, « = (0.2,0.7), = (0.3,0.3). Remark that the
color scale is logarithmic.

4.2.5 Approximating A(w) for w with large imaginary parts

It appears that when Imw is sufficiently large, A(w) can be approximated with
high accuracy by —iw (see Figure 4 for the numerical illustration).

Theorem 15 There exists C > 0, s.t for allw € CT,
|A(w) + iw| < Clw] e™2™* max(1, (Imw) ™). (133)
Remark 17 When w € C~ = {2z € C: Imz < 0}, it is possible to show that
|A(w) — iw| < Clwle™ ™ max(1, [Imw| ™).
The proof of the above theorem relies on the following auxiliary result.

Lemma 13 There ezist ¢,C > 0, s.t. allw € CT,

—Im (tanw) ™" > ¢min(1, Imw), (134)
1—14 (tanw)_l‘ < Cmax(1, (Imw) ') e 2Ime, (135)
Proof See Appendix B. O

Proof (Proof of Theorem 15) Expressing A(w) via (80), one computes that
Aw) +iw = —w (N(w)/D(w)), (136)
where, with F,_ ,(w) defined in (80),

N(w) = (1—i(tanw)™) (1 — iw ' Fq ,(w)),
(137)
D(w) = (tanw) " + wFq u(w).

Let us first bound the numerator:

()] = |1 = isanw) | (1 S Agx:)D |
1=0 g
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To bound the first term in the product in the right-hand side of the above we
use (135), and to bound the second one, we make use of Theorem 4(b). Thus,

IN(w)] < Cn max(1, (Tmw)~2)e”2me, (138)

where the constant Cxy > 0 depends on g and a.
It remains to deal with the denominator. For this we use the bound:

p—1
DW)| > [ImD(w)| > |Im (tanw)™ + > Im ((aiw) ™ 1A(aiw))‘.
1=0

It remains to notice that Im (tanw) ' and Im ((ajw) ' A(oyw)) are negative
for Imw > 0, cf. (134) and Theorem 4(a). Therefore,

(134)
D(w)| > [Im(tanw) ™| > cmin(1, Imw). (139)

Combining the bounds (138) and (139) in (136) yields the desired statement.
O

4.3 Computing convolution weights: error, algorithm, complexity

Evaluation of convolution weights based on (76) requires computing A(w) for
a range of complex frequencies w. We comment on the choice of the parameters
pand N in (76), see Section 4.3.1, discuss how A(w) is computed within (76)
in Section 4.3.2 and present some complexity studies in Section 4.3.3.

4.8.1 Accuracy of evaluation of convolution weights and choice of p, N

Let us relate the accuracy e of evaluation of A as well as the parameters
p and N in (76) to the numerical error of evaluation of N; values of A4*.
Because we compute convolution weights for the scaled value of A(w), namely
As(w) = (—iw) " tA(w), see Remark 11, we will perform the error analysis for
these re-scaled quantities )\ defined as, cf. (29),

E@):géxﬁf; %@):(ﬁj)i\&%@). (140)

Let us denote by A®* (wy) an approximation with an error € to A® (wy). The
convolution weights )\At are computed the help of (76):

n N—1
A Aﬁts pT e~ (wg) s
k=0 (141)
o( ei%k)
W =1 p k=0,...,N;



56 Patrick Joly, Maryna Kachanovska

Before analyzing the error induced by the approximation (141), let us show
that the exact )\At are bounded. To prove the result that follows, we will use
the following observation (see (163) in Appendix D):

d(pe'?) 1—p
I 0,2m). 142
w (%57 > 32 webon (122
Proposition 6 The convolution weights satisfy, with some C > 0,
|ADE| < Cmax(1,nAt), n > 0. (143)

Proof The idea of the proof is from Lemma 5.3, Section 5.1 in [8]. Application
of the Cauchy estimate to (30), evaluated for £ = n, with « being a circle of
radius 7, > 0 centered in the origin, and A replaced by A%, yields

(%) A(%)
< (=) >

where the last bound follows from Theorem 4 (b). With (142),

|/\SA | <7, sup
2€0B, (0)

|)\é T < r, ™ max (1

For n = 0 the desured result is obtained by choosing g = 1 — (At). For n > 1,
the choice r,, = n+1 yields, with C' > 0,

