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Abstract. The objective of this works is to investigate the interest of analogous piezoelectric networks
for vibration mitigation of multiple nonlinear resonances. An electrical network providing a similar dy-
namics as the considered structure is first designed according to linear considerations. Then, a nonlinear
electrical component is added to the network to ensure both a spatial analogy and a principle of simi-
larity regarding the mathematical form of the mechanical nonlinearity. Once the electrical network and
the mechanical structure are coupled through an array of piezoelectric elements, it is shown that such
an analogous coupling offers strong benefits for vibration mitigation over a broad frequency range and a
broad range of excitation amplitudes.

1 INTRODUCTION

Tuned vibration absorbers [1, 2] usually provide effective solutions for passive vibration mitigation.
However, mechanical nonlinearities generate a detuning that seriously affects damping performance.
A solution to this issue consists in the introduction of an additional nonlinearity in the absorber [3].
The interest of nonlinear piezoelectric shunts has already been proven for vibration mitigation of single
nonlinear resonances [4, 5]. The concept was then extended to the design of a nonlinear and multi-branch
piezoelectric shunt [6]. The present work addresses the development of a multimodal and fully passive
piezoelectric analogous network that mitigates several resonances of a nonlinear structure.

An electrical network can be assembled to reproduce the dynamics of a cantilever beam in the linear
regime of motion. In this case, several electrical resonances are simultaneously tuned to the mechanical
resonances, thus providing the equivalent of a multimodal vibration absorber from electromechanical
coupling through an array of piezoelectric patches [7, 8]. This allows broadband vibration mitigation
at low forcing amplitudes. Yet, higher amplitudes still lead to a serious detuning of the absorber when
considering nonlinear structures.

By extending a principle of similarity to spatial considerations, a nonlinear component is placed in the
electrical network in order to mimic the dynamics of the mechanical structure. The electromechanical
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analogy is thus ensured beyond the linear regime. In this work, the use of a nonlinear capacitor generates
an autonomous adjustment of the electrical resonances for a wide range of excitation amplitudes. The
interest of this method is investigated numerically and experimentally by focusing on structural vibrations
over a broad frequency range that covers the first three modes of a beam with localized cubic nonlinearity.

2 SINGLE MODE DAMPING WITH A PIEZOELECTRIC TUNED VIBRATION ABSORBER

2.1 For linear and nonlinear resonances

The resonant piezoelectric shunt, also called piezoelectric tuned vibration absorber, is commonly used
to reduce the vibration amplitude of a single linear resonance. It is made of a piezoelectric transducer of
capacitance C at zero strain connected to an inductor and a resistor whose values are typically obtained
from

L =
1

Cω2
O

and R =

√
3
2

kc

CωO
, where kc =

√
ω2

O−ω2
S

ω2
S

. (1)

The angular frequencies ωS and ωO corresponds to the resonances in short- and open-circuit, respec-
tively. This formulation highlights a coupling factor kc, which is usually considered for the positioning
of the piezoelectric elements. Indeed, since kc is directly related to damping performance [9], maximiz-
ing the coupling factor implies minimizing vibration amplitude for an adequate tuning of the electrical
circuit. As seen in Eq. (1), part of the tuning procedure is to ensure that the electrical resonance at angular
frequency 1/

√
LC matches the open-circuit natural frequency. As a consequence, it is clear that a me-

chanical nonlinearity altering the angular frequency ωO would deteriorate the tuning of the piezoelectric
shunt and thus the damping performance.

A solution to overcome the influence of mechanical nonlinearities on piezoelectric tuned vibration
absorbers is to introduce nonlinearities in the electric shunt itself. Following a principle of similarity, the
added nonlinearity should possess the same mathematical form as the one in the mechanical system. For
example, if a nonlinear force is modeled by a cubic function of the displacement u,

fNL = KNLu3, (2)

it has been shown that the required additional voltage in the shunt is also a cubic function of the electric
charge q [4, 5]:

vNL =
1

CNL
q3 with

1
CNL

= 2
(

L
m

)2

KNL, (3)

where m corresponds to the modal mass of the mechanical structure. This theoretical nonlinear capaci-
tance in series with the inductor would ensure an adequate tuning of the resonant shunt by maintaining
an equal-peak condition over a broader range of excitation amplitudes [4]. While the nonlinear voltage
in Eq. (3) could be synthesized with a numerical controller, find a passive electrical component able
to satisfy this purely nonlinear condition is not obvious [10]. In order to circumvent this limitation, it
has been proposed to rather introduce the nonlinearity in the inductor [5]. Indeed, a one-term harmonic
balance approximation shows that Eq. (3) is close to

vNL = L
(
1−αq̇2) q̈ with α = 6

LKNL

m2ω4
O
. (4)

