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GALERKIN APPROXIMATION IN BANACH AND
HILBERT SPACES

W. ARENDT, I. CHALENDAR, AND R. EYMARD

ABSTRACT. In this paper we study the conforming Galerkin ap-
proximation of the problem: find v € U such that a(u,v) = (L, v)
for all v € V, where U and V are Hilbert or Banach spaces, a is a
continuous bilinear or sesquilinear form and L € V' a given data.
The approximate solution is sought in a finite dimensional subspace
of U, and test functions are taken in a finite dimensional subspace
of V. We provide a necessary and sufficient condition on the form
a for convergence of the Galerkin approximation, which is also
equivalent to convergence of the Galerkin approximation for the
adjoint problem. We also characterize the fact that U has a finite
dimensional Schauder decomposition in terms of properties related
to the Galerkin approximation. In the case of Hilbert spaces, we
prove that the only bilinear or sesquilinear forms for which any
Galerkin approximation converges (this property is called the uni-
versal Galerkin property) are the essentially coercive forms. In
this case, a generalization of the Aubin-Nitsche Theorem leads to
optimal a priori estimates in terms of regularity properties of the
right-hand side L, as shown by several applications.

1. INTRODUCTION

Due to its practical importance, the approximation of elliptic prob-
lems in Banach or Hilbert spaces has been the object of numerous
works. In Hilbert spaces, a crucial result is the simultaneous use of
the Lax-Milgram theorem and of Céa’s Lemma to conclude the con-
vergence of conforming Galerkin methods in the case that the elliptic
problem is resulting from a coercive bilinear or sesquilinear form.

But the coercivity property is lost in many practical situations: for
example, consider the Laplace operator perturbed by a convection term
or a reaction term (see the example in Section 7.2), and the approxi-
mation of non-coercive forms must be studied as well. For particular
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bilinear or sesquilinear forms, the Fredholm alternative provides an
existence result in the case where the problem is well-posed in the
Hadamard sense. Such results have been extended by Banach, Necas,
Babuska and Brezzi in the case of bilinear forms on Banach spaces. The
conforming approximation of such problems enters into the framework
of the so-called Petrov—Galerkin methods, for which sufficient condi-
tions for the convergence are classical (see for example the references
2, 4, 8, 21] which also include the case of non-conforming approxima-
tions).

Nevertheless, these sufficient conditions do not guarantee that for
a given problem, there exists a converging Galerkin approximation.
Moreover, they do not answer the following question, which is impor-
tant in practice: under which conditions does the Galerkin approxima-
tion exist and converge to the solution of the continuous problem for
any sufficiently fine approximation (for example, letting the degree of
an approximating polynomial or the number of modes in a Fourier ap-
proximation be high enough, or letting the size of the mesh for a finite
element method be small enough, and, in the case of Hilbert spaces,
using the Galerkin method and not the Petrov-Galerkin method)?

The aim of this paper is precisely to address such questions for not
necessarily coercive bilinear or sesquilinear forms defined on some Ba-
nach or Hilbert spaces (we treat the real and complex cases simulta-
neously). We shall restrict this study to conforming approximations,
in the sense that the approximation will be sought in subspaces of the
underlying space, using the continuous bilinear or sesquilinear form.

In the first part we consider the Banach space framework. Given a
continuous bilinear form a : U x V — R where U and V' are reflexive,
separable Banach spaces, one is interested in the existence and the
convergence of the Galerkin approximation to u, where u is the solution
of the following problem:

(1.1) Find u € U such that a(u,v) = (L,v), for all v € V,

where L € V' is given (the existence and uniqueness of u are obtained
under the Banach-Necas-Babuska conditions, see for example [8, The-
orem 2.6]). For approximating sequences (U, )nen+, (Vn)nen+ (see Sec-
tion 2 for the definition), the Galerkin approximation of (1.1) is given
by the sequence (u,,)nen+ such that, for any n € N*, u,, is the solution
of the following finite dimensional linear problem:

(1.2)  Find w, € U, such that a(u,, x) = (L, x), for all x € V,.
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It is known that, if dim#f,, = dim),, the uniform Banach-Necas-
Babuska condition (BNB) given in Section 2 is sufficient for these exis-
tence and convergence properties (see for example [8, Theorem 2.24]).
We show here that this condition is also necessary and, surprisingly,
that the convergence of the Galerkin approximation of (1.1) is equiva-
lent to that of the Galerkin approximation of the dual problem. These
two results seem to be new and are presented in Section 2.

In Section 3, we ask the following: given a form a such that (1.1)
is well-posed, do there always exist approximating sequences in U and
V such that the Galerkin approximation converges? Surprisingly, the
answer is negative (even though the spaces U and V are supposed to be
reflexive and separable). In fact, such approximating sequences exist
if and only if the Banach space & has a finite dimensional Schauder
decomposition, a property which is strictly more general than having
a Schauder basis.

In the remainder of the paper, merely Hilbert spaces are considered
and moreover we assume that 4 = V and U, = V), for all n € N*,
Given is a continuous bilinear form a : V x V — R, where V is a sep-
arable Hilbert space. Assuming that (1.1) is well-posed, we show that
the convergence of the Galerkin approximation for all approximating
sequences in V (which we call here the universal Galerkin property)
is equivalent to a being essentially coercive, which means that a com-
pact perturbation of a is coercive. This notion of essential coercivity
can also be characterized by a certain weak-strong inverse continuity
of a, which, in fact, we take as definition of essential coercivity (Defi-
nition 4.1).

We then derive improved a priori error estimates by generalizing the
Aubin—Nitsche argument to non-symmetric forms and also allowing
the given right hand side L of (1.1) to belong to arbitrary interpolation
spaces in between )V and V'. These generalizations are finally applied
to two cases: the approximation of selfadjoint positive operators with
compact resolvent (in this case, it is seen that our a priori error estimate
is optimal, with the fastest speed of convergence for L in V, the slowest
for L € V') and the finite element approximation of a non-selfadjoint
elliptic differential operator, including convection and reaction terms
which is indeed essentially coercive.

To avoid any ambiguity, in the sequel, we let N = {0,1,2,---} and
N* =N\ {0}.

The paper is organized as follows:
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2. PETROV—GALERKIN APPROXIMATION

In this section we give a characterization of the convergence of Petrov—
Galerkin methods, that, for short, we call Galerkin convergence. A
basic definition is the following.

Definition 2.1 (Approximating sequences of Banach spaces). Let V
be a separable Banach space. An approximating sequence of V is a
sequence (V) )nen= of finite dimensional subspaces of V such that

dist(v,V,)) = 0 as n — o
for allv €V, where dist(u, V,,) := inf{||u — x|| : x € V. }.

Now let U and V be two separable, reflexive Banach spaces over
K =R or C and a a continuous sesquilinear form such that

la(u,v)| < M||ully||v]|y for all u e U, v €V

where M > 0 is a constant. We assume that ¢/ and V are infinite di-
mensional and that (U,),en- and (V,),en+ are approximating sequences
of U and V respectively. We also assume throughout that

0 # dimU,, = dim V), for all n € N*.
Given L € V' we search a solution u of the problem:
(2.1) find u € U such that a(u,v) = (L,v), for all v € V.

