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New eigenvalue estimates involving Bessel functions

Fida El Chami? Nicolas Ginoux! Georges Habib*

Abstract
Given a compact Riemannian manifold (M", g) with boundary OM, we give an estimate for
d
the quotient %, where f is a smooth positive function defined on M that satisfies
M SOy

some inequality involving the scalar Laplacian. By the mean value lemma established in [39],
we provide a differential inequality for f which, under some curvature assumptions, can be
interpreted in terms of Bessel functions. As an application of our main result, a direct proof is
given of the Faber-Krahn inequalities for Dirichlet and Robin Laplacian. Also, a new estimate
is established for the eigenvalues of the Dirac operator that involves a positive root of Bessel
function besides the scalar curvature. Independently, we extend the Robin Laplacian on functions
to differential forms. We prove that this natural extension defines a self-adjoint and elliptic
operator whose spectrum is discrete and consists of positive real eigenvalues. In particular, we
characterize its first eigenvalue and provide a lower bound of it in terms of Bessel functions.

Mathematics Subject Classification (2010): 53C27, 53C21, 58J60, 35P15, 34B09, 33C10.

Keywords: Bessel functions, Eigenvalues, Dirac operator, Yamabe operator, Robin Laplacian.

1 Introduction

Let (M™, g) be an n-dimensional compact Riemannian manifold with nonempty smooth boundary
OM. Denote by v the inward unit normal along the boundary and by Af := —tr(V2f) the Laplace
operator applied to a smooth function f on M. The aim of this paper is twofold. First, we study
the spectrum of some differential operators that arise naturally on manifolds with boundary and
are closely related to the Laplacian. Second, we generalize the Robin eigenvalue problem, which
consists in solving Af = Af on M with boundary condition 0,f = 7f on OM for some fixed
positive parameter 7, to differential forms on the manifold. In particular, we aim at establishing
sharp lower bounds for the smallest eigenvalue that depend on new invariants.

Our first fundamental result deals with the relationship between the integrals [,, fdu, and
/. an Jditg, where dpy denotes the Riemannian density on either M or M. Namely, we prove that,
as soon as the Ricci curvature of M is nonnegative and the (inward) mean curvature of dM is
positive, for any positive smooth function f on M satisfying Af < Af on M for some sufficiently
small A > 0, the quotient M

v Fdig
and a lower bound for the mean curvature, see Theorem [3.J1 Note in particular that no boundary

can be bounded below solely in terms of Bessel functions of A

condition is required on f here.
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This central inequality has numerous important consequences. Namely, applying Theorem Bl to a
first eigenfunction of the Laplace operator, we can recover in a straightforward way Faber-Krahn
inequalities for the Dirichlet (Corollary Bi4) and Robin (Corollary B.8]) eigenvalue problems
assuming only nonnegative Ricci curvature on M and positive mean curvature along M. The
former, that is originally due to G. Faber [I3] and E. Krahn [25], can be considered as standard,
see e.g. [9, Thm. 2 p.87]. The latter, which is an immediate consequence of a new lower bound for
the first Robin-eigenvalue (Corollary B.7)), was proved by D. Daners [11, Thm. 1.1] for domains in
R™ and by A. Savo in [40, Thm. 4] for more general manifolds with suitable curvature bounds.

Surprisingly enough, Theorem [B.J] can also be applied to eigenvalue problems for differential
operators that can be considered as “far” from the scalar Laplacian. For instance, new lower
eigenvalue bounds for the Dirac operator are derived in Theorem [M.1] and Corollary [4.4] under
several boundary conditions. The former is a direct application of Theorem B.1] choosing f to be
the squared length function of some Dirac-eigenspinor; the latter combines a so-called Hijazi-type
estimate due to S. Raulot [35, Thm. 1] with a new lower eigenvalue bound for the Yamabe operator
we obtain in Theorem All lower bounds for the Dirac operator involve the scalar curvature
of M as well as the mean curvature of OM, as can be expected because of the central role of
the Schrodinger-Lichnerowicz formula relating the squared Dirac operator with the associated
rough Laplacian. Moreover, our lower bounds enhance and rely on former ones due to D. Chen
[10, Thm. 3.1] for the so-called gAPS boundary condition (generalizing [23] Thm. 4] dealing with
the APS boundary condition), O. Hijazi, S. Montiel and A. Rolddn for the so-called CHI [22|
Thm. 3] as well as the MIT bag [22] Thm. 4] boundary conditions, and that of D. Chen again [10,
Thm. 3.3] for the so-called mgAPS boundary condition (generalizing [22] Thm. 5] dealing with the
mAPS boundary condition). It is worth mentioning here that, while our curvature assumptions are
stronger than those required by the authors cited above, the estimates we obtain are also stronger
since they allow for nontrivial bounds even in case the scalar curvature of M vanishes at one point.

Coming back to the Robin eigenvalue problem, we show that it can be generalized in a natural way
to differential forms by requiring the boundary conditions

F(vodw) = 7*'w  and K (vaw) =0 (1)

for an eigenform w of the Laplace operator A := dd, + d4d on p-forms. Here and in the following,
t: OM — M denotes the inclusion map. As for the case of functions, both the so-called absolute
and Dirichlet boundary conditions can be seen as particular cases of ([II), the former setting
7 := 0 and the latter letting 7 — oo. We first check in Theorem that, assuming 7 > 0, the
Laplacian A is a self-adjoint and elliptic operator with trivial kernel. Relying on [42] Ch. 5, Sec.
9], we also give in Proposition a variational characterization of its first eigenvalue A\ (7). As
a first consequence, we prove in Proposition 4] that the first eigenvalue of the Robin Laplacian
always lies between the corresponding absolute and Dirichlet ones. With the help of the Bochner
formula, we deduce from Theorem [B.Jlan estimate for the first eigenvalue A; ,(7) in terms of Bessel
functions, see Theorem B3l As a by-product, we can also derive a lower bound for the gap between
Robin eigenvalues on differential forms (Theorem [.8) and a Gallot-Meyer-type estimate in case
the curvature operator of M is positive (Theorem [5.9]).

The article is organized as follows. After introducing the necessary preliminaries and notations in
Section 2] we prove the main inequality (7]) and derive its first consequences in Section Bl Sections
@ and Bl are devoted to the application of the main result to the Dirac and the nonscalar Robin
eigenvalue problems respectively. Definitions and some of the basic properties of Bessel functions
are recalled in the appendix.
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2 Preliminaries

Let (M™,g) be a compact Riemannian manifold of dimension n with nonempty smooth boundary
OM. We denote by p: M — [0, 00| the function defined as p(z) := d(z,0M). Let us first recall
basic properties of this function p which mainly are contained in [39] and are also well explained in
191 B6]. It is not difficult to check, by the triangle inequality, that the function p is Lipschitz and
its gradient has unit norm a.e. on M. In general, the function p is not of class C'! and therefore its
Laplacian does not exist as a smooth function. We denote throughout this paper by v the inward
unit normal vector field to the boundary. We denote by Cut(9M) the so-called cut-locus of M in
M, which is defined as the set of points in M from which more than one minimizing geodesic to
the boundary exists.

This set is closed and has measure zero and moreover the function p is smooth on its complement
(that is usually called the set of regular points), see e.g. [39, Thm. D.1]. To be more precise,
the function p is smooth on the set p~1[0,inj(dM)| where inj(OM) = d(OM,Cut(OM)) is the
injectivity radius. In this case, it is proved in [39] Subsection 3.2] that the Laplacian of p splits “in
the distributional sense” into a regular part A.e;p and a positive singular part (with support in the
cut-locus) that both can be computed in terms of the local normal coordinates [39, Eq. 5]. More
explicitly, if we denote by (r,x) the normal coordinates of any regular point (r being the distance
of that regular point to x € M), one has Aeep(r, ) = —%%(r, x), where 6 denotes the density of

the pull-back of the volume form (via the local normal exponential map) in normal coordinates.

Given now any smooth function f on M, we define for any r > 0 the function F(r) := / fdpg.
{p>r}

Clearly, the function F' is Lipschitz and is smooth on the interval [0,inj(0M)[. Moreover, by the

co-area formula, its derivative is given by F’(r) = —/ fdpg a.e. on [0, 00, see [39, Lemma 2.4]
p=r

for a detailed proof. The mean value lemma expresses the second derivative F”(r) in terms of the

Laplacian of f through a differential equation that is valid in the sense of distributions. Namely,
39, Thm. 2.5]

F'(r) = - (/{ g }Afdug) + p(fAp)(r), (2)

where p,(fAp) denotes the push-forward of fAp by p, that is for any test-function ¢ on [0, co| we
have

(P (FAP)) = /0 T ( /{ }Ap(m)f(w)dug> dr. (3)
p=r

In order to estimate the push-forward in the mean value lemma by some geometric quantities, we
require the manifold M to have (n— 1)K as a lower bound of the Ricci curvature and Hy as a lower
bound of the mean curvature of the boundary. In this case and by the Heintze-Karcher volume
inequalities [20], one gets in the sense of distributions that

/



where © is the function defined by O(r) = (s4(r) — Hosk(r))" ! with

\/% sin(rvK) it K >0,
SK(V“) = r if K = 07
\1K| sinh(ry/|K|) if K <0.

Therefore if the function f is nonnegative on M, then it follows from (3]) that (see also [36, p. 10])

/

po(720) > T (5)
on the half line. We point out that when M is a geodesic ball in the simply connected manifold
M of constant curvature K, then equality holds in (@) (as well in (@) for every smooth function
f. Also, if we let R := max{d(x,0M)|x € M} be the so-called inner radius of M, then the function
© is positive on [0, R[ and ©(R) = 0 if and only if M is a geodesic ball in M. Moreover, denoting
by R the first positive zero of the function r + s%(r) — Hosg(r), we have R < R and equality
holds if and only if M is a ball in Mg [24, Thm. A].