While no passive inductors seems to be able to precisely satisfy this nonlinear relation, the next experi-
mental section still shows that it is possible to benefit from saturation of magnetic circuits to approximate
the required nonlinearity.
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Figure 1: Beam covered with an array of piezoelectric patches; half of the patches are connected to a
single resonant shunt for vibration damping of the first mode [5].
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Figure 2: Piezoelectric tuned vibration absorber – (a) physical inductor, (a) experimental frequency
response function around the first mechanical resonance, with short circuit (· · · ), with open circuit (· · · )
or with an optimal linear shunt (—).

2.2 Experimental validation of the principle of similarity

The experimental setup is based on a cantilever beam involving a cubic nonlinearity. As shown in
Fig. 1, a thin lamina is clamped at the left end of the beam, which generates the hardening nonlinear-
ity. The structure is covered with an array of piezoelectric patches in order to mitigate vibration with a
piezoelectric tuned vibration absorber. The passive inductor in Fig. 2(a) is realized by winding copper
wire around a magnetic circuit in ferrite material. When connected to the piezoelectric patches, Fig. 2(b)
demonstrates that the passive inductor allows a strong reduction of the vibration amplitude at low excita-
tion levels. However, Fig. 3(a) shows that an increasing forcing amplitude leads to a complete detuning
of the resonant shunt because of the mechanical nonlinearity.

As mentioned previously, a solution to overcome this effect is to introduce in the absorber a nonlin-
earity similar to that of the primary structure. Here, the electrical circuit is made of an inductor whose
inductance value depends on the current flowing through it. An approximation of the nonlinear rela-
tion in Eq. (4) is obtained by choosing a magnetic circuit that provides an adequate magnetic saturation.
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Figure 3: Experimental frequency response functions for various forcing amplitudes, F = 0.2 N (—),
F = 0.4 N (−−), F = 0.6 N (−·−) and F = 0.8 N (· · · ) – (a) linear shunt, (b) nonlinear piezoelectric
tuned vibration absorber [5].

Restraining the analysis to the first harmonic, a decrease of the equivalent inductance value leads to an
increasing electrical resonance frequency that follows the increase of the mechanical natural frequency
due to the cubic stiffness. As shown in Fig. 3(b) this solution is able to maintain vibration mitigation
performance compared to a case involving a linear shunt.

3 MULTIMODAL DAMPING WITH AN ANALOGOUS PIEZOELECTRIC NETWORK

3.1 Broadband damping in the linear regime

The extension of resonant piezoelectric shunts to multimodal structures consists in designing a multi-
resonant circuit whose electrical natural frequencies are sufficiently close to the mechanical resonances
to be controlled. With a single piezoelectric transducer, the most direct approach is the so-called multi-
branch shunt [11, 12] made of inductors and capacitors organized with just as many branches as the target
mechanical resonances. The main limitation is that this solution does not optimize the coupling factor kc

for all the considered modes. The first reason concerns the addition of external capacitors in the shunt
which decreases electromechanical coupling [13]. The second reason is related to the positioning of the
single piezoelectric patch that is generally not optimal for different mode shapes.

Another solution for multimodal damping is based on analogous piezoelectric coupling. This requires
several piezoelectric transducers that are interconnected with electrical components so as to build a multi-
resonant network with modal properties similar to that of the considered structure. The analogy is no
more restrained to the natural frequencies as with the multi-branch shunts because similar mode shapes
are also ensured. The design of the electrical analogue of a beam has been fully described in Ref. [8].
The first step consists in discretizing the bending wave differential equation from a finite difference
approximation. Then, a direct electromechanical analogy is applied to find the unit cell of the electrical
network. The complete network is built by reproducing this unit cell along one direction, taking into
account that the number of unit cells per wavelength has to be sufficiently large to approximate the
continuous mechanical medium. For the case of a beam, the electrical unit cell is made of an inductance
L? representing the analogue of a point mass, a capacitance C? that represents the inverse of a bending
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Figure 4: Electrical analogue of a cantilever beam.

