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Abstract

We consider the elasticity problem in a domain with contact on multiple periodic open cracks.
The contact is described by the Signorini and Coulomb-friction conditions. Problem is non-linear,
the dissipative functional depends on the unknown solution and the existence of the solution for
fixed period of the structure is usually proven by the fix-point argument in the Sobolev spaces with
a little higher regularity, H*T®. We rescaled norms, trace, jump and Korn inequalities in fractional
Sobolev spaces with positive and negative exponent, using the unfolding technique, introduced by
Griso, Cioranescu and Damlamian. Then we proved the existence and uniqueness of the solution
for friction and period fixed. Then we proved the continuous dependency of the solution to the
problem with Coulomb’s friction on the given friction and then estimated the solution using fixed
point theorem. However, we were not able to pass to the strong limit in the frictional dissipative
term. For this reason, we regularized the problem by adding a fourth-order term, which increased
the regularity of the solution and allowed the passing to the limit. This can be interpreted as
micro-polar elasticity.

Keywords: Homogenization via unfolding, Coulomb’s friction on periodic cracks, regularization
term, variational inequalities, rescaling of fractional Sobolev norms
Mathematics Subject Classification (2010): 35B27, 35R45, 35Q74, 74M10, 74M15

1 Introduction

This paper deals with a static multi-scale contact problem with Coulomb’s friction, which arise by
time-discretization of a quasi-static problem, as it is shown in [3],[4]. Such a problem results in a
quasi-variational inequality, whose solvability was studied in [3],[4]. In this paper, we want to repeat
these results for multi-scale periodic open cracks.

We show that the Coulomb-friction problem admits solutions for every fixed period. Then we obtain
all compactness results and preliminary estimates in terms of the powers of the small parameter,
related to the period of the structure, using Korn’s inequalities and their rescaling. For this reason,
we extend results of [10] and [§], where asymptotic analysis and one-side Korn inequalities were given
for multi-scale contact problem in a periodic domain with Tresca friction, and extend the unfolding
tools introduced by [5] and [7] to fractional order Sobolev spaces. We introduce tools for rescaling
their norms and dual norms over domains and manifolds.

We regularize the problem by adding the fourth-order term, in order to pass to the limit and prove
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the strong convergence of the interface stresses or co-normal derivatives on the cracks. We used the
shifting technique as in [4], or [15] to show a better regularity in the macroscopic variable and, then,
the strong convergence. Finally, we proved the existence and uniqueness of the solution to the limiting
regularized problem. It is easy to show that the solution of the regularized e-problem converges to the
solution of the contact Coulomb’s problem as the regularizing parameter tends to zero. However, it
cannot be sent to zero after the passing to the limit, since it enters a denominator of the contruction
condition for the fixed point argument. In the conclusion, we were able to homogenize just a regularized
problem. The result is still new and interesting and can be applied to micro-polar materials with some
additional rotational degrees of freedom.

2 Geometric set up

The problem is set in the natural space R3. Denote 2 a bounded domain in R? with Lipschitz boundary
and I' a subset of 02 with a positive Lebesgue measure on 0f2.
In the following Y = (0,1)3, is the reference cell. The crack, is a closed set denoted S and strictly
included in Y and called “open crack”. The crack S, is “open” in the sense that Y* =Y \ S lies on
both sides of this surface. The set matrix is Y* =Y \ S (see Figure 1).
We assume that S is the closure of an open connected set of the boundary of a domain P strictly
included in Y and whose boundary is C''!. We denote v the outward unit normal vector to the
boundary of the domain P (it belongs to W1 (9P)3).

Recall that in the periodic setting, almost every point z € R3 can be written as

z=[z]+{z}, [[]€Z’ {z}eY.

Denote
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this last set contains the parts from cells intersecting the boundary 0f2.
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Figure 1. Bounded domain with periodically distributed open and closed cracks
The union of all the cracks is denoted S;,
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and the cracked domain

QI =0\ 8S..
Set
Hi(Q:) ={ue H(Q) |u=0 ae. onT}, HE(QF) = HE () N H?(QF).
Notations

e The normal component of a vector field v on the boundary of a domain with Lipschitz boundary
is denoted v,, while the tangential component v — v, v is denoted v, (where v is the outward
unit normal to the boundary),

e the strain tensor of a vector field v is denoted by e(v); its values are symmetric 3x3 real matrices,

e we use the notations of [Bl [7] for the unfolding method.

3 Preliminary results

3.1 Recall on Poincaré, Poincaré-Wirtinger and Korn inequalities

In the following, for every open bounded set O C R3 and ¢ € L'(O), Mo(p) denotes the mean value
of ¢ over O, i.e.,

1
Mo(p) = @/O@dy

Let O be a bounded domain in R?® with Lipschitz boundary. In O, the following Poincaré and
Poincaré-Wirtinger inequalities hold:

18]l 10y < C([IVOllL2(0) + 18]l 2 00)) 5

Vo € HY(O),
PEO) 1D M@)o < Cl V6l 20

where the constant C' depends on O.
Recall that the space of rigid displacements is
R={r|r()=a+bAz, (ab) R’ xR}

A bounded domain O C R? satisfies the Korn-Wirtinger inequality if there exists a constant C such
that for every v € H'(O)3 there exists r € R such that

lv =7l (0) < Clle()llz2(o)- 3.1)
We equip H'(0)3 with the scalar product
<< U,V >>= / e(u) : e(v)de +/ u-vdz. (3.2)
o o

If O c R? is a bounded domain with Lipschitz boundary, O satisfies the Korn-Wirtinger inequality
and the associated norm is equivalent to the usual norm of H!(O)3. For the displacements in H'(O)3
one also has the following Poincaré inequality:

Yo e HY(0)?,  |vllgizpo) < C(le)llrzo) + Ivllrzo)) (3.3)

where C depends on O.



Definition 1. Let O be a bounded domain in R? with Lipschitz boundary, we denote
W(0) = {v € HY(O) | / v(z) - r(z)dz = 0 for all r € R}.
o

The space W(O) is the orthogonal of R in H'(O)3 for the scalar product (3.2)).

Recall that there exists a constant C' such that for every v € W(O)

vl o) < Clle)llz2(0)- (3.4)

3.2 The spaces H*(S) and H*(S.), a € (0,1)
The space H*(S), a € (0, 1), is the following subspace of L?(S):

H*(S) = {v € L*(9) | /S/SWdoxday < —|—oo}.

It is equipped with the semi-norm

2 o(a) — ()
a(g) = ——————dod 3.5
ol = [ [ i dd, (35)

and the Sobolev-Slobodetsky norm

lollzes) = /1013 s + V11 e o).

The space H*(S:), a € (0,1) is the subspace of L?(S.) containing the functions whose restrictions to
every connected component of S, belong to the space H® of this connected component

H*(s.) = {v e I¥(s / / 2£2)|2d0md0y < +oc}.
e&+eS Je&+eS |£C - yl «

It is equipped with the semi-norm

H Jo@) = v,
UHH“ Se ) - ‘LI) I ‘2+2a OG0y
§EH ef+eS Jeb+eS

and the Sobolev-Slobodetsky norm

lollacsy = y/I013(s,) + €22 0l 2o, (3.6)

3.3 Definition of the jumps

For every v € H*(Y*) denote vgp- the trace of vjp on OP and vgp+ the trace of Vjy-\p 01 OP. The
jump of v across the surface S is

[U]S = (/U|8PJr - U\E)P*)|S7 [U]S € ﬁ1/2(5
We also set for every v € H'(Y*)?
s = [ls v e HY*(S),  [vrs = [v]s — [w]sv € H/2(S)".