In this paper, we are interested in studying solutions of the differential equality ([2]) in case f is
a positive smooth function satisfying Af < Af for some A > 0 (or later a first eigenfunction of
the Laplacian). An easy computation using (2)) and (B) shows that the corresponding differential
inequation arising from such a f is (still in the sense of distributions)

F"(r) — %/FI(T) + AF(r) >0, (6)

with F(0) = / fdug and F'(0) = —/ fdpg. Keep in mind here that the manifold M is always
M

assumed to have respectively (n — 1)K ]\;nd Hj as lower bounds of the Ricci curvature and mean
curvature. It is well-known from the general theory of differential equations (Gronwall Lemma) that
the solution F' of (@) is always bigger than or equal to that of the corresponding differential equality
— that is, when (6] is an equality — with the same initial conditions. However, such differential
equations cannot be explicitly solved in general as the term in © is hard to control. A first step
in controlling that term was performed by A. Savo and P. Guérini who compute the infimum of
T —%(r) over all 7 running in [0, R[ (remember that F’(r) is nonpositive). In this case and under
some further curvature condition [19, Eq. 3.1}, this infimum turns out to be (n —1)Hy and (@) can
be reduced to an inequality with constant coefficients whose corresponding differential equality can

faM fdpg

Jor Feng
of Hy and the inner radius R [19, Thm. 3.1]. They also deduce well-known sharp estimates for
the first eigenvalue of the Dirichlet Laplacian (when f is an eigenfunction) [19, Cor. 3.2], such as

McKean [30] and Li-Yau [29] inequalities.

be explicitly solved. As a consequence, they find a lower bound for the quotient in terms

A second step was initiated by S. Raulot and A. Savo who consider subharmonic functions (i.e.
A = 0). In this particular case, the corresponding differential equation associated to (@) is a linear
first order differential equation in F’ and the solution can be expressed in terms of ©. Namely,

d
7‘981‘/1;(1:9 is bounded from below by m [36, Thm. 10]. This
M J Oty

leads to an estimate for the first eigenvalue of the so-called biharmonic Steklov operator originally
introduced in [26] and [32].

they prove that the quotient

As we said before, the expression of ©® which involves sine and hyperbolic sine is difficult to manage,

we shall therefore restrict ourselves to the case where K = 0. In this case, the term % becomes

equal to (?::}{Igo. Therefore, if we make the change of variable s = 1 — rH(y and assume moreover




that Hy > 0, the corresponding differential equality of (6) becomes an equation of Bowman type
(see Equation (@8] in the appendix) that can be solved in terms of Bessel functions. It turns out
that, depending on the dimension of the manifold, we get solutions depending on Bessel functions
of first and second kind.

3 Laplacian on functions

In this section, we establish an eigenvalue estimate for the Dirichlet and the Robin Laplacian. As
Jonr Fing
S Feng
mean value lemma. Here f denotes a positive smooth function satisfying some inequality in terms
of the Laplacian. Note that no boundary condition is required on f to estimate this quotient. In
the following, we will denote by J, the Bessel function of order v (see the appendix) and by j,
the k-th positive zero of J, for k > 0.

we said before, we express the quotient in terms of Bessel functions with the help of the

Theorem 3.1 Let (M™,g) be a compact Riemannian manifold with smooth boundary. Assume
that the Ricci curvature is nonnegative and the mean curvature is bounded from below by Hy > 0.
Assume also that there exists a positive smooth function f satisfying Af < Af with A > 0. Then,
f Ho < Jjz,1, we have that

1(5)
>
[ siny = VA e '] sy 7
If equality holds in (), then (M™, g) is isometric to a geodesic ball in R™ of radius R = HLO‘

Conversely, if M is a geodesic ball of radius HLO in R™ and Af = Af for some smooth function f
with }é—g < j%,l, then we have equality in ().

Proof. Since Ric > 0, we then consider ©(r) = (1 — rHy)" . Using Inequality (@), we find that

H
" ( ) 0 Va
(1) + g ) + AF() 2 0 (5)
Now, we consider the corresponding differential equation y(r) satisfying
" (n—1)Hp , _
v g o Y (r) +Ay(r) =0
with the same initial conditions as F'. Namely,
FO) = 9(0) = [ fd, and F'(0) / Fug.

By making a change of variable s = 1 — rHy, the above differential equation transforms into a

Bowman equation, see Equation (@) in the appendix where we let v := 1, 5% := A

Iz and o :=m :

5. Thus the solution is given by
(1 —rHp)2 <AJ% <H£(1 - TH0)> + BY= (‘Ié—;(l - rHO))> if n is even,

y(r) =

(1 rHp)? <AJ% (%(1 - TH0)> +BJx <— 1- ’I“HQ))) if 1 is odd.

We will first consider the case when n is odd. Taking into account the initial conditions of y, the
constants A and B must solve the linear system

AJ () + BJ_z (¥ / Fdg

_A\/_Jn_l( )+B\/_J__+1 (%) / fdpg.



For the second equation in the above system, we use the fact that the derivative of the function

— (1 — THO)%J%(%Q — rHy)) is equal to —v/A(1 — 7Hp)?2 Jn_ 1(\/_(1 — rHy)) from the third
equation in ({G]). Also we use the fourth equation in (4@l to compute the derivative of the function
r—(1— THO)%J,%(}%(l —rHp)). This linear system has clearly a solution (A, B) since from the

first equation in (1) the determinant of the corresponding matrix is equal to ﬁsm(’m) #£0,asn
is assumed to be odd. Therefore, we deduce that

T VA A
s s () 5 () )

T 2 A
b= 2Hysin(72) <_J% <Fo> /BM fdlug+\/XJ%—1 <Fo> /Mfd,ug> :

Now Inequality (&) allows to deduce that, in the sense of distributions, F'(r) > y(r). Therefore
R > Ry where Ry is the first positive zero of y (such an Ry exists since F'(R) = 0). As © is positive
on [0, R[, two cases may occur for O(Ry), which is nonnegative:

and,

e Case where ©(Ry) = 0: In this case, Ry is the unique positive zero of © (recall that O(r) =
(1 — 7Hp)" ). Hence, from [36, Prop. 14] (see also [24, Thm. A]) we deduce that Ry > R and
thus R = Ry = HLO The manifold M is then isometric to the geodesic ball in R™ of radius R.
Now, from the series expansion of the Bessel function in the appendix, we have that the term
(1— THO)%J%(}%(l —rHp)) tends to 0 and (1 — THO)%J_E(g(l —rHp)) tends to the constant
V-2
)2

term of the series IEQ(H* # 0 when r — H . Thus, the fact that y(Ro) = y(4 =) = 0 yields B =10
and we deduce the equality in (7).

J_5 (¥2(1—RoHo))
e Case where ©(Rg) > 0: As y(Rp) = 0, we get that —4 = —2 1o
8= o)

we can assume that B # 0 since otherwise we get the equality in (7). Also, by assumption the
inequalities

. We notice here that

VA IFERRVA\ VA
0< FO@(RO)“*1 = Fo(l — RoHy) < H <Jza 9)

assure that Jn (1\4—5(1 — R0H0)> # 0. Now, an easy computation that uses Equations (@) and (@7)

in the appendix shows that (J_” ) (x) = —25”“”’ for all real v. In particular, for v = Z, the function

J,ﬁ
x — —=(z) is increasing (resp. decreasing) when 251 is odd (resp. even) on (0, 00) \ {zerosof Ju }.

Ty
But usmg the expressions of A and B, we deduce from (@) that the following inequality

% \é_i / fdpg+\/_J——+1 <\}/I—§> /M fdug Jon <\I§_;>
N[ 08
}4—5 / fd,ug \/_Jﬂ_l (E) /M fd,ug 0

holds when "T_l is odd (resp. even). Taking the common denominator and using again the first
equation in (7)) yields Inequality ([7).

The case when n is even is similar to the odd case where J,% is replaced by Y%. In this case, the



linear system becomes

AT () + BY3 ) = [ fd,

_A\/_Jﬂ_l(F)‘) B\/_Yg_l (%) / fdug,

which clearly admits a solution by taking into account the second equation in (7). The constants
A and B are then equal to

~ —Hy VA VA
ST (Y (F) P =AY (F) ! d“g) |
B = _2—? <—J% <\}/I—§> / fdpg + VT2 (—) fdﬂg>

Now we proceed as in the odd case, i.e. two cases occur as well. When ©(Ry) = 0, we deduce that
B =0as (1-rH)? Yu (Hio(l—rHo)) tends to the constant term of the series —%(%—1)!(%)_% # 0.

. . A Y%<H0 - ROHO))
Thus, we get the equality in ([@). When ©(Ry) > 0, we have —5 = S (‘/X(l — )). An easy
n Hio —4oL1o

2

computation that uses Equations (@6l and (@7) in the appendix shows that (}/—Z)’ (x) = WQJQ which

and,

is always positive on (0, 00) \ {zerosof J, }. Hence x — ?;—l”/(:v) is increasing and thus for v =
find after using Inequalities (@) that

va (%) /BMfdug—\/XYgl (é—f) /Mfdug v, (%)
<
T (B) [ fdug = VAT (é—f) | fu s (

which leads to the same result as before by the second equation in (7). In the rest of the proof, we
discuss the equality case of Inequality ([]). Assume namely that equality holds in (), then B = 0.
Next, we prove that ©(Rp) > 0 (recall that Ry is being the first positive root of y) cannot occur in
this case, so that we are just left with ©(Ry) = 0 which means M is a geodesic ball of radius HLO in
R™. Indeed, because y(Ry) = 0, we write

5, we

=y(Ro) = A(1 - RoHo)%Jg(\}/I—?(l — RoHy)).

Since Jg(}é—g(l — RoHy)) # 0 because of (@), if we assume by contradiction that ©(Ry) > 0
then the above equality gives that A = 0. Thus we get y = 0 which contradicts the fact that

y(0) = / fdpg > 0. To finish the last part of the equality case, let M be a geodesic ball of radius
M

HLO in R™. As mentioned before, the inequality in (Bl), as well as in (8]), are in this case equalities.
Therefore, we get that F'(r) = y(r) and R = Ry. Because on the ball we have that O(R) = 0, we
deduce that B = 0. O

Remark 3.2

1. Recall from [I], 43] that the zeros of J,, and J,1; satisfy j,1 < o411 < Ju2 < Jug12 < -- . As

Jn _
3% “(x) is positive on the interval ]O,j%,l,l[ and negative

n | VESSRE j%,l[. In particular, Inequality (7)) does not provide any new information on the
interval ]j%,l,l,j%l[.



