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Mean exit time for the overdamped Langevin process: the case with

critical points on the boundary

Boris Nectoux *

Abstract

Let (X¢)¢>0 be the overdamped Langevin process on R?, i.e. the solution of the
stochastic differential equation

dX, = —Vf(X,)dt + VhdB,.

Let Q C R? be a bounded domain. In this work, when Xy = z € €, we derive new
sharp asymptotic equivalents (with optimal error terms) in the limit A — 0 of the
mean exit time from Q of the process (X:)¢>o0 (which is the solution of (—2A +
Vf -V)w=1in Q and w = 0 on 0f), when the function f : Q — R has critical
points on 9€). Such a setting is the one considered in many cases in molecular
dynamics simulations. This problem has been extensively studied in the literature
but such a setting has never been treated. The proof, mainly based on techniques
from partial differential equations, uses recent spectral results from [29] and its
starting point is a formula from the potential theory. We also provide new sharp
leveling results on the mean exit time from §2.

Key words: singular perturbation, asymptotic analysis, overdamped Langevin
process, mean exit time, metastability, Eyring-Kramers formulas.
AMS classification (2010): 31C15, 60J60, 35P15.

1 Purpose of this work and main result

1.1 Setting and purpose of this work

Let us consider a function f : R — R. A prototypical process used to model the evolution of a
statistical system in a constant temperature environment is the so-called overdamped Langevin
process, i.e. the solution (X;);>¢ of the stochastic differential equation

dX, = =V f(X;)dt + VhdB;, (1)

where h > 0 is the temperature of the medium and (B)¢>0 is a d-dimensional standard Brownian
motion. For an open subset € of R?, one denotes by

Tqe = inf{t > 0, X; ¢ Q},

the first time the process (1) enters in Q¢ := R?\ Q (or equivalently the first exit time from Q).
The aim of this paper is to prove sharp asymptotic estimates when h — 0, with optimal error
terms, on the mean exit time E[rgc] from a domain Q C R? of the process when f has
critical point on 9€2. The resulting equivalents are usually called Eyring-Kramers type formulas,
see |19] for a review on this topic. Such a setting is motivated by the fact that in many molecular
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dynamics simulations (where several algorithms have been designed to accelerate the sampling of
the exit event (7qe, X7, )), the domain Q is defined as a basin of attraction for the —V f dynamics
(see below) of a local minimum point of f in R? so that f has critical points on 9. To
analyse the mathematical foundations of these algorithms, it is necessary to study the precise
asymptotic behavior of the law of (1qe, X7,.) as h — 0 (see for instance [12}30,33}{47,50,51] and
references therein). Moreover, our techniques also allow us to consider the case when f: Q — R
has a degenerate principal barrier in €, i.e. for some m > 1,

lim hlnAip =limhAlndgp = ... = lim hln A, 4,
h—0 ’ h—0 ’ h—0 ’
where A j < Aoy < ... < Ay, are the m smallest eigenvalues of the Dirichlet realization of

infinitesimal generator of the diffusion in Q (see the next section for the definition of this
operator). Despite the attention this topic has received these past few decades, to the best of
our knowledge, such settings have not been treated yet (see Section below). Furthermore,
dealing with a degenerate principal barrier introduces some subtleties if one wants to study
the asymptotic behavior of E[rqc| via a spectral approach. This is due to the fact that the
m smallest eigenvalues A1 p,..., Ay p can be asymptotically indistinguishable when h — 0, as
explained in [28]. To overcome these difficulties, we introduce local Dirichlet problems (see
Section below) and use recent spectral results from [29] together with formulas from the
potential theory and estimates from the large deviations theory.

1.2 Notation and definitions

In all this work, © is a C> bounded open and connected subset of R?, and the function f : @ — R
is C*°. Throughout this work, we will use the following notation: for a € R,

{f<ay={xeQ, f(x)<a}and {f <a}={xe€Q, f(x) <a}

We will say that a connected component M of {f < a} is isolated if there exists an open set V
of Q such that M =V N {f < a Moreover, B, (z,) will denote the closed ball centred at z.
of radius r > 0 in R%. Finally, E, (resp. P,) will denote the expectation (resp. the probability)
when Xy = z € R%.