In a similar way, for every v € HY(Q*)? one defines [v]s,. and [v,.]s. and [v;.]s.-

L H1/2(S) is the space of all v € H'/2(S) whose extension by 0 in OP \ S belongs to H!/2(8P) (see [2]).



3.4 Some recalls on the main periodic unfolding operators
We provide the following two definitions and two propositions from [7].

Definition 2. For any function ¢ Lebesgue-measurable on ¥, the unfolding operator 7. is defined
by

(;3(6{%] + Ey) for a.e. (z,y) € QE x YY",
0 forae. (z,y) € Ac xY".

T(9)(2,y) =

Proposition 3.1. Assume p € [1,400], then T maps LP(2}) into LP(Q x Y*) and
o for every ¢ € LP(Q2%) one has (recall that [Y| =1)

175 (@) r@xye) = 191l 1o @s) < €l z)-

e for every ¢ € WLP(Q2) one has V, T2 (8)(z,y) = €T (Vo) (w,y) for a.e. (v,y) € 2 x Y* and

IVy T (D)l Lr@xy) = €llVOllLo@:) < el VollLrar)-

Definition 3.2. Assume p € [1,+00]. The operator T2 from LP(S.) into LP(Q x S) is defined by

T2 (9)(w.y) = delw/e] +ey)  for ae (z,y) € Qe xS,

Y P(Se),
0L {Zb(gb)(:r,y) =0 for a.e. (z,y) € Ac x S.

Proposition 3.3. Assume p € [1,4+00], then for every ¢ € LP(S.) one has

2(0)(w.y) dedoy, =< [ ola)dor,
QxS Sa
1T2(D) | Lraxs) =29l o(s.)-

3.5 Estimates in L?(Q; H*(9)), a € (0,1).

As immediate consequence of the definitions of the semi-norms in H*(S) and H(S.), we have the
following lemma and corollary:

Proposition 3.4. For every u € H*(S:), a € (0,1), one has
H7:sb(u)||/[,2(Q;H°(S)) = 51/2+O¢Hu”;1”(55)_

Proof. One has

(Jl S ) MOl b
e ez, Jettes Jegres |x— o -y !
4 |u(e€ +es) — u(e€ + et)|?
Z// 2¥2alg 15— g _ {20 dosdoy
§€EL

( 2
=7 2Oé/// LAL |S_t|2+2(aU)(x7t)| dosdo, dx
2

c—1-2a (||7;b(u) ||L2(Q;H°‘(S))) ’

The equality is proved. O



As immediate consequence of Propositions and one has
Corollary 3.5. For every ¢ € H*(S;), a € (0,1), one has

T2 (D) r2(:rre(sy) = €211l e (s.)-

For every u € H'(Q2)3, one has

||[Eb(u)]SHm(Q;HW(S)) = 51/2||[U]Sa||H1/2(sE) < CO£||€(U)||L2(Q;)~ (3.7)
The constant does not depend on e, it depends on the crack S.

Proof. Since the domain Y* satisfies the Korn inequality, for every v € H'(Y*)? there exists a rigid
displacement r such that
o =7l ey < Clley(w)llpzeys)-

The above inequality yields
Ilsliczcs) + Molsllregs) < Cllv =7l oy < Colley ()l L2y (3.8)

Applying the above estimate with v = 7*(u) (e, -), £ € E,, easily yields (3.7). O

3.6 Estimates for the displacements in H}(f2}), their traces and jumps

Let u be in H{(Q%)? and ry (€, -) the orthogonal projections of uj¢y.vy, & € Ee, on R,

rou(6€,7) = au(e€) + by(c€) A (e{g}) weet+eY, au(ct), bu(ct) € R,

We start with the Korn inequality for the cracked domain.

Lemma 3.6. There exists a constant C' (independent of €) such that for every u € H*(.)?

Y (e = ralfeeesey) + IV = 1) lfecesey)) < CE¥lle(@)l|Za 0,

geE, (3-9)
lu—rullzes.) < CVelle(@llzzny, lu—rullyregs,) < Clle()lzor)-

Proof. Applying (3.4) (after e-scaling) gives
||U - TU||%2(E€+EY*) + €QHV(U - Tu)”%"’(a&—i—aY*) < C52||€(u)||%2(5£+€Y)'
Adding the above inequalities (with respect to §) yields (3.9))1. Then one obtains (3.9)2 3. O

Next proposition provides the Korn inequality in terms of jumps and the estimate for jumps instead
of traces.

3

Lemma 3.7. For every displacement u in HE(Q2)3, one has

lull 7 ) < Clle(w) |22 z),

(3.10)
[wls. N 1/2s.) < Covelle(u)l 2 (az)-
The constant does not depend on €.

Proof. Proceeding as in [§], we obtain the existence of a constant independent of e such that (3.10);
is satisfied. Then (3.10)5 is given by (3.7)). O



4 The unfolding operator from H~%(S.) into L*(Q2; H%(S)), a €
(0,1)

Definition 3. For p € [1,+0c0], the averaging boundary operator U : LP(Q x S) — LP(S.) is
defined by

Vb L@xS), U@ = {/Y‘b(é‘[ff] ren{Z})e forac sel.

0 for a.e. x € A..

4.0.1 Some properties involving Z/lf and 7'51’
Let p be in [1,400], p’ its conjugate (1/p+1/p' = 1)
/ 1
e VO € LP(Qx S), Vo € LP(S.), / YU (D) do = = T2 (1)@ dxdo,,
S. € Jaxs
e U’ is almost a right inverse of 72

:E -~
Ole|—| +ez,y)d for a.e. f ,y) € Q. x S,
VO € LP(Qx S), T2oUl(®)(x,y)= {/Y (E[s} €z y) z or a.e. for (z,y)

0 for a.e. (z,y) € Ac x S.
(4.1)
e U’ is a left inverse of T2
Vo€ LP(SL), Uz oTI(8) = ¢, (4.2)

e for every @ in L2(Q2; H*(S)) one has U°(®) € H¥(S.).
For every o € (0,1), denote H~(S.) (resp. H~(S.)) the dual space of H*(S.) (resp. H*(S.))
equipped with the dual norm.