Moreover we want to approximate such a solution by w,, the solution
of the problem:

(2.2) find u,, € U,, such that a(u,,x) = (L, x), for all y € V,.
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Note that, given n € N*, there exists a unique u,, € U, satisfying (2.2)
if and only if

(2.3) for all w € Uy, (a(u, x) =0 for all x € V,) = u =0,

since, by assumption, U,, and V), have the same finite dimension.

Let us briefly recall the origin of the Banach-Necas-Babuska condi-
tions for the well-posedness of (2.1) as stated for example in [8, 21, 2]
(equivalent conditions are proposed in [4] in the case of Hilbert spaces).
Let us consider the associated operator A : U — V' defined by

(Au,v) = a(u,v) (u€e€U,veV).

Then A is linear, bounded with || A|| < M. By the Inverse Mapping
Theorem, A has closed range and is injective if and only if there exists
£ > 0 such that

(2.4) | Aully > B|u|y for all u € U.
By the definition of the norm of V', this can be reformulated by
(2.5) sup |a(u,v)| > B|lully for all u € U.

[lv]lv <1

Recall that A is invertible if and only if A is injective and has a closed
and dense range. By the Hahn-Banach theorem, A has dense range
if and only if no non-zero continuous functional on V' annihilates the
range of A. By reflexivity, this is equivalent to the following uniqueness

property:

(2.6) for all v € V, (a(u,v) =0 for all u € U) = v = 0.

Thus (2.1) is well-posed (i.e. for all L € V' there exists a unique u € U
satisfying (2.1)) if and only if (2.5) and (2.6) are satisfied.

In order to obtain a result of convergence of the approximate solu-
tions we consider the following uniform Banach-Necas-Babuska condi-
tion (called Ladyzenskaia-Babuska-Brezzi condition in the framework
of the mixed formulations), which is the estimate (2.5) for ap, x, uni-
formly in n € N*, namely

(BNB) 35> 0;Vn € N*, Yu € U,, sup  a(u,v)| > Blully-

VEVn,||lv]ly=1
We recall that (BNB) implies that the approximate solutions converge
to the solution if the problem is well-posed (see for example [8, 21,
2]). Here we will show that (BNB) is actually equivalent to Galerkin-
convergence, and surprisingly also to Galerkin-convergence for the dual
problem.
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Definition 2.2 (Convergence of Galerkin approximation). We say that
the Galerkin-approximation converges if (2.1) as well as (2.2) are well-
posed for all n € N* and if, in addition, there exists a constant v > 0
such that for each L € V',

(2.7) |lu — uplly < ydist(u,U,),

where u is the solution of (2.1) and u,, the solution of (2.2) for n € N*.
In particular, lim,, oo t,, = u in U.

We may also consider the dual problem of (2.1) where a is replaced
by the adjoint form a* : V x U — K given by

a*(v,u) = a(u,v) (ueld,vel).
If in Definition 2.2 the form a is replaced by a*, then we say that the
dual Galerkin approximation converges. Similarly we note the following
dual uniform Banach-Necas-Babuska condition
(BNB*) 3p*>0;¥ne N, sup |a"(u,v)| > 5"|v|y (veV,).

Then the following theorem holds.

Theorem 2.3. The following assertions are equivalent:

(i) the Galerkin approximation converges;
(ii) (BN B) holds;
(iii) (BN B*) holds;
(iv) the dual Galerkin approximation converges.

It is surprising that (BN B) and (BN B*) are equivalent even though
the corresponding condition (2.5) is obviously not equivalent to its dual
form. In fact, it can well happen that A is injective and has closed
range (so that there exists § > 0 satisfying (2.5)) but the range of A
is a proper subspace of V' so that there exists v € V such that v # 0
and a(u,v) = 0 for all u € Y; in particular the dual form of (2.5) does
not hold for any g* > 0.

We will give the proof of Theorem 2.3 in several steps which give
partly even stronger results. At first we show that (i7) implies (i),
where 7 can even be expressed in terms of g and M. Although the
proof of this result is classical (see for example [21, 8]), we provide
it for the convenience of the reader, but also to establish the well-
posedness of (2.1) which we did not assume. This will be important
for the proof of Theorem 2.3 and for the main result in Section 5.

Proposition 2.4. Let § > 0. Assume that for all n € N*,
(2.8) sup fa(u,v)| = Bllully (v €ly).

V€V, Jollv=1
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Then the Galerkin-approximation converges and (2.7) holds with v =
1+ %
B

Proof. Let L € V'. Note that (2.8) implies (2.3). Thus, for each n € N*
there exists a unique solution u, of (2.2). By (2.8),

1 1
(2.9) [ tner < 5.5 (L, v)| < <||L[]y.
V€V, [0l <1 p

Since U is reflexive, we find u € U such that a subsequence of (uy),,
say, (un, )k, converges weakly to u. Let v € V. By assumption we find
Uk € Vp, such that limg_,o |0 — vy, ||y = 0. It follows that

a(u,v) = lim a(uy,,,vp) = lim (L, v,) = (L, v).
k—o0 k—o0
Thus we find a solution u of (2.1). But so far we do not know its

uniqueness. This will be a consequence of (2.7) which we prove now.
Indeed, observe that

(2.10) a(u,x) = (L, x) = a(un, x) for all x € V,.

It follows that a(u, x) = a(uy, x) for all x € V,, (Galerkin orthogonal-
ity). Using this, for all x € U,,

[ = wnlle < flu =Xl =+ Ix = unllu

1
< Jlu=xllu+=5  sup  Ja(x — un,v)]
B vevn,vllv=1

1
v —xllu+—5  sup  Ja(x —u,v)|
B vevn|ollv=1

< (1+%) k-
> ey X — U||y-
B
Taking the infimum over all y € U, we obtain (2.7). In particular
lim,, o ||u — uplzy = 0 which shows uniqueness. O

The following result is due to Xu and Zikatanov [21, Theorem 2| (see
also [2, Satz 9.41]). We nevertheless provide its proof for the sake of
completeness.

Proposition 2.5. Assume that U is a Hilbert space and that 3 > 0 is
such that (2.8) holds. Then the Galerkin-approzimation converges and

(2.7) holds with ~ = %

Proof. Note that (2.8) implies (2.3). Consequently for each w € U
there exists a unique @, w € U, such that

a(Quw, x) = a(w,x) (x € Va).
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Then @), is a projection from U onto U,,. Moreover,

5||an||u S sup |a(an> X)|
XEVn;[Ixllv=1

= sup  |a(w, x)|
XEVnlixllv=1

< Mljwlly

Ths Q| < 4.

Since 0 # U,, # U, one has Q,, # 0,1d. It follows from a result due
to Kato [12, Lemma 4] that ||Q,| = ||Id — Q.||

Now let L € V' and u the solution of (2.3), u,, the solution of (2.2).
Then for any y € U,,

u =ty = (Id =Qn)u = (Id =Qn)(u = x).

Hence
M
lu = unlu < 1 1d =Qullllu = Xl = [|Qunll[[w — Xl < Ellu = Xllu-
This implies that
M
lu — upl|lu < 7 dist(u, U,).