Dirichlet realization of —%A +Vf-Vin Q. Let us denote by Lf), = —%A + Vf-V the
infinitesimal generator of the process (1f). The operator L) on LQ(Q,e_%f dx) with domain

{we H*(Q, e_%fd:x), w =0 on 90N} is denoted by E?}f (where the notation Dir stands for the
fact that we consider Ly}, with Dirichlet boundary conditions on 0€2). The operator E?}f is the

Friedrichs extension on L?(£2, et dz) of the closed quadratic form
1) =2/ 2 2 ,~2f
g€ Hy(Qe n da:)»—>ﬁ |Vgl“e nl. (2)
Q

The operator E?i}f is a positive self adjoint operator on L?(f2, el dz) with compact resolvent.
Its eigenvalues are denoted by

)‘Lh < )\27}1 < )\37;1 .

where we recall that by standard results on elliptic operators, Ay, is simple and any associated
eigenfunction uy 5 is C* on  and has a sign on (2. Finally let us recall that £y is connected

!This is equivalent to say that the connected component M of {f < a} is open in {f < a}.



to the Witten Laplacian Ay, = h?Apy + |V f|*> — hAf through the relation
1
Lrn=5 enf Agpe i, 3)
which will allow us to transfer the results of [29] on the spectrum of the Dirichlet realization
of Ayj in Q to E]]?i}f.

Domain of attraction of a subset M of (2 for the —V f dynamics in Q2. Let z € Q
and ¢;(x) denote the solution to the ordinary differential equation

4 () =~V (pu(a)) with go(z) = o (4)

on the interval ¢ € [0,¢;], where t, = inf{t > 0, ¢i(z) ¢ Q} > 0. Let x € Q be such that
ty = +00. The w-limit set of z, denoted by w(x), is defined by

w(z) ={y € Q, Isn)nen € (Ry)", lim sp = +oo, lim s, (2) = y}.

Let us recall that the w-limit set w(x) is included in the set of the critical points of f in Q.
Moreover, if f has a finite number of critical points in €, there exists y € € such that w(x) =
{y} € {2 € Q,Vf(2) = 0}. The domain of attraction of M is then defined by

AoM) = {z € Q, t, = +o0 and w(z) C M}. (5)

Principal wells of f in . In all this work, we will assume that the function f : Q@ — R a
Morse function, i.e. that all its critical points are non degenerate. In particular, f has a finite
number of critical points in . Indeed, a critical point of f is isolated from the other critical
points of f in the compact set ) because the Hessian matrix of f at a critical point of f is
invertible. Moreover, we shall say that z € Q is a saddle point of f if it is a critical point of
index 1 of f. Let us finally recall the definition of the principal wells of f in 2 which are defined
in [29, Section 3.1] when f: Q — R is a C* Morse function (see also [13, Section 2.1]). For all
local minimum point x of f in Q and A > f(x), we denote by C(\, z) the connected component
of {f < A} in Q containing z. Moreover, one defines

A(z) :=sup{\ > f(z), C(\,z) NN =0} and C(z):=C(\(z),z). (6)

For z a minimum point of f in , we call C(z) a principal well of f in €. The set of principal
wells of f in € is the set

C := {C(z), z is a local minimum point of f in Q}. (7)
From [29, Proposition 7], each C € C is included in © and the elements of C are two by two
disjoint. Notice finally that for each C € C, it holds C C Aq(C) since C is stable for the
dynamics (because f is non increasing along the curves defined by )
1.3 Assumptions on the function f
Let us now introduce the basic assumption of this work.

Assumption (H1). The function f : Q — R is a C* Morse function and the set { f < mingq f}
18 non empty and contains all the local minima of f in Q. Furthermore, denoting by Cy,...,Cn
the connected components of {f < mingq f}, it holds for all j € {1,... /N}:

0C; NI #0 and C; is an isolated connected component of {f < Igbn f}

3



A schematic representation of Cy,...,Cy is given in Figure (1| when N = 2 (see also Figure
below). Let us now comment the assumption [(H1)| Notice that under [((H1)| one has:

ngnf<%1}2nfandf0rallj6{1,...,N}, C;c .
Q

The following lemma will allow us to use the results of [29].