Now, for g € H=(S.) (resp. H=*(S.)), a € (0,1), one defines by duality T2(g) € L*(Q; H-(S))
(resp. TX(g) € L*(Q; H~*(S))) as

b
ué‘ ((I’)>H*“(SE),H“(SE)
(resp. <7:3b(g)a (D>L2(Q;FI—0¢(S))’LQ(Q;I}Q(S)) = 5<gau£(q))>ﬁ—a(55)7ﬁa(sg) Vo e L2(Q; HQ(S)))

Observe that

<7;b(g)a @>L2(Q;H—O¢(S))’LQ(Q;HQ(S)) = 5<ga Vo e L2(Q;HQ(S))5

<7;b(9)’Teb(‘b»Lz(sz;Hw(s)),Lz(sz;Ha(S)) = (9. ¢>H*Q(S€),H0‘(SE) Vo € H(Se), (4.3)
(resp. <7;b(9)’7?(‘75)>L2(Q;Hw(S)),Lz(g;ﬁa(S)) = (9. ¢>ﬁfa(ss),f1a(ss) Vo € H(S.)) .
since here
Vo € HY(S:), U oTX(9) =9,
(resp. Vo € H(S:), UL 0T (¢) = 0)
Lemma 4.1. For every o € (0,1), one has
1T O)lz2@im-acsy = P lella-osy, Vo€ H(S), 04)

||st(¢)||L2(Qﬁ—a(s)) = 51/2H¢Hﬁ—a(s£)a Vo € ﬁia(SS)'



Proof. One proves (4.4))1, the proof of (4.4])2 is obtained following the same lines. One has
Vo e LZ(Q;HQ(S))’ <Tb( ) >L2(Q JH=2(8)),L2(QH>(S)) < 6HgHH*O‘(SE)IlZ/{g(q})HH“(SE)'
Then, Property (4.1) and Propositions lead to

A2 (@)[|2(s.) = eI T2 o UL(®) | 202x) < €721 ® I L2(02xs)s
AL (@) |gas.) = € PITE U@ 2011w (5)) < 5_1/2||(I)H/L?(Q;H“(S))'

Hence

Vo e LQ(Q;HQ(S))v <7;b(g)7 ¢>L2(Q;H—a(s)) L2(Q; Ha(s)) = 1/ ||g||H *(Se )H‘I)”L2 QH*(S))-
which yields | T2(9) || L2(@s-=(s)) < €?glla-a(s.)-
Now, due to the Property (4.2)), for every ¢ € H*(S.) one has
b
<g7¢>H*ﬂ(Ss),HQ(SE) 6<7- (9), T2 (¢)>L2(Q H—o(8)),L2(Q:H(S))"

So
(9:0) 15y (s ||T (D2 @-o(sp 1T (D) L2 1 (5))-

The estimates in Propositions |3 yleld 1 T2(D)| L2 (:rr(5)) < €2 o (s.), hence
gl er-a(s.) < e 2ITL(9) L2 @i-as))-

The lemma is proved. O

Lemma 4.2. Let h. be in L?(P.) and v. be a field in L*(P.)? such that
div (ve) = he in  D'(P.). (4.5)

One has
[ve - Vel gr-1r20p.) < C(ellhell2@.y + lvellz2p.))- (4.6)

The constant does not depend on €.

Proof. Due to the hypothesis of the lemma, one has for every £ € =,
TX(ve)(e€,) - v € HV2(0P),  div, (T (ve)) =T (he) i D/(QxP)
and the estimate
172 (we) (€8, ) - vl Fr-1/2p) < C(E2ITe(he) (€6, )12y + 12 (0e) (€6, )12 () )-
Adding the above inequalities for £ € =, yields
T2 (e) vl 20112 0my) < CLE2NTZ (he)llF20xpy + 1T () 1220y

which in turn with Proposition give (4.6). O



5 Statement of the contact c-problem with Coulomb’s friction
on periodic cracks

Assume that one has a given symmetric bilinear form on H{(Q7)?

w2 [ @@ @@, ey =5(FE+ 5. ()€ 1.23)

€

where the tensor field a® = (af;;,;), a5;;,; € L°°(27), has the usual properties of symmetry, boundedness
and coercivity when operating on symmetric 3 X 3 matrices

Aijkl = Ajikl = Aklijs Q NijNij < Qyjgg MigMet < CaNignl a.e. in € Q.

The vector fields v are the admissible displacement fields with respect to the reference configuration
Q%. The tensor field
o (v) = agjeij(v) Yo e H'(QF)?

is the stress tensor associated to the strain tensor e(v).

Assumptions
e The functions a;ji; belong to L°°(Y*) and they are W' in a neighborhood of S, i =
aijkl({;}) a.e. in R3,
: 5
e the applied volume forces f belong to L?(Q)3,

e the friction coefficient y is a non-negative function belonging to W1>°(£2) with support included

in Q' c Qf]
e /C. is a convex set defined by

K. = {v € H%(Q:)3 [y ]s. < O}.

The vector fields v € K. are the admissible displacement fields with respect to the reference configu-
ration 27. The inequality in the definition of K, represent the non-penetration condition.

The strong formulation of the static contact problem is the following:
Find u. in K. such that,
—divo.(u;) = f in QF,

o (ue)[(ue)]s. =0, oy (ue)ls. <0, [0y (ue)]s. =0,

jom, ()] < plov. ()] = [(ue)n)s, =0 on S, o
o0 (u2) = —loy, (u)M8dmdse 0y 1o 20 on s
|[(Ua)7's]|55

oe(ue) - v=0 on ON\T,

us =0 on T,

where o,,_(v) = (0:(v) Ve) - Ve, 07 (V) = 0. (V)Ve — 0y (V) V.

T
2 with a few change, we can choose a friction coefficient in the form p.(z) = u(a:, {f}) for a.e. x € Q' x S where
€

b € W0 8) vanishes in (2\T)  5).



The weak formulation of the static contact problem is

Find U, € K. such that for every v € K.,

& (Uerv — U2) + (v (U o) | — [0 s. ). = (Fr0 - U2) (52

where _ ~
V(g,w) € Hﬁl/Q(Se) x H1/2(S€), <g, w>€ = <ga w>ﬁ_1/2(55),f11/2(55)’

Vo € L2(22)3, (f,v) = i f-vdz.

To solve the above problem, we consider the contact problem with given friction

{Find Ue,c € K. such that for every v € K¢ , (5.3)

a*(Uec,v — U g) + (G, |[vr]s.] = [(Ue.a)rs.]). = (f,o—Ueq)
where the linear form G is an element of the cone
C:={GeH?S.) | Voe H/?(S.), >0 = (G,¢)_>0}.

The existence and uniqueness of the solution of problem ([5.3)) is obtained as the solution of a
minimization convex functional (see Section @

5.1 Estimates

One has the following estimates:

Proposition 5.1. The solution U. ¢ of the contact problem (5.3|) satisfies the following a priori esti-
mates:
1Ue.cllmrx) < Cllfllez@)s

(5.4)
1Ue.cls |l 1r2es.) < CovellfllLa -
Furthermore, one has
0:(Ue,c) jgp= Ve = 0e(Ueg)ppr Ve in H'/2(S.)? (5.5)
and
Vellow, Ue,c)lla-172(s.) < Cllf 20 (5.6)

where 0, (Ue ) = (UE(UEaG)WPj ve) - Ve and —o,_(Ue.) belongs to CZ.

The constants do not depend on €.

Proof. From inequality (5.3]), one obtains

a* (U, Ue,c) + (G |[(Uz0)]s. ). < (f, Ue) -

Then estimates ([5.4)) follow the ones of Lemma
Now, let v be in H(Q)3. Since [v,,]s. = 0, the fields U, ¢ + v and U, ¢ — v belong to K., one has

a*(Ueq,Ucg £v = U q) + (G, |[(Ueg £ 0)rls. = [(Ueg)r]ls.). > (f,£v).