O

Remark 2.6. Also in certain Banach spaces an improvement of the
constant 1 + % is possible, see Stern [19].

Next we show that even a weaker assumption than the convergence
of the Galerkin-approximation implies (BN B*).

Proposition 2.7. Assume (2.3) for all n € N* and that

sup ||un ||y < oo
neN*

whenever L € V' and w,, is the solution of (2.2). Then (BN B*) holds.
Proof. Since the spaces V,, and U,, have the same finite dimension, our

assumption (2.3) implies also dual uniqueness, i.e. a(y,v) = 0 for all
X € U,, implies v = 0 whenever v € V,,, and this for all n € N*. Thus

v, = sup |a(u,v)]
UWEU,||u|ly=1

lv

defines a norm on V,,. Moreover,

la(u,v)| < ||ullyl|v]|y, forall uw € U,,v € V,.
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We show that the set
B = {L:neN*,UEVmU#O}
[v]lv.

is bounded. For that purpose, let L € }V'. By assumption there exist
¢ > 0 and u,, € U,, such that

a(u,,v) = (L,v) for all v € V,
and ||u,|jy < ¢ for all n € N*. Now, for s € B,

v
(Ly 5=—)
‘ vy,

This shows that B is weakly bounded and thus, owing to the Banach—
Steinhaus theorem, norm-bounded. Therefore there exists f* > 0 such
that [|v|y < BLHU v, 1.6

= |a(un, v)] < Jlunllee < e

1
[l[v.

G|y < sup  a(u,v)| for all v € V,,,n € N*.
wEUn,||u|ly=1

This is (BN B*). O

Proof of Theorem 2.3. (ii) = (i) and (iii) = (iv) via Proposition 2.4,
whereas (i) = (i27) and (iv) = (i7) follows from Proposition 2.7.
U

Remark: The hypothesis on & and V to be reflexive is not needed
in Proposition 2.4.

Finally we mention that the best lower bounds § for (BN B) and [*
for (BN B*) are the same if & and V are Hilbert spaces.

Proposition 2.8. Let § > 0. Then the two conditions (2.11) and
(2.12) are equivalent:
(2.11)

sup  |a(u,v)| > Bl|lu|ly for all w € U,, and for all n € N*;
lvllv<1weVn

(2.12)

sup  |a(u,v)| > Bllully for all v €V, and for all n € N*;
llulle <1u€ln

Proof. Let n € N* and A,, : U, — V, be given by
(Apu,v)y = alu,v).

Then

(Arv,u)y = a”*(v,u) = a(u,v),
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where A is the adjoint of A. Moreover, since A,, is invertible,

sup |a(u, v)| > Bllully
lv]|[vy=1,0€Vs

for all u € U, if and only if ||A 1] < % Since (AX)™1 = (A1), it
follows that [|(Az)~"| = [[(A;)*]| = [|A;']| < § and hence

sup  |a*(v,u)| > Blv||y for all v € V,.
ull<1,u€lhy,

3. EXISTENCE OF A CONVERGING GALERKIN APPROXIMATION

In this section, we again let &4 and V be separable reflexive real
Banach spaces and let a : i XV — R be a continuous sesquilinear form
such that the problem (2.1) is well-posed; i.e. for all L € V' there exists
a unique u € U satisfying (2.1). Since U and V are separable, there
always exist approximating sequences (U, )nen+ of U and (V,)pen+ of
V. Our question is whether there is a choice of these sequences which
is adapted to the problem (2.1); i.e. such that the associated Galerkin
approximation converges. We will show that the answer is related to
the approximation property. In fact, different versions of this property
play a role; we recall them in the next definition.

Definition 3.1 (Approximation property and Schauder decomposi-
tion). Let X be a separable Banach space.

a) The space X has the approximation property (AP) if, for every
compact subset K of X and every ¢ > 0, there exists a finite
rank operator R € L(X) such that

|Rx — z|| < e forallx € K.

b) The space X has the bounded approximation property (BAP)
if there exists a sequence (P,)nen+ of finite rank operators in X
such that

forall x € X, lim P,x = x.
n—o0

c) The space X has the bounded projection approximation prop-
erty (BPAP) if each P, in b) can be chosen as a projection (i.e.
such that P? = P,).

d) The space X possesses a finite dimensional Schauder decompo-
sition if one finds (P,)nen+ as in ¢) with the additional property

(3.1) P,.P,=P,P, = P, for alln > m.
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e) The space X has a Schauder basis if d) holds with dim P, = 1
for all n € N*.

It is known that (BAP) is equivalent to (AP) if X is reflexive. The
first counterexample of a Banach space without (AP) has been given by
Enflo [7]. He constructed a space which is even separable and reflexive.

Obviously the properties a)—e) have decreasing generality. It was
Read [16] who showed that (BAP) does not imply (BPAP), even if re-
flexive and separable spaces are considered. Szarek [20] constructed a
reflexive, separable Banach space having a finite dimensional Schauder
decompositon but not a Schauder basis. Finally, it seems to be un-
known whether (BPAP) implies the existence of a finite dimensional
Schauder decomposition (see [15, Sec. 5.7.4.6] and [3, Problem 6.2]).
However, if X is reflexive and separable, then these two properties are
equivalent by [3, Theorem 6.4 (3)]).

Concerning the notion of finite dimensional Schauder decomposition,
there is an equivalent formulation, namely the existence of finite dimen-
sional subspaces &, of X such that for each x € X there exist unique
z, € X, such that x = ZneN* x, This explains the name. We refer
to [14, Chapter 1] , [3] for more information and to [15, Sec. 5.7.4]
for the history of the approximation property. In the following theo-
rem, by the hypothesis of well-posedness, the two Banach spaces U and
) are isomorphic. For this reason they have the same Banach space
properties.

Theorem 3.2. Let U and V be separable reflexive Banach spaces and
leta:U xV — K be a continuous sesquilinear form such that (2.1) is
well-posed. Then the following assertions are equivalent.
(i) There exist approzimating sequences (Uy, )nen= of U and (V) pen-
of V such that the associated Galerkin approzimation converges.
(ii) The space U has the (BPAP).
(iii) The space U has a finite dimensional Schauder decomposition.

Here convergence of the associated Galerkin approximation is under-
stood in the sense of Definition 2.2.

Proof of Theorem 3.2. (i) = (ii) Let w € V. Then (L,v) := a(u,v)
defines an element L € V'. By Definition 2.2, for each n € N* there
exists a unique P,u € V, such that

a(P,u, x) = a(u, x) for all x € V,.

Moreover, ||P,u — ul|| < 7y dist(U,,u) for all n € N* and some v > 0.
In particular, lim,_,. P,u = u. It follows from the definition that
P? = P,. Since P,U C U,, each P, has finite rank. We have shown
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that the space U has the (BPAP).

(17) = (i17) See [3, Theorem 6.4 (3)].

(i1i) = (i) Let A : U — V' be the operator defined by (Au,v) =
a(u,v). Then A is invertible. By hypothesis there exist finite rank

projections (P,)nen+ such that lim, . P,u = wu for all u € U. Let
f €V, u:=A"'f be the solution of (2.1). Then

(3.2) Uy = P, A f — win U as n — oo.