Lemma 1. When [(H1)| holds, according to the terminology introduced in [29] (see also (7)),
the function f has exactly N principal wells in Q which are Cq,...,Cy.

Proof. Under |(H1)| it follows that for all local minima z of f in Q, A(x) = mingq f and
C(z) = C; where j € {1,...,N} is such that € C;. Thus, it holds C = {Cy,...,Cn}. ]

From Lemmaand [29, Proposition 12], for z € 9C; N OS2 (notice that z € argminy, f) one has:
a. If Vf(z) =0, then, z is a saddle point of f.

b. If Vf(z) # 0, then O, f(2) > 0, where 0, f(2) = Vf(z) - nq(2) is the normal derivative of
f (where nq(z) is the outward normal to Q at z).

For j € {1,...,N}, the assumption that 0C; N O # 0 ensures that the exit event from 2 when
Xo =z € Aq(C)) is associated with a point z € 9C; NI when h — 0 (see indeed the prefactor
appearing in the asymptotic equivalents of E;[rqc] in Theorem |1 below).

{f = mingg f}

{f = ming f}

il I3

Figure 1: A one dimensional case when is satisfied with Ng = N = 2 (notice that

is always satisfied in dimension one), see . Here, the set of local minima of f is
{x1, 22, 23} with argming f = {x1,23}. The points z1 and 2z satisfy z; € 0Cy N 0N,
f'(z1) =0, and f'(z2) = 0. Moreover, Aq(C1) = (21,2), Aa(C2) = (2, 22).

When is satisfied, we denote by No the number of C;’s which contain a point in arg ming f,
ie.

Ng := Card(j e{l,...,N}, argmin fNC; # @). (8)
Q

In all this work, we will assume that {Cy,...,Cyn} are ordered such that for all j € {1,...,Ng},
argming f NC; # (. Let us now introduce the following and last assumption on the function f.

4



Assumption (H2). The function f : Q — R satisfies and for all j € {1,...,N} and
z € 0C; N0,

a. If Vf(z) #0, z is a nondegenerate global minimum point of f|aq.

b. If Vf(z) = 0, the outward normal no(z) to Q at z is an eigenvector associated with the
negative eigenvalue of Hess f(z).

Notice that in dimension 1, (H2) is always satisfied. When [(H1)| and [(H2)] hold, from [29]
Theorem 2|, Lemma (1} and , there exists C' > 0, for all j € {1,...,Ng}, there exits 3; €
{0, —1/2} such that, for A small enough:

C 1 hPie=iminon f-ming ) < X\ < C P (minoe f-ming f)

Consequently, if Ng > 2, the principal barrier of f in  is thus degenerate and equal mingg f —
ming f. Point a in is convenient for computations, it can be relaxed using a similar
procedure to [42] (see also [4]). When point b in is satisfied, each z € 9C; N 9N (j €
{1,...,N}) such that Vf(z) = 0 is a nondegenerate global minimum point of flsn (see [29,
Proposition 12]). In particular, under for all j € {1,...,N}, 0C; N 9Q consists of a
finite number of points. Point b in will be needed to use the results of [29] in Section
and without this assumption, the prefactors appearing in Theorem [I] below might not be valid
anymore, as explained in [29, Section 1.4].

1.4 Main result

When the function f satisfies the assumptions [(H1)| and [(H2)] one defines for j € {1,...,N}:

On _1 . 1
fl(z) (det Hessf|aa(z)) 2 Jiz| |det Hess f(2)| 2
z€0C;N00, T2 zeaC;noQ, T
Vf(z)#0 Vf(z)=0
0,1 = f(2)# - and 0,5 — f(2) -
> (det Hessf(y)) 2 > (det Hessf(y)) 2

yearg minc—jf yearg minc—jf

where 1, is the negative eigenvalue of Hess f(z). By convention, when d = 1, det Hessf|sq(2) =
1. The main result of this work is the following.

