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Doubly polar molecules, possessing an electric dipole moment and a magnetic dipole moment,
can strongly couple to both an external electric field and a magnetic field, providing unique oppor-
tunities to exert full control of the system quantum state at ultracold temperatures. We propose a
method for creating a purely long-range doubly polar homonuclear molecule from a pair of strongly
magnetic lanthanide atoms, one atom being in its ground level and the other in a superposition of
quasi-degenerate opposite-parity excited levels [Phys. Rev. Lett. 121, 063201 (2018)]. The electric
dipole moment is induced by coupling the excited levels with an external electric field. We derive the
general expression of the long-range, Stark, and Zeeman interaction energies in the properly sym-
metrized and fully-coupled basis describing the diatomic complex. Taking the example of holmium,
our calculations predict shallow long-range wells in the potential energy curves that may support
vibrational levels accessible by direct photoassociation from pairs of ground-level atoms.

I. INTRODUCTION

A unique feature of ultracold quantum gases is the tun-
ability of the interaction strength between particles with
external fields. Polar molecules, with numerous degrees
of freedom and strong anisotropic interactions, represent
an ideal platform for applications such as the realization
of new quantum many-body systems, precise tests of fun-
damental theories, controlled quantum chemistry, quan-
tum simulation and quantum information [1–10]. To this
end, various heteronuclear bialkali polar molecules have
been produced in their ground state over the last decade
[11–17]. Due to the absence an electronic magnetic dipole
moment in their singlet ground state, the weak magnetic
moments originating from nuclear spins, and weak non-
linear Stark effect of their rovibrational ground level, they
can not be easily manipulated by external fields.

Presently ultracold molecules with both electric and
magnetic dipole moments are receiving burgeoning in-
terest because of the greater possibilities for trapping
and manipulation [18–24]. The simplest kind of such
molecules are diatomics with an electronic ground state
of 2Σ and 3Σ symmetry. The most promising 2Σ species
consists in pairing alkali-metals with divalent atoms such
as the alkaline earth or ytterbium atoms [22, 23, 25–31],
the prime example being RbSr which has been predicted
to have a permanent electric dipole moment of 1.4-1.5
debye (D) [26, 32]. Recent highlights in this candidate in-
clude a quite advanced ongoing experiment in which the
magnetic Feshbach resonances have been observed in the
corresponding atomic mixtures [33], and a quite promis-
ing theoretical modeling [34]. Example of 3Σ species can
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be found with the energetically-lowest a3Σ state of het-
eronuclear bialkali dimers, for instance LiNa which has
been successfully created in the ultracold regime [35].
Metastable LiNa possesses a magnetic dipole moment of
2µB as well as an electric dipole moment of 0.2 D [36, 37],
where µB is Bohr’s magneton.

Meanwhile, highly magnetic atoms, such as chromium
and open-shell lanthanides, have also brought new per-
spectives in the field of ultracold quantum gases and pro-
vided the opportunity to explore the behavior of long-
range interacting polar systems beyond previously acces-
sible regimes [38–44]. The diatomic molecules contain-
ing chromium, such as CrRb [45], CrSr and CrYb [46],
or containing lanthanide atoms, such as Eu-alkali metal
dimers [47, 48] and ErLi [49], have been theoretically
proposed as candidates with both large magnetic and
electric dipole moments. Experimentally, pairs of highly
magnetic atoms Er2, with a strong magnetic dipole mo-
ment up to 12µB [50] have been produced in a weakly
bound level, and photoassociation into spin-polarized Cr2
dimers has also been demonstrated in Ref. [51]. More
recently, magnetoassociation into ultracold Eu2 dimers
were also theoretically investigated [48]. Besides, the re-
alization of ultracold mixtures of Dy and K atoms [52]
and Dy and Er atoms [53] opens up new possibilities
for forming ultracold molecules in nontrivial electronic
states.

In a recent work, we have demonstrated the possibility
to induce a strong electric dipole moment, up to 0.22 D,
on dysprosium atoms [54], in addition to a large mag-
netic dipole moment of 13µB , by preparing the atoms
in a superposition of nearly-degenerate opposite-parity
excited levels, which are mixed with an external elec-
tric field. In the present article, we extend our work to
the production of doubly-polar homonuclear molecules by
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binding the excited atom to a ground-level one. Due to
the current inability to calculate potential energy curves
between pairs of open-shell lanthanides at small internu-
clear distances, we explore the possibility to form purely
long-range molecules as demonstrated with pairs of alkali
metals and close-shell atoms [55–58]. Here we choose
holmium, as it possesses a pair of nearly degenerate
opposite-parity levels, accessible from the ground level
by a strong one-photon transition, which opens the pos-
sibility to form the long-range molecules by direct pho-
toassociation [59].

In this article, we characterize the long-range inter-
actions between two identical atoms, one being in the
ground level and the other being in a superposition
of nearly degenerate opposite-parity excited levels that
are coupled by an external electric field. We present
the formalism to calculate the potential energy for in-
teractions between arbitrary atomic multipoles, as well
as Stark and Zeeman interactions, in the fully-coupled
and properly symmetrized diatomic basis including hy-
perfine structure. The potential-energy curves that we
compute present shallow long-range wells with a few vi-
brational levels, strong magnetic moments and non-zero
induced electric dipole moments, even though the con-
sidered molecule is homonuclear [60, 61]. We also find
numerous repulsive curves that may be used for opti-
cal shielding of collisions between ground-level holmium
atoms [62–66].

The structure of this article is as follows. In section II
we describe the theoretical formalism for two interacting
atoms in the presence of external electric and magnetic
fields, including a general presentation (Subsection II A),
symmetrization of basis functions (Subsection II B) and
matrix elements of the Hamiltonian (Subsection II C).
Then in section III, we apply our formalism to character-
ize the interactions between two holmium atoms, by cal-
culating potential-energy curves, vibrational levels and
induced electric dipole moments. Section IV contains
concluding remarks.