Since v belongs to H{A(2)?
[(Ue,c £v)r]s. = [(Uee)r]s. -

Hence
a*(U.q,v) > (f,v) and a®(U.q,—v) > (f,—v).

10



As a consequence
Yo e Hi(Q)?,  a*(Usg,v) = (f,v) (5.7)

which gives (5.5). Due to the estimates (4.6)-(5.4); and the fact that div(ag(UE,G)) = fin P. we
obtain ([5.6)).

To prove that —o,,_(Ue ) belongs to C} consider a non-negative function ¢ € H Ui (OP) vanishing in
OP \ S. Define v as a lifting (vanishing on the boundary of Y) of ¢v in H(Y \ P and by 0 in P.
By construction v € H!(Y*)? and

[UT]S =0, (UV)|8P+ = ¢, (Uu)\f)P* =0, [UV]S = ¢.
For & every =., set
EU({;}) a.e. in e£+¢eY,
’UE = 3 o
0 a.e. in Q\ (e +¢eY).
Taking U. ¢ — v¢ as test displacement in (5.3) and using the fact that div(o.(U.¢)) = f in QF, one

obtains that —o,_(U. ¢) € CZ. O
6 Regularized Coulomb friction problem

In order to prove the existence of solutions to the problem (5.2]), under a suitable assumption on the
boundary of P, one can show (as in [4]) that there exists « € (0,1/2) such that

VG € CINHTV2H(SL),  ploy, (Ung)| € CINH™V24(S.) and VElloy, (Ue)lr-1/2+0(s.) < Cllfllizoy.

Then, the Schauder’s theorem (see Theorem [8.3]) gives the existence of fixed points for the map
A:GeCNHY**S.) s plo, (Uog)| € CX N H /2 (s,).

Thus, the problem admits solutions. Estimate (4.4) yields

Hst(UvE (UE,G))||L2(Q;f[—1/2+a(s)) = 51/2”‘71@ (UE,G)||17—1/2+a(sE) < C||f||L2(Q)-

Unfortunately, the above estimate is not sufficient. One must improve (5.6, this could be obtain by
comparing the norms of the tangential jumps |[(Ue,¢)-.]s.| in two neighboring cells. But, it is well
known that the following inequality:

For the homogenization process we need the compactness of the sequence { T2 (c,_(Us,¢;)) }E in L2(Q; H-1/2(S)).
rh

lul = ol gir2s.y < Cllu = vl Y(uv) € HY(S:)? x H'(S:)?

is false. Moreover, one can not replace the euclidian norm |-| by any kind of its approximation because,
if one has

1f(w) = f@)lmir2s.y < Clu=vllmegs, — V(uv) € H(S:)? x H'(S:)?

with e.g. f € C1(R3;R3) then f is affine!
On the basis of Proposition (see Annex [9.3) and in order to perform the homogenization process,
we choose to modify the problem (5.2)) by adding a regularization term.

We equip H2(Q7)? with the following semi-norm:

N. () = /le() 22z + 2 Ve@32 0 -

3 such a v exists since the boundary of P is 1!
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Since the displacements belonging to HZ(€2%)? vanish on I', this semi-norm is a norm and thus H2(£27)3
is a Hilbert space.
In view of Proposition denote

H.(Q) = {u€ HAQ)® | (0°(u) pp- ve) - ve = (0°(u) ppy ve) 7= <0 ae. in sg}.
The set H.(2) is a convex closed subset of HZ(£2%)3.

Observe that since the a;;r’s are W1 in a neighborhood of S and since the boundary of P is
CY1, the traces on OPZ of the stress tensor of the elements in H.(2) belong to H'/2(0PZ).

For every u € H.(Q), we denote o,_(u) € H'/?(S.) the restriction to S. of (0% () pp+ Ve) - Ve

From now on, in the left hand-side of problem (5.2) we add the regularization term

ke[ Ve(ue), Ve(v —uz) e
where x € (0, +00)
Y(u,v) € HE ()3 x HE(Q:)?, [Ve(u), Ve(v)]. = . Ve(u) Ve(v) dx.

That means, the material is not pure elastic any more, but we are in a framework of the micro-polar
elasticity (see [22], [23]).
We are therefore led to consider the following variational inequality:

Find u. € H.(Q) N K. such that for every v € H.(Q) N K.
a®(ue,v — ue) + ke’ [Ve(ue), Ve(v —ue)|e + (ulo. (wo)l, |[v-]s.] = [[(ue)r]s.[). > (f;0 —ue)

(6.1)
where
00)= [ ovde.  Wo.w) € (S
Lemma 6.1. For every u in H.(Q2), one has
Velle(w) gpzns, lm1/2(s.) < C1N=(u) (6.2)
and
Vellow (Wl a12es.y < Cillallwr.e(s)Ne(u), (6.3)
where 5
[al[wr.e(s) = i’flﬁil lajllwr.e(s)-
The constants do not depend on € and k, they only depend on S.
Proof. Let ¢ be in H'(Y*), the trace theorem gives
16ll2@ns) < Clidllmyy,  19lkzmens) < ClIVllLzcy).
Hence
Vo € H*(P)*,  [|e(®)]l gr/zop-) < Cille(®)] a1 (p)- (6.4)
The constants depend only on S. Estimate (6.2]) follows after e-scaling applied to the e;;(u)’s. Then
(6.3) is an immediate consequence of (6.2)). O
Corollary 6.2. For every u in H.(Q)
172 (0w, ()| L2(2xs.) < ONe(uw). (6.5)

The constant does not depend on €.
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7 Existence results for ¢ and friction fixed
As a consequence of Lemma [3.7] one has
(f0)] < Clf e lle@@) 2@z, Yu € H(Q).
Now, consider the contact problem associated to (6.1]) with constant friction

{Find u € He(2) N K¢ such that for every v € H.(Q) N K, (7.1)

a®(u,v —u) + re?[Ve(u) , Ve(v —u) o + (G, [[vr]s.| — [[ur]s.]). > (f,v—u)
where the linear form G is an element of the cone
C*={GeL*S.) | G>0 ae. on S.}.

The functional J. defined in H.(Q) N K by

Tt ueH.(Q)NK. — %ag(u,u) + [ Velw), Ve(w) ) + (G llurs.]), — (fu)

is strictly convex, weakly lower semicontinuous and due to (3.10))1 2, it satisfies

lim Je(u) = +o0.
u€H(Q2)NKs, Ne(u)—+o0

As a consequence, there exists a unique solution for the corresponding minimization problem or equiv-
alently for the problem ([7.1)) (see [4]).

8 Estimates
In this section, the solution to problem (7.1f) is denoted u. .

Theorem 8.1. The solution u. ¢ of the contact problem (7.1) satisfies

Vel Ve(ue,a)lln2 sy < Cllfllz2 @),
[ue,cllar @) < Cllfllrz2()s (8.1)
[ue,gls. |l mr2(s.) < OVellfllzz -

Furthermore, one has

1
Vellow. (ue @l mracsy < Ca 1+ 7)1 s (8.2)
Moreover, the solution u. g depends continuously on the given friction G and one has

CoChllallw1.(s)

llov. (ue,G,) — v, (Ue,Go ) r/2(5.) < in{a, 7] IG1 = Gallo(sy,  Y(G1,Ga) € (CF)% (8.3)

The constants do not depend on € and k.