Theorem 1. Let f: Q — R be such that Assumptions|(H1)| and |(H2)| are satisfied. Then:

1. Let K be a compact subset of Q). Then, for any § > 0, it holds for h small enough:

supE, [TQ:] < e%(minasz f—ming f+5) .

zeK

2. Let j € {1,...,No} (see (8)) and K be a compact subset of Aa(C;) (see (F])). Then, for
all x € K, it holds in the limit h — 0:
6% (mingq f—ming f)

Ex[rqe] = ,uniformly with respect to x € K.
©j1h™7 +0js + O(h)

3. Letj € {No+1,...,N} (with the convention that {No+1,...,No} =0) and K be a compact
subset of Aq(Cj). Then, it holds for h small enough:

2 . .
— (min —min—
oh (mingq f S 1)

min E, [1qc] > - .
ek ©;1h72 + 02 +O(Vh)
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Furthermore, there exists € > 0, such that if minc—jf — ming f < ¢, then, when h — 0:

2 . .
— (min —min—
e & (mingq f S )

Ey[rqe] = ,uniformly with respect to x € K.
©;1h7% + 05 + O(Vh)

As explained above, in many applications where the dynamics is used, € is a basin of attrac-
tion of some local minimum point of f on R%, and therefore, for all j, {z € 9C; N OQ, Vf(2) #
0} = 0. Thus only the saddle points of f appear (through the constants ©; ) in the equivalents
of E,[rqc] above. This is the main novelty of this work.

The remainder term O(v/h) in items 2 and 3 in Theorem [1|is optimal, as shown in Appendix
1 below. The second statement in item 3 in Theorem [I| can be seen as a perturbation result
of the completely degenerate case Ng = N (i.e. when all the C;’s have the same depth, namely
ming f). Though it is assumed that C; is an isolated connected component of {f < mingqg f}
(and thus for all i # j, 9C; N 9C; = 0), when j € {Ng + 1,...,N}, a tunnelling effect can
occur between C; and the others C,’s, mixing their properties. This is discussed in Appendix
2 below where we show that when, for some 57 > Ng + 1, minc—j f is much larger than ming f ,
limy, 0 hInEy[rqe] > 2(mingq f —minc—j f), when z € C;. Finally, as suggested by computations
on one dimensional examples, when CT is not an isolated connected component of { f < mingg f},
a strong tunnelling effect occurs between C; and the other C;’s which are such that 9C;N9C; # 0,
and it is much harder to predict the precise asymptotic equivalents of E;[1qc] when 2 € C; due
to the various situations that happen.

Remark 2. The prefactor ®j71h_% in Theorem differs from the one derived initially in [24).
Indeed, when z € 0C; N O and V f(z) # 0, it holds On f(zj) # qﬂ and thus, the Laplace method
on which is based the proof of Theorem 1| leads to a dependence on h in this prefactor. The
constant © ;o in Theorem |1] is the same as the one obtained in [24] up to a multiplication by
2 (see also [0, Theorem 3.2]): this is expected. Indeed, when the process reaches a critical
point z € 0C; N ON2, because z is a saddle point of f, it has, in the limit h — 0, a one-half
probability to come back in Q and a one-half probability to go in R\ Q (this result is not difficult
to prove in dimension 1, see [41, Section A.1.2.2], and can be extended to higher dimensions
using a suitable set of coordinates around z).

According to items 2 and 3 in Theorem (1] for z,y € Aq(C;), Ez[rac] = Ey[tqe](1 4+ o(1)) when
h — 0, where o(1) either equal O(v/h) or O(h). We will actually derive the following more
precise leveling result on x € Q — Eg[rqe].

Theorem 2. Let f: Q — R which satisfies the assumptions|(H1)| and |(H2)| Let K C Aq(C;)
for some j € {1,...,N}. Then, if j € {1,...,No} (see (8)), there exists ¢ > 0 such that for h
small enough and for all z,y € K:

E.[mqc] = ]Ey[TQc](l + 0(67%)), uniformly in z,y € K.

Moreover, if j > No+ 1, there exists € > 0, such that if mincfjf —ming f < ¢, there exists ¢ > 0,
such that for h small enough for all x,y € K:

Eq[rqc] = Ey[rae] (1 + O(e_%)), uniformly in x,y € K.

2Such points z have also been considered by Kramers in [24] to derive formulas for transition rates, as explained
in [39).



Theorem [2| generalizes, as long as the gradient case is concerned, the leveling result [9, Corol-
lary 1] to the case when f has critical points on 9 and several critical points in €.