II. THEORY

A. General form of the Hamiltonian

We consider two identical atoms with nuclear spin I
interacting with each other. One atom is in the ground
level |g〉 with electronic and total angular momenta Jg
and Fg, whereas the other is excited in a superposition
of two quasi-degenerate opposite-parity levels, labeled |a〉
(|b〉) with energy Ea (Eb), electronic and total angular
momenta Ja (Jb) and Fa (Fb). We assume that |a〉 has
the same electronic parity as |g〉. For open-4f -shell lan-
thanide atoms, the electronic angular momentum is large,
e.g. Jg = Ja = 15/2 and Jb = 17/2 for holmium.

The model Hamiltonian for a system of two interacting
atoms at large distances with reduced mass µ, internu-
clear separation R and relative angular momentum L̂,

can be expressed as,

Ĥ = − 1

2µR

∂2

∂R2
R+

L̂2

2µR2
+

2∑
i=1

Ĥi + V̂LR (R) . (1)

The first two terms are the radial and angular parts of the
kinetic-energy operator; the last term is the long-range
potential energy, and Ĥi the Hamiltonian of individual
atom i. In the presence of external electric and magnetic
fields, Ĥi can be written as

Ĥi = Ĥhf (i) + ĤS(i) + ĤZ(i) (2)

where the first term is the field-free atomic Hamiltonian
including hyperfine interactions, the second and third
terms are Stark and Zeeman interactions. In the cou-
pled atomic basis |JiIFiMFi〉, the hyperfine interactions
are diagonal with energies [67],

Ehf (i) =
1

2
AiCi

+ Bi
3/4× Ci(Ci + 1)− I(I + 1)Ji(Ji + 1)

2I(2I − 1)Ji(2Ji − 1)
(3)

where Ci = Fi(Fi+1)−Ji(Ji+1)−I(I+1), Ai and Bi are
the hyperfine structure constants. The matrix elements
of ĤS(i) and ĤZ(i) will be given below.

Having a large electronic angular momentum, the lev-
els |g〉, |a〉 and |b〉 possess permanent magnetic dipole
and electric quadrupole moments. Moreover, |a〉 and |b〉
are coupled by electric-dipole transition, due to their op-
posite parity. The electric and magnetic dipole moments
give respectively rise to Stark and Zeeman shifts. The
dipole and quadrupole moments also give rise to direct
interactions in the multipolar expansion.

Because the two atoms are identical but in different
quantum levels, they also interact via resonant terms
of the multipolar expansion [68]. (i) The levels |g〉
and |b〉, of opposite parities, show a resonant electric
dipole-dipole interaction, scaling as R−3; (ii) the levels
|g〉 and |a〉, of identical parity, show a resonant electric
quadrupole-quadrupole interaction, scaling as R−5; and
(iii) an electric dipole, coupling |g〉 and |b〉, and an elec-
tric quadrupole, coupling |g〉 and |a〉, resonantly interact
with an energy scaling as R−4.

The direct and resonant atom-atom interactions are
schematically summarized in Table I, as well as the field-
atom interactions. The basis functions are divided in
four blocks |g〉|a〉, |g〉|b〉, |a〉|g〉, |b〉|g〉, where |g〉, |a〉, |b〉
stands for all the quantum numbers of the corresponding
levels. The other quantum numbers, e.g. the partial wave
L, are not shown. The direct and atom-field interactions
are located in the top-left and bottom-right parts of the
table, while resonant interactions are located in the top-
right and bottom-left parts.

B. Basis sets and symmetries

Each atom i (i = 1, 2) is described by its total elec-

tronic Ĵi and nuclear spin Î (identical for the two atoms),
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TABLE I. Block structure of the potential energy matrix, comprising Stark, Zeeman and long-range dipolar and quadrupolar
interactions between two identical atoms, one in the ground level |g〉 and the other in a superposition of opposite-parity excited

levels |a〉 and |b〉. The notations have the following meaning: ĤS and ĤZ are the Stark and Zeeman interactions, Vdd, Vdq, Vqd
and Vqq are the electric dipole-dipole, dipole-quadrupole, quadrupole-dipole and quadrupole-quadrupole interactions, Vµµ is the
magnetic dipole-dipole interaction; the superscripts “dir” and “res” correspond to direct and resonant interactions respectively.

|g〉|a〉 |g〉|b〉 |a〉|g〉 |b〉|g〉
〈g|〈a| ĤZ + V̂ dir

qq (R) + V̂ dir
µµ (R) ĤS(2) + V̂ dir

qd (R) V̂ res
qq (R) V̂ res

dq (R)

〈g|〈b| ĤS(2) + V̂ dir
qd (R) ĤZ + V̂ dir

qq (R) + V̂ dir
µµ (R) V̂ res

qd (R) V̂ res
dd (R)

〈a|〈g| V̂ res
qq (R) V̂ res

qd (R) ĤZ + V̂ dir
qq (R) + V̂ dir

µµ (R) ĤS(1) + V̂ dir
dq (R)

〈b|〈g| V̂ res
dq (R) V̂ res

dd (R) ĤS(1) + V̂ dir
dq (R) ĤZ + V̂ dir

qq (R) + V̂ dir
µµ (R)

which combine to form the total atomic angular momen-
tum F̂i = Ĵi + Î. The associated quantum numbers
are Ji, I and Fi. The projections of the angular mo-
menta are considered along the z axis of space-fixed co-
ordinate system; the associated quantum numbers are
MJi , MIi and MFi

. The electronic parity pi = ±1 un-
der inversion of electronic coordinates is identical for
levels |g〉 and |a〉 and opposite for |g〉 and |b〉. Fi-

nally, the angular momentum L̂ accounts for the rota-
tion of the internuclear axis in the space-fixed frame.
Its magnitude is associated with the partial wave L
and its z-projection with ML. Therefore we obtain the
uncoupled basis |β1J1IF1MF1

〉|β2J2IF2MF2
〉|LML〉 ≡

|β1β2J1IF1MF1
J2IF2MF2

LML〉, where β1 and β2 gather
all the other quantum numbers of atoms 1 and 2 (parities
are not explicitly written).