2. The case where Hy = 0 was handled in [19, Thm. 3.1] but we just add the result for com-
pleteness. If VAR < 5, then the corresponding inequality is

/ fdpg > VAcot(VAR) / fdpg.
oM M

In this case, one can deduce estimates for the first eigenvalues of the Dirichlet and Robin

Laplacian, see [19, Cor. 3.2], [40, Cor. 3], [29], [30].

An immediate consequence of Theorem [B]is when the function f is subharmonic (i.e. Af < 0).
Namely, we have

Corollary 3.3 Let (M™,g) be a compact Riemannian manifold with smooth boundary. Assume
that the Ricci curvature of (M™, g) is nonnegative and the mean curvature of OM is bounded from
below by Hy > 0. Let f be any positive and subharmonic function. Then

beMg
7fodug > nH,. (10)

Equality holds if and only if M is isometric to the geodesic ball By, of radius HLO In particular,
for f =1, one has
Vol(OM)

Vol(M)
where equality holds if and only if M is isometric to By, .

> TLH(), (11)

Proof. By applying Theorem B] to the function f, we deduce from Inequality () that for any
A >0 with Y2 < jn ; we have

Ju(x) ~
Jut1()

Z(V—;U for small x [27] p. 192], leads to the result. The equality case follows also directly from
Theorem BTl O

with z := }{,—5 Taking the limit as + — 0 and using the fact that for all v > 0 we have

We point out that Inequality (I0) is weaker than Raulot-Savo’s estimate [36, Thm. 10] which states

that
faM fdug > 1 nHQ

Jar Fdpg fo r)dr T1- (1= RHo)™
This is due to the different solution of the dlfferential equation in [36] which does not involve the

Bessel functions. Also, we notice that Inequality (II]) is also weaker than the estimate in [20], [38],
known as Heintze-Karcher-Ros, which is

/ d,ug > nVol(M),
BM

where H is the mean curvature.
Recall now that the quotient of two consecutive Bessel functions is given by the series [43] p. 498]
+1
el S

E>1 Jvk

Jn()

for any v > —1. Hence, for v = § — 1, the function z — 72— increases on R \ {zerosof Ju_1}.

It is also positive on ]O,j%_u[ and negative on ]j%_Ll,]gJ[ Using this, we obtain the following
estimate for the first eigenvalue of the Dirichlet Laplacian, known as Faber-Krahn inequality [9]:



Corollary 3.4 Let (M™,g) be a compact Riemannian manifold with smooth boundary. Assume
that the Ricci curvature of (M™, g) is nonnegative and the mean curvature of M is bounded from
below by Hy > 0. Let By, be the geodesic ball of radius HLO in the Fuclidean space. Then the first

eigenvalue of the Dirichlet Laplacian )\{) satisfies )\{) > )\{)(BHO) = ng%q 1- Equality is attained
2 K
if and only if M is isometric to the ball By, .

Proof. Let f be a positive eigenfunction of Dirichlet Laplacian associated to the first eigenvalue

AP Tf VAP < Hoj%,m < Hoj%,l, then we get from Inequality (7)) that

e ()
21
:/ fdpg > /AP - h;o /fdug>o.
A M
7 ()

Vo

Hy

This leads to a contradiction. If now equality is realized, then we still have
the inequality

< j%,l and thus

becomes an equality. Therefore, we deduce the result from the characterization of the equality case
in Theorem B.Il This ends the proof. O

In the following, we are interested in estimating the eigenvalues of the Robin Laplacian. Recall that
this boundary problem is defined as follows: Fix a positive parameter 7 and consider the boundary

value problem
Af=M\f on M,

%:Tf on OM,

(12)

where v is the inward normal vector field to the boundary. It is well-known that the eigenvalues
of the Robin Laplacian form an increasing sequence 0 < A\j(7, M) < Ao(7, M) < --- (counted with
multiplicities) and depend continuously on 7. When 7 tends to zero, the Robin Laplacian reduces
to the Neumann Laplacian while it is the Dirichlet Laplacian when 7 — oo. Using Theorem B
we will establish an estimate for the first eigenvalue of the Robin Laplacian in terms of the zeros of
Bessel functions. First, observe that, for any eigenfunction f associated to an eigenvalue A of the
problem ([2)), we have

)\/M fdug = /M Afdpy = /aM %dug — T/aM Fdug. (13)

faM fdpg

Jor Feng
account, we get the following

Therefore, the quotient is just equal to % whenever || v fdpg > 0. Taking this fact into

Corollary 3.5 Let (M™,g) be a compact Riemannian manifold with smooth boundary. Assume
that the Ricci curvature of (M™, g) is nonnegative and the mean curvature of OM is bounded from

below by Hy > 0. If 7”)\}1(,2’]\/[) <Jz1 then




If VA1 (T,M)

s <Jz-1,1 equality is realized if and only if M s isometric to the ball By, .

Remark 3.6 From the characterization of the equality case of Inequality (), for which B = 0 as
was shown in the proof of Theorem B.I] and in view of (I3]), we deduce that on a geodesic ball By,
in R™ any eigenvalue A\(, By, ) of the Robin Laplacian associated with an eigenfunction f satisfies
the equality

A, B A, B
g (2@Bm) Ao, (YA B Fdiy = 0.
2 Hy 2 Hy B,
Hence, for the first positive eigenvalue Ai(7, By,) (in this case f is positive), the term %

. . Jn (2) T .
is a root of the function = — #1(1‘) — 75 which is defined on R \ {zerosof J %_1} and increases

from —oo to 0o on 0, jz_q1[. It is indeed the first positive zero on that interval, see [3, Rem. 2.9,

VA (7,Bug)
Hy

[, p. 4] for more details. Therefore, we deduce that lies in the interval ]0, j%,m[.

Using the above corollary, we have the following estimate

Corollary 3.7 Let (M™,g) be a compact Riemannian manifold with smooth boundary. Assume
that the Ricci curvature of (M™,g) is nonnegative and the mean curvature of OM is bounded from

below by Hy > 0. Fiz any positive number mp < j%—Ll and set a = Zk>1 o —— 27 . If 7 > aHy,
l,k

then
A (7, M) > H27Z.

Equality case is realized if and only if M s isometric to By, and 7 = aHj.

Proof. Assume that /A1 (1, M) < Hyrp < Hojz 4, then by Corollary we get that

Ju < ,\I(T,M)>
2 Hy (7. M
M(r, M) > > T (7 ),
g A (7, M) aHg
3 Ho
. J% (70) 27’3 . . .
with o = TS = _72. The last inequality comes from the fact that the function

7 (z ) > k1 7 xQ —7 is increasing on ]0, jz 1 ;[ and thus for v = 5 — 1 and  €]0, 7o[, w

Jﬂ
have =2 - (r) < %. This leads to a contradiction. Assume now that the equality case is attained.

Then we still have that 7v() <Jz-11 and the inequality in Corollary B3l

In A (T, M)
271 Ho Jo_1(m0) 1

Horg =/ M(1,M) > T =T =7— > Hgro,
(0]

Ta <\/>\1(T,M)> JIn (10)

Hop

becomes an equality. Therefore, we deduce that M is isometric to By, and 7 = aHy. Conversely,
on the geodesic ball By, we have equality in the estimate of Corollary Hence we write, for
T = aHy,

T )q(TBHO)
271 Ho Jn_1(70)
)\1(’7’,3[{0): H(]i :TQH().

’ ™ (.Bm) sa
1\T,DbH
s (L)



Here, we use the fact that the function x +— JJ—J”rl(x) is decreasing. Hence, we get the other side of

the estimate and thus the equality is attained. O

Using the previous result, we will compare the first eigenvalue of the Robin Laplacian on M to
the one on the ball Bp,. This is known as the Faber-Krahn inequality proved by Daners [11] for
Fuclidean domains. We have

Corollary 3.8 Let (M™,g) be a compact Riemannian manifold with smooth boundary. Assume
that the Ricci curvature of (M™, g) is nonnegative and the mean curvature of M is bounded from
below by Hy > 0. Let Bp, be the geodesic ball of mean curvature Hy. Then

A (1, M) > \i(7, Bp,)-

Equality is realized if and only if M is isometric to the geodesic ball B,.

Proof. In view of Remark [3.6] we have that 7%;)3%) < j%—Ll' Therefore, we set 7y := %
in Corollary B.7l In this case, we get that
o J%(TO) VA1 (7, Bay) T T
=170 — = —
Jn_1(70) H Vi (7, Br,) Ho
Hence Corollary B finishes the proof of the result. O

Remark 3.9 According to [33], the best possible lower bound for j,; (for v > 0) is the positive

number 7 = v — a—}u% where a1 >~ —2.3381 is the first negative zero of the Airy function. Therefore
23
for v = § — 1 with n > 3, one can easily check that 7o > 5. Thus if we choose 7 > aHj, one gets

2
Ai(r, M) > r2H2 > %Hg > nHyr — 72> (n— 1) Hor — 72

The last lower bound has been obtained in [5] under the further assumption that I7+7 > 0, where
1T denotes the second fundamental form of the boundary.

4 Eigenvalue estimates for the Dirac operator

In this section we give, under curvature assumptions, new estimates for the first eigenvalue of the
Dirac operator defined on compact manifolds with boundary. These estimates are expressed in terms
of zeros of Bessel functions and a lower bound of the scalar curvature. They improve Friedrich-type
estimates originally established on closed manifolds [I5] and generalized later on manifolds with
boundary, see e.g. [22] or [I8 Ch. 4] for references.