To prove Theorem [l the starting point is a formula from the potential theory for E,, [rqc]
when z, is a local minimum point of f in . To extract information from this formula, we
derive leveling properties on the mean exit time from Q and committor functions, and we give
sharp equivalents on capacities: this is the purpose of Section [2] where more general assumptions
than [(H1)| and [(H2)] are considered. Then, in Section [3, we prove Theorems [1] and 2| Let us
mention that our analysis is not a straightforward extension of the analysis led in [6], because in

our setting, we have to analyse the effect of the boundary 92 on the sharp equivalents of E,[rqc]
when z € Q) and h — 0. Moreover, we also consider a set of deterministic initial conditions
in Q with nonzero Lebesgue measure (here Aq(C;), j € {1,...,N}) and not only the case when
Xo = x4 (which requires a further analysis, see Sections and . This is important for
the following reason. In many applications where the dynamics is used, one is interested in
having a sharp estimate on the average time this process remains trapped in €2 when h < 1.
Since the process has a density with respect to the Lebesgue measure in R¢, for all A > 0,
the probability that the trajectories of entering in €2 pass through each z, is zero.

Let us mention that our analysis to prove Theorem [I] will allow us to derive Corollary [9] which
states in particular that, when 0C(z) N 092 = {z} (see (6)) and C(z) is an isolated connected
component of {f < A(x)}, the process exits §2 almost surely through any neighborhood of z
in the limit ~ — 0 when Xy = = € Aq(C(z)). Since z can be a critical point of f, to the best of

our knowledge, Corollary [9] is new for the dynamics (see indeed [10] or [31, Section 1]).

1.5 Link with the previous results on the mean exit time

Let us now recall the main previous contributions on the study of E;[7qc]. The limit of hIn E[rqc]
when h — 0 and = € Q has been studied by Freidlin and Wentzell in [16] when |V f| # 0 on 09
(see also [35]). In [9], it is shown that, for z € Q, Ey[rqe]A1 , = 14+ 0(1) when h — 0, in the case
when 0, f > 0 on 02 and f has a unique critical point in € (see also [42]). We also refer to [22,23]
for the study, when |V f| # 0 on 09, of the solution of the parabolic equation L¢pup = Opup
as h — 0. Let us mention that in [9}/16,22,23,|35], the authors also considered non reversible
processes. Sharp asymptotic estimates when h — 0 of E,[rqc] for some = € € have been
obtained in [49, Section 4] when |V f| # 0 on 99 (let us also mention that the assumption that
O{f < mingg f} NIN # 0 is not allowed there according to the assumption (C3) in [49, Section
4]). In |36, Theorem 5], when f has a non degenerate principal barrier (i.e. in our setting, when
No = 1), it is shown that Aj ,7qc converges in distribution to an exponential random variable
in the limit A — 0 when Xy = z for some x € 2 (in our setting, for x € C;). A comprehensive
review of the literature on this topic can be found in [1]. We refer to [|34,37-39,|45] where
asymptotic formulas for E[1qc] when h — 0 have been obtained through formal computations in
different settings (see also [11,44]). We finally mention [2,3,6,(7,[17,]21}25,27,40] and references
therein for asymptotics estimates on eigenvalues, transition times in the boundary less case.

2 General results on committor functions and capacities

In all this section, we assume that the function f : @ — R is a C* Morse function. In this
section, we derive leveling results on committor functions and we give asymptotic equivalents of
capacities in the limit h — 0.



2.1 The committor function
For any closed ball B C 2, one denotes by
8 = inf{t > 0, X; € B}

the first time the process hits B. Let z, be a local minimum point of f in Q. In all this
work, we consider for all A > 0 a constant r; > 0 such that when h — 0,

rp=O0(e %), 9)

where 6, > 0 will be fixed in . In the following, h > 0 is chosen small enough so that
B, (z«) C C(x). The committor function (also called equilibrium potential) between B,, ()
and Q¢ is defined by:

Pr, 1T € Qs Pa[7s,, (@) < Tocl. (10)

A schematic representation of C(z,) and B, (x4) is given in Figure [2( when 0C(z,) N 0 # 0.

Figure 2: Schematic representation of C(z.) (see (6)) and By, (z.). On the figure OC(z,) N OQ
is non empty and equals {z1,22}.