For convenience, we perform the present calculations in
the fully-coupled basis. Indeed for a diatomic system in
the long-range region, the electronic angular momentum
of each atom Ĵi is more strongly coupled to the nuclear
spin Î than to the internuclear axis [58]. We thus intro-

duce the coupled angular momentum F̂12 = F̂1+F̂2, itself

composed with L̂ to give the total angular momentum of
the complex F̂ = F̂12 + L̂. The resulting fully-coupled
basis functions |β1β2J1I1F1J2I2F2F12LFMF 〉 are related
to the uncoupled by Equation (A4) of Appendix A. In ab-
sence of external field, the total angular momentum F is
a good quantum number; here the field amplitude are low
enough, so that the different F values are weakly coupled.
For fields parallel the z axis, the total angular-momentum
projection MF = MF1

+MF2
+ML = MF12

+ML is con-
served. Among the basis functions, one can distinguish
between even and odd ones with respect to the inversion
of all the electronic and nuclear coordinates. Namely a
given function has a total parity of p1p2(−1)L, which is
not a strictly good quantum number because of the elec-
tric field; still, even and odd functions are not strongly
coupled in the range of field amplitudes considered here.
Finally for MF = 0, one has even and odd basis func-
tions with respect to the reflection about the space-fixed
xz plane, depending on whether p1p2(−1)L+F is equal to
+1 or −1 (see Appendix A).

For systems of identical particles, the permutation
symmetry must be taken into account [69]. We build
the properly symmetrized fully-coupled basis for the two
identical atoms (see detailed discussion in Appendix A),

|β1β2J1IF1J2IF2F12LFMF ; η〉 =
1√

2(1 + δβ1β2δJ1J2δF1F2)
{|β1β2J1IF1J2IF2F12LFMF 〉

+η(−1)F1+F2−F12+L|β2β1J2IF2J1IF1F12LFMF 〉
}

(4)

The symmetry of the basis functions with respect to the
permutation of the identical atoms is given by index η:
for bosonic isotopes, only the value η = +1 is allowed,
while η = −1 for the fermionic ones.

In the following we will first construct the Hamilto-
nian in the fully coupled basis, then we will transform
the Hamiltonian to the symmetrized basis by using the
method from Ref. [70–72].

C. Matrix element of the Hamiltonian in the fully
coupled basis

In this subsection, matrix elements will be given in the
unsymmetrized fully-coupled basis. Going to the sym-
metrized one requires to apply Eq. (4) in the bras and
the kets of the matrix elements.
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1. Atomic multipole moments

The Stark, Zeeman, and long-range Hamiltonians are
functions of the electric and magnetic multipole-moment
operators Q̂`imi and µ̂`imi of atoms i = 1 and 2. Since
they are irreducible tensors of rank `i and component mi,
their matrix elements satisfy the Wigner-Eckart theorem
[73]

〈β′iJ ′iIF ′iM ′Fi
|Q̂`imi

|βiJiIFiMFi
〉

=
C
F ′

iM
′
Fi

FiMFi
`imi√

2F ′i + 1
〈β′iJ ′iIF ′i‖Q̂`i‖βiJiIFi〉 (5)

where Ccγaαbβ = 〈aαbβ|abcγ〉 is a Clebsch-Gordan coeffi-

cient [73], 〈β′iJ ′iIF ′i‖Q̂`i‖βiJiIFi〉 is the reduced matrix
element (and similarly for µ̂`i). Assuming that the multi-
pole moments are purely electronic operators, i.e. leaving
the nuclear spin unchanged, the reduced matrix element

can be expressed as〈
β′iJ
′
iIF

′
i

∥∥∥Q̂`i∥∥∥βiJiIFi〉
= (−1)I+Fi+`i+J

′
i

√
(2Fi + 1)(2F ′i + 1)

×
{
Ji I Fi
F ′i `i J ′i

}〈
β′iJ
′
i

∥∥∥Q̂`i∥∥∥βiJi〉 , (6)

where the quantity between curly brackets is a Wigner
6-j symbol [73]. In this work, we deal with the electric

dipole Q̂1 and quadrupole moments Q̂2, and the magnetic
dipole moment µ̂1 such that [73]

〈βiJi ‖µ̂1‖βiJi〉 = −µBgi〈βiJi‖Ĵi‖βiJi〉

= −µBgi
√
Ji(Ji + 1)(2Ji + 1) (7)

where µB is Bohr’s magneton, and gi ≡ gJi is the elec-
tronic Landé g-factor of the level |i〉.