We show that u,, is obtained as a Galerkin approximation. In fact,
fix n € N*. There exist by,---,b,, € U, ©1," -+ ,0m € U such that
(i, bj) = d;; and

(3.3) P =) {on )by

for all x € Y. Since V is reflexive there exist v, € V such that

(3.4) (or, AN g) = (g, v)

forallg € V' and k = 1,--- ,;m. Define V,, = Span{vy,--- ,v,} and
U, = Span{by,--- ,b,}. Now consider the given f € V'. Let w =
kazl b € U,,. Then

(3.5) a(w, x) = (f, x) for all x € V,
if and only if

(3.6) a(w,v;) = (f,v;) for j=1,--- ,m.
By (3.4),

a(w,v;) =Y Mealbe,v;) = > MelAbr,vy) = > Ml br) = Ay
k=1 k=1 k=1

Therefore w = >~ (f, vi) by, is the unique solution of (3.5). Again, by
(3.4),

Up = PnA_lf = Z(kaaA_lf>bk = Z<f> 'Uk>bk = w,
k=1 k=1
and it follows from (3.2) that lim, o, u, = w. This also implies that
dist(U,,u) — 0 as n — oo. Thus the sequence (U, ) en+ is approximat-
ing.

It remains to show that the sequence (V,)nen+ is approximating in
V. For this we need the the additional property (3.1). Consider the
adjoint P, € L(U") of P,. Then P!y weakly converges to ¢ as n — oo
for all ¢ € U'. Thus

W = Upen- PLU



GALERKIN APPROXIMATION 13

is weakly dense in U’. But, because of (3.1), W is a subspace of U’.
Thus, by Mazur’s Theorem, W is dense in U’. If ¢ € W, then there
exist m € N* ¢ € U’ such that ¢» = P/ . Thus

P = P,Plg = Php = 0,
for all n € N* by (3.1), and then lim,,_,, P/t = 4 for all ©» € W. Since
SUPpen- || Ph]| < oo, it follows that lim, .. Py = ¢ for all ¢ € U'.
This implies that the sequence (P/U'),en+ is approximating in U’. It
follows from (3.4) that V,, D (A™!)'P/U’. In fact, fix n and consider P,
as in (3.3). Then (3.4) says that v, = (A™!)¢y. Since (P/U'),en+ is an
approximating sequence in U’ and (A~') is an isomorphism from I’
to V, it follows that (V,)nen+ is an approximating sequence in V. [

4. ESSENTIALLY COERCIVE FORMS

Let V be a separable Hilbert space over K=Cor Randa:VxV —
K be a sesquilinear form satisfying

la(u,v)| < M||ul|y||v]|y for all u,v €V
for some M > 0. Then we may associate with a the operator A €
L(V,V') defined by
(Au,v) = a(u,v).
If a is coercive, i.e. if
la(u,u)] = allully;, (ueV)

for some o > 0, then A is invertible. This consequence is the well-
known Lax-Milgram lemma.

Our aim is to find weaker assumptions than coercivity which help to
decide whether the operator A is invertible.

Note that a is coercive if and only if

lim a(u,,u,) = 0 implies that hm ||wnlly = 0.
n—00

We weaken this property in the following way.
Definition 4.1 (Essential coercivity). The continuous sesquilinear form
a (or the operator A) is called essentially coercive if for each sequence

(Un)nen+ 10V weakly converging to 0 and such that lim,, . a(u,, u,) =
0, one has lim,_,o ||us|vy = 0.

The following is a characterization of this new property.

Theorem 4.2. The following assertions are equivalent:

(1) the form a is essentially coercive;
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(ii) there exist an orthogonal projection P € L(V) of finite rank and
a > 0 such that

la(u, w)| + [ Pully, > allully; for allu € V;

(iii) there exist a Hilbert space H, a compact operator J : V — H
and o > 0 such that

la(u, w)| + [|Tull3, = allully (ueV);

(iv) there exist a compact operator K € L(V,V') and o« > 0 such
that

la(u, w)| + [(Ku, u)| > allully;, (u€ V).

Proof. (i) = (ii): Let (e,)nen+ be an orthonormal basis of V and con-
sider the orthogonal projections P, given by

n

Pv = Z(v,ek)v €l

k=1
Assume that (ii) is false for every P,. Then there exists a sequence
(tn)nen- C V such that |ju, |y = 1 and

1
(it )| + [Py} < —

Note that, since Id — P, is a self-adjoint operator,
|<(Id _Pn)um U>V| = |<un> (Id _Pn)U>V| < ||(Id _Pn)UHVa

with lim, . ||[(Id—P,)v|ly = 0 for all v € V. This implies that
(Id =P, )u,, converges weakly to 0. Since lim,,_,, ||P,u,|y = 0, it fol-
lows that w, converges weakly to 0. Moreover lim,, o |a(ty, u,)| <
lim,, o % = 0. Therefore a is not essentially coercive.

(17) = (i17): Choose H =V and J = P.

(7i1) = (iv): There exists a unique operator J* : H — V' such that

(J*u, vy = (u, Ju)y

for all v € V. Choose K = J*J.

(iv) = (i): Let (up)nen+ C V that tends weakly to 0 and such that
a(tn, u,) = (Aup,u,) tends to 0 as n — oo. Since K is compact,
|Kun|ly — 0 as n — oo. Hence |(Kuy,u,)y| — 0 as n — oo. By
assumption there exists § > 0 such that

[( A, wn) | + (Kt )| = B[y

It follows that ||u,||y — 0 as n — oc. O
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Next we want to justify the notion ”essentially coercive”. We recall
that by the Toeplitz-Hausdorff theorem [10], the numerical range of a,

Wia) = {a(u,u) : uw e V,|ully =1},

is a convex set. Hence also W (a) is convex. For o > 0,
la(u, u)| = allulll,  (ueV)

if and only if
W(A)YND, =10,

where D, = (—a, «) in the real case and D, = {w € C : |w| < a} if
K = C. This observation leads to the following more precise description
of coerciveness.

Lemma 4.3. The form a is coercive if and only if there exist o > 0
and A € K with |\| =1 such that

Re(\z) > « for all z € W(a).

Proof. We give the proof for K = C. Assume that a is coercive. There

exists a maximal o > 0 such that W(a) N D, = (). Then there exists

20 € W(a) of modulus a; ie. 25 = ¢?’a for some § € R. The set
C = e W (a) is convex and closed. Moreover a € C' and D,NC = .
This implies that Re(z) > « for all z € C. Indeed, let z € C such that
Re(z) < a. Then the segment [, 2] has a non-empty intersection with
D,,. Since C'is convex it follows that z ¢ C.

Conversely, clearly, if there exists o > 0 such that Re(Az) > « for

all z € W(a), then a is coercive. O

Theorem 4.4. Let A € L(V,V'). The following assertions are equiv-
alent:

(i) the operator A is essentially coercive;
(i) there exists a finite rank operator KC : V — V' such that A+ K
18 coercive;
(iii) there exists a compact operator IC : V — V' such that A+ K is
coercive.