1 n
A < (n: ) max (1, (n 4 1)At) < Cmax (1,nAt). O

The error of the approximation (141) is given below.
Proposition 7 Let 0 < € < %, Ny > 1, N > Ny + 1 be fixed. Assume that

)\fff, n=20,...,N; are given by (141), with p = ENTNT, Moreover, assume
that

A®* — A° (wy, . 144

kzolf{f_%_J (wr) (wi)| <e (144)

Then the following error bound holds true, with some C' > 0:
max AN - AN < O (1+ NAt4T) eIV T = N, At.

n=0,...
Proof As the proof is rather classical in CQ theory, and some of its elements
appear in various works (cf. e.g. [8,40,4]), we postpone it to Appendix C. O

It is then obvious that for a given € > 0, the choice of the parameters
N=N,+1, p=co, (145)

and ensuring that the inequality (144) holds allows to compute the convolution
weights with O(y/¢) error:

max |/\AtE /\ﬁfl|<0max(1,T)\£.
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4.8.2 Evaluating convolution weights: algorithmic details

To compute A®¢(w) in (141) that approximate A®(w) = (—iw)A®(w) with a

given precision € > 0 we use the following strategy, based on the results of

Sections 4.2, 4.3.1 (here 7. > 0 is to be fixed later):

— if Imwy < 7., compute A*(wy) as (—iwy) *A(wg), using the procedure
EvalLambda for computing A(wy). For all wy, we use the same value of
r > 0 (sufficiently small) and N,; the latter is chosen like in (89) with
lw| = ml?x{|wk\ :Imwy, < 7.} and a = min(mkinlmwk, 1).

— if Imwy, > 7., take A%¢(wy) := 1, by Theorem 15.

Choosing 7. = %bg e! + C, with some C' > 0, ensures that A®(w) =

(—iw) tA(w) is approximated with an accuracy €, cf. Theorem 15. The above

strategy is illustrated in Figure 5 (left).

100 T T
At = 0.05, N, = 100
800 - | At =0.1, N =50
<At =102, N, =25
600 - -
3 3
2 = 50| 8
= 400 1 E 7
200 |- . . N
| Ly | 0 | 50t AArsrna 30105 |
—400 —200 0 200 400 —50 0 50
Rewy Rewy

Fig. 5 Left (illustration to Section 4.3.2): N; = 100 frequencies wy, defined in (76), with

_1
At = 0.05and p = €2Vt , ¢ = 1078, In red we mark wy, s.t. Imwy, > v (we choose v = 12), s.t.
A®(wg) is approximated by 1. Right (illustration to Section 4.3.3): N; frequencies wy, defined
in (76) with given At, chosen so that N;At = 5. Remark that in all cases Im wy > const.

4.8.8 Complezity estimates

Let us estimate the complexity of the evaluation of (141) in terms of Ny, At,
g, provided that p, N are given by (145). Let us assume that 7' = N; At fixed,
and consider the regime N; — oo; we also assume that ¢ is sufficiently small.
As discussed in Section 4.1, this necessitates a bound on the cost of computing
A (wg) in (141). This bound, cf. (132), depends on wy; thus, we must study how
wy behaves with Ny, At, €. The following proposition is a minor refinement of
some of the results from [4].

Lemma 14 Let wi, k = 0,..., Ny, Ny > 1, be given by (141), with N, p
defined in (145), At <1 and 0 <e < % Then, with some ¢, C >0

(a) Imwy > ¢ min (1,771),

(b) |wi| < CT-INZ.
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Proof See Appendix D. O

An illustration to the statement (a) is provided in Figure 5 (right).

By Lemma 14, wy € Cy 4, With a = min (1, c, c/T). Thus the results of Section
4.2.4 about the evaluation of A(w) apply. The complexity of computation of
each of A(wy) is O(1) when Imwy, > 7., and scales as (132) when Imwy, < 7.
Replacing |wi| by O(N?), according to Lemma 14, the worst case complexity
is given by

ca = O(log?™? N, + log? N;loge™!).

Because (141) requires computing at most O(N;) values of A(wg), and then
performing the FFT, see the discussion in Section 4.1, the total complexity of
computing N convolution weights with an accuracy O (1/€) scales as

O(Vy logP™2 N, + N, log? N, log e h.