We assume here the smooth compact Riemannian manifold (M™,g) to be spin with fixed spin
structure. For more details on spin manifolds, we refer to e.g. [6], [16], [28, Ch. 1&2], [7, Ch. 1], [I8,
Ch. 1]. Under that assumption, there exists a smooth Hermitian vector bundle XM — M called
the spinor bundle of M on which T'M acts by Clifford multiplication. We denote by X ® ¢ — X - ¢
that Clifford multiplication. There exists on XM a metric connection that preserves the Clifford
multiplication and that we denote by V*™. The Clifford trace of that connection is the first-
order differential operator called the Dirac operator. Formally, for any section 1 of XM, we have
Dy = 2?21 ej - VeEjMw, where (ej)i1<j<n is an arbitrary local g-o.n.b. of TM. Recall also that a
spin structure on M induces a spin structure on dM via the inner unit normal vector field v along
OM . This provides a unitary isomorphism

YOM if n is odd

EM"’M — { YOM @ X0M if n is even
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for which a GauB-type-formula relates the compatible connections on XM and X0M. In particular,
the following formula holds along OM for any ¢ € T'(XM), see e.g. [I8, Eq. (1.22)]:

Dy =v-VyMy4u. (DaMw — %w) : (14)

where H := ﬁtr([ I) is the mean curvature of M in M and DM is either the Dirac operator
on OM (if n is odd) or its symmetrization (if n is even), we refer to e.g. [I8, Sec. 1.4] for details.
Here I := —VMy denotes the Weingarten map of the boundary.

The Dirac operator is known to admit the following four elliptic boundary conditions: CHI, MIT
bag, gAPS and mgAPS, see e.g. [22] or [I8], Sec. 1.5] for a survey. Recall first that the corresponding
boundary value problem consists in solving Dy = Ay on M where 9 lies in the kernel of the
boundary operator B corresponding to one of the boundary condition listed above. It is proved in
[22, Prop. 1] that, under these boundary conditions, the spectrum of the Dirac operator consists
of a discrete unbounded sequence of eigenvalues with finite dimensional eigenspaces. For the CHI,
gAPS and mgAPS boundary conditions, the spectrum is real, however for the MIT bag condition
it is contained in the upper half of the complex line C.

Let us now recall briefly these boundary conditions. The CHI boundary condition is associated
to the so-called chirality operator, defined by the endomorphism Bcy = %(Id — v - G), where
v is the unit normal vector field to OM and G is the restriction on dM of the endomorphism
G : XM — XM which is involutive, unitary, parallel and anticommuting with Clifford multipli-
cation on M (it corresponds to the complex volume form for n even). The MIT bag condition is
defined by the operator Byt = %(Id — iv-). For the gAPS, known as generalized Atiyah-Patodi
Singer, the boundary operator Bgaps is defined as the L?-orthogonal projection onto the subspace
generated by the eigenvectors of the Dirac operator on OM (if n is even or its symmetrization if n
is odd) corresponding with eigenvalues not smaller than some number 5 < 0. Finally, the boundary
operator Bpgaps for the condition, known as modified generalized Atiyah-Patodi-Singer, is defined
as BmgAPS = BgAps(Id + V-).

In [22], the authors provide a Friedrich-type lower bound involving scalar curvature [I5] for the first
eigenvalue of the Dirac operator and for each of the above boundary conditions (see also [10], [23]).
They also discuss the equality case of those estimates which turns out not to be always achieved
depending on the imposed boundary condition; moreover, for the cases where the equality is realized,
the boundary has to be minimal. We notice here that the positivity of the scalar curvature as well
as the nonnegativity of the mean curvature of the boundary are required in this context in order
for the lower bound to be positive. In the following, we will give a new estimate for the eigenvalues
of the Dirac operator under the boundary conditions mentioned above (except the MIT bag) by
using the result in Theorem Bl The new fact in our estimate is that the lower bound not only
depends on the minimum of the scalar curvature (as for Friedrich’s lower bound) but also on a
positive root of some function involving Bessel functions. In particular, this estimate still gives us
information on the spectrum when the scalar curvature of the manifold vanishes at one point.

Theorem 4.1 Let (M™,g) be any smooth compact Riemannian spin manifold with nonempty
boundary OM. Assume Ric > 0 on M and H > Hy on OM for some positive constant Hy. Let
A be any eigenvalue of the Dirac operator of M endowed with any of the CHI, gAPS or mgAPS

boundary conditions. Let 19 be the only zero of x +— a:Jn%(lx()x) —(n—=1) on ]O,j%_l,l[. Then
5
n nHZT3
A > ——min(S — 00 15
I =) P+ 5y (15)

where S is the scalar curvature of (M™,g).

12



Proof. We consider the nonnegative function f := %|1/)|2 on M, where v is any spinor field on
Y M. It is elementary to show that, with the help of the Schrédinger-Lichnerowicz formula D? =
(VEM)*gEM %Id, the following identity holds for :

Af = =3 J 4 Re((D,4)) — ~1Duf ~ |PYP, (16)

where P: T'(XM) — T(T*M ® ¥ M) is the so-called Penrose operator, defined by Py = VM) +
%X - Dy for any vector field X € T'M. Taking 1) to be a nonzero Dirac-eigenspinor associated to
the eigenvalue A (remember that A is real under the imposed boundary conditions), we obtain

) o2 Ao 2
AF = DR - g - Pyl
S 2\
= —SfH2f =T f — |PyP
2 n
2(n—1) [ n 9
pr— _—_— e — JE— P
=2 (3= s s) £ 1Pl
2(n—1) [ 5 n )
< 2 7 "
< 22D (e ) £, a7)
that is, Af < uf where y1 := ( 1) <)\2 ﬁ minM(S)>. Notice that, by all eigenvalue estimates

proved in [22] for the boundary Condltlons assumed in our theorem, we have p > 0 (remember that
H > Hy > 0). On the other hand, using Gaufl formula (I4]), we compute

[ sy = [ ougan,
M oM

- / Re(VEM 4, 4))dpg
oM

(n — )

D[ Re(-v- Dy - 0Py B g,
oM

= A / Re((v -1, ¥)) dpg — / <DaMw,w>dug+41 / HIyPdpg
OM oM 2 Jom

= _/ <D8M¢a¢>dﬂg+(n_1)/ H fdpg.
oM oM

Now since by assumption H > Hy, f > 0 along OM and / (D8M¢,¢>d,ug < 0 for any of the

oM
boundary conditions under consideration (see e.g. [I8, Ch. 4]), we obtain

| Atduy= -1y [ s, (18)

M oM

Notice here that no condition on the Ricci curvature is required to get Inequalities (I7) and (IS)). By
f

contradiction let us now assume that

J x
< 19, where 7p is the only zero of x — :Uin()x) —(n—1)

on ]O,j%_m[. Since in particular g—; < ]%_171 and by assumption Ric > 0 on M and H > Hy > 0
on OM, Theorem Bl can be applied to f and yields

/de/tg_\/_Q Gty /fug

Note that in particular the function f cannot vamsh 1dent1(:ally on the boundary. But (I8]) together
with Af < pf implies ,u/ fdug > (n — 1)H0/ fdpig, so that
M

) (- 1)H,
I_\IF) : " /aMfdMgh

/ fdpg = /i %4

-1
Jn(
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Tn () In_y(x) :
from which L > 2= P follows. By assumption on w1 and since x +— is decreasing on
7 Gk g
. Jn _41(70)
10, ]%_171[ we deduce that — 1 > TQQTl(:'—QO) = = 1, which is a contradiction. Therefore /i > Hoo,

which concludes the proof of the inequality (I5]). Next we prove that the equality in (I5]) cannot be
realized. Assume it were the case, then we would have equalities in all the above inequalities and
from Theorem [B.I] the manifold M must be isometric to a geodesic ball. Furthermore, the spinor
field ¢ is a Killing spinor (as a consequence of being a twistor spinor and an eigenspinor) with
Killing constant —%. But since on the one hand the scalar curvature of a manifold with such a
Killing spinor must be equal to %(n —1)A% and M is Ricci- and hence scalar-flat on the other hand,
we deduce that A = 0. This contradicts ¢ > 0 and concludes the proof of Theorem (11 O

Let us now discuss the Dirac spectrum under the MIT bag boundary condition. As we mentioned
before, the eigenvalues of the Dirac operator are in this case complex numbers with positive imag-
inary part. This fact follows directly from the relation [22] p. 386]

S N (19

which holds for any eigenspinor v associated with an eigenvalue A. Now, if we come back to Equality
@0 with f = %]1/1\2, we get after using the nonnegativity of |P1|? that

Af = —§f+ 2Re(M\) f — 2%]” — |Py[?
< —§f+ 2(Re(A?) = [AP)f + @W
2(n — 1) n . 2n
< 2R (I gy () = ) £ 2

However, we do not have any control on the sign of the r.h.s. of Inequality (20) in order to deduce
an estimate for the eigenvalues using Theorem Bl as we did for the other boundary conditions.
Notice that S. Raulot established in [34, Thm. 1] a lower bound for the first eigenvalue of the
Dirac operator with MIT bag condition that involves the imaginary part of A and a lower bound
of the mean curvature (assumed to be positive) but unfortunately it still does not provide any new
information on the sign of the r.h.s. of (20). We can however give a new and short proof of Raulot’s
estimate [34, Thm. 1]:

Theorem 4.2 (S. Raulot [34]) Let (M",g) be a compact Riemannian spin manifold whose
boundary satisfies H > 0. Then any eigenvalue A of the Dirac operator of M, under the MIT
bag boundary condition, satisfies

N2 > min(S) +nHolm(\),

n
dn—1) M
where Hy is the infimum of the mean curvature. Equality holds if and only if the associated eigen-

spinor is an imaginary Killing spinor and the boundary is totally umbilical with constant mean
curvature.

Proof. We follow the same steps as we did in Theorem (1] to get Inequality (I8]). Indeed, taking
into account the boundary condition iv - 1) = ¥ on M, we compute

) Y, ¥))dpg

| arduy B[ we(iv- Do py s B
= [ Re(-Aw- v o)) - | (DaMw,wdung% IR
oM oM oM
> (-~ 2mY) [ fdy
oM
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Here, as before we use the fact that / <D8M Y, ¥)dpg < 0 which is also valid for the MIT bag

boundary condition [22]. Integrating Ineaé/{lality [0) over M yields the desired inequality after using
the identity (I9). If now equality holds, then the eigenspinor is a Killing spinor of Killing number
%‘. But as )\ is a complex number (remember that its imaginary part is positive), it must be purely
imaginary (see e.g. [7, Ch. 8] or [I8, Sec. A.4]) which implies that 1 is an imaginary Killing spinor.
The last part follows from differentiating the boundary condition along any vector field tangent to
the boundary, see e.g. [34] pp. 142-143]. This finishes the proof. O

As we see from Theorem [2] if one assumes Hy > —2<Im()), then the r.h.s. of Inequality (20) is in
this case positive and therefore Theorem [3.1] can be applied. However, we think that it is unnatural
to require such a bound on the mean curvature as it depends on the eigenvalue A in question.