Proof. (i) = (i1): Choose the orthogonal finite rank projection P on V
and o > 0 as in Theorem 4.2 (ii). Let V; = ker V' and V, = range P.
Then dim V, < oo and |a(u,u)| > a||ull} for all w € Vy. Let j: V — V'
be the Riesz isomorphism given by

<](u)a U> = <ua U>V'
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Let A= j"1oA e L(V). Then a(u,v) = (Au,v)y for all u,v € V.
Moreover A has a matrix decomposition

A Ap
A= ( Ag1 Ag )
according to the decomposition V = V@&V, of V. Since P is orthogonal,
Aqq is coercive. Thus, by Lemma 4.3, there exists z; € C such that
|z0| = 1 and
Re zo(Avyu, u) > allulf3,

for all w € V;. Since dim )V, < 00, there exists a finite rank operator
K, € L(V) such that

A—G—Kl:(AOH 8)

Choose a further finite rank perturbation K5 such that

A 0
BZ:A+K1+K2:< 011 OéZ_()IdV )
2

Since P is orthogonal, for ) = Id — P, we get
<BU, u>V = <A11QU, QU>V + OéZ_0<PU, PU>V

Hence

Re(zBu,u)y > af|Qully, + o Pully; = allulfy.
Now let K = j o (K; + K3). Then A + K is coercive.
(1) = (vii) is obvious.
(i4i) = (¢): Condition (i77) implies clearly Condition (iv) of Theo-
rem 4.2; thus the claim (¢) follows from that theorem. O

Corollary 4.5. Let a be a continuous essentially coercive sesquilinear
form. The following assertions are equivalent:

(i) for all L € V' there exists a unique u € V such that
a(u,v) = (L,v) for allv €V
(i) a(u,v) =0 for allv € V implies that u = 0 (uniqueness);
(iii) for all L € V' there exists u € V such that a(u,v) = (L,v) for
all v €'V (existence).

Proof. The assertion (i) means that A is invertible, the assertion (ii)
means that A is injective and the assertion (iii) means that A is sur-
jective. By Theorem 4.4, there exists a compact operator K € L(V, V)
such that A + KL =: B is invertible.

(i1) = (¢): Assume that A is injective. Write

A=B-K=B(Id-B"K).
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Then also (Id —B~'K) is injective. Since B~'K is compact, it follows
from the classical Fredholm alternative that (Id —B~'K) is invertible.
Consequently also A is invertible.

(iii) = (i): If A is surjective, write A = (Id —KB~!)B to conclude
that (Id —KCB™') is surjective. Again we deduce that (Id —KCB™!) is
invertible and so is A. O

Moreover, we deduce from Theorem 4.4 the following properties of
essential coercivity.

Corollary 4.6. (a) The set of all essentially coercive operators on
V is open in L(V,V').
(b) If A € L(V,V') is essentially coercive and KK € L(V,V') is
compact, then A+ K is essentially coercive.
(c) If A € LV,V') is essentially coercive, then A is a Fredholm
operator of index 0.

The following example shows that the invertibility of A does not
imply the essential coercivity of a.

Example 4.7. Let V = (*(N*), K=R and

o0

a(u,v) = Z(—l)"unvn.

n=0

Let j be the Riesz isomorphism introduced in the proof of Theorem 4.4.
Then A = j='o A is a diagonal operator with merely 1 and —1 in
the diagonal. Thus A and obviously A are clearly invertible. Let f, =
(0,--+,1,1,0,--+) where the 1 is a coordinate for k = 2n and k =
2n + 1. Then || f.l| = V2 and (f,), tends weakly to 0 as n — oo.
Moreover a(f,, fn) = 0 for all n, which shows that a is not essentially
coercive.

Remark 4.8. Let K = C. In [1] a continuous sesquilinear form a is
called compactly elliptic if there exists a compact operator J : V — H,
where H is some Hilbert space and there exists a > 0 such that

Re a(u,u) + || Jull3; > allully.

In view of Theorem 4.2, each compactly elliptic form is essentially co-
ercive. In fact the following holds: the form a is essentially coercive if
and only if there exists A € C\ {0} such that Aa is compactly elliptic.

Proof. If Aa is compactly elliptic, then Aa is essentially coercive and
hence also a is essentially coercive. Conversely, let a be essentially
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coercive. By Theorem 4.4, there exists a compact operator K : V — V'
such that the form b defined by

b(u,v) = a(u,v) + (Ku,v)

is coercive. By Lemma 4.3 there exist A € C of modulus one and o > 0
such that Re(Ab(u,u)) > allul|? for all u € V. Now let j : V — V'
be the Riesz isomorphism. Then J := j7'o K : ¥V — V is compact.
Choosing H = V we see that \b is compactly elliptic. It follows from
[1, Proposition 4.4 (b)] that Aa is compactly elliptic. O

5. CHARACTERIZATION OF THE UNIVERSAL GALERKIN PROPERTY

In this section we want to characterize those forms on a Hilbert
space for which every Galerkin approximation converges, whatever be
the choice of the approximating sequence.

Let V be a separable, infinite dimensional separable Hilbert space
over K=Ror C, and let a : V x V¥V — K be a continuous sesquilinear
form. Given L € V' we again consider solutions of the problem:

(5.1) Find v € V, a(u,v) = (L,v) for all v € V.
We say that the form a satisfies uniqueness if for u € V,
a(u,v) =0 for all v € V implies u = 0.

We say that (5.1) is well-posed if for all L € V' there exists a unique
solution u € V.

Definition 5.1 (Universal Galerkin property). The sesquilinear and
continuous form a has the universal Galerkin property if (5.1) is well-
posed and the following holds. Let (V,)nen+ be an arbitrary approxi-
mating sequence of V . Then there exist ng € N* and v > 0 such that
for each L € V' and each n > ng, there exists a unique u, € V, solving

a(un, x) = (L, x) for all x € Vy,
and
|lu — uy|ly < ~vydist(u, Vy,) for all n > ny,
where w is the solution of (5.1).

As recalled in the introduction and in the preceding section, the
Lax-Milgram Theorem and Céa’s Lemma imply the universal Galerkin
property if a is coercive. We now show that the weaker notion of
essential coercivity also provides a sufficient condition for ensuring the
universal Galerkin property, and moreover that it is necessary.

Theorem 5.2. The following assertions are equivalent.
(i) The form a is essentially coercive and satisfies uniqueness.
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(ii) The form a has the universal Galerkin property.

Proof. (i) = (i1): let (V,)nen+ be an approximating sequence in V. By

Theorem 2.3 it suffices to show that there exist § > 0 and ng € N*

such that

(5.2) sup  |a(u,v)| > B|ul|y for all uw € V,,n > ny.
vEVn,[lvlly=1

Assume that (5.2) is false. We then find a subsequence (ng)ren+ and

Up, € Vy, such that ||u,, ||y =1 and

1
sup  |a(uy,,v)| < — for all k€ N*.
S k
We may assume that (uy,, )r converges weakly to u taking a further
subsequence otherwise. Let v € V. Then there exist v, € V,, such
that limy_o ||v — vg||[y = 0. Thus

a(u,v) = kh_}rgo a(tn,,vx) = 0.