Remark that this complexity scales, in general, better, than O(N?) complexity
of the solution of the full problem, cf. Section 3.4.

5 Numerical results

In all the numerical results of this section we use the mass-lumped finite ele-
ment for the space discretization, and a regular spatial grid. This, in particular,
implies that the CFL number is C.p; = %, cf. (53) and Remark 9. In the ex-
periments we fixed 7, N, in the procedure of Section 4.2.1 for computation of
A(w) to a (numerically determined) fixed value that allows to approximate
A(w) in the convolution weight computation with a high accuracy. As for the
evaluation of the convolution weights, we choose ¢ = 10712 in (145).

5.1 Validity of the method

In this section we would like to verify the validity of the transparent boundary
conditions constructed in the present article, by comparing a solution com-
puted on the truncated tree to a solution computed on the tree 7. However,
because the tree 7 has infinitely many branches, it is in general impossible
to compute such a reference solution. Thus, one of the options would be to
truncate the tree up to A generations, where AV > 1, and perform the com-
putation on this truncated tree, as it was done e.g. in [35]. Because this is
costly, we adapt an alternative approach: given N generations, we compute
the solution to the problem (19) on 7™ with m = N — 1, where we use the
transparent boundary conditions approximated with the help of the convolu-
tion quadrature. This is the reference solution. We compare this solution with
the CQ approximation to (19), where m is fixed, m < N — 1.
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Let us remark that no analysis had been made in this article about the
convergence of the method with respect to the number of the truncated gen-
erations m + 1 (a related issue was addressed in [34]).

We solve the Neumann problem on the binary tree 7T, s.t. the length of the
root edge equals to ¢y o = 2, with o = (0.3,0.5) and p = (1,0.25). The source
term is supported on the root branch of the tree and defined as

F(t,s) = 10%(s — 1.5)e (s= 10 =a(t=0.)" = 5 _ 5. 103, (146)

The reference solution upr_q is computed on the truncated tree 7N ~! with
N =5 generations; At =9.9-107°, h = 10~%4. We use the same discretization
parameters in all the experiments.

The dependence of the solutions w,,(so,t) on t is depicted in Figure 5.1;
here sy = 1 is the middle of the root branch. The complex behaviour of the
solution is attributed to the multiple reflection phenomena on the tree 7: in
general, waves are reflected from each of the vertices of the tree. In particular,
the second peak of the solution wu,,(so,t) is due to the wave reflected from
the vertex My . The first reflections from the infinite boundary of the tree
reach sp = 1 at t = 3.3. In order to compare quantitatively the approximated

Uy (S0, 1)

o
€m

Fig. 6 Top: dependence on t of the numerically approximated solution to the problem (19)
um (S0,t) in the point so (which is the middle of the root branch). We study the Neumann
problem on the tree with £o0 = 2.0, a = (0.3,0.5) and p = (1,0.25), the right hand side
(146). Bottom: relative errors e, (cf. (147)) as functions of " = nAt (computed for the
same experiment).

solutions u,, computed on the truncated tree with (m + 1) generations, where
m = 1,2,3, with the reference solution ux/_1, we compute the relative errors
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by evaluating norms on the first two generations (since 2 is the minimal value
for the number of the truncated generations in our experiments):

lur—1 = umllL2 (71
e, = N nm ul ) , k=2, em = max enr. (147)
L max w1 NIz (re-1) n=0,...,Ny

[RRRE

The values e,, are as follows:
er ~7.1-1074, ea~37-100% e3~1.6-107%

The errors ey, as functions of ¢" = nAt are shown in Figure 5.1, bottom.
Numerical experiments indicate that they grow linearly in time; this is not
surprising, in view of the results of Theorem 13. Figure 5.1 shows that the
errors almost vanish for smaller times (even where the solution is non-zero).
This can be explained by the fact that the wave reaches the outer boundary
of 7™ (where we use the approximated transparent boundary conditions) and
reflects into the tree 7' (where we measured errors) at t ~ 1.2 for m = 1,
t~ 1.6 form=2andt~1.7 for m = 3.