2. Stark Hamiltonian

We consider a homogeneous electric field E = Euz ori-
ented along the z direction. At the first-order of per-
turbation the Stark effect operator can be written as
ĤS(i) = −EQ̂10(i), where Q̂10 is the z-component of the
dipole moment operator. Now assuming atom 1 in the
ground level |g〉, and atom 2 in a superposition of excited
levels |a〉 and |b〉, the matrix element of the Stark Hamil-

tonian ĤS(2) in the uncoupled basis can be expressed
as,

〈
β′1β

′
2J
′
1IF

′
1M
′
F1
J ′2IF

′
2M
′
F2
L′M ′L

∣∣∣ĤS(2)
∣∣∣β1β2J1IF1MF1J2IF2MF2LML

〉
= −Eδβ′

1β1
δJ′

1J1
δF ′

1F1
δM ′

F1
MF1

δL′LδM ′
LML

〈
β′2J

′
2IF

′
2M
′
F2

∣∣∣Q̂10(2)
∣∣∣β2J2IF2MF2

〉
= −Eδβ′

1β1
δJ′

1J1
δF ′

1F1
δM ′

F1
MF1

δL′LδM ′
LML

C
F ′

2M
′
F2

F2MF2
10√

2F ′2 + 1
×
〈
β′2J

′
2IF

′
2

∥∥∥Q̂1(2)
∥∥∥β2J2IF2

〉
(8)

The Clebsch-Gordan coefficient C
F ′

2M
′
F2

F2MF2
10, which imposes M ′F2

= MF2
, ensures the conservation of the atomic angular

momentum projection along z. Using the sums involving two and three Clebsch-Gordan coefficients (see Appendix

B) and the reduced matrix elements of Eqs. (5) and (6), we can derive the matrix elements of ĤS(1) and ĤS(2) in
the fully-coupled basis

〈
β′1β

′
2J
′
1IF

′
1J
′
2IF

′
2F
′
12L
′F ′M ′F

∣∣∣ĤS(2)
∣∣∣β1β2J1IF1J2IF2F12LFMF

〉
= Eδβ′

1β1
δJ′

1J1
δF ′

1F1
δL′LδM ′

FMF
(−1)I+J

′
2−F1+L+F

√
(2F ′2 + 1)(2F2 + 1)(2F ′12 + 1)(2F12 + 1)(2F + 1)

×
{
J2 I F2

F ′2 1 J ′2

}{
F2 F1 F12

F ′12 1 F ′2

}{
F12 L F
F ′ 1 F ′12

}
CF

′MF

FMF 10

〈
β′2J

′
2

∥∥∥Q̂1(2)
∥∥∥β2J2〉 , (9)
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and

〈
β′1β

′
2J
′
1IF

′
1J
′
2IF

′
2F
′
12L
′F ′M ′F

∣∣∣ĤS(1)
∣∣∣β1β2J1IF1J2IF2F12LFMF

〉
= Eδβ′

2β2
δJ′

2J2
δF ′

2F2
δL′LδM ′

FMF
(−1)I+J

′
1+F

′
1+F

′
12+F1+F2+F12+L+F

√
(2F ′1 + 1)(2F1 + 1)(2F ′12 + 1)(2F12 + 1)(2F + 1)

×
{
J1 I F1

F ′1 1 J ′1

}{
F1 F2 F12

F ′12 1 F ′1

}{
F12 L F
F ′ 1 F ′12

}
CF

′MF

FMF 10

〈
β′1J

′
1

∥∥∥Q̂1(1)
∥∥∥β1J1〉 . (10)

Due to the cylindrical symmetry about the z axis, the total angular momentum projection MF is a good quantum
number (M ′F = MF ), while its magnitude obeys the selection rule F ′ = F or F ± 1.

3. Zeeman Hamiltonian

When applying a homogeneous external magnetic field B = Buz along the z direction, the Zeeman Hamiltonian
can be written as ĤZ = ĤZ(1) + ĤZ(2) = −(µ10(1) + µ10(2))B, which gives in the uncoupled basis

〈
β′1β

′
2J
′
1IF

′
1M
′
F1
J ′2IF

′
2M
′
F2
L′M ′L

∣∣∣ĤZ

∣∣∣β1β2J1IF1MF1
J2IF2MF2

LML

〉
= δL′LδM ′

LML

[
δβ′

2β2
δJ′

2J2
δF ′

2F2
δM ′

F2
MF2

〈
β′1J

′
1IF

′
1M
′
F1

∣∣∣ĤZ(1)
∣∣∣β1J1IF1MF1

〉
+δβ′

1β1
δJ′

1J1
δF ′

1F1
δM ′

F1
MF1

〈
β′2J

′
2IF

′
2M
′
F2

∣∣∣ĤZ(2)
∣∣∣β2J2IF2MF2

〉]
= −BδL′LδM ′

LML

[
δβ′

2β2
δJ′

2J2
δF ′

2F2
δM ′

F2
MF2

〈
β′1J

′
1IF

′
1M
′
F1
|µ̂10(1)|β1J1IF1MF1

〉
+δβ′

1β1
δJ′

1J1
δF ′

1F1
δM ′

F1
MF1

〈
β′2J

′
2IF

′
2M
′
F2
|µ̂10(2)|β2J2IF2MF2

〉]
. (11)

Recalling that the matrix elements of µ̂10(i) are such that β′i = βi and J ′i = Ji (see Eq. (7)), and using the relations
given in Appendix B, we get to the fully-coupled basis expression

〈
β′1β

′
2J
′
1IF

′
1J
′
2IF

′
2F
′
12L
′F ′M ′F

∣∣∣ĤZ

∣∣∣β1β2J1IF1J2IF2F12LFMF

〉
= −µBBδβ′

1β1
δJ′

1J1
δβ′

2β2
δJ′

2J2
δL′LδM ′

FMF

√
(2F ′12 + 1)(2F12 + 1)(2F + 1)

{
F12 L F
F ′ 1 F ′12

}
CF

′MF

FMF 10

×
[
(−1)I+J

′
1+F

′
1+F

′
12+F1+F2+F12+L+F δF ′

2F2
g1

{
J1 I F1

F ′1 1 J ′1

}{
F1 F2 F12

F ′12 1 F ′1

}
×
√
J1(J1 + 1)(2J1 + 1)(2F ′1 + 1)(2F1 + 1)

+(−1)I+J
′
2−F1+L+F δF ′

1F1
g2

{
J2 I F2

F ′2 1 J ′2

}{
F2 F1 F12

F ′12 1 F ′2

}
×
√
J2(J2 + 1)(2J2 + 1)(2F ′2 + 1)(2F2 + 1)

]
. (12)

Similarly to the Stark Hamiltonian ĤS , the quantum number MF is conserved while F is not (F ′ = F or F ± 1).
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4. Long-range potential energy

The matrix element of the space-fixed long-range operator V̂LR(R) in the uncoupled basis can be expressed as [68],〈
β′1β

′
2J
′
1IF

′
1M
′
F1
J ′2IF

′
2M
′
F2
L′M ′L

∣∣∣V̂LR(R)
∣∣∣β1β2J1IF1MF1

J2IF2MF2
LML

〉
=
X0

4π

∑
`1`2`

δ`1+`2,`
(−1)`2

R`+1

√
(2`)!