It follows from the uniqueness assumption that v = 0. Thus (u,, )k
converges weakly to 0, limy_,o a(ty, , u,, ) = 0, but |Ju,, |y = 1 for all
k. Therefore the form a is not essentially coercive.

(i) = (¢): the uniqueness condition is part of (#i). It remains to
show that a is essentially coercive. Let (e,)nen+ be an orthonormal
basis of V and V,, := Span{ey, - - -, e,}. By our assumption, there exist
2 < ng € N* and for all n > ng an operator @), : V — V,, such that

a(Qnu, x) = alu, x) for all x € V,, (n > ny).
Denote by P, : V — V, the orthogonal projection. Define the operator
Jp: V=V xV
by
Jou = (Pyu, Quu), n > ng.

Now assume that a is not essentially coercive. Then it follows from
Theorem 4.2 that for all n > ny we find w,, € V such that ||u,|y =1

and
1

(n+2)2
In particular || P,u,|ly < m This implies that u,, € V,. Let V, =

|@(tn; wn)| + (1Pt + | Quunl [y <

Span{V,, U{u,}}. Then (V,)n>n, and O}n)nzng are both approximating

sequences. Let n > ng and let v € V,, be arbitrary with unit norm.
There exist a unique wy; € V,, and A € K such that

v =wy + A\, = w+ ANu, — Pouy),
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where w := w; + AP,u,, € V,,. Thus
1= (o[l = [lwll¥ + AP [lun — Paual}-

Consequently [|wl[};, < 1 and, since || P,u,|ly < 3, it follows that
1
||un - PnunHV > 57

which implies that |\|* <4, i.e. || < 2.

Observe that the definition of @,, implies that a(u, — Q,u,, w) = 0.
Hence

la(un,v)| = |a(u,, w) + Aa(uy,, u, — Pouy,)|
|a(un — Qnttn, W) + a(Qnttn, W) + Aa(Un, n — Pruy)

< a(Qutn, w)| + 2|a(tn, un)| + 2|a(ty, Pow,)|
- M N 2 N 2M
T n+2 (n+2)?2 (n+2)?
Consequently
nh_)rrolo sup |a(un,v)| = 0.

vEVn,[lvllv=1

Thus (BN B) is violated for the approximating sequence (V,,)n>n,. But
then (i7) does not hold by Theorem 2.3, which shows that the assump-
tion that a is not essentially coercive is false.

O

It is obvious that a form a is essentially coercive if and only if its
adjoint a* is essentially coercive. However, a surprising consequence
of Theorem 5.2 is that, for an essentially coercive form, uniqueness for
the form and uniqueness for its adjoint are equivalent, as the following
corollary shows.

Corollary 5.3. LetV be a separable Hilbert space on K anda : VXV —
K be a continuous essentially coercive form. The following assertions
are equivalent:
(i) for allu €V, a(u,v) =0 for allv € V implies u = 0;
(ii) for allv € V, a(u,v) =0 for all uw € V implies v =0;
(iii) for all L € V' there exists u in V such that a(u,v) = (L,v), for
allv e V;
(iv) for all L € V' there exists v in V such that a(u,v) = (L,u), for
allu e V.

Proof. (i) <= (it): this follows from Theorem 5.2 and Theorem 2.3.
The other equivalences follow from Corollary 4.5. U
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6. THE AUBIN-NITSCHE TRICK REVISITED

In this section we want to prove that on suitable Hilbert spaces
containing the space V continuously the approximation speed in the
Galerkin approximation can be improved. We refer also to [18] for
related, but different results in this direction.

Let V be a separable Hilbert space over K =R or C,anda: VxV —
K a sesquilinear form satisfying

|a(u, )| < Mllully[oly-

Let (V,)nen+ be an approximating sequence of V. We assume that
(BNB) holds; i.e. there exists § > 0 such that

(6.1)  For all n € N*, sup  |a(u,v)| > B|u||y for all u € V,.

VEVn,[lv][y=1

Given L € V' and n € N*, let u,, € V,, be the solution of

(6.2) a(u,,x) = (L, x) for all x € V,,
and u € V the solution of
(6.3) a(u,v) = (L,v) for all v € V.

Note that, by subtracting (6.3) and (6.2), we obtain the following
Galerkin orthogonality:

(6.4) a(u — u,,v) =0 for all v € V).
We know from Proposition 2.4 and Proposition 2.5 that

M
(6.5) lu —uy|ly < F dist(u, Vy,)

for all n € N*. We want to improve this estimate if the given data
L €V is in a suitable subspace of V'.
Let X — V';ie. X is a Banach space such that X € V' and

Ifll2x < call fllv
for all f € X and some cy > 0. We define for n € N*

(6.6) (X)) = sup  dist(A71f, V),
FeX |l fllx=1

where the distance is taken in V. Thus

(6.7) dist(w, V,) < 7 (X)|JAwl| x for all w € A1 X,

where A : V — V' is the isomorphism given by
(Au,v) = a(u,v).
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Thus, if u is the solution of (6.3) and wu, the approximate solution of
(6.2), then, if L € X', we have the estimate

%manx,

which has the advantage of being uniform for L in the unit ball of A’.

Remark 6.1. Let Q, : X — V, L — u, be the solution operator for
(6.2). Then (6.8) says that

. M
™ = Qull ey < 7 n(X).

(6.8) [ = unlly <

We can characterize when 7, (X) — 0 as n — oc.

Proposition 6.2. One has
lim v,(X) =0 if and only if X < V' is compact.
n—roo

Proof. Denote by P, : V — V, the orthogonal projection onto V,.
Then
m(X) = sup AT f =P AT flly = AT 0 j = PoAT o |y,
feXIfllx=1

where j : X — V' is the canonical injection. If j is compact, then
K := A 'oj(Bxy), where By is the unit ball of X', is relatively compact
in V. Now, P, converges strongly to the identity of V. Since ||P,|| < 1,
this convergence is uniform on compact subsets of X'. This shows that
Yn(X) = 0 as n — oo.

Conversely, if 7, (X) — 0, then A~! o j is compact as limit of finite
rank operators. Then also j is compact. O

Similarly, we define
V(X)) = sup  dist(A*E V),
fEXIfllx=1
where A* : V — V* is given by
(A*u,v) = a*(u,v) = alu,v).
As before we have ~(X) defined as 7, (X) but with a replaced by the
adjoint form a* of a. Thus we have for all w € A*~'X,
(6.9) dist(w, V) < 7, (X) || A w]].

Now we apply the Aubin—Nitsche trick in the following proof. In con-
trast to the literature [8] we allow non-selfadjoint forms and also let
L € X where X — V' is arbitrary. However, as usual, we fix a Hilbert
space ‘H such that V < H with dense range. Thus we have the Gelfand
triple
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Vs H—=V.

Now we let X < V' be another Banach space in which we choose the
given data L, whereas our error estimate is done with respect to the
norm of H.

Theorem 6.3. Let L € X and let u be the solution of (6.3), u, the
solution of (6.2). Then

2

M *
(6.10) [ = 3 < F%(X)Vn(H)HLHxa
for all n € N*.