2.2 A formula from the potential theory

In this section, we recall a formula from the potential theory which is used in this work (see ),
which can be found for instance in [5]. Let us denote by G be the Green function of Ly,
associated with homogeneous Dirichlet boundary conditions on 0Q2. The equilibrium mea-
sure eg, (z,)0c associated with the couple (Br, (z4),Q°) (see [6, Section 2] and more precisely
(2.10) there) is defined as the unique measure on 0B,, (z.) such that

(@)= [ Galwv)es, ooy or ().
OBy, (z+)
From [6], Section 2] (see (2.27) there), one has the following relation:

/ E.[rac] e #®) eg, (n)0e(dz) = / eI @ p, (z)dz, (11)
8By, () 4 Q

where p,, is defined by (10). Let us now define, as in [6, Section 2] (see (2.13) there), the
capacity associated with (B, (), Q°):

_2
cap, (o)) = /8 o Heg, () 00(d2). (12)
rp (Tx

8



Finally, let us recall that from [6, Section 2], one has the following variational principle:

h 2 _2 . h 2 —27¢
capg, (z,)(Q°) = / Vps.| el = inf / Vp|e n/, 13
Brn )( ) 2 OQ\Br), (z+) ‘ PGHBrh(z*),QC 2 OBy, (z+) | | ( )

where we recall p,, is defined by and

He,, (z.).00 = {p € Hl(Q\ B, (x*),e_%fdm), p=1on0dB,, (z.), p=0on 0Q}.

2.3 Leveling results on the mean exit time

In order to extract E,,[rqc| from the left hand side of , we need a leveling result on the
function z — E;[rqc] in B, (x). This is the purpose of the next lemma.

Lemma 3. Let z, be a local minimum point of f in Q and vy, > 0 such that @ holds for some
0x« > 0. Then, there exist hg > 0 and ¢ > 0 such that for all h € (0, ho) it holds

< 7R By, [rae].

max |E;[rqc] — Eq, [Toc]
ZEBrh(I*)

Proof. Let us recall that from the Dynkin’s formula, the function w : z + E,[rqc] is the unique
weak solution to

Lipw=11in Q and w = 0 on 99, (14)
and w € C®(Q,R). Set b := Vf. For z € B, 7 (2s), set y = (2 — 2,)/Vh + . € Ba(x,) and
v(y) = w((y — x:)Vh + ) which satisfies for y € By (),

1 b((y — 2 )Vh + 2.) _
—2Av(y) + Th Vou(y) = 1.

Then, since b(z,) = 0 (and thus y — b((y — z4)Vh + z,)/vh on By(z,) is bounded uniformly
with respect to h, as well as its gradient), using the Schauder estimate |18, Corollary 6.3] on
y — v(y) on Ba(z,), there exits C' > 0 independent of h such that,

\Y <O+ .
yéélf‘(’i*)‘ v(y)| < C( yergjé*)v(y))

Thus, coming back to the variable z, it holds:

C
bt [VE.[roc]| < ﬁ(l + zEBI?j;%:B*)EZ[TQC]).
Moreover, there exist M > 0 and ¢ > 0 such that for ~ small enough and for all z € B, /(z4),
E.[rq:] > Me#. Indeed, this follows from [15, Lemma 1] together with the fact that for all
z € By 7 (%4), Ez[rqc] > E;[ryc] where U is a C>° subdomain of €2 such that d,f > 0 on 9U and
{z € U, Vf(z2) = 0} = {z.} (such a U exists since z, is a nondegenerate local minimum point
of f in Q). Hence, one has, for h small enough,

max |VE,|[mq]| < — max E,|[rq]|.
z€B 5 (2+) ‘ [ ] \f zEBz\f (z+) [ ]
Then, for all z € B 7 (z4),
E.[rqc] — Ea.[roc]| < —= |z — 2| max  E:[rqe],
\/E ZEBQ\/E(Q:*)




and thus, for all z € B, (z),

Ox

e

|E.[rqc] — Eq, [roc]| < C

max [E,|rec].
\/E ZGBQ\/R(I*) [ ]

Finally, it follows from [18, Theorem 8.20] (applied to the function v):

max E,[tqc] <C  min E,[rqc],

2€B, p(x+) 2€B, /7 (z+)
for some C' > 0. In conclusion, one has for i small enough, Max;eg,, (z.) E.[rqc] — Eu, [Tac]| <
Ce o E,,[rqe]. This concludes proof of Lemma 1