(2`1)!(2`2)!

√
2L+ 1

2L′ + 1
CL

′0
L0`0

×

〈
β′1J

′
1IF

′
1

∥∥∥Q̂`1(1)
∥∥∥β1J1IF1

〉
√

2F ′1 + 1

〈
β′2J

′
2IF

′
2

∥∥∥Q̂`2(2)
∥∥∥β2J2IF2

〉
√

2F ′2 + 1

×
∑

mm1m2

(−1)mC`m`1m1`2m2
C
L′M ′

L

LML`−mC
F ′

1M
′
F1

F1MF1
`1m1

C
F ′

2M
′
F2

F2MF2
`2m2

(13)

where X0 = 1/ε0 or µ0 for electric and magnetic multipoles respectively, and n! is the factorial of n. The positive
integers `1 and `2 are the ranks of the atomic multipole moments. In this work, we deal with dipole `i = 1 and
quadrupole moments `i = 2. The third index ` is the sum of `1 and `2; the Clebsch-Gordan coefficient of the second
line of Eq. (13) imposes that L + ` + L′ is even. Recalling that pi is the parity under inversion of the electronic
coordinates about each atomic nucleus, the electric multipole ranks are such that pip

′
i(−1)`i = 1. In other words, the

dipole moment changes the parity, while the quadrupole moment does not, as well known.
By using the relations in Appendix B and the reduced matrix elements of Eqs. (5) and (6), we can derive the matrix

element formula in the fully coupled basis,〈
β′1β

′
2J
′
1IF

′
1J
′
2IF

′
2F
′
12L
′F ′M ′F

∣∣∣V̂LR(R)
∣∣∣β1β2J1IF1J2IF2F12LFMF

〉
=
X0

4π
δF ′F δM ′

FMF

∑
`1`2`

δ`1+`2,`
(−1)`1+J

′
1+J

′
2+2I+F1+F2+F12+L

′+F

R`+1

√
(2`)!

(2`1)!(2`2)!
CL

′0
L0`0

×
√

(2F ′1 + 1)(2F1 + 1)(2F ′2 + 1)(2F2 + 1)(2F ′12 + 1)(2F12 + 1)(2L+ 1)(2`+ 1)

×
{
J1 I F1

F ′1 `1 J ′1

}{
J2 I F2

F ′2 `2 J ′2

}{
F12 L F
L′ F ′12 `

} F ′12 F ′1 F ′2
F12 F1 F2

` `1 `2

〈β′1J ′1 ∥∥∥Q̂`1(1)
∥∥∥β1J1〉〈β′2J ′2 ∥∥∥Q̂`2(2)

∥∥∥β2J2〉 (14)

where the last quantity between curly brackets is a Wigner 9-j symbol. In the fully-coupled basis, the long-range
potential conserves the total angular momentum F and its projection MF .

III. RESULTS AND DISCUSSIONS

Holmium has a single stable isotope, 165Ho, which
is bosonic with a nuclear spin I = 7/2. The elec-
tronic configuration and term of the ground level |g〉 are
[Xe]4f116s2 4Io15/2, with Jg = 15/2. There exists a pair of

quasi-degenerate levels, separated by 2.9 cm−1: the odd-
parity level |a〉 at 24357.90 cm−1 with Ja = 15/2 and the
even-parity level |b〉 at 24360.81 cm−1 with Jb = 17/2.

The necessary spectroscopic data for the three levels
are listed in Table II, in particular the reduced transition
multipole moments. The strong electric dipole-allowed
transition between |a〉 and |b〉 comes from the 1D − 1P o

character of the valence shells, while the transition be-
tween |g〉 and |b〉 comes from the 1S − 1P o character.
Besides, there is a significant electric quadrupole-allowed
transition between |g〉 and |a〉, due to 1S− 1D character.
These large transition multipole moments result in strong

resonant interactions V̂ resdd (R), V̂ resqq (R) and V̂ resdq/qd(R) in

comparison with the direct ones V̂ dirqq (R), V̂ dirdq (R) and

V̂ dirµµ (R) (see Table I), which will be ignored in what fol-
lows. Indeed the direct interactions are proportional to
the weak permanent quadrupole moment of |g〉, that we
estimate on the order of 1 atomic unit [82].