Another way for estimating the eigenvalues of the Dirac operator is to look at a conformal class of
metrics, we refer to e.g. [7 Sec. 2.3 & 5.4] or [I8], Sec. 3.3] for general facts on the subject. In this
case, the spectrum of the Dirac operator is known to be related to the spectrum of the so-called
Yamabe operator through the so-called Hijazi estimate [2I]. In [35] S. Raulot proved that, under
the CHI or the MIT bag condition, any eigenvalue A of the Dirac operator satisfies, for n > 3,

AP > ﬁm(Y), (21)

where the inequality is strict for the MIT bag condition and characterizes in its limiting case the
half round sphere for the CHI condition. Here, p1(Y") denotes the first positive eigenvalue of the
Yamabe problem originally defined by Escobar in [12]:

Y(f) =2 DAf 4 Sf = (Y)f on M,

gJ; 5 2Hf on OM.

(22)

Recall that v denotes the inward unit normal vector field along M. If the mean curvature is
nonnegative then it is easy to check, after multiplying the first equation in ([22) involving a first
eigenfunction f with f itself and integrating over M, that the inequality pq(Y) > mA}n(S) holds,

with equality if and only if S is constant on M and H = 0 on M. We will use this last fact to
apply Theorem Bl to an eigenfunction of the Yamabe operator in order to deduce an estimate for
w1 (Y') in terms of zeros of Bessel functions. This will allow later to derive a new estimate for the
Dirac operator.

Theorem 4.3 Let (M",g) be a compact Riemannian manifold of dimension n > 3 with smooth
boundary. Assume that the Ricci curvature of M is nonnegative and the mean curvature is bounded

J x
from below by Hy > 0. Let T, be the only positive zero of x — xJn2 (1(;) — "% on 10, Jn_1, 1[. Then

An —1)
] (23)

Equality is realized if and only if the manifold M is isometric to a round ball in R™.

u1(Y) > m]\}[n(S) +

Proof. Let f be an eigenfunction of the problem ([22]) associated with the eigenvalue 1 (Y). Recall
that f cannot change its sign, so that f can be assumed to be positive in the interior of M. Then

we have
e ) =) 1 < o= (1)~ min(s) ) £

( ) (u1(Y) — minys(S)) . Notice that > 0 since H cannot vanish. If by contradiction

Af=

Let p:=
HLO < 71, then from Theorem Bl we deduce that
g (YE

Ay > 51
afﬂg—\/_ N

i)
P | rn, (24)
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Note that this implies that | an Jditg # 0. Integrating the inequality Af < puf along with

f s, G570

. Finally, as we did in the proof of Theorem [£] we use the fact that the

Iy 1( )
\/_Jn( )

Jn 1(
function © — 22—~
:BJ (x

. 2
yields —=5 >

v

is decreasing on 0, jz 1 1[ to get the contradiction. This proves (23). If ([23)

v

is an equality, then because of g—g =7 €]0, jg—1,1[7 the inequality (24)) still applies and must be
an equality, therefore M must be isometric to a round ball in R™ by Theorem Bl Conversely,
if M is a round ball in R™ of radius H%)’ then the two inequalities involving Af and used in
the proof of (23] are equalities since scalar and mean curvatures are constant. Moreover, for a
round ball in R"™, the problem (22)) reduces to the Robin boundary value problem (I2)) for the first
eigenvalue f : (n 5u1(Y) and where 7 := %Hg > 0. As was already noticed in Remark [3.6],
the first elgenvalue 012 the Robin boundary value problem on a round ball of R™ always satisfies
I\g €10, Jz1 1[c]o, j%,l[, therefore (24]) applies and is actually an equality again by Theorem B.I1
On the whole all three inequalities used in the proof of (23] are equalities for a round ball, therefore
[23)) itself must be an equality. This shows the equivalence for the limiting case and concludes the
proof of Theorem O

Combining Inequality (2I)) with ([23)), we deduce the following

Corollary 4.4 Let (M",g) be a compact Riemannian spin manifold of dimension n > 3 with
smooth boundary. Assume that the Ricci curvature of (M™, g) is nonnegative and the mean curvature

Jn
of OM is bounded from below by Hy > 0. Let 71 be the only positive zero of x +— xJn2(l()x) — ”772 on
n

]O,j%_m[. Then, under the CHI or the MIT bag conditions, any eigenvalue \ of the Dirac operator
satisfies

A2 > mm$+n"7&ﬁ (25)

_n
4n—1) M -2

Note that equality cannot hold in (28] since for the MIT bag boundary condition (ZI)) is anyway
strict while for the CHI boundary condition equality in (2I]) implies minimality of M in M.

As we can see from Theorem E1] and Corollary [4] that there are two different but analogous
estimates for the first eigenvalue of the Dirac operator under the CHI boundary condition. One
might ask if there is a way to compare the numbers 2(n )TO and 7'12 in order to check which

estimate is better. Recall here that 7'0 and 7 are respectively the ﬁrst posmve zeros of the functions

T mJ;(lz()m) —(n—=1)and z — z5 (z()x) — 222 on |0, jn—11[. It turns out that [14], for any n > 3,

<E>2Z(n+1ﬂn+1—\@E}T) (26)

7o n(n —1) '

2
which implies that (:—é) > 2(7;—__21), iLe. s7i > ﬁTg. Therefore, ([25]) is better than (I5]) for

any n > 3. Moreover, because of 7 < 79, inequality (26]) implies that :—(1) e 1, which means that
n 2
n—3T1

> — 2: asymptotically as n — oo, the lower bound in (25]) is even much better than (IT]).

T
2(n—1) 70 M—00

This could be explained by the fact that less information is lost upon proving ([2I]) and 23] than
proving (&) directly.
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5 Robin Laplacian for differential forms

We first recall the so-called Lopatinskii-Shapiro criterion for ellipticity of boundary value problems,
see e.g. [41l Sec. 1.6] to which we shall stay close. Let (M™,g) be any Riemannian manifold with
nonempty boundary M. Let P be any k*P-order linear differential operator acting on sections of

some Riemannian or Hermitian vector bundle £ — M. A boundary condition will be considered
l

here as the direct sum EBBj of linear differential operators B;: I'(M, E) — I'(OM, E;) of order
=1
k; < k, where E; — &7{/[ , 1 < j < I, are Riemannian or Hermitian vector bundles. We consider
the following boundary value problem: for any f € I'(M, E) and u; € I'(OM, E;), 1 < j <, find
u € I'(M, E) solving
Pu =f onM
{ Bju =u; ondM,V1<j<I

Let op and op; be the principal symbols of the operators P and B; respectively, 1 < j <. In our
convention, for any smooth function f defined in a neighbourhood of a point x,

UP(dxf) = [[[P7f]7f]7 7f] GHOHI(EmEx)

~

(27)

k pairs of brackets

and analogously for Bj; of course, op = B if B has vanishing order. In order to formulate the
Lopatinskii-Shapiro ellipticity condition, the following space must be defined: given any x € oM
and v € T,0M, let

M = {bounded solutions y = y(¢) on R, to the ODE op((—iv,d;))y = 0} .

Here the map op((—iv,0;)) must be understood as follows: considering op pointwise as a homoge-
neous polynomial of degree k on T, M, we apply it to the one-form —iv” 4+ 8, - 1°, where v is the
inner unit normal at = and where we see 9, as a coefficient; what we obtain at the end is a k*"-order
linear differential operator in one variable and with constant coefficients. In particular the ODE
op((—iv,0;))y = 0 has a k-dimensional space of solutions that are defined on R. The following
definition is taken from [4Il Def. 1.6.1]:

Definition 5.1 The boundary value problem 7)) is called elliptic if and only if both following
conditions are satisfied:

(a) The differential operator P is itself elliptic, that is, for any v € M and § € T}M, the map
op(§): E, — E, is an isomorphism.

(b) For all x € OM and v € T,0M, the map

l
j=1

Yy (031((_iv7at))y7"'7031((_iv7at))y) (O)

18 an isomorphism.

Now we look at the following setting where E = APT*M, E; = APT*OM, Ey = AP7IT*0M,
P =A=dj;+ 64d, Bijw = *(vodw — Tw) and Bow = *(vaw) for any given p € {0,1,...,n},
7 € R and any w € QP(M). Recall that ¢: OM — M denotes the inclusion map. The principal
symbols are given by

op(w = —|*w
UBl(f)w = SV'L*W_ST/\L*(VJW)
o, (Qw = F(row),
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where & = £,0° + &p ER'V"@TJ@M for any £ € Ty M and x € OM.

Theorem 5.2 Let (M, g) be a compact Riemannian manifold with smooth boundary. Fix a positive
real number T and consider the eigenvalue problem

Aw = onM
Fvodw —Tw) =0 on OM (28)
Froaw) =0 on OM.

Then, we have

1. The boundary value problem [28) is elliptic in the sense of Definition Bl and self-adjoint. As
a consequence, it admits an increasing unbounded sequence of monnegative real eigenvalues
with finite multiplicities A\ p(7) < Agp(T) < - -

2. Actually M\ ,(7) > 0 holds, i.e. (28) has trivial kernel.

Proof. The Laplace operator on forms is clearly elliptic since for any nonvanishing & € T*M the
map —[¢|? - Id is an isomorphism. Moreover, for any v € T*OM, we can write oa((—iv,d;)) =
_<(_iv7at)7 (_iv7at)> = ”U’2 - at27 so that

ME = {e*””' “wp, wo € Ame*M}.