5.2 Convergence rates and stability
5.2.1 Convergence.

We perform the convergence experiments on the tree with e = (0.2,0.4) and
p = (1,0.25), and the length of the root edge ¢y o = 2. Because no closed form
solution is, in general, available, we compare the numerical solution computed
on a coarse grid (h, At) to the numerical (’reference’) solution computed on
the finest grid (hy, Aty) = (107%,0.99-107%). The solutions are computed on
the tree 72 (i.e. on 3 generations, cf. (2)), on the time interval (0,7), T = 10,
and with the right hand side supported on the root edge X ¢ and defined by

f(t,s) = 1O4e’100(t’0'75)2’100(5*1)2(5 —1).

We again consider the Neumann problem. We fix the CFL (53), i.e. the ratio
% = %7 and perform the experiments on the sequence of grids (hg, Aty),

1 <k <9, with mkin hi = 2-107%. The reference solution computed at the
time t* is denoted by uF_., and the solution on the grid (h, At) by uf. The

ref?

evolution of the relative error ej a¢, defined below, is shown in Figure 7, left.

n n
o n h n o ||uh - u'r‘efHLﬁ(Tm)
Eh,At = my?xehth, wihere eh’At =

Upe £ || oo my)
[trefllese (r2 (7m)) (148)

T
k
oo m = m N = | — |-
ltrepllese o ey i= |, max e llz (7m), : [Atf-‘
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2
[z

2 (T2)

Ch,At

[l

0 200 400

Fig. 7 Left: convergence rates for the experiment of Section 5.2.1. Right: dependence on
time of the L2-norm of the solution computed on 72 in the experiment of Section 5.2.2.

5.2.2 Long-time stability.

To study the stability of the numerical method, we compute the solution to the
problem described in Section 5.2.1 on the time interval (0, T') with 7' = 500,
with the discretization (h, At) = (5-107%,4.99-107%) (i.e. on around 106 time
steps). Figure 7, right depicts L2 ('TQ) norm of the solution, which clearly stays
bounded on the whole time interval.

5.3 Performance of the method on different trees.

To explain the experiments that follow, let us provide more information about
A(w). Recall that A(w) is an even meromorphic in C function (cf. Theorem 4)
with real poles. The number of poles of A on an interval (0, A) is asymptotically
bounded from above by CA?, where d > 1 and depends on « (see [33]). In
particular, when Z o; < 1, one has d = 1; while when Z a; > 1, it holds that

d = dg, where dg > 1 is a unique number s.t.

|
o

p
ds
2

o =1.

©
I
=

Let us remark that in practice these bounds often appear to be optimal. Al-
though the estimates are asymptotic, the difference between these cases is
observed already for small A. In particular, in Figure 8 we depict numerically
computed poles of A(w) for two sets of parameters: a = (0.4,0.4), p = (0.5,1)
(case d =1) and o = (0.8,0.4), p = (0.5,1) (case d =d,; = 1.4).

Our goal is to find out whether the density of poles influences the be-
haviour of the convolution quadrature. For this we compute the solutions to
the Dirichlet and Neumann problems on the reference tree 7 (length of its
root edge equals ¢y o = 1), constructed with different sets of the parameters,
on the time interval (0,20). As a source we take

flt,s) = 10070 (5700 =0 (t=025% (s _ 05y 5 =107,
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10°

107t E

0 5 10 3 0] 1
1073 ; E

o » o . ® - i 1

0 5 10 04L& ‘ t

1074 1073, 1072

a=(02,02)--- a—(04,04)
—o—a = (0.8,0.4) o a = (0.9,0.8)

Fig. 8 Left: On top we show the poles of A(w) on the interval (0,10) for the Dirichlet
problem. Bottom: poles of A(w) on the interval (0,10) for the Neumann problem. On both
plots with blue vertical dashes we mark the poles corresponding to a = (0.8,0.4), p =
(0.5,1), while with magenta circles the poles corresponding to e« = (0.4,0.4), = (0.5, 1).
Right: Errors ep A+, cf. (148), for different discretizations for the experiments of Section
5.3. In all the experiments p = (0.5,1.0).

supported on the root edge. We repeat the experiment of Section 5.2.1, by
computing the solutions for different discretizations, the only difference being
that we compare the solutions computed on the truncated tree 7' to the
reference solution computed on a fine discretization on the tree 72. The time
interval is chosen so that the reflections from the ’infinite’ boundary of the
tree are able to reach the computational domain.