In 2014, sub-Doppler laser cooling and magneto-optical
trapping of holmium was demonstrated by using the tran-
sition at 410.5 nm [41], between the highest hyperfine lev-
els of |g〉 and |b〉, of total angular momentum Fg = 11 and
Fb = 12 respectively. Assuming ultracold spin-polarized
atoms in the highest Zeeman sublevel MFg

= 11 and col-
liding in s-wave (L = ML = 0), we can deduce that a
pair of colliding atoms possesses a total angular momen-
tum projection MF = 22. If we consider that the atom
pair is submitted to a linearly-polarized photoassociation
(PA) laser, red-detuned with respect to an atomic tran-
sition involving levels |a〉 or |b〉, the excited pair will also
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TABLE II. Spectroscopic parameters used in this work, including energies, Landé g-factors, hyperfine constants, radiative
lifetimes, and reduced transition dipole and quadrupole moments

Term Level Parity
Ea Landé Hyperfine constants Radiative

(cm−1) g-factor A (MHz) B (MHz) lifetime (ns)

4f11(4Io15/2)6s2(1S0) 4Io15/2 |g〉 odd 0 1.195a 800.583c -1688.0c -

4f11(4Io)5d6s(1D) 4Io15/2 |a〉 odd 24357.90 1.181b 840.3d -1873.7d 3200b

4f11(4Io15/2)6s6p(1P o1 ) (15/2, 1)17/2 |b〉 even 24360.81 1.176b 654.9e -620.0e 4.9f

reduced transition absolute
multipole moment valueb (a.u.)

|〈a‖Q̂1‖b〉| 2.56

|〈g‖Q̂1‖b〉| 11.6

|〈g‖Q̂2‖a〉| 35.3

a from NIST database [74], b values calculated with Cowan code [75] as in Ref. [76]
c from Ref. [77, 78], d from Ref. [79], e from Ref. [41, 80], f from Ref. [81]

possess a total angular momentum projection MF = 22.

In this article, we model the excited pair of atoms,
i.e. once a PA photon has been absorbed, submitted to
collinear static electric and magnetic fields. Therefore,
the total angular momentum projection MF is conserved
by the Hamiltonian (1), but not the total angular mo-
mentum F . In order to perform our calculations, we
set F in a range Fmin = 22 6 F 6 Fmax = 27, and
0 6 L 6 Lmax = 4 (except otherwise stated). This
gives 752 potential-energy curves, in which 252 dissoci-
ate to the |g〉+ |a〉 asymptotes, and 500 dissociate to the
|g〉+ |b〉 asymptote. In the symmetrized basis, the num-
ber of curves decreases down to 376, among which 126
dissociate to the |g〉+ |a〉 asymptotes.

From our long-range model, calculated potential-
energy curves for excited atom pairs are presented in
Figs. 1(a)–(c) for E = 5 kV/cm, B = 0, 100 and 1000 G,
which are typical experimental values. The lower and
upper panels show the curves dissociating towards the
|g〉+ |a〉 and |g〉+ |b〉 asymptotes respectively. The zero
energy has been set to the average of the field-free |a〉
and |b〉 level energies, though it is not visible in Fig. 1
due to the break in the energy scale. Figures 1(a)–
(c) display all the curves converging to |g〉 + |b〉 with
MF = 22, 0 ≤ L ≤ 4 and 22 ≤ F ≤ 27, which ex-
plains why the curves converge to the 6 highest hyper-
fine levels of |g〉 (6 ≤ Fg ≤ 11) and |b〉 (7 ≤ Fb ≤ 12)
since 18 ≤ F12 ≤ 23. At this range of internuclear dis-
tances, the curves are strongly mixed due to the R−3-
dependent resonant dipole-dipole interaction. By con-
trast, the curves close to the |g〉+ |a〉 asymptote are less
mixed, because of the shorter-range R−5-dependent res-
onant quadrupole-quadrupole interaction. Figures 1(a)–
(c) only contain the highest curves converging to |g〉+|a〉,
because if we were showing all of them, we would only
see flat curves. Finally the insets comprise some selected
curves containing long-range potential wells.

We can see that those wells become deeper with
increasing magnetic field, and that their minimum is

shifted to smaller internuclear distances. As shown on
Fig. 1, they are coupled to the attractive curves coming
from the |g〉+ |b〉 asymptote, inducing a potential barrier
toward small distances. The possibility for the atoms to
cross this barrier may reduce the lifetime of vibrational
levels, since these atoms are very likely to experience in-
elastic collisions in the small-R region. Predissociation
due to non-adiabatic couplings between potential wells
and lower repulsive curves may also limit the lifetime, as
well as spontaneous emission. For atom pairs close to
|g〉+ |a〉 asymptotes, due to the low electric fields in this
study, we can assume that the radiative lifetime is close
to the one of level |a〉 (see Table II). However increas-
ing the field amplitude increases the mixing with level
|b〉, and so decreases the radiative lifetime since τb is 650
times smaller than τa.

In consequence, there is a compromise to find in terms
of field amplitudes. A larger magnetic field deepens the
potential wells, hence favoring the existence of vibra-
tional levels, but it can reduce their lifetimes because of
an easier tunneling toward small internuclear distances.
Also, a larger electric field increases the induced dipole
moment through a larger coupling between levels |a〉 and
|b〉, but it reduces the radiative lifetime. A good compro-
mise can be found with E = 1 kV/cm and B = 90 G, as
shown in Fig. 2. The red curve is a 10−3-cm−1-deep po-
tential well correlated to the asymptote (Fg = MFg = 11,
Fa = MFa = 11, F12 = 22), and which supports a vibra-
tional level. It was computed with the mapped-Fourier-
grid-Hamiltonian (MFGH) method [83, 84] for the red
potential-energy curve separately, which explains why
we could not calculate the rate of predissociation toward
lower curves.

The lower panel of Fig. 2 shows the R-dependent in-
duced electric dipole moment along z for the highlighted
curves of the upper panel, which are equal to a few thou-
sandths of debye. They are R-independent for distances
above 125 a.u., meaning that the mixing of levels |a〉 and
|b〉 is very close to that with separated atoms (R→∞).
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FIG. 1. Potential-energy curves for E = 5 kV/cm and: (a) B = 0 G, (b) B = 100 G, and (c) B = 1000 G, as functions of
internuclear separation R. The upper panels correspond to curves converging towards the different hyperfine |g〉+|b〉 asymptotes,
and the lower panels towards the highest levels of the |g〉+ |a〉 asymptotes. The insets are zooms showing long-range potential
wells. The angular momenta are MF = 22, 0 ≤ L ≤ 4, 22 ≤ F ≤ 27, which implies 7 ≤ Fg ≤ 11, 7 ≤ Fa ≤ 11 for the |g〉+ |a〉,
and 6 ≤ Fg ≤ 11, 7 ≤ Fb ≤ 12 for the |g〉+ |b〉 asymptote.