On the other hand, op, ((—iv,0;))w = d(t*w) + iv” A t*(vaw) and o, ((—iv,d;))w = *(vaw), so
that if y = e ="l . wy is any element of M, then

(0B, ((—iv,0))y, 0B, ((—iv,0¢))y) (0) = (—\U\L*wo +i0” A (vowg), (v wo)) .
If the r.h.s. of that identity vanishes, then ¢*(rawg) = 0 and therefore |v[t*wy = 0, which under the
assumption v # 0 yields t*wp = 0 and thus wy = 0. This shows that the map M — @?ZI(EJ»)JC
of Definition [5.1] is injective and hence an isomorphism by equality of the space dimensions. This

shows (28)) to be elliptic in the sense of Definition [5.Jl To show self-adjointness, we need to prove
that, for any compactly-supported smooth p-forms w,w’ on M satisfying the boundary conditions

Bijw = Bow = Biw' = Bow' = 0, the identity / (Aw,w')dug = / (w, Aw')dpy holds. But using
M M

the partial integration formula
[ tdaBrdng = [ (s By~ [ wavss)au,
M M oM
that is valid for all a € QP(M) and 3 € QPTL(M), we obtain
/ (Aw,w'ydp, = / (dégw,w")dpg +/ (6gdw, w"Ydpg
M M M
= / (6qw, dgw)dpug —/ (M 0gw,vaw'ydpg
M oM
+/ <dw,dw/>d,ug+/ (vadw, *w')du,
M oM

= /M<dw, dw"ydpg + (dgw, 6,0 dpg

—|—/ (¢ (vadw), W )dpg — (L dgw, (vaw'))dpg (29)
oM ho,_/
= / <dw,dw/>d,ug—|—<5gw,5gw/>d,ug+/ T(w, Fw')dpuyg,
M oM
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which is clearly symmetric in (w,w’) because of 7 € R. This shows ([28)) to be self-adjoint. As
a consequence, the spectrum of the Robin operator consists of an unbounded sequence of real
eigenvalues of finite multiplicities. Moreover, if 7 > 0, then for any differential p-form w on M, we
can deduce from the above computation the equality

/ (Aw,w)dpg = / (|dw|? + |8,w[*)dpug + T/ *w|?dpy > 0. (30)
M M oM

Therefore, the spectrum of the Robin operator for 7 > 0 must be nonnegative and can therefore be
written as an increasing unbounded sequence A\ ,(7) < A2, (7) < ... of nonnegative real eigenvalues
of finite multiplicities. Note that, by Courant’s nodal domain theorem, the first eigenvalue \q ,(7) is
simple and every associated eigenfunction cannot change its sign on M. This shows claim [Il Next we
show that 0 is not an eigenvalue when 7 > 0. Let w lie in the kernel of A. From the formula above,
we obtain dw = §yw = 0 on M and t*w = 0 on OM. But using the identity |w|* = |*w|? + |v_w|? at
any point on the boundary, we deduce that w = 0 on OM. Now by [2, Thm. p. 445], any harmonic
form on M that vanishes along M must vanish identically, therefore w = 0. This proves claim
and concludes the proof. O

Proposition 5.3 Let (M,g) be a compact Riemannian manifold with smooth boundary. Let T be
a positive number. Then the first eigenvalue A1 p(7) of the Robin boundary problem [28) can be
characterized as follows:

el 4 18P dutg 47 [ iy
M oM

/M (ol dpg

where w runs over all non-identically vanishing p-forms on M such that v_w = 0.

A1,p(7) = inf

Proof. We have seen that Identity (B0) holds as soon as w satisfies the boundary condtions
(vadw) = 7*w and *(vow) = 0. In particular, this proves the variational characterization

{fM(\dw\Q + 002 dpg + 7 [o0r !L*W\Qdug}
fM |W|2d#g

Ap(T) = weﬂpl(?\/ff)\{o}
G (vadw)=T1*w, * (vow)=0

We next show that the boundary condition ¢*(vidw) = 7¢*w can actually be dropped off in the
infimum above. We follow [42] Ch. 5, Sec. 9]. Define the standard Sobolev spaces:

H*(M, AP) := {w € L*(M,APT*M)|Viw € L*(M,'T*M @ APT*M), for any 1 <1< k}.
As in [42] Sec. 5.9], we define the following closed subspaces of H¥(M, AP):

Hiop(M,AP) = {we HY(M,AP)|*(vow) =0 on OM}
Hion (M, AP) = {w e H*(M,AP)|*(vow) = 0 and o (vadw) — 7¢*w = 0 on dM}.

Note that the conditions defining those subspaces make sense because of the existence of a con-
tinuous extension H'(M,AP) — L*(OM,A?) of the trace map w ~ wy, . Consider, for any
w € H},, (M, AP), the linear operator

W (Lropw) (W) := /M ((dw, dw") + (6qw, bgw")) dpg + T/aM(L*w, Cw'ydpyg (31)

on H} , (M,AP). Note that this operator just differs from the one in 42, Eq. 9.21] by the boundary
term involving 7. Clearly, Lrop, defines a bounded linear operator

LROb: Hll%ob(M’ Ap) — Hll%ob(M’ Ap)*’
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where H 1%.»Ob(M , AP)* denotes the topological dual of H 11%ob(M , AP). This can be proved by estimating
the boundary term in (BI]) using Cauchy-Schwarz inequality and the trace theorem. Moreover, there
exists a positive constant Cj such that, for every w € Hll%ob(M ,AP),

((Lrob + Co) w,w) > Cllw||F (32)

for some further positive constant C. Inequality ([B2) follows in a straightforward way from [42]
Eq. 9.24] since the boundary term coming from (3II) is positive because of 7 > 0 by assumption.
Now Inequality (B2 not only shows that Lgey, + Cy is injective with closed range but also that it
is bijective, see e.g. [42], Prop. 9.5]. We denote by Tgrop : Hpop, (M, AP)* — HL | (M, AP) the inverse
map as well as the induced map TRoy, : L2(M, AP) — L2(M, AP). Note here that there is a compact
embedding H} (M, AP) — L*(M,AP), since the embedding H'(M,A?) — L*(M,AP) is already
compact. The operator Trep on the L?-level is compact and, being selfadjoint and positive, has
a discrete spectrum which can be described as a nonincreasing sequence of positive eigenvalues
of finite multiplicity converging to 0. Moreover, there exists an L2-orthonormal basis (wj)jen of
L*(M, AP) consisting of eigenvectors for Trep: for every j € N, we have Tropw; = p1jw;. Note that
necessarily w; € H} (M, AP) holds for every j since the range of Trop, actually lies in Hy (M, AP)
by definition. By construction, (w;) en is an L?-orthonormal basis of eigenvectors for Ly, since
Lyropwj = (u_lj — Cp)w; holds for every j. The central remark is now the following: for every w €
L?(M, AP), actually u := Tropw € Hﬁob(M ,A?) must hold. To see this, we shall divide the proof
into several steps whose technical details will be ignored since they are completely analogous to
those from the proof of [42], Prop. 9.6].

e Step 1: Due to the ellipticity of the operator Ly, (see e.g. [42, Prop. 7.2] for the corresponding
estimate), we have that u = Tropw lies in H2(M, AP).

e Step 2: We must prove that the boundary condition t*(vudu) — 7¢*u = 0 holds for u if and only
if the boundary term

/ (*(vodu) — Tcu, fw')dpy
oM

vanishes for all w’ € H} , (M, AP). Note that this is not obvious since a priori the range of the trace
map restricted to Hy (M, AP) is not a dense subspace of L2(9M,AP). To prove the if condition,
we extend the pointwise homomorphism field v : Ap+1T*M|6M — APT*M,,, along OM to a
smooth homomorphism field o: AP*YT*M — APT*M on M. Pick any o € QPY1(M) and put ' :=
oa € QP(M). Note that o*(vow') = o*(vvaa) = 0 holds along OM, therefore w’ € H} \ (M, AP).
Moreover,

/ (F(vodu) — T, W )dpy = 0 <= (VA (K (vadu) — T0u) , Caydpg = 0.
oM oM

This holds for all a € QPTL(M), therefore v A (¢*(vadu) — 7¢*u) = 0 along M. Now taking the
interior product with v allows to deduce that *(vidu) — 70*u = 0, as claimed.

e Step 3: We want to show that A(Trepw) = w — CoTRebw holds in the distributional sense. Recall
that Trop = (Lrob + Co) L. Taking the scalar product of the relation (Lgop + Co)(u) = w with any
w' € H (M, AP), we get

[ wshdny = [ (Lrgs g+ Co [ ()
M M M
= / ((du, dw') + (d4u, 5gw'>)d,ug+7'/ (t*u, L*w'>+C’0/ (u,w")dp,
M oM M
@ / <Au,w'>d,ug—/ <L*(1/_:du),L*w'>d,ug+T/ (u, Cw')dpg
M oM oM
—}—Cb/ (u,w")dpg.
M
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This means that

/ (A + Co)Tropw, W' )dug = / (w,w"Ydpg +/ (F(vodu — Tu), W) dpy. (33)
M M oM

But this holds for any w’ € Hg (M, AP). In particular, if we choose w’ € QPT1(M) with support
away from OM (see [42] p. 407]) we deduce that A(Tgopw) = w — CoTrepw as required. This ensures
the boundary term in (B3] has to vanish for all ' € Hy ., (M, AP). Therefore by Step 2 the boundary
condition ¢*(vudu) — 7¢*u = 0 must be fulfilled.

To conclude the proof, every eigenvector w; of Ly is an eigenvector for the Laplace operator on
M and, since it belongs to the range of TRep, it must lie in Héob(M , AP), in particular satisfy the
boundary condition of first order.

O

From now, unless otherwise stated, we assume 7 > 0. Recall the absolute boundary conditions

Aw =Mw onM

F(vadw) =0 on OM (34)

HMraw) =0 on OM
which generalize the Neumann boundary problem for functions. The spectrum of this Laplacian is
discrete and consists of eigenvalues (A%))i such that )\{\fp < )\é\jp < ... . The Hodge star operator
exchanges the absolute boundary conditions and the relative ones which are given by

Aw =My onM

fw =0 on OM (35)

1 (0gw) =0 on OM.
By the min-max principle, the first eigenvalue )\{\fp of the Laplacian is characterized by

/Mudw\? + [650[2)dtg

| toPdu

where w runs over all p-forms such that v_w = 0. Mind that ([84]) might have a kernel, which is
then given by the absolute de Rham cohomology H% (M) defined by

AY, = inf

HY (M) ={¢ € Q*(M)| dp = 6,6 =0 on M and v.¢ =0 on OM}.