Proof. Let n € N*. Then, on the footsteps of Aubin—Nitsche, we con-
sider the solution w € V of

(6.11) a (w,v) = (u—u,,v)y (ve).
Then, by (6.11), for any y € V,,

lu—unll3, = (U —tp,u— )y = a*(w,u—u,) = alu— u,,w)

= a(u = tp,w = x) < Mlju = unly[jw = xlv

where in the last identity we used the Galerkin orthogonality (6.4).
Since x € V, is arbitrary, this implies that

Ju — w3, < Mlju — u, ||y dist(w, V,).
Now we use (6.8) and (6.9) to deduce

M .
lu = w3 < M-F%(X)HLH;(%(%)HU = Un||-

Consequently, we obtain

2

M *
[ = 3 < 7%(95)%(7{)||L||X~

7. APPLICATIONS

7.1. Selfadjoint positive operators with compact resolvent. As
an illustration, we apply Theorem 6.3 to selfadjoint positive operators
with compact resolvent. Let V,H be infinite dimensional, separable
Hilbert spaces over K = R or C such that V is compactly injected in
‘H and dense in H. Thus we have the Gelfand triple

Vs H—=V.
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Let a : V x V — K be continuous, symmetric and coercive. Then the
operator A : V — V' given by

(Au,v) = a(u,v)

is invertible. Moreover, there exist an orthonormal basis (e;),>0 of H
and A, € R such that

O<)\0§)\1§,hm)\n:oo
n—00

and

V={ueH: ZAnKu,en)HF < oo}

n=0

(see e.g. [2, Satz 4.49]) and

a(u,v) =Y A, e)q(en, V)3

Passing to an equivalent scalar product we may and will assume that

(u,v)y = a(u,v) (u,ve V).

Thus Ja(u,v)] < [Jullyllolly and supyy,— la(u,v)] = uly; ie. we have
M = 3 =1 in the above estimates.
Consider V,, = Span{eg, - ,e,-1},n = 1,2,---. Then (V,)nen+ is

an approximating sequence of V. We define for s € [—1, 1]
Voi={f eV ) XNl en)nl® < oo},
n>0
which is a Hilbert space for the norm
111, = DA enhnl.
n>0

Then it is easy to see that V_; =V, Vy = H, V) =V with identity of
the norms. Morever, for s € (0,1),

Vs = Vo, V1)s
(the complex interpolation space) and for s € (—1,0),
Vs = (Vo, V-1)—s-
Lemma 7.1. One has for s € [—1,1],
Ya(Vs) = A "H2 0 (n=1,2,-).

In particular,
’}/n(%) = |)\n|_1/2~
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Proof. Let ¢, = \/%en. Then (€,),>0 is an orthonormal basis of V. For
uey,

<ua é7€>V = Z )‘n<ua en>H<6n> a@)ﬂ = \/)‘716<u> 619)7-[

n>0
Thus
n—1 n—1
Pnu - Z<u7 é;€>V é;f - Z<u7 ek>7‘[ €k
k=0 k=0

defines the orthogonal projection of V onto V,,. Moreover, in V one has
dist (u, V) = [lu— Pyul[y =) Al (u, ex)nl.
k>n

Let f € V,,u=A"'f. Then
(f, er)n = (Au, )y = Mo, ex)p.

Thus
lu — Poully, D kon Ml (U, e)
%L(VS)2 = sup ——5—— = sup —
au=f IR, fevedu=f D k0 Ml (s ex)ul?
Zan )‘1;1‘<f= 61€>H‘2 Zan )\Izl_SAZKf? 6k>7{|2
= sup s 5~ = sup p 5
fEVs Zkzo NI, ex) ] fEVs Zkzo AICS, ex)n]
S )\;1—8

since (A )r>o is increasing.
: _ 2 < At y-s—1
Taking f = e,, one sees that 7, (V,)* > = A5 d

Now let f € V,, where —1 < s <1 and let u = A7'f. Let u, € V
such that

a(un, x) = (f;x)  (x € Va),
i.e. u, is the approximate solution. Then by Theorem 6.3
ot = twallse < 3l X3 (B Il = A= OF20, 72) 5

Thus we obtain the following error estimate

Vs -

(7.1) lu = wnlle < N2 f

Vs

Remark 7.2. In this special case one can compute the error directly.
o0 n—1
In factu="> ", i(f, ex)per and u, =Y ;o (f, ex)uer. Thus

[e.9]

1 N o s Lo s
lu = wnll3, =Y el =D AT NI ennl” < AN f

)\2
k=n "k k=n

2
Vs
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which is exactly the estimate (7.1). This means that Theorem 6.3 gives
the best possible estimate of the error.

Let us provide an example of application of (7.1). Let K = C,
H = L*(0,27) with norm [|ul3, = & [Z" ju(t)?dt. Let V = {u €
H'(0,27) : u(0) = u(27)} with norm

27 27
= 5 [ P+ 5 [ lu e
2m J, 2m J,

Then the injection V < H is compact. Let a : V x V — C be given by

a(u,v) = %/0 ﬂu/(t)v’(t)dt + % i ﬂu(t)v(t)dt.

Let f € L*(0,27). Then there exists a unique u € H?(0,27) such that
u—u"=f u0)=u2r), u(0)=1d(2m).

In fact, u is the unique element of V such that a(u,v) = (f,v) for all
veV.
For u € H, let (k) = £ [T u(t)e~*dt be the k-th Fourier coeffi-

cient. Then o
a(u,v) =Y _(1+k*)a(k)o(k).
keZ

Let ex(t) = e** ¢t € (0,27). Then (e} )rez is an orthonormal basis of H
and u(k) = (u,er)y. Let V, = Span{e; : |k| < n} and let u, be the
approximate solution i.e.

a(tn, X) = (f,X)n (X € V).

Then our estimate shows that

1
ot — w2 < sl e,

(1+n?)

Let 0 <s < 1and V, :={u e L*(0,2n) : >, o, (1 + k*)*|u(k)]* < co}.
If f €V, then by (7.1),

(7.2) lu = unllze < (L4+n0%)71 72|

Vs -

7.2. Finite elements for the Poisson problem. In this section we
want to apply our results to show the convergence of a numerical ap-
proximation via triangularization for the solution of a Poisson problem
where coercivity is violated but essential coercivity holds. For simplic-
ity we choose K = R throughout this section. Let Q C R? be an open,
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bounded, convex set and let a;; : & — R (1 < 4,5 < d) be Lipschitz
continuous functions such that

d
Q55 = Aj; and Z aij(a:)&gj > Oé|£|2 (5 c Rd)
1,j=1

for all z € Q, where a > 0. Moreover, let b;,c; € WH>(Q) for j =
1,---,d and by € L*>(L2). We consider the operator A given by

d d d
Au= =) Di(ayDju)+) bDju—y Dj(c;u)+bou (u€ H(Q)).
ij=1 j=1 j=1

Note that A : H?(Q) — L*(Q) is linear and continuous.
Our aim is to study the Poisson equation

(7.3) Au=f

where f € L*(Q) is given and a solution u € HJ(Q2) N H*(Q) is to
be determined and calculated by approximation. We will impose the
uniqueness condition

(7.4) For all u € Hy(Q2) N H*(Q), Au = 0 implies u = 0.
We use the continuous, coercive form
ap : Hy () x H)(Q) — R
given by
d
ap(u,v) = Z / a;;DjuD;v
ij=17%

and also the perturbed form a given by

d
a(u,v) = ap(u,v) + Z /Q(bijuv + c;uDjv) + /Q bouv.
j=1

Note that the adjoint form a* defined by a*(u, v) = a(v, u) has the same
form as a. This is the reason why we also consider the coefficients c;.
Then the following well posedness result holds.