The strong R-variation in the region of the well mini-
mum indicates strong coupling between molecular states.
Because the highlighted curves are characterized by the
largest possible values of F12, MFg and MFa , they pos-
sess a strong magnetic moment (in absolute value), close
to the extremal value −(ggJg + gaJa) = −17.8 µB corre-
sponding to the sum of two separated atoms.

We can associate with this magnetic moment a charac-
teristic dipolar length ad = md2 [50], m being the mass of
a Ho2 molecule and d the dipole moment (all quantities
are expressed in atomic units). Taking d = −17 µB =
−0.062 a.u., we obtain ad = 2300 a.u., which is larger
than the value of 1150 a.u. corresponding to Er2 Fesh-
bach molecules [50]. We can also estimate the dipolar
length associated with the induced electric dipole mo-
ment d = 0.003 D = 0.0012 a.u., which gives 0.84 a.u..
These two characteristic lengths open the possibility to
observe dipolar effects with the magnetic dipoles, and
manipulate the molecules with an external electric field.

Figure 3 shows that long-range wells with vibrational
levels can also exist close to the |g〉+ |b〉 asymptotes (ac-
tually Fg = MFg

= 11, Fb = MFb
= 12, F12 = 23).

These wells, which are deeper and longer-range than
those of Fig. 2, support more vibrational levels (only the
three lowest are shown for each well). Besides, these
wells do not possess potential barriers allowing tunnel-
ing toward smaller distances. But, being close to the
|g〉 + |b〉 asymptotes, their radiative lifetime is approxi-
mately τb = 4.9 ns. Their induced dipole moments equal
a few thousandths of debye as in Fig. 2, but here they
tend to 0 in the separated-atom limit. This is because

the sublevel Fb = MFb
= 12 is insensitive to the electric

field, as it is cannot be mixed with any sublevel (Fa,MFa)
since MFa ≤ 11 (see Ref. [54] for a detailed discussion).

IV. CONCLUSION

We have calculated the long-range potential energy be-
tween two identical lanthanide atoms, one in the ground
level and one in a superposition of nearly degenerate ex-
cited levels coupled by an external electric field. This
situation gives rise to various direct and resonant inter-
actions between atomic multipoles. Our formalism that
includes the atomic hyerfine structure is presently ap-
plied to holmium, but it can also be applied to other lan-
thanide atoms with quasi-degenerate energy levels [54],
or to Rydberg atoms with a large angular momentum.

In the case of holmium, our calculations predict the
existence of long-range potential wells that are likely to
support vibrational levels, accessible by photoassocia-
tion from the ground level. Their strong magnetic mo-
ments make them interesting alternatives to the Feshbach
Er2 molecules formed by magneto-association [50], with
in addition to Er2, an induced electric dipole moment
that opens the possibility to prepare and manipulate the
molecules with an external electric field. Furthermore,
the large number of repulsive curves opens the possibility
of optical shielding, in order to control the collisions be-
tween ground-level holmium atoms. Another possibility
is to bring a vibrational level very close to the dissociation
limit so that one can tune the scattering length of such
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FIG. 2. Upper panel: zoom on selected levels of |g〉 + |a〉
asymptote for E = 1 kVv/cm and B = 90 G (Lmax = 5).
The dashed line represents a vibrational level supported by
the heavy red potential well. Lower panel: induced electric
dipole moment associated with the two heavy curves of the
upper panel.

atoms [65], as it was proposed for molecular collisions in
a microwave field [64, 65].
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Appendix A: Fully-coupled symmetrized basis

1. Construction of the fully-coupled basis

This appendix sketches the process of the construction
of the fully coupled basis. For a single atom, the elec-
tronic angular momentum Ĵi is coupled with the nuclear-
spin angular momentum Î to form F̂i = Ĵi + Î, i = 1, 2,

so that the state of each atom can be expressed as,

|βiJiIFiMFi
〉 =

∑
MJi

MIi

C
FiMFi

JiMJi
IMIi
|βiJiMJi〉|IMIi〉

(A1)

Then, the total angular momenta of two atoms F̂i are
coupled together to form F̂12 = F̂1 + F̂2, to give

|F1F2F12MF12
〉 =

∑
MF1

MF2

C
F12MF12

F1MF1
F2MF2

|F1MF1
〉|F2MF2

〉

(A2)
which is subsequently coupled to the rotational angular
momentum L̂ to form the total angular momentum of
the complex F̂ = F̂12 + L̂, with projection MF along the
space-fixed z axis,

|F12LFMF 〉 =
∑

MF12
ML

CFMF

F12MF12
LML
|F12MF12〉|LML〉.

(A3)

Finally the fully coupled basis can be derived from the
uncoupled one,

|β1β2J1IF1J2IF2F12LFMF 〉

=
∑

MF12
MLMF1

MF2
MJ1

MI1
MJ2

MI2

CFMF

F12MF12
LML

C
F12MF12

F1MF1
F2MF2

× CF1MF1

J1MJ1
IMI1

C
F2MF2

J2MJ2
IMI2

× |β1J1MJ1IMI1〉|β2J2MJ2IMI2〉|LML〉. (A4)

2. Basis symmetrization

We denote ri the coordinates of all the electrons in-
side atom i, and R the vector joining atom 1 and atom
2. Firstly, we apply the inversion operator Ê∗ : r1 →
−r1; r2 → −r2;R→ −R to the fully-coupled state con-
structed above,

Ê∗|β1β2J1IF1J2IF2F12LFMF 〉
= p1p2(−1)L|β1β2J1IF1J2IF2F12LFMF 〉, (A5)

where pi stand for the electronic parity of individual
atoms. The basis functions are thus divided into even
and odd functions if p1p2(−1)L = ±1, both cases being
allowed.