Figure 5: Beam coupled to its electrical analogue through an array of piezoelectric patches.

stiffness and a transformer of ratio â that is analogous to a mechanical lever of length a.
A beam electrical analogue involving 10 unit cells is represented in Fig. 4. In order to approximate

the mode shapes of a cantilever beam, we need to ensure analogous boundary conditions. This is realized
by short-circuiting one end of the network (equivalent to zero force and moment), while leaving open
the other end (equivalent to zero displacement and angle). Another critical condition is the tuning of
the dispersion relation in the electrical waveguide. From the discrete model, it can be shown that the
electrical parameters need to satisfy

1
â2

1
L?C?

=
1
a2

K?
θ

m?
, (5)

where K?
θ

is the bending stiffness of the mechanical unit cell, m? is its mass and a its length [8].
Considering the practical example described in the last section, one wants to couple a clamped beam to

its analogous electrical network with an array of piezoelectric patches. Thanks to the inherent capacitance
C? of the piezoelectric patches, there is no need for external capacitors for the analogue of the bending
stiffness. Only transformers and inductors satisfying Eq. (5) are required for the analogue of a clamped
beam. In the present case, however, one has to take into account the clamping through the thin lamina.
In the linear regime, the lamina can be modeled by a linear spring of stiffness Kend. So, its analogue
is a capacitor to be placed at the end of the electrical network, as shown in Fig. 5. Considering the
nondimensionalized equations in the two domains when no coupling occurs, one can find a relation
between the end capacitance and its analogous linear stiffness:

Cend =
K?

θ

Kend
â2

a2C?. (6)

A last step consists in introducing appropriate damping in the electrical network. Coming back to Eq. (1),
remark that the optimal electrical quality factor at ωO is Q = LωO/R =

√
2/3/kc. A similar damping

ratio can be obtained with a resistance RL? in series with the inductance L? or a resistance RC? in series
with the capacitance C? when

RL? =

√
3
2

kcωOL? or RC? =

√
3
2

kc

ωOC?
. (7)

The dependence on ωO in those equations shows that using a resistance RL? that is optimal for the first
mode of the structure would be too low for the next modes leading to an underdamped case. On the other
hand an optimal resistance RC? for the first mode would lead to overdamped highest modes. In the present
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Figure 6: Simulated frequency response function of the beam with short-circuited patches (· · · ) and with
the analogous electrical network (—).

case focusing on the first three modes of the beam which are fully separated, it is decided to benefit from
both damping configurations by tuning RL? for the first mode and RC? for the third mode. This requires
the computation of individual coupling factors for each modes by comparing natural frequencies when
L? = 0 and when this inductance tends to infinity. In the end, both resistances are reduced by 10% to
be closer to the optimal damping because RC? still has a slight influence on the damping of the first
mode. The resulting linear frequency response functions of the beam are represented in Fig. 6 with and
without coupling. One can see the simultaneous vibration mitigation of the first three modes of the beam
through the equivalent of a multimodal tuned mass damper. Note that damping of the second mode is not
optimized (underdamped) because the considered tuning of two electrical quality factors on L? and C?

only allows optimal damping at two specific frequencies around the first and third modes. A last remark
concerns the third mode which does not ensure an equal peak condition. This is directly due to the fact
that the discrete network only involve 10 unit cells inducing a slight mismatch between the mechanical
and electrical resonances.

3.2 Damping of multiple nonlinear resonances

Although analogous piezoelectric coupling provides broadband damping in the linear regime, higher
vibration amplitudes still lead to the undesired behavior illustrated in Fig. 3(a) if only linear electrical
components are considered. The next objective is thus to find the adequate nonlinearity to be introduced
in the electrical network. Here, contrary to the previous experimental validation involving a nonlinear
inductor [5], a nonlinear capacitor is incorporated at the end of the electrical network to ensure a strict
analogy with the nonlinear stiffness at the end of the beam. This actually combines the principle of
similarity used for nonlinear control [3] and the spatial analogy used for multimodal damping [8].