Theorem 7.3.

i) The form a is essentially coercive.
ii) Assume (7.4). Then for each f € L*() there exists a unique
solution v € HY(Q) N H?*(Q) of (7.5).
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Proof. a) We first show H?-regularity. Let u € H}(Q), f € L*(Q) such
that a(u,v) = [, fv for all v € H}(Q). Then v € H*(2) and Au = f.
In fact, let
d
g:=f—bou— Z(biju — Dj(cju)).

j=1
Then g € L*(2) and ag(u,v) = [, gv for all v € Hj(Q2). Now it follows
from the classical H?-result of Kadlec [11] (see [9, Theorem 3.2.1.2])
that u € H?(Q). It clearly follows that Au = f.
b) We show that a is essentially coercive. Let u, — 0 as n — oo in
H3(Q) and a(up,u,) — 0 as n — oo. Then Dju, — 0 as n — oo in
L?(2). Since the embedding of Hi () in L?(Q) is compact, it follows
that u, — 0 in L*(Q2). Consequently

/ b; Dty u, — 0, / ¢;Djuy.u, — 0 and / bou,.u, — 0 as n — oo.
Q Q Q

Thus also ag(tun, u,) — 0 as n — oo. Since ag is coercive this implies
|tn||gr — 0 as n — oc.
c¢) The form a satisfies uniqueness. In fact, let u € H}(Q) such that
a(u,v) =0 for all v € H}(). Then u € H*(Q) by part a) of the proof.
Hence u = 0 by our assumption (7.4).
d) Let f € L*(Q). It follows from Corollary 4.5 that there exists a
unique u € H}(Q) such that a(u,v) = (f,v)e for all v € H}(Q). Now
a) implies that v € H*(Q2) and Au = f.

U

Concerning the uniqueness property, we make the following remark.

Remark 7.4 (Eigenvalues and uniqueness). Replace the operator A by
Ay = A—XId (i.e. by by by — \) where A € R. Then there ezists a
finite or countable infinite set such that

{A\:(7.4) is violated for Ay} ={\, :n € N*, n < N}

where 1 < N < oo and A\, € R, lim,,_soc A\, = o0 if N = o0.
Ifby=---=bg=c1=---=cqg=0and by > 0, then A\, > 0 for all
n € N* and then we are in the coercive case. But in general there will
be also negative eigenvalues. The uniqueness condition (7.4) for A is
equivalent to saying that A\, # 0 for all n € N*.

Our final aim is to show that the finite element method yields an
approximation of the solution of (7.3).

For that purpose we assume that d = 2 and that ) is a convex
polygon. Let {7,}1~0 be a quasi-uniform admissible triangularization
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of Q (see [2, Definition 9.26]). In particular each 73, consists of finitely
many triangles covering {2 of outer radius rp < h.

For h > 0, we consider the corresponding finite element space V}, (see
2, Equation (9.35)]). Thus V}, consists of those continuous functions
on Q which vanish at 9 and are affine on each triangle T’ € 7,

The following fundamental estimates are classical (see e.g. [2, Ko-
rollar 9.28]) .

Proposition 7.5. There exists a constant ¢ > 0 such that for all h €
(0,1) and for each v € H?*(R),

(75) Xléléh ||'U - XHHl(Q) < Ch|'U|H2(Q),

where [v|%q) = [o(|Dv]? + 2| D1 Dov|* + [Dayvl?).

Note that Proposition 7.5 shows how we can approximate functions
in H?(Q) by finite elements and so far there is no relation with the
solutions of the Poisson equation.

We assume the uniqueness condition (7.4). Then by Theorem 5.2,
since the form a is essentially coercive, there exists hy € (0, 1] such that
for 0 < h < hgand u eV,

(7.6) a(u, x) = 0 for all xy € V}, implies u € V.

Let f € L*(Q). Since V, is finite dimensional, it follows from (7.6) that
for all 0 < h < hg, there exists a unique u;, € V}, such that

(7.7) a(up, x) = / fx for all x € V.
0

The finite elements (uy)o<n<n, are the approximation of the solution of
(7.3) we are interested in. They converge in H'(Q) with convergence
order 1 and in L*() with convergence order 2. More precisely, the
following is our main theorem of this section.

Theorem 7.6. Let f € L?(Q) and consider the approzimate solutions
up, 0 < h < hg. Then there exist 0 < hy < hg and constants ¢y, ¢y
independent of f such that

(7.8) | — unll ) < bl flle2)
and
(7.9) |l — unl|22(0) < C2h2’|f||L2(Q)

where u is the solution of (7.3).

Proof. Applying the closed graph theorem in the situation of Theo-
rem 7.3, we find a constant c3 > 0 such that

(7.10) ull z20) < esll fllz2@)
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whenever f € L*(Q2) and u solves (7.3).
By Theorem 5.2, there exist v > 0, 0 < hy < hg, both independent
of f, such that

v — unllg ) < ing‘ﬁh Ix — ull (@)
for all 0 < h < hy. Thus (7.5) implies that for 0 < h < hy,

[un — ullm @) < chylulm ).
Now (7.8) follows from (7.10).

Next we establish the L%-estimate (7.9). For that we compute using
(7.5),

dist h 2
(M) = sup ist(w, V) chlw| g2

<
weHE (ONH2(Q) HAwHL2(9)

weHL (Q)NH2(Q) HAWHH(Q)'
Since |w|p2(q) < ||w|| m2(q), it follows from (7.10) that v,(H) < ccsh for
all h > 0.

The same estimate is true for v;(H). Now assume that (7.9) is
false. Then there exists a sequence h,, | 0 as n — oo such that (7.9)

does not hold for all h = h,, and any constant c¢,. This contradicts
Theorem 6.3. l

Remark 7.7. There are other methods to approximate the solution of
a non-coercive advection-diffusion equation as (7.3). In fact, Le Bris,
Legoll and Madiot [13] use the Banach-Necas-Babuska lemma (instead
of essential coercivity as we do) and a special measure to construct an
approrimation.

The advantage is that no initial mesh hy has to be considered; on
the other hand there seems to be no such precise error estimate as our
quadratic convergence obtained in Theorem 7.6 even though numerical
examples are given in [13].

Still, another approach (based on Fredholm perturbation) is presented
by Christensen [5], which also involves the Babuska inf-sup condition.

Finally, let us mention the works by Droniou, Gallouét and Herbin
based on finite volume methods, which also present the advantage to
provide an approximate solution for this problem on any admissible
mesh [6].

One of the first results on the Galerkin method in a special non-
coercive case are due to Schatz [17] and Schatz—Wang [18].
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