We also have a similar characterization for the first eigenvalue )\fp of the Laplacian for the relative
conditions with the corresponding relative cohomology H,(M) given by

HY (M) ={¢ € Q°(M)| d¢ = 64¢ =0 on M and "¢ = 0 on M }.

By duality, the first eigenvalue for the boundary value problem (B4]) on p-forms coincides with
the first eigenvalue for the boundary value problem (B8l on (n — p)-forms [19]. Another boundary
problem of interest is the Dirichlet eigenvalue problem

Aw = Pw on M
w =0 on OM.

For that problem, the first eigenvalue Afp — which is necessarily positive by [2 Thm. p. 445] — is
characterized by

IRZRT
)\fp =inf{M e QP (M) \ {0} and Wippy = 0
/ w[2dpg
M
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One can easily see that when 7 — 0, the Robin boundary problem (28]) reduces to the absolute
boundary conditions. Also, when 7 — oo, the problem (28]) reduces to the Dirichlet Laplacian. Now,
we have the following bounds for the first eigenvalue A; ,(7) of the Robin Laplacian on differential
p-forms.

Proposition 5.4 Let (M™,g) be a compact Riemannian manifold with nonempty boundary. Then,
for any 7 >0 and all p € {0,--- ;n — 1}, we have the double inequality

Ay € Ap(m) <AL,

Proof. The proof is based on the variational characterization of the first eigenvalue of each boundary
value problem. First, since 7 > 0, for any w € QP (M) with viw = 0, we have

/ (Idw]? + [6,]2)dpty + 7 / w2y > / (Idel? + [650[2) sy,
M oM M

from which the left inequality follows. Moreover, for any w € QP(M) with w|,,, = 0, we have

/ (lde]? + 16,02 dpty + 7 / w2y = / (ldeol? + 1800 ?)dptg
M oM M

because of t*w = 0. Therefore )\fp is the minimum of the same functional as that characterizing
A1p(7) but taken on a smaller space (for wy,, = 0 implies vaw = 0), which shows the right
inequality. O

Next we establish a lower bound for the first eigenvalue of the Robin Laplacian on differential
p-forms A ,(7) based on Theorem Bl The lower term of the estimate depends on the so-called
p-curvatures whose definition we recall. Let ni(z),--- ,n,—1(x) be the principal curvatures (i.e.
eigenvalues of the Weingarten map I7) at a point x of the boundary dM which can be assumed
to satisfy n1(x) < nmo(z) < -+ < np—1(z) up to reordering. For any integer p € {1,--- ,n — 1},
we define the p-curvatures o, as o,(z) = ni(x) + - - - + np(z). Clearly, one can check that for any
two integer numbers p and ¢ with p < ¢, we have that U”T(x) < J‘IT(‘T) with equality if and only if

n(z) = m(x) = -+ = ng(x). From that remark follows the inequality H > OPT@ for the mean
curvature H and for any p € {1,--- ,n — 1}. The Weingarten-endomorphism-field I7 admits a
canonical extension I1) to APT*OM as follows: Given any p-form ¢ on M, we define

(TPl ) (X1, , X)) = Z@(Xl"“ JI1(X5), -, Xp), (36)

i=1

where X; are vector fields on OM for i = 1,--- ,p. By a straightforward computation, it can be
easily checked that the inequality

(1P o, )y > ap () ol2, (37)

holds pointwise. In the next theorem, we will denote by o, as the infimum of o, (x) over all z € OM.
We have

Theorem 5.5 Let (M™,g) be a compact Riemannian manifold with smooth boundary. Assume

that M has a nonnegative curvature operator and, for some p € {1,--- ,n — 1}, the p-curvature
of OM is bounded from below by o, > 0. Fiz any positive number 15 < Jzo1 and as before set
Jn (0) T2

o= Ty Jn ) = Zk>1 e R—— . Then there exists an € > 0 such that, if 7> op(5; — 1) — €, we

70
have

o s
)\17p(7') > 2—])2’7'0.
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Proof. We follow the idea of [19, Thm. 3.3]. First of all by following the same steps as in [19, Lemma
4.10], it can be proved that, for any differential p-form w satisfying the boundary conditions in (28]),
we have

(Vyw,w) = (TP (*w), v w) + 7| w|?,

where IT! is the canonical extension of the endomorphism I7T defined previously. Using the estimate

@), we obtain

19}
| APy = [ )iy =2 [ (Vo) 2 2oy +7) [ foldy (39)
M oM oV oM oM

Recall now the Bochner formula for p-forms: A = V*V—i—WA[I/;], where W][\I}} is the zero-order curvature
term. It is elementary to deduce from that formula the following scalar identity that is valid for
any p-form w:

(B, w) = [Vol? + SA(wl?) + (WHw), . (39)

Therefore, if w is an eigenform associated to the eigenvalue A ,(7), then using the nonnegativity of

W][\I/}} (which is a consequence of that of the curvature operator of M), as well as |Vw|?, we obtain
A(lw]?) < 2215 (7)|w]*. (40)

Therefore, we are in the situation of Theorem B with f = |w|?. Recall here that the condition of
the nonnegativity of the curvature operator on M implies in particular that the Ricci curvature of
M is nonnegative. Also the mean curvature is bounded from below by Hg := % > 0. Let us from

now on assume that \/2XA; ,(7) < Horg. Then, we deduce from Theorem [B.1] that

Ta 1< le,p(7)>
27 Ho
/a el = f201(0) /M w[2dpsy-

Note that / |w|*dp, cannot vanish since w does not vanish identically by assumption. But inte-

oM
grating ([@Q) over M and using (38]), we obtain

Tn 2A1,p(T)
\/2M15(7) > 2(0p +7) G v
1, > .
p P J% (,/QALP(T))

Hy

As we did in Corollary B7] we use the fact that the function z — = J3+1 (2) is increasing on |0, jz 1 ;[

v

to obtain
Tn \/2A1,p(T)
Vo) 2 2oy 7)o > 2y ) Y g
1p(17) > 2(0p+ 7 op + T)——,
2A1,p(T) OZH(]
T (71{ >

o

. . . 2\
% 1) > 7. This contradicts the assumption on 7. Therefore H;(’)”(T)
The equality case of the latter estimate would provide the equalities in all the above inequalities.
That means in particular the form w has to be parallel, that is A ,(7) = 0, which contradicts the

fact that the Robin Laplacian has no kernel. Therefore 7%}(’)’)@ > 719. But since that inequality is
strict, by continuity of 7 — Aj ,(7), there must exist an € > 0 such that, if 7 > o, (5= —1) — ¢, then

which implies op( > 7.

2p
7”2)\[}(’)’)“) > 19 keeps holding. This concludes the proof of Theorem O
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Remark 5.6 By choosing 79 = v — “—%l/% for v = 5 — 1 with n > 3, one has that 79 > 4 as in
23
Remark B9 Therefore, for 7> op,(5; — 1), we have

n?o?

o2
Ap(T) > =&
For Euclidean strictly p-convex domains (i.e. o, > 0), we can easily see that the first eigenvalue
)\{\fp is positive. This follows directly from integrating the Bochner formula ([B9) over M and using
[B]) for 7 = 0, since a parallel form vanishing on the boundary must vanish identically. Combining

2
the left inequality in Proposition [£.4] with the estimate )\J1\,7p > %” established in [19, p. 329] and
2

which is valid for such domains, we get that A; ,(7) > %” which is weaker than the estimate (@II).

In the following, we will use the notation for the first eigenvalue of the Robin Laplacian on 0-forms
(which corresponds to functions) as A1 o(7) = A1(7, M). We have

Corollary 5.7 Let (M™,g) be a compact Riemannian manifold with smooth boundary. Assume
that M has a nonnegative curvature operator and the p-curvature of OM is bounded by o, > 0 for

somep € {1,--- ,n—1}. Then, we get the estimate
A1(7, By,
Al,p(T) > %7

where (7, Bu,) is the first eigenvalue of the scalar Robin Laplacian on the Fuclidean ball whose

g
boundary has mean curvature Hy := ?".

)\ . A b
Proof. Fix any 7 > 0. Recall that 0 < 7VI(I_Z)BW < Jz_11,see Remark Bl Let 79 := VAol Brg)

Ho
Jn
Then o = 79 f%(jj) (T0) =70 o7e = % by Corollary B.8 Therefore o(5; —1) = § —0p, in particular
T > ap(% —1). It remains to apply Theorem [5.5] to conclude the proof. O

Next, we estimate the gap between the first eigenvalues of the Robin Laplacian for different orders
when the manifold is isometrically immersed into the Euclidean space. We mainly follow [19] Thm
2.3], [37, Thm. 4] and [31]. In the following, for any given smooth unit normal vector field v to M
in R™™ we let 11, be the associated Weingarten map, that is, it is the endomorphism field of T'M
defined by

(I1,(X),Y)=(v,I1(X,Y))

for all X, Y tangent to M, where I is the second fundamental form of the immersion. We denote by
TP! the following endormorphism field of APT*@M: given any local orthonormal basis {vi,...,um}
of T+M, we let

m

T = (1)

k=1

where each L[,i} is the standard extension of the above II,, to APT*0M as in ([B6]). By [19, Sec.
2], the operator T is well-defined, i.e independent on the chosen o.n.b. of T+ M, and furthermore
self-adjoint as well as nonnegative.

Theorem 5.8 Let M™ — R™™ be an isometric immersion where (M™, g) is a compact Rieman-
nian manifold with p-convex boundary OM, that is o, > 0 for some p € {1,--- ,n —1}. Then, for
all 7 > 0, we have

1.
AMp(T) = Arp-1(7) 2 F}I\l}(WJRZ] — TPl
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where W]\[]/;] is the Bochner operator in B9). In particular, for a Euclidean p-convexr domain M C
R™™  we have

ALp(T) > A p1(7).