The convergence plots for different parameters are shown in Figure 8, right.
In this figure we present the results for the Dirichlet problem only, since in the
Neumann case they are very similar. We do not observe any clear correlation
between the density of poles of A(w) and the error behaviour. In particular, the
relative errors ep a; for the parameters o = (0.8,0.4) (where d = ds ~ 1.4)
and o = (0.4,0.4) (where d = 1) are quite close. The same holds true for
a = (0.2,0.2) (the case d = 1) and @ = (0.9, 0.8) (where d = ds &~ 4.42); let us
remark that in this latter case, for the Dirichlet problem, when o = (0.2, 0.2),
on the interval (0,10) there are 3 poles, while when o« = (0.9,0.8), on the
interval (0, 5) there are more than 3000 poles.

Let us additionally remark that in the experiment e = (0.9, 0.8) the Dirich-
let and Neumann problems coincide, see Theorem 2.

Nonetheless, as expected, in these experiments we observe a difference in
terms of the computational times (in particular, since the complexity of evalu-
ating A(w), see Section 4.2.4, depends on ||, this is the case for the convo-
lution weights as well). In the largest computation on the tree 72, discretized
with h = 107%, At = 0.99-10~*, we computed ~ 2-10° convolution weights. On
a laptop, this requires about 5 seconds for the problem with a = (0.2,0.2),
12 seconds for o = (0.4,0.4), 167 seconds for a = (0.8,0.4) and almost 12
minutes for a = (0.9,0.8). These numbers can be improved by optimizing the
parameters in the computations.
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6 Conclusions

In this work we approximated the transparent boundary conditions for wave
propagation in fractal trees with the help of the convolution quadrature method.
Besides stability and convergence analysis, we have additionally considered
practical aspects of the algorithm, in particular, computation of the convolu-
tion weights. Obtained results, both theoretical and numerical, indicate sta-
bility and efficiency of the method.

Nonetheless, some numerical analysis questions remain open (e.g. stability
of the problem under perturbation of convolution weights); such analysis may
affect some estimates of Section 4.3.3 by imposing constraints on the choice
of parameters (in particular, the parameter p in (76)), cf. e.g. the respective
analysis for time-domain boundary integral equations in [8]. We nonetheless
believe that the results obtained in this work provide a technical background
for continuing the research in this direction.

One of the drawbacks of the CQ method is its complexity, which scales as
O(N?) where N, is the number ot time steps; this is prohibitive when compu-
tations on long times are required. This can be overcome using an algorithm
similar to the one proposed in [4], see also [25] and [5]. Additionally, alterna-
tive ideas for approximating the transparent boundary conditions, based on
the meromorphic expansion of the DtN symbol, are being investigated.
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A Proof of Theorem 4

It remains to prove the upper bound on Ag(w). Without loss of generality, we will show it
for An(w). First, Ay(w) can be defined via the solution of the frequency-domain problem:

An(w) = —9sA(M™), weCt (149)
where A € H}L('T) solves the boundary-value problem:

w? /u(s) AT — /u(s) OsA9sv = 0, for all v € V4, A(M*) =1 (150)
T T

Let us define ||vlw := [ 1 (|8sv]? + |wv|?). We proceed as follows:
T

— first prove the bound |Ay(w)|? by the energy of the solution (notice that A(M*) = 1):
|An()]? < [w]? + Co(1+ Imw)[[AI2,  Co > 0. (151)

— next show that the energy of the solution is bounded by %\An(wﬂz, with Cp as above:

1
Co(1+Imw)|N\||2 < §|An(w)\2 + C1 max(1, (Imw)™?)|w|?, C1 > 0. (152)
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— combine (151) and (152) to obtain the desired bound:
|An(w)]? < Cmax(1, (Imw)™2)|w|?.

Proof of the bound (151). Let vg(s) = x(s)0s), where x € C1(T;R), supp x(s) C Zo,0,
x(M*) =1 and x(Mo,0) = 0. The weak formulation (150) implies that X satisfies

63)\ + w2/\ =0on Eo}o.