Still, it remains the question of the numerical value for the nonlinear capacitance. Focusing on Eq. (3),
it can be remarked that the nonlinear capacitance depends on the ratio of the inductance L over the modal
mass m, which can be seen as a mass ratio between the absorber and the main structure. Using a single
mode piezoelectric shunt L/m = 1/CK where K is the open-circuited modal stiffness, which depends
on the considered mode. However, considering two modal systems with similar mode shapes, all modal
mass ratio L/m becomes equal to the same local mass ratio L?/m?, which does not depend on the mode
of interest anymore. This is a critical point because Eq. (3) then leads to a tuning of the capacitance
nonlinearity at the end of the network that does not depend on frequency:

1
CNL

= 2
(

L?

m?

)2

KNL. (8)
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Figure 7: Simulated frequency response function of the nonlinear beam for F = 0.8 N without nonlinear
capacitance (· · · ) and with nonlinear capacitance (—).

(a) (b) (c)

Figure 8: Simulated frequency responses for the first three modes – (a) mode 1 for F = 0.8 N, (b) mode 2
for F = 80 N, (c) mode 3 for F = 1800 N.

With the proposed nonlinear capacitor, the analogy is not only valid in the linear regime but also in
the nonlinear regime. Damping performance is thus maintained over an extended range of forcing am-
plitudes. This is first observed in Fig. 7 which compares frequency responses with and without nonlinear
capacitance. The results are obtained from a harmonic balance with three harmonics and a forcing am-
plitude equal to 0.8 N. This level of excitation does not induce a significant nonlinearity for the second
and third modes but the first mode is seriously affected. In Fig. 8, the excitation amplitude is set inde-
pendently for all three modes so as to provoke the merging of the right local maximum with a detached
resonance curve when no nonlinearity is introduced in the electrical network. The addition of the non-
linear capacitance in Eq. (8) significantly reduces the vibration amplitude of all the considered modes.
While we are close to an equal peak condition for mode 1, the responses for modes 2 and 3 are further
from the linear case. Those differences are definitely due to the lack of damping for mode 2 and to the
imprecise linear tuning for mode 3.
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Figure 9: Electrical analogue of the cantilever beam with passive inductors, transformers and capacitors.
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Figure 10: Experimental (—) and simulated (−−) frequency response functions of the electrical network.

3.3 Development of the multi-resonant network

Starting with the linear case, assembling the previously described electrical network requires 9 induc-
tors, 10 transformers and one capacitor as shown in Fig. 5. The magnetic components are specifically
designed for this application. In order to first validate the electrical dynamics alone, the piezoelectric
patches are replaced by ceramic capacitors. Then, an impedance meter is placed at the end of the net-
work in order to measure the frequency response function of the current over the voltage that actually
corresponds to the end admittance of the circuit.

Figure 10 shows the good agreement between the experimental results and the numerical simulations
computed from the discrete set of equations that describe the electrical circuit. Note that the resistance of
copper wire in the inductors and transformers has been added to the model because of its strong influence
on the electrical quality factor. Even so, one can easily detect the three resonances corresponding to the
first three modes of the electrical network. The distributions of the electrical current are then plotted at
frequencies corresponding to those three maxima of admittance. As represented in Fig. 11, the electrical
distributions are similar to mode shapes of a clamped beam which definitely validate the topology of the
analogous network.

While those results validate the analogue of a beam that is clamped at one end, one has to remember
that we also need to take into account the weak clamping through the thin lamina at the other end. As
it can be modeled by a capacitor in the electrical domain, the influence of such a passive component at
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(a) (b) (c)

Figure 11: Experimental distributions of the electrical current – (a) mode 1 , (b) mode 2, (c) mode 3.
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Figure 12: Choice of the capacitor at the end of the electrical network – (a) experimental frequency
response function of the electrical network for various end-capacitors: 166 µF (−·−), 266 µF (—) and
infinite capacitance (· · · ), (b) objective for the nonlinear capacitor (· · · ) and measurement on a physical
capacitor (—).

the end of the electrical network is investigated. The experimental admittance around the first resonance
is plotted in Fig. 12(a) for various end capacitors. We note that a capacitance equal to 266 µF places the
electrical resonance around the first natural frequency of the beam, which is consistent with Eq. (6).