Proof. From equality ([7.1)), one obtains

as(us,g,uag) + “62[V€(UE,G) ) Ve(ugjg) Jle + (G7 |[(US,G)TE]SE|)E < (f, ue,G) .

Then estimates (8.1)) follow the ones of Proposition while (8.2]) is a consequence of (6.3)).
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Now, problem ([7.1)) with G; and then G5 together with the estimates (3.10)5 gives

alle(ue,c,) — e(us,Gz)H%%Q;) + "552[V6(UE,G1 —Ue,Gy) , Ve(Ue,Gy — Ue,Gs) ]
<|IG1 = Gall2(s.) (N(ue.cy — ue.c)rls. 2s.))
< Covel|Gr = Gallras,lle(ue,a,) — e(uza,) L2 @2)-

So
Co
N(ue,c, — te,c,) < mﬁHGl = Gallr2(s.)- (84)
Then estimate (6.3)) yields
Cillallwi=(s CoChllallw.(s
||GV€ (U‘E,Gl)_al/s (uE,G2)”H1/2(Ss) < T()N(UE,GH _UE,GQ) S min{a,m} (&) ||G1_G2||L2(SE)'
Therefore (8.3) follows. O

8.1 Solution of the Coulomb’s problem

A solution of the contact problem with Coulomb friction is characterized by a fix point of the operator
A GeClv— ploy (ueq)| €CL. (8.5)

The existence of a fix point is proved by the Banach fixed-point theorem.

Proposition 8.2. Assume
CoChllallwr.e syl 1l Lo ()
min{@, Kk}

then problem (6.1) admits a unique solution. The constant CoCy depends only on S.

<1 (8.6)

Proof. From estimate (8.3) one gets

(o, (ue,cy) = ov. (ue,6s)) L2cs.) Slpllo@)llov. (uey) = v (uee)lL2s.)
<COClHaHlefX’(S)”MHLW(Q
- min{@, xk}

JiG, - Goll2(s.)-

Now, consider the map A defined by (8.5). It is continuous and if the condition is satisfied then
the Banach fixed-point theorem gives a unique solution to the Coulomb friction problem (6.1)). O

Solutions of ([6.1)) can also be obtained by Schauder’s theorem.

Theorem 8.3 (Schauder’s theorem). Let X be a Banach space and let Y C X be a conver compact
subset. Then every continuous map (for the strong topology of X) A: Y — Y has a fized point in ).

Proposition 8.4. For every ¢ the problem (6.1) admits solutions. The solutions satisfy

1
Vellpoy. (ue6)lmias.) < CrCe (1 + ﬁ)||M||W1~°°(Q)||f||L2(Q)'

The constant does not depend on €.

Proof. Since p belongs to W>°(Q) and due to (8.1)-(8.2)), one has

1
Velpou. (ue.a)l e,y < Civellpllwree@)llov. (uea)llmzs.) < CiCe <1+ﬁ) lillwo @) 1 fll 2 @)
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Now, set

1
R =010y (14 = w1 ls2co). (87)

Therefore, one has

R
VG € C*, poy (ueg) belongs to C2* and |G| gr/2s,) < —= = |1ow, (vec)lmrzs) <

NG

Rk

Applying Schauder’s theorem with the map A (see (8.5)), X = L?(S.) (endowed with the strong
R
topology) and choosing Y = {G € C | IGllgrrzsy < %} (which is a compact convex subset of

X)) give solutions to problem (6.1]). O

9 Homogenization process

In this section, we denote u. the solution to problem (6.1]).
From ({8.1]) the displacement w. satisfies the following estimates:

elVe(ue)llzzs) < Clfllz2(o),
uellmrzy < Cllfllzz)s
[uels. | rir2s.) < CVEllfllLz ),
Vellow, (ue)llgres.y < Clifllee @)

(9.1)

The constants do not depend on ¢.

9.1 A compactness result

Below we give a result related to the unfolding method.

Definition 4. Let w be an open set strictly included in Q. For every e < dist(w, 92)/4 and for every
¢ € LP(QF), p € [1,+00], we define Q2(¢) € W1>°(w; LP(Y™*)) by Q; interpolation. We set

for € 2., QIo)(e€,y) =TI (0)(e€y)  forae ye Y,
for z € w, Q2(¢)(z,y) is the Q1 interpolate of Q2(¢) at the vertices of the cell (s{g + 5Y) x {y},

for a.e. y € Y™.

Lemma 9.1. Assume w € Q. If € is small enough, for every ¢ € H* () then Q2(¢) belongs to
HY(w; HY(Y™)) and

192 (D) et (st (x+)) < Clloll 1 (s)-
The constant does not depend on & and w.

Proof. See [7l, Propositions 2.6-2.7] for the proof. O

Lemma 9.2. Suppose w @ . One has

192 (e(ue)) L1 (wm (v +y) < Cllfllz2 (s 192 (e(ue)) — T2 (e(ue)) L2 wsmr (v )y < CE||f||L2(sE)o :
9.2
The constants do not depend on € (it depends on w).
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Proof. For every function ¢ belonging to L?(€2}) with support strictly included in Q and for ¢ small
enough, set

Ak¢:¢(-+8k)—¢, k=e;, 1€ {1,2,3},
Ay also belongs to L(Q2).
Step 1. An equicontinuity result.
Let w be an open set such that w € Q' € Q (see the assumption on u) with dist(w, Q) =& > 0. There
exists a function p,, € D(Q) such that

0<po(z) <1, VreqQ,

po(z) =0 if dist(z,0Q) < g, x €Q,
po(z) =1 if dist(z,0Q) > g, xz €
Function p,, satisfies ((4,5) € {1,2,3}?)
Ipu C 82,% C Opu € 82/%) €
<= < = A <C—= A C—=
H&vi L) ~ 8 H@CEZ‘({)JCJ'HLOO(Q) = 6% H %z L) = 62 H k@xiaijLOO(Q) -
(9.3)

where the constant depends on 9{2. Below, in the estimates we will not mention the dependence of
constants with respect to ¢ since the open set w is fixed.