Testing the above with vg(s), we obtain the following identity on the edge X 0, parametrized
by s € [0, 1] (recall that we work with the reference tree, and thus the length of X g is 1):

1 1
I1 +12 =0, where I; = /83)\ x(8) OsAds, I = w2/)\x(s) s \ds. (153)
0 0

Let w = wy + iw;, wr € R and w; > 0. Let us consider the real part of the above:

1

1
1 d 1 1
Rel, — ~ / L9 x(s)ds = — = |An(w)]? — = /X'(s)\BSMQdS, (154)
2 ds 2 2
0 0

where in the last identity we used x(0) = 1 and x(1) = 0. Combining (153), (154), we deduce

1
[An(w)|? < 2|Re Iy +c1/|83)\|2ds, c1 > 0. (155)
0
Similarly,
1 r d A
Relz = 5 Rew? /X(s)d—\)\|2ds — Imw? /X(s) Im(A\ds\)ds
s
0 0

1 1

1 1 —

—5(%% —w?) — E(wg —w?) /X'(s)|)\|2ds — 2w;wr /X(s) Im(A\OsA)ds.
0 0

where we used x(0) = 1, x(1) = 0 and A(0) = 1. Applying to the last integral the Young
inequality we obtain the following bound, with ca,c3 > 0,

1 1 1
1
|Re Io| < 5\w\2+cg|w|2/\)\|2ds+cgwi |wT|2/|A\2ds+/\asA|2ds . (56)
0 0 0

Inserting (156) into (155) we prove (151).

Proof of the bound (152). Testing the Helmholtz equation corresponding to (150) with
wA(s) and integrating by parts we obtain the following identity (recall that A(M*) = 1):
hn() =@ [ WloaA? ~ wlw [ AR,
T T

Taking the imaginary part of the above results in

I @A (@) = =i | [ 0?4 ol [ WIA? | = i N2
T T
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Multiplying both sides of the above by —Cp(1 + wi)wi_l, with Cp is as in (151), we obtain
fCO(w;1 +1) Im (@A (w)) = Co(1 +ws)|[A||%. (157)

It suffices to notice that the left hand side in the above equality is bounded:

C2
—E(w; 12wl

1
~Colw ™ + 1) Im @An(w))] < Co@; " + DiwllAn@)] < S1An@) + =

where we used the Young inequality. In the above we bound further Co(wi_l +1) <
2max(1,wi_1). Inserting the bound into (157) gives

1
Co(L+w)AIE < S 1An(@)]? + 268 max(1,w; )lwl?,

i.e. (152). Combining (151) and (152) proves the statement of the theorem.

B Proof of Lemma 13

We first show (134). By definition, tanw = z’%, with z = €2 w = w, + iw;. Then,

1 1 1-z 1—|z|? 1—|z|?
—Im (tanw) ") = Re -T2 Z e UHEDU =2 12l > 25 (158)
1—2 [1— 2|2 14 z]2—2Rez — (1+2)?
e2wWi—1 2w, . .
Lo js]  1—e2w _ | oo 2o HO<wist,
71—"—2714—972"”_ —2 .
12 11272, ifw; > 1,
hence the bound (134). Let us show (135). After straightforward computations,
2 2 2e—2w;
1—i(tanw)71’ = 12 < 12 —— < Cmax(1,w; Ve 2%,
L=z S Ti—lall  1—e= :
where the last bound follows by noticing that, for w; > 0,
—w; I—e ! ifw >1
e Wi > ’ i Z 4 > : ) .
1—e > {e_lwi, ifw; < 1 > cmin (1, w;), c>0 (159)

C Proof of Proposition 7

To prove Proposition 7, we need the following auxiliary result.

Lemma 15 Let 0 < p < 1, € > 0, and Aﬁf{a, n = 0,...,N¢ be given by (141), with
N > N¢ + 1, where m]?‘x|AS'5 (wg) — A® (wg)| < e. Then

max AT = AT < p~Me + N O (p),
et (160)
Cn(p) =1 —pN)~! (1 + Ny At + NAH(1 — pN)_1> .
Proof For alln=0,..., N,
A0S = Aoh| < S1+ Se,
p " = onim
S — | —1TN AS,E _ AS ,
1 ~ doe (A (w) (wk))
k=0
p " = o
So= | DT TTRTAT (wi) = AL (161)
k=0
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An upper bound for S; follows from the triangle inequality and the assumption of the
proposition: S1 < p~"e < p~Nte (because p < 1).