Proof. Let w be any eigenform of the Robin p-Laplacian associated with Aq ,,(7). Recall the boundary
conditions v_uw = 0 and vudw = 7/*w valid for the form w on M. For each i = 1,--- ,n+m, the unit
parallel vector field d,, on R™*™ splits into 9,, = (0,,)T + (9x,)* where (9,,)T is the tangent part
in TM and (9,,)" is the orthogonal one in T+ M. Consider the (p — 1)-form (9,,)” .w on M which
clearly satisfies v1((9y,)7 2w) = 0 and apply to it the variational characterization in Proposition
We get, for each 1,

Mpa(r) [ 10Ty < [ (10T )P+ 18,00 0) Pty + 7 [ |00 sl
M M oM
(42)
Now we want to sum over ¢. We handle each term separately. First, for any p-form o on M and
any local o.n.b. {eq,...,e,} of TM, we have

n+m n+m n
Sohaal = DD (AL, e 0, e enac, erua)
i—1 i=1 k=1
nt+m n
= Z Z (Ox;, €k) (O, , 1) (e uar, €1 ucx) since aji 1L TM
i=1 k=1
n
= Z (e, er) (exaav, ejuar) since (0,,); is an o.n.b. of R™ ™™
k=1
n
= Z<€k—104, ej o)
k=1
n
= (a, Z er N (epua))
k=1
n
= plal? since Z er N (exoa) = pa. (43)

k=1

Note that this remains valid pointwise, in particular also along M. To compute the term involving
the exterior derivative, we make use of the Cartan formula and write, for each 1,

d((?mTi_:w) =Lyrw — amTinw.

By [19, Eq. (4.3) p. 337], we can split the Lie derivative as follows:

1?)

T

Lorw = Varw+ 17 w. 44
ar ar

As a first consequence, choosing (ex)i<k<n and (vs)i<s<m to be local o.n.b. of TM and T+-M
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respectively,

n+m n+m
S LgrwP? = Y \va;_waHHL”]w\%rzw w, U” w)
=1 1=1
n+m n
= Z Z e)(Ve,w, Ve,w)
i=1 k,l=1
n+m m
303 0k v 0k 1) ITPw, 1T )
=1 s,t=1

n+m n m

+2 3 NN (AL er) (0, ve) (Ve,w, TTPw)

1=1 k=1 s=1

As above, we can ignore the tangent and normal symbols in the sums on the r.h.s. and use the fact
that (9;,); is an o.n.b. of R™"*™:

n+m n+m n
Z ’Lag;w’2 = Z $z7ek al‘iael><vekw7velw>
=1 =1 k,l=1

n+m m
Z Z muys ;)3 ,I/t><IIl[}:}w,IIl[}Z}w>
=1 s,t=

n+m n m

Z Z iy €) m,ys><Vekw,II,[f;]w>

i=1 k=1s=1
= Z\vekw\MZ(Hglw,Hyj +2ZZ ek, Vs) (TTPw, TTPlw)
k=1 s=1 k=1 s= 1
= |Vw]? + (TPw,w).
Because of ({@3]), we know that
n+m
> 0L adw]? = (p+ 1)|dwl.
i=1

Moreover, still using the same local o.n.b.’s of TM and TM and decompositions of the Oz, We
have

n-+m n-+m

Z (Lor w, 8;:, adw) @ Z (Vor w, 8;:, adw) + <II§1] w, (9£ Ldw)
i=1 i=1 ‘
n+m n+m n m
= a A Vo w, dw) + eV ITPw, V, w
ol Vs k
=1 k=1 s= 1
= ‘d&)‘Q‘i‘ZZ Vs, ek II[ wavekw>
k=1 s= 1
= |dw]?.

It remains to notice that, since 9, is parallel on R"*"™  the covariant derivative V(@fi) is a sym-
metric endomorphism of TM and therefore d,4((8,)T w) = —(0,,)T 16yw. Summing up @) over i,
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we obtain

IN

n+m
A p1(T)p /M jw|?dg /M > Loy wf® + 107, 2dw|* — 2Lz w, 07, sdw) dpg
i=1

+o-1) [ Gl p [ ol
M oM

+(TWPlw, w) + (p + 1) |dw|? — 2|dw|?

I
=
<
&

+o-1) [ Gl o [ o,
M oM

(196l + (@) + (0= (0 + 15 iy + 79 [ el
M oM

IN

Applying formula (39) and using (B8]), we deduce that
(B30 1
A p-1(T)p / wiPduy < / (<Aw,w> = 3A(wl?) = (Wifw,w) + <T[p]w,w>) dpig
M M

o= [ (o + 5 P)dy +7p [ [y
M oM

G
< Apln) [ by = (o) [ g
M oM
+ [ (@ - W whdu,
M
o= [ (ol + 8Py +7p [ oy
M oM
(&10)
<

M) [ folPdig = (0 7) [ el
M oM

T / (T — W, Wy,
M

+o=1) (p(r) [ oy =7 [ oy ) o [ ol
M oM oM
< o [ el =y [ g = [ (W - TV ),

After regrouping the terms and getting rid of the boundary term using the condition o, > 0, we

deduce the desired inequality. Finally, when M is a Euclidean domain, both WJRZ] and T vanish.
This ends the proof of Theorem O

Independently of the above results, we establish a Gallot-Meyer-type estimate for the first eigenvalue
of the Robin Laplacian. Recall that the Steklov (or Dirichlet-to-Neumann) operator on p-forms is
the pseudo-differential operator DN, on APT*0M defined for any p-form w on OM by

DNyw := —v.dw,

where w € QP(M) is the unique p-form on M such that A®w = 0 on M with the boundary conditions
Vv =waswell as vuw = 0 on M, see [37, Sec. 1.1]. It can be shown [37, Thm. 11] that the operator
DN, is elliptic and essentially selfadjoint, in particular it has a discrete real spectrum consisting
only of eigenvalues of finite multiplicities. Its smallest eigenvalue vy, can be characterized by [37,
Thm. 11]

[ (@ )

R
oM
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where w runs over all non-identically vanishing p-forms on M such that viw = 0. We have

Theorem 5.9 Let (M",g) be a compact Riemannian manifold with nonempty smooth boundary
Assume that the curvature operator of M is bounded from below by some v > 0. Let 7 > — 55 - 0y
for somep € {1,--- ,n—1} where o, is the p-curvature of OM and ¢ = max(p+1,n—p+1). Then

c
c—1

A1p(T) = p(n —p) Y.

If 1 < ——% - 0p, we have

Aplr) > LD D)
e Vlp — Op

where v, is the first eigenvalue of the Steklov operator defined on differential p-forms.

Proof. We follow mainly the proof as in the usual case. Let w € QP(M) be an eigenform associated to

the eigenvalue Aj ,(7). Combining the Bochner formula, the pointwise inequality WAZ] > p(n—p)y

and estimate |Vw|? > ﬁ\dwﬁ — p+1 |6,w|? that is valid for any p-form w [I7], we have:

Mor) [Py = [ (Awddi, = /|Vw| g +3 [ APy + [ W)l

1 2
/M ﬁ|dw| dpg + m|5gw| dpig

1
+5/ A(lw|*)dpg +p(n—p)7/ w|*dpug
M M

VB

1
e T

+pn=p)y [ ol
M
1 T
—/ (Aw,w>dug——/ |w|?dpg
CJIMm ¢ Jom

+(ffp+7)/ |w|dpy +p(n—p)7/ w|*dpg.
oM M

I8

Thus, we deduce that

1 T
A1p(T) (1 - _> / |W|2dﬂg > <Up +7 - _> / |W|2d/‘g +p(n _P)W/ |W|2d,“g- (45)
C M C/ JoM M

Note that o, +7 — 7 > 0 if and only if 7 > ——%50,,. This concludes the proof of the first part. To
prove the other part of the theorem, pick any eigenform w of the Robin Laplacian associated to the
eigenvalue Aj ,(7). Then we get after using Equation (B0) that

(1) [ ity < Auplr) [ ol
oM M

Now if 7 < ——%5 - 0, we combine the last inequality with the one in (#3]) to get

A1p(T) <1 - %) > (ffp +7— E) 210(T) oy,

Vip+ T

which is the desired estimate. Notice that the condition required on 7 gives in particular that
op < 0. U
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6 Appendix

In this section, we review some basic facts on the Bessel functions of the first and second kind and
their properties. For more details, we can refer to [T}, [8, [43].

The following differential equation, known as Bessel’s equation

22y +xy + (2 =)y =0

has the general solution

y=AJ,(z)+ BY,(z)

where J,,, called Bessel function of first kind, is given by the series

1)k (2)u+2k

T (
k'Fu+k+1)

where I' is the gamma function. The Bessel function of the second kind Y, is related to the first
kind by the formula
Jy(x)cos(vm) — J_p ()

sin(v)

Y, (z) =

It is given by the following expansion

Y(z) = %Jy(m) <ln% +7) _ %VZO(V%,_U' (g)%—y

o0 (_1)k—1[(1+ +l) (1_{_l_|_..._|_%)] T\ 2k+v
+Z ku(kk V)l : - (2) ’

where v ~ 0.5772157 is the Euler constant.

For integer values of v, we take the limit ¥ — n. In this particular case, J, and J_, are not linearly
independent. Indeed, one has J_, (z) = (—1)"J,(z) and Y_,(z) = (—1)"Y,(z). For all real values of
v, the Bessel functions can be expressed in terms of Bessel functions of lower orders by the formulas

( Juii(z) = %J,,(m) = Jy-1(z),

JL(x) = 5(J-1(x) — T (2)),

S (@) = Jya(x) = £J(2),

(46)

Ty(@) = LI, (@) = Ty ().

The functions Y, satisfy the same equations above as .J,. We also have the following identities,
known as Lommel’s formulas [43, p. 46 and 77], which relate Bessel functions of different orders.

Namely,
{ Jy—1(z)J_p () + Jy(2) Ty (z) = 28212
Yy (@) Jug1(z) = Yo (@) o (2) = 7r_21;

A transformed version of the Bessel differential equation shows that the Bowman equation [8] p.117]

(47)

20 — 1 _ a? — m?y?
y+<18222'y 2+T'V>y:0 (48)

y'(z) -

has the following solution

x* (Adm (B2Y) + BY,(BxY)) for integer m
ulr) = x® (Adp(B2Y) + BJ_p,(Bx7))  for noninteger m.
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