Let v be in K.. Set v. = uc + po(v — pyuc). First, observe that v = u, in the neighborhood of the
boundary of €2, also note that v, is an admissible test displacement (it belongs to K.). Denote

Ue = Pule, f:ow

In (6.1)) choose as test function v, rewrite the inequality in terms of u. and f, shifting the terms with
derivatives of p, into the right-hand side and additionally due to the assumption on p observe that

poy, (ue) = poy, (ue).
One obtains

a“ (ug,v - us) + ke’ [ug,v - ueL - (ﬂ Ov. (ue), HUTEHSE - H(us)TsHSE)E

9.4
2/ f(v—ug)dm—i—bg(us,v—us) for every v € K., (04)
Q

¢
€

3

where b, is a bilinear form. For every w € HL(Q2%)3 one has

be (ue, w) = a® (pwu@w) —a° (ue, pww) + &52([pwu5,w]8 - [Us,wa]E)
which is also equal to

O0puw 0puw
be (ue, w) = / azjk [eij (us)aixl wy — %(us)i ekl(w)} dx

€

0?p dp deii(w)  Oeij(us) r 0%p p

2 hd W, L) _ ATE w . i AP

+ ke /Qs [(8@&%1— (UE)j +2 O0x; €ij (UE)) Ox; Ox; (amlaxi wj 2 Ox; €ij (w))} dz,
(9.5)

For € small enough, the set (¢k +€S.) Nw is included in 2 and one has u.(- +¢k) € H.(Q) N K..
Choose v = u.(- — k) € H.(2) N K. as test displacement in (9.4). Due to the periodicity of the
coefficients a;;1;, 1t and after a change of variables, one obtains

a®(u.(- +ek),u. —u (- +¢k)) + re?[ Ve(u. (- + €k)), Ve(u. —u.(- +¢k)) ).
+H(u( +ek)loy, (uz(- +ek))|, [[(ue)r,]s. | = [[(ua(- + k)]s, ]). (9.6)
> (f(- + k), ue — u.(- + €k)) + b (uc (- + €k), u. — u (- + €k)).
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Besides, since u.(- + k) € H.(2) N K, from (9.4) one also has

a®(u., u. (- +ek) —u.) + we?[Ve(u.), Ve(u.(- + ck) —u.)].

+(/~L Ov, (u.), |[(us( + 5k))'rs]Ss| - |[(u€)7's]55|)8 (9-7)
> (f,u.(- +ek) —u.) + bo(ue,u (- + k) — u.)

The above inequalities — lead to
a®(Axu., Agu.) + "%2Hve(Aku6)”%2(Q;) + (:“ Ov, (Ague), Ak‘[(ug)Ts}Ss |)5

(9.8)
< (Axf, Agu.) + |Axb.| + |(Akﬂ low, (ue)(- +ek)|, Axl[(ue)r, ]s. DS|
where Axb, is equal to (thanks to (9.5))
Y () 2P _ pe
Ayb, = /Q o (e (1) 522) (v /Q A (e o ),) exs(dine) |
&?p op Oeij(Axue)
2 w YPw ij £
e /Q |Gy (1) + 2 (o)) = da (0.9)
2 deij(ue) 9*py deij(uc) Opu
e /; [Ak( ox; 833;83@,»)Ak(u5)j +2Ak( ox; aa:l)eij(Akus)] dz.
Estimates 4 and give
1
|[(Akp oy, (ue)(- + k)], Axl[(ue)r]s.]) | < CﬁHVullLoo(Q)%Hfllm(mHAkl[(us)n]ss|||L2<ss) (9.10)
< Ce|| Vil L@l f 220 lle(Akus)|l| 2o
Now, observe that the first and the last integrals in are equal to
ap 5 apw
/QE ikl Ak (ew (us) 8%5) (Akug)k dr = /Q;aijkleij (us)a—xlA,k(Akug)k dz,
5’€ij(ua) 0? Puw aeij(us) 3Pw B
/: [ak( o axlaxi)Ak(ug)j +2Ak(87ma—xl)e”(Akus)} dx
B deij(us) 0%p, deij(ue) Opy, -
/z ( Oz, axlax)A‘k(Ak(“E)j) +2 Oz, %)A‘k(e” (Biao))| da.
Hence, using estimates 1 and .
0pw
’/ a3k Ak em Us) 02, ) (Axu.) kdﬂf’ < O fllz2@ llallwe @) Ak (Akue)| 22
ae” ue) 0%p., Beij(ug)% -
’/* ox; 33:583:1-)Ak(u6)j +2Ak( Ox; Ox )GU(AkuE)} dm’
<CfllL2) (||A—k(Ak(ue)))||L2(Q;) + 1A i (ei; (Akus)) [ 22 02)) -
Therefore, with 2,3 and again estimates one obtains
0pu 82pw Ipu y
(S 7 (1), Moy < Oz (G (o) 25w )|, oy S M llzzc@):

The constants only depend on w. Besides,

Ak (Ak(ue)) 2 (0x) < Cel|V(Ak(ue)) |2 < Celle(Aw(ue)) |2 ax),
1Ak (e(Axu.)) (Ake(ue))llz20:) < CellV (e(Akus)) |2 (q:)-

17



Summarizing the above equalities and estimates lead to
|Akbe| < Ce|| fll L2 @) (le(Akue) [ L2 (ox) + €IV (e(Akue)) [ L2 o)) (9.11)
Hence, together with — yield
alle(Awue) 72 (qz) + re? [ Ve(Arue) |72 (o)

<el|pllo () llov. (Axue) || 2 (s.) | Ax[(ve )7 ]|l 2 (s.)
+ON fllz2 @ 1Ak (Akus) | 22 (2) + Cell fll 2y Ne (Axue).

Using (3.7)), (6.3) that gives
alle(Akue) H%z(gg) + 552||V6(Aku€)||%2(9;)

C
SHMHL&(Q)7%||a||wlvm(S)Ns(AkUa) Covelle(Awue)llz2(oz) + Cell fll 2 (o) Ne(Ascue).-

Thus
min{@, K} NZ(Axuz) < CoCt ]| oo (@ lallw oo (5)NZ (Axue) + Cel fll 2 (0) N (Akue).
At this point one deduces that under assumption , estimate
N (Akue) < Ce| fllr2 ), k=e;, i€{1,2,3} (9.12)
holds true. The constant does not depend on ¢ (it depends on w).

Step 2. We prove the estimates of the lemma.
First the above estimate (9.12)) and (9.1)); lead to

172 (e(ue)) 2o (v o)) < Clf ez,
3

D NT (eue) (- +eei, ) = T2 (e(ue)) [l L2 (wimr (v+y) < Cellfllzz)
i=1

which in turn yield (9.2)) (see [B]). O

As a consequence of the above lemma one has

Q2 (e(ug)) =T (e(ue)) ||L2(w;H1/2(BPi)) < CE||f||L2(Q)~ (9.13)
The constants do not depend on ¢ (it depends on w).

Lemma 9.3. There exists a constant C* which only depends on Y* such that for every (v,v) €
HY Q)3 x L2 HL, (Y )3 N W(Y™))

per
C*(le()llz2 () + lley (@)l 2@@xy+)) < lle(v) + ey ()] 2@xy+)-

Proof. Let ¢ be a 3 x 3 symmetric matrix and @ € H', (Y*)3 N W(Y*), one first proves

per

" (I + lley (@) |20y ) < 1€+ ey (@)l z20y+) < €]+ lley (@) z2(y).- (9.14)

The right hand-side inequality is obvious.
To prove the left hand-side, apply the Korn inequality. That gives a rigid displacement r(y) = aAy+Db,
a, b € R3 such that

1€+ + @l vy < ClCH+ ey (W) L2¢y+)-
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Comparing the traces of the displacement y — (y + r(y) + @W(y) on the opposite faces of Y yield
IC| < CN¢ - +r 4+ @ (v

and then [|ey (W) z2(y+) < c” (I¢] + lley (@)]| L2(y+))- The constants only depend on Y*. That proves
the inequality in the left hand-side of ((9.14)).