S s
As for Sa, it suffices to replace A® (wy) in the above sum by > Afépéeﬂl\fk cf. (140), and
£=0

use the aliasing argument. In particular,

N—-1
o * (wp) =
k=0

—-n

27k(L—n)
N .

, N—1 oo
ZZAtéz

N—1  2xk(t—n)
Since N~ 3" &7 W~ = 1 when ¢ — n is a multiple of N and vanishes otherwise, and

=0
n < Ny < N — 1, the above can be rewritten as follows:

n N—
p- i2zhn o _
N E A° (wg) = " E AZ kN+npkN+”, and

(14
<y AL | N 203 max(1, (n 1 kN) A
k=1 =1

The above sum is then bounded:

oo o0
2 < Z + > "N (n+ kN) At
=1 k=1
<pN (1= pM)THL + nAt) + NAt pN (1 — pN) 2.
The result follows by bounding in the above nAt by NiAt and combining bounds for S
and Sz into (161). O

The bound of Lemma 15 allows us to quantify the choice of p, N in (141).

Proof (Proof of Proposition 7) The desired bound follows by applying the result of Lemma

15. In partlcular Cn(p) can be estimated by providing an adequate estimate on 1 — pV =
1—-Ny

1- 5N+Nt—1 Because Ny > 1, the function N — 1 — 8N+Nt—1 =1- aaN‘*'Nt—l grows in
N. Since, additionally, N > N + 1, we have

Netl 1 1
1—pN >1752Nf >1f\@>17\/;, fora110<€<§.

Plugging in this bound into (160) yields Cn(p) < C(1 + (N + N¢)At) and

N-1 N
max \)\SAjf - /\SAfL\ < eNFNe=T 4 CeNFN:=1 (1 + (N + Ni) At),
t

n=0,...,

from which the desired bound is obtained immediately.

D Proof of Lemma 14

Let us show (a), which basically follows from Section 5.2.1 in [4]. The frequencies wy, defined

in (76), namely,
(5(pe 217:716) 20 1— pei¥r 27k

- - ) =e'N )
At At 1+ peiver’  7F

WE =
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1—2

lie on the circle centered at ¢, a; of radius R, a¢ (this follows from the fact that z — s

is a homography), with

2i 1+ p? 2 2
= ) - = ) 162
Cp, At At 1 — P2 p, At Atl— P2 ( )
ie. wr = cp,At + RP’Ate“"k, for some vy, € [0,27). Hence
5(pet® 2 1+4p% -2 21—
Imwy > inf Im (1 (pe )> N ik Sl (163)
0<p<2n At At 1 —p2? At1+p
and, as p < 1, Imwy > IA;tp. For p defined in (145),
Ll loge™?! loge™?!
l—p=1—e2Nt =1—¢ — > comin | 1, , ¢co>0, 164
o xp (—En—) > comin (1,255 : (164)

where the last bound follows from (159). Therefore, as At < 1, and € < %,

1
Imwg >cmin (1, —— ), ¢>0.
k ( NtAt)

To show (b), we use the same property (162), which results in

2
e B (B eyt
At \1—p 1—p At(1 —p) A1 —p)

Using (164), and then € < %, we deduce the following inequality, for some C,C’ > 0,

C - c’ c’
|wk| < Ztmax (1,Nt (loggfl) 1) < ZtmaX(LNt) < mNtz O

E Gronwall inequalities

Lemma 16 (Continuous Gronwall inequality) Let E(t) > 0, E(0) = 0. Let %E‘(t) <
FOVE®). Then /E(T) <||fllL1(0,1) for all T > 0.

Proof Integrating from 0 to t the inequality in the statement of the theorem gives

t t
[E@ir < [ 10VERar = B0 < sw EOIf 00
2 ) 0<r<t

= sup E() < sup <Sup E(T)f”Ll(O,t)) </ sup E@fllLio,r)
0<t<T 0<t<T \0<7<t 0<t<T

and hence the result.