Now we consider the operator that interchanges atoms
1 and 2, P̂12 : r1 → r2; r2 → r1;R → −R, which gives
in the uncoupled basis

P̂12|β1J1MJ1IMI1〉|β2J2MJ2IMI2〉|LML〉
= (−1)L|β2J2MJ2IMI2〉|β1J1MJ1IMI1〉|LML〉. (A6)

When transforming this equation in the fully-coupled ba-
sis, one needs to take care of the step leading to F̂12, that
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FIG. 3. (a) The highest potential energy curves obtained for E = 5 kV/cm and B = 1000 G (zoom of Fig. 1(c)) as a function
of internuclear separation R. Two long-range potential wells are highlighted in red. Upper panel of (b): those two wells with
their computed three lowest vibrational levels. Lower panel: their R-dependent induced electric dipole moment.

is

P̂12|F1F2F12MF12〉

=P̂12

∑
MF1

MF2

C
F12MF12

F1MF1
F2MF2

|F1MF1
〉|F2MF2

〉

=
∑

MF1
MF2

C
F12MF12

F1MF1
F2MF2

P̂12|F1MF1
〉|F2MF2

〉

=
∑

MF1
MF2

C
F12MF12

F1MF1
F2MF2

|F2MF2
〉|F1MF1

〉

=(−1)F1+F2−F12

∑
MF1

MF2

C
F12MF12

F2MF2
F1MF1

|F2MF2〉|F1MF1〉

=(−1)F1+F2−F12 |F2F1F12MF12
〉, (A7)

where we used Eq. (B1). Finally, we obtain

P̂12|β1β2J1IF1J2IF2F12LFMF 〉
= (−1)F1+F2−F12+L|β2β1J2IF2J1IF1F12LFMF 〉,

(A8)

and so the symmetrized basis functions can be con-

structed as (see Eq. (4))

|β1β2J1IF1J2IF2F12LFMF ; η〉

=
1√

2(1 + δβ1β2δJ1J2δF1F2)

×{|β1β2J1IF1J2IF2F12LFMF 〉
+η(−1)F1+F2−F12+L|β2β1J2IF2J1IF1F12LFMF 〉

}
(A9)

where the symmetry of the basis functions with respect
to the permutation of identical atoms is given by index
η, which is equal to +1 for identical bosons and −1 for
identical fermions [72, 85, 86]. There is only one possible
value of η for a given isotope.

In the special case MF = 0, the potential energy curves
are divided into even (ε = 1) and odd (ε = −1) ones
with respect to the reflection σxz about the space-fixed
xz plane. Because this reflection can be decomposed in
an inversion followed by the rotation of π radians around
the y axis. Since the latter transforms the basis function
|FMF 〉 into (−1)F−MF |F,−MF 〉 [73], the even or odd
character of a given basis function for MF = 0 is given
by ε = p1p2(−1)L+F . The Clebsch-Gordan coefficients of
the Stark and Zeeman Hamiltonians (see Eqs. (9), (10)
and (12)) impose F ′ − F = ±1 when MF = 0. There-
fore the Stark Hamiltonian, which changes the total par-
ity, conserves ε, whereas the Zeeman Hamiltonian, which
conserves the total parity, changes ε.
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Appendix B: Relations involving Clebsch-Gorden
coefficients used in this paper

The relationships of this appendix are extracted from
Ref. [73], chapter 8. The permutation of lower indexes
yields

Ccγbβaα = (−1)a+b−cCcγaαbβ (B1)

Furthermore we list several important sums involving
Clebsch-Gorden coefficients,

∑
α

(−1)a−αCc0aαa−α =
√

2a+ 1δc,0 (B2)∑
αβ

CcγaαbβC
c′γ′

aαbβ = δc,c′δγ,γ′ (B3)

∑
αβδ

CcγaαbβC
eε
dδbβC

dδ
aαfϕ

= (−1)b+c+d+f
√

(2c+ 1)(2d+ 1)

{
a b c
e f d

}
Ceεcγfϕ

(B4)

∑
βγεϕ

CaαbβcγC
dδ
eεfϕC

bβ
eεgηC

cγ
fϕjµ

=
∑
kκ

√
(2b+ 1)(2c+ 1)(2d+ 1)(2k + 1)

× CkκgηjµCaαdδkκ

a b c
d e f
k g j

 (B5)

a explicit form of Clebsch-Gordan coefficient with special
arguments,

Ccγaα00 = δa,αδc,γ (B6)

A relation for a Wigner 9-j symbol with a zero argument
reducing to 6-j symbol, a b c

d e f
g h 0

 =

 f e d
c b a
0 h g


= δc,fδg,h

(−1)b+c+d+g√
(2c+ 1)(2g + 1)

{
a b c
e d g

}
. (B7)
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S. Ospelkaus, and E. Tiemann. Laser and fourier-
transform spectroscopy of KCa. Phys. Rev. A,
96(3):032505, 2017.

[31] A. Guttridge, S.A. Hopkins, S.L. Kemp, M.D. Frye, J.M.
Hutson, and S.L. Cornish. Interspecies thermalization in
an ultracold mixture of Cs and Yb in an optical trap.
Phys. Rev. A, 96(1):012704, 2017.

[32] R. Guérout, M. Aymar, and O. Dulieu. Ground state of
the polar alkali-metal-atom–strontium molecules: Poten-
tial energy curve and permanent dipole moment. Phys.
Rev. A, 82:042508, 2010.
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