The estimate of lemma is an immediate consequence of ((9.14]). O
Corollary 9.4. Let (v,0) be in H*(2)3 x L*($; H;GT(Y*))?’ satisfying e(v) + e, (V) € L*(2 x Y*)3%3.
Then v belongs to H*()* and v € L*(; HZ,,.(Y*))?.

9.2 The unfolded limit variational problem

The solution of problem (7.1 satisfies the estimates of Theorem Set (recall Definition

K:];e'r {(b €H per *)3 N W<Y*) | [d)l/]s S 0} ke {172}7
L3(9; ;c’;er( ) = {5 € L3 HE,.(Y")? | O(x,) € KE,.(Y") for ae. x € Q}

per

(9.15)

Proposition 9.5. There exist a subsequence of {e}, still denoted {e}, u in HL(Q)? and U belonging
to L2(Q;K2,,.(Y™)) such that

per

*

T (ue) — u  strongly in L*(Q; H(Y*))?,
F(Vue) = Vu+ V,a  weakly in L*(Q x Y*)3*3

*
€

e(u:)) — e(u) + ey (@) strongly in L*(Y x Y*)**3,
T (Ve(ue)) = Vye, (@) weakly in L*(Q x Y*)*, (9.16)

)

ST ([wels,) = [@)s weakly in 1205 HV(S)),
T2(0,. (u:)) — %, strongly in L*(¥ x S).
Moreover

5, = (o(u) + oy (@)8)v - v = 0, (u) + 0y (@) <O acc. in xS (9.17)
where o(u)(z,y) = aijr(y) €ij(w) (), oy(W)(@,y) = aijr(y) €ijy (W)(x,y) for a.e. (z,y) €wxY".

Proof Applying [7, Theorem 2.13] to the sequence {u.}. gives a subsequence of {¢}, u in HE:(Q)? and
uin L*(9; HZ,,.(Y*))? such that convergences ([9:16)1,2,4 hold.

Now, for every open set w with Lipschitz boundary satisfying w € ' € 2, due to estimates and
the compact embedding theorems, one obtains

Q¢ (e(uz)) — e(u) + ey(u) weakly in H'(w; H'(Y*))**3,
Q¢ (e(uz)) —» e(u) + ey () strongly in L*(w x Y*)**3
T (e(ue)) — e(u) + ey (@) strongly in L?(w x Y*)?*3,

Thus, convergence (9.16)3 holds. Moreover, one has
(0)4 (e(ue))‘Pi — e(u) +ey(u) weakly in H (w; Hl/Q(aPi))S’X?’,
Q2 (e(ue)) Pt e(u) + ey (@) strongly in L*(w x OP*)3%3,
Estimate (9.13]) implies

T? (e(us))‘Pi — e(u) + ey (U)p+ strongly in L% (w x PF)3*3,
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Then, from the above strong convergence, (9.16))g follows.
Set u. = u. —r,, where r,_ is defined in Subsection From estimates (3.9)) in Lemma one has

172 () | 2 (v+y) < Cellfllzzo)-
Then, up to a subsequence, there exists @ € L?(€2; H!(Y*))? such that
1 - ~
gﬁ*(ug) — 7 weakly in L*(Q; H(Y™))3.
Hence )
“T2([u.)s.) — [@)s  weakly in (% HY?(S))3,

gey(T*('ﬁa)) — ey (u) weakly in L*(Q; H'(Y*))**.

~ 1 ~ ~
Besides, since e(t:) = e(u.) in every cell e(§ +Y*), £ € ., that gives —e, (T (u.)) = T (e(ue)).
€
Passing to the limit gives e, (%) = e(u) + e,(u) and then there exists ¢ € L*(Q)? such that

u(z,y) = c(x) + Vu(z)y +u(z,y) ae inQxY™

Finally, since [t.]s. = [ue]s. convergence (9.16)5 is proved. O

Remark 9.6. As a consequence of the above proposition, for every open set w € €2, one has e(u)+e, (%)
belongs to H (w; HY, (Y*))?*3, which implies for i € {1,2,3}

per
du du 2/ .7l *1)3%3
e(aTci) +ey(a7i) € L2(w; HY,, (Y7)P<5.
Then Corollary yields

w€ Hp(Q)° N Hp ()7, € Hyo (2 Hp, (Y)).

per

Theorem 9.7. The pair (u,u) € HE(Q)? x L*(Q; K2, (Y*)) is a solution of the following variational
inequality problem:

/ Qijkl (eij(u) + ey,ij (17)) (ekl(@ —u) + ey’kl((g— ﬂ)) dxdy + /ﬁ/ Ve, (1) Vyey(a— u) dzdy
QAxY* QAxXY*

+ / w12 (1181 - (@], ) ddo, > / fo@—uydr,  V(®.8) € HAQ)® x L3(Q: K2, (Y")).
Qxs Q (018)

Proof. Consider the test function v.(x) = ®(x) + z—:g/i;(x, g), for all z € QF, where ® € HE(Q)NC>(Q)
and ¢ € L2(Q; K2, (Y*) N D(; H2,,.(Y*)). The test displacement v. belongs to K.. The following

per P
strong convergences hold:

T (ve) — @ strongly in L*(Q; H'(Y*))3,

T (e(vg)) — e(P) + ey((g) strongly in L?(€ x Y*)3*3,

eTX(Ve(ve)) — Vyey(g/b\) strongly in L?(Q x Y*)?7, (9.19)
T(vls.) — [Bls strongly in (5% HY2(5))7,

T2 (0, (ve)) — 0,(®) + 0,4 (¢) strongly in L3(Q x S).

20



Problem (6.1 also reads

a®(ue, ue) + ”52[V€(“6)a Ve(ue) e + (N |low, (ue)l, |[(us)Ts]Se|)E — (fyue)
<a®(ug,v:) + /{62[V6(u5) , Ve(ve) e + (/L ‘ng (ue)l, |[(v€)7'5]55|)6 — (f,ve)

Using the properties of the unfolding operators and convergences (9.16])2 6-(9.19)2 5, we obtain

lim a®(ue,ve) = / Qijki (eij (u) + ey,ij (@)) (ekl(q’) + echl(‘E)) dz dy,

e—0

QXY™
ti [, (w02 ) ldoe = [ ulZ) B ldodo,
=0 Js. Qxs

Further, due to the lower semi-continuity with respect to weak topology and convergences (9.16[)3 4 for
the unfolded sequences, we obtain

liminf (a°(u., u.) + ke[ Ve(u.), Ve(u)]:)

e—0

> /Q N aijri(€ij () + €y,ij (@) (epi(uw) + ey (W) dody + ’f”Vyey(a)H%Z(QxY*)
Y

while (9.16)); yields gig(l)(f, Ue) = /Qf cude.
One has

/ 110w, ()] |[(1e ) s,
Se

1
doe =< [ e o, (ue)| Zl[(ue) .o

€

= T2 () T2 (10)| 72 (0, (ue))| élﬁb([(us)n]ss)ldwd%'

QxS
From convergences (9.16))5 ¢, one obtains
" . 1
/ p 1o (3| |[u];| dedoy = lim T (T2 (1) T2 (00, (ue))| = | T2 ([(ue)7.]s. )| dadoy.
QxS =0 Jaxs 2