Lemma 17 (Continuous Gronwall inequality 2) Let E(t) > 0, E(0) =0, E € LfS, .
Let

t
E(t) < f(H)VE®) + / 91V Em)dr, (165)
0

1
loc”

with f and g being non-negative functions, f € Lj5 and g € L
Then, for all t > 0,

VE(t) < |Ifllze= (0. + ll9ll1(0,1) (166)
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Proof We fix T > 0, and take sup of both sides of (165). This gives
te[0,T)

sup B(t) < suwp (f()VED) + sup / 9(VEm)dr

te[0,T] te[0,T) te[o,T

< sup f(t) sup E(t)+ sup sup (7)
te[0,T te[0,T te[0,T] T€[0,t]

Let E* = sup E(t). Then the above yields the inequality
te[0,T]

E* < | fllzeoo,myVE* + gl 10,1y V E*,
or, in other words,
VE* <|fllzeeo,r) + 19l L1 ¢0,1)-
Because E* > E(t) for all 0 < ¢t < T, we obtain the desired bound.

Lemma 18 (Discrete Gronwall inequality) Let E™ > 0, for all m € N, and let, with
A>0,

E" < A+y"VE" + > §VE, n>0.

£=0
n
Then VE™ < \/Z—i—é max [vél + 3164,
=0,...,n (=0

Proof Taking Oéna<XN from both sides of the inequality in the statement of the lemma:
_n_

max E" <A+ sup V "( max ™ |+Z|52>

0<n<N 0<n<N

Next, if omax VE™ < /A, then obviously the desired bound holds true. Otherwise, it
_n_

suffices to replace

max E" <\F max VE" + sup V "( max. [y |+Z|5Z>

0<n<N
n 0<n<N =0

which results in the desired statement.

F Proof of Theorem 6

We proceed like in the proof of Theorem 4. We will show the result for a = n, the proof for
the Dirichlet problem being almost verbatim the same.

Step 1. Let x(s) be like in the proof of Theorem 4. Testing the wave equation (4), (5), (K),
(C) in its strong form by Osux(s) results in (where we parametrized Xy g by s € [0, 1]):

1 1
/Bfux(s) 8Suf/6§u35ux(s) =
0 0
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Let us rewrite the first term in the above:

1 1 1
:/B?ux(s) Osu = — /(’%ux@su —/ Oru 0 0su X ()
0 0 0

1
d
= /(’%ux@su (0s (|18sul?x(s)) — X'(s)|(’9tu|2)
0

&

l\’)\)—l
O\H

1 1
= % /(’%ux@su + %|8tg|2 + % /X'(s)|8tu\2.
0 0
The second term
1 1
/a wdux(®) = —3 [ 0:00uPx(9) = X' @0l = ~ S An(@0)g + 5 [ X' ()0l
0 0

Since I1 + Iy = 0, we obtain, with E = 1 [ (|9u|? + [9sul?),
T

1
S14a(@0)gl” < S1oual? + /3tux33u + OB,

Integrating the above from 0 to T' we get, together with vanishing initial conditions :

140 (@)l 20,79 < 10012202 + € / B(t)dt + / Oruls, T)x()9su(s, T)ds
(167)

1
ﬂ&ﬂymn+0/Eaﬁ+Cﬂ)

where we used the Young inequality to bound the latter term.
Step 2. Testing the wave equation (?7?) in the strong form by d:u and integrating by parts
gives

L B(0) = (An(@)9)01s.

Integrating from 0 to t the above we get
t 1
n
0< [ @l < Z1an@al3n g + 51002y 1 >0 (168)

where the last expression follows by the Young inequality.
In particular, the above implies, with 7 = 11 to be fixed later

T
[ Bt < T ool ) + T 1An@)81 2 o (169)
0

Therefore, replacing in (167):
— E(T) by its bound (168) with n = Tl
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T
— [ E(t)dt by its bound (169) with 71 = 5~
0

2TC?

we obtain the following bound for |[An(dt)gllL2(0,1):

1An(@0)1132 0.y < Co max(L,T)[Brgll32 0.1

and hence the continuity. Let us finally remark that we fixed g(0) = 0 for the compatibility
conditions, as u(0) = 0.
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