While the considered end capacitor ensures modal coupling at low excitation level, it should also
offer a nonlinear contribution in order to ensure a similarity with the nonlinear lamina. This contribution

has to satisfy Eq. (3) whose first-harmonic approximation is VNL =
3

4CNL
Q3, where VNL is the amplitude

of the nonlinear voltage contribution and Q is the amplitude of the electric charge. Supposing that the
component that provides this nonlinear voltage is in series with a linear capacitor Cend, the equivalent
variable capacitance is defined as

Cend
NL (Q) =

1
1

Cend +
3Q2

4CNL

. (9)

The variation of this capacitance as a function of the electrical charge is plotted in Fig. 12(b). This
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Figure 13: Experimental setup involving the beam coupled to its analogous electrical network.
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Figure 14: Frequency response functions at low excitation levels with short-circuited patches (· · · ) and
with coupling to the analogous electrical network: model (−−), experiment (—).

provides the objective function when looking for an appropriate nonlinear capacitor. Some multilayered
ceramic capacitors offer saturation at relatively low voltage levels leading to a decrease of the equivalent
capacitance. Unfortunately, up to now, no passive component has been found to correctly approximate
the prescribed nonlinear function. Investigations are in progress to define if a non-passive numerical
impedance is required or if a fully passive component can still be found.

3.4 First experimental results on multimodal damping of the nonlinear beam

The electrical network in Fig. 9 is coupled with the nonlinear beam through the array of piezoelec-
tric patches. The full setup is seen in Fig. 13 that also shows the electromechanical shaker and the
impedance head used for drive-point measurement at the end of the beam. The experimental and numer-
ical frequency response functions appear in Fig. 14. First, the experimental response with short-circuited
patches clearly shows the first and second modes of the beam but the third mode comes after two unpre-
dicted resonances. Those extra resonances are finally related to the mounting system and this point will
be corrected in the next version of the setup. In any case, multimodal damping is clear for the first three
modes of the beam, which also validates the numerical model.

Concerning the tuning of the electrical network, note that it is slightly underdamped for modes 2 and 3
but it is overdamped for the first mode. This excessive damping is clearly observed on the first response
in Fig. 15 that does not offer the local minimum normally observed with optimized tuned vibration
absorbers. This shows a limit of the present analogous network whose copper losses in the magnetic
components are not optimal for a broad frequency range. A new design of the electrical circuit will
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Figure 15: Experimental frequency response functions around the first mode for various forcing ampli-
tudes, F = 0.05 N (—), F = 0.1 N (−−), F = 0.2 N (−·−) and F = 0.4 N (· · · ).

address this issue by providing optimal damping for the first mode and external resistors will be used to
slightly lower the electrical quality factor at higher frequencies.

Another limitation of the present network is the lack of an adequate nonlinear capacitor. Conse-
quently, the effect of the mechanical nonlinearity on the tuning of the piezoelectric vibration absorber
is observed in Fig. 15. Increasing the forcing amplitude moves the mechanical resonance to higher fre-
quency without similar adjustment of the corresponding electrical resonance. This results in an increase
of the vibration amplitude similar to what has been observed in Fig. 3(a) for single mode control with
optimized damping. The next step thus consists in finding an adequate nonlinear capacitor and place it
in an optimally damped electrical network so as to retrieve similar results as in Fig. 3(b).

4 CONCLUSIONS

This work aims to show that the principle of nonlinear similarity can be extended to multimodal
damping with piezoelectric networks. To this end, an analogous electrical circuit is proposed in order to
reproduce the dynamics of the considered structure. A multimodal coupling offers vibration mitigation
over a wide frequency range. For higher forcing amplitudes, however, a mechanical nonlinearity leads
to a serious increase of the vibration amplitude. A nonlinear capacitor is thus placed in the electrical
network at an analogous position. Numerical results show that using an electrical nonlinearity similar to
the mechanical one can lead to a substantial gain in terms of damping performance around several modes
of the mechanical structure. This definitely proves that broadband damping of a nonlinear structure can
be achieved with a fully passive vibration absorber. Experiments will be conducted to obtain further
results with an improved analogous electrical network.
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