Summarizing the above convergences, that leads to

/ ajii (€ (W) + ey,i5(0)) (en(uw) + ey (W) dedy + & / |V yey (@) dady
QAxXY* QxY*

+/ u|EV||[17]T|dxday—/f~uda:
QxS Q

S/ aijr (€ij () + ey, (@) (ex(®) + €y,kl($)) dxdy + ’f/ Vyey () Vyey(¢) dudy
QXY™ QXY *

[ uls @) dsdo, - [ 1-da.
QxS Q

A density argument allows to conclude for every test fields in H{(€2)? x L?(Q; K2, (Y*)). O
Below, we prove the uniqueness of the solution of the unfolded problem ((9.18)).
Proposition 9.8. The problem (9.18) admits a unique solutionﬁ

4Proceeding as in Sectionwith first a constant non-negative friction G belonging to L?(2 x S) and then again using
the Banach fixed-point theorem, one can prove the existence and the uniqueness of the solution to problem (9.18]).
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Proof. Denote

N,2) = 1/ ([e00) + ¢4 By + 1 Voey®) Eaay-y  Y(0,0) € HNQ)X LA (@ H, (Y70 (Y7)).

Due to Lemma N is a norm over HE(Q) x L2(; H2,.(Y*)2 N W (Y™)).

per

First, note that the Theorem gives a pair (u,u) which satisfies the problem (9.18]).
Below we only detail the proof of the uniqueness.
Let (u’,u’) be another solution of this problem. First, choose as test fields (P, qg) = (v, @) in (9.18

A

then since (u/,u’) is also a solution, in the corresponding problem chose as test fields (®,¢) = (u, @).
Finally, add both inequalities. That gives

/ Qijkl (eij (u—u)+ ey — 17’)) (ekl(u —u')+ ey pi(a— ﬂ’)) dzdy
QXY™

-Hi/ |Vyey (i —u')[Pdedy < / —p(oy(u—u') + oy, (@ —1")) ([, - |[@]-])dzdo,.
Q' xY* QxS

Hence
alle(u —u') + ey (@ — @)z 0y + £l Vyey (@ =) 720y
< Nellzos@llow(u —u') + oy (@ =) L2 xs) Il = [@]- |l 22(@xs)-

The above inequality, (3.8]) and (6.4]) (applied with the displacement y — e(u—v')(z)y+ (u—u')(z, y)
defined for a.e. z € Q) lead to

o g2 o~ ~
min{@, r} (N(u —u, - u’)) < gl Lo () Crllallwrco ()N (u — o, i — ') Coley (@ — @) | L2 (ax v+ -
Condition gives the uniqueness of the solution. O
Due to the nonlinearity of the terms involving the tangential jumps, a homogenized problem can not

be obtained.

9.3 Appendix
In this section we denote ue ¢ . the solution of (7.1)) (resp. U ¢ the solution of (5.3)) with G € C}*.

Proposition 9.9. There ezists (ug, i) € HE(2)3 x Lz(Q;/Czl,er(Y*))ﬂ such that when (e, k) goes to
(0,0) (resp. € goes to 0)

T (ue.g.x) — ug  strongly in L*(Q; H(Y™))?,

T (Ve o) — Vug + Ve strongly in L*(Q x Y*)3*3,
(resp. T (U..c) —> ug  strongly in L*(S; H'(Y™))3,
(

(9.20)
TX(VU.) — Vug + Vg  strongly in L*(Q x Y*)**3.)
The couple (ug, ug) is the unique solution of the following variational inequality:
/ @ijkl (6ij (ug) + ey,ij (GG)) (@cl(q’ —ug) + €y’kz($— ﬁc)) dzdy
QXY™
[ GBI~ el dndo, > [ (@~ ue)as, (9.21)
axs Q

V(2,9) € HA(Q)® x LA (5K, (Y)):
5see for the definition of this space
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Proof. First, recall that the estimates (9.1)) hold. So, there exist a subsequence of {¢, k}, still denoted
{e,k}, and (ug,tg) € HE(Q)3 x L*(Q; KL.,.(Y*)) such that

per

T (ue.g.x) — ug  strongly in L*(Q; H (Y*))?,
S (Vue,g,x) = Vug + Vylig  weakly in LQ(Q X Y*)?’X?’,

VEeTX (Ve(uegr)) — 0 weakly in L?(Q x Y*)?7,

1

gﬁb([u57g7ﬁ]ss) — [ug]s weakly in Lz(Q; Hl/Q(S))S.

Due to the lower semi-continuity with respect to the weak topology and the above convergences for
the unfolded sequences, we obtain

1

liminf (aE(usyg,K,usyg,ﬁ)ﬁé||ve(u€,G,ﬁ)||2Lz(Q;)+f T2(G) T2 (|[ue.c.r | dudoy — f~u€’G7,€d$)

(,5)—(0,0

Z/ aijri(€i;(ua) + ey, (1)) (exi(ua) + ey r(Ua)) dﬂﬁdy+/
QxY* Q

€ Jaxs Q

G |ug]| dzdoy, —/ frugdx
xS Q

Now, consider the test displacement v, € K. introduced in the proof of Theorem One has

L (8% (ue,Gm> ve) + KEX[Ve(uea.n) , Ve(ve) e + (G, [[(ve)r]s.]), — (f,ve))

= / aijri (€55 (ua) + ey.ij(U6)) (ext(®) + ey ri(0)) dady + G|[9),| dzdo, — / f-®de
QAxY* Q

QxS

Finally, a density argument allows to obtain inequality (9.21). Since the problem ({9.21) admits a
unique solution, the whole sequences converge to their limits. As in [8], we prove that the convergences

(9.20])2,4 are strong convergences.
Proceeding in the same way with the sequence {U, ¢}, one obtains the same limit problem. O

The homogenization of problem ([5.2) (and also of problem (6.1]) for small k) remains an open
problem.

10 Summary and discussions

Problem as converges to Status
elasticity with Tresca friction e—0 0.21 solved
micropolar elasticity with Coulomb’s friction e — 0, k fixed 9.18 solved (main result)
elasticity with Coulomb’s friction ¢ fixed solvable by (8.5
micropolar elasticity with Coulomb’s friction (6.1 K, € fixed solvable by (8.5
micropolar elasticity with Coulomb’s friction (6.1)) | x — 0, € fixed | elasticity but contraction (8.6)) violated
elasticity with Coulomb’s friction e—0 (9.21) still open problem

It is known, that evolution contact problems with Coulomb’s friction require some regularization

w.r.t. a discretization, or w.r.t. the geometrical small oscillations, e.g. jumps in elastic and friction
coefficients or in presence of pores. We refer here to the analysis with time-regularization (internal
relaxation) of [16], [I7] and numerical analysis of [I8].
The problem, considered in this paper, is quasi-static and was motivated by application to textiles and
fibrous materials, see [I9], [20]. It is known, that friction induces a coupling between the tensional
and rotational degrees of freedom in thin objects, like beams and shells, see [24], [2I]. Following to
[23], [25], homogenized behavior of foams, micro-fiber networks and textiles results into the micro-
polar continuum. This matter is in the focus of our on-going research papers. That is, the chosen
high-gradient regularization term is motivated by physics/mechanics and applications.
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