Using Lemma (3| together with and , one obtains, for all local minima x, of f in €2, in
the limit h — 0O:
- fQ ei%f(x) Po. () dx

E,, [tqe] = cave, (x*)(QC) (1 + O(e_ﬁ)), for some ¢ > 0 independent of h. (15)

To compute a sharp asymptotic equivalent of E,, [rqc] when h — 0, we study the asymptotic
behaviour of pg, (z) and capg,, (2.)(£29) in the limit h — 0. This is the purpose of the next
sections.

2.4 Leveling results on the committor function p,, in C(z,)

Let us prove the following leveling property on the committor function p,, (see ) in a h-
independent neighborhood U of z, in C(z,) (see (6])).

Lemma 4. Let . be a local minimum point of f in Q. Let U be a C* subdomain of C(x)
(see (6])) such that Onf > 0 on AU and {z € U, Vf(z) = 0} = {z.}. Let K be a C* compact
subset of U. Then, for some §. > 0, there exist ho > 0 and ¢ > 0, for all h € (0, hy):

max [pg, (y) — 1] < e 7.
yeK
The constant d, > 0 in @ will be fixed in .

Proof. Since the trajectories of the process are continuous, one has for all y € K, {rqc <
78,, (z.)} C {TUe < 78, (2.)} When Xo = y. Using [8, Theorem 2], there exist d. > 0 (see ),
ho > 0 and ¢ > 0 such that for all h € (0,ho) and y € K, Py[rye > 75, (z.)}] < e~ . This
concludes the proof of Lemma [4 |

With Lemma [4] we can extend the leveling property on p,, to Aq(C(x.)).

Proposition 5. Let x, be a local minimum point of f in Q. Let K be a compact subset of

Aa(C(zy)) (see (6) and (5)). Then, there exist ho > 0 and ¢ > 0 such that for all h € (0, hy),
one has:

— 1] <eF.

max [pz. (y) — 1] <e

This implies in particular that, using the Laplace method, for all k € {1,2}, in the limit h — 0:

/ pk. e~if = (hw)%e*%minmf Z (det Hessf(y))
Cz+)

yearg minm f

N[

(14 O(h)).
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Proof. Let us introduce the function qg, : y — 1 — pz.(y) which is the C>*(Q\ B, (z4),R)
solution to

h
— EAqm* =—-Vf-Vaq, in Q\ B, (z4), 9z, = 1 on 0Q and q,, = 0 on 9B,, (z). (16)

Working with q,, instead of p,, will be convenient to derive the key estimate below. The
proof of Proposition [5|is divided into several steps. The first two steps are inspired by [11] but
we have to take care here with the regularity of q,, which does not belong to H?(C(z.)). For
that reason, before starting the proof of Proposition b, we introduce the following sets. Let
7. > 0 and U be a smooth subdomain of C(z,) as in Lemma |4 with moreover U C C(z), such
that:

B, (z«) C U. (17)

For m € N with m > 1, we consider a sequence
(k)k=1,..m € (R)™ such that 0 <7 <72 < ... <7y < Fpg1 1= T (18)

It then follows that B, (z.) C int(B;,,,(z«)), for K =1,...,m. In the following, h > 0 is chosen
small enough so that
By, (xx) C int(B, (z4)). (19)

In the following, C' > 0 is a constant which can change from one occurrence to another and
which does not depend on h. We are now in position to prove Proposition

Step 1: Let us prove that there exist hg > 0, v > 0 and C > 0 such that for all h € (0, k),

IV,

Loo(\By, (2.)) < ChT7. (20)

To this end, we apply recursively H?-interior elliptic estimates outside a neighboorhood of By, (z«)-
This will allow us to use Sobolev injections with constants independent of h. Using and

combining H2-interior elliptic estimates and H2-boundary elliptic estimates nea 9Q (see [14,

Theorem 1 and Theorem 4 in Section 6.3]), there exists C' > 0 such that:

H2Q\B,y (2.)) < C(1+ h VA, 2@\, (@2)))- (21)

Moreover, using , the trace theorem and together with the fact that q;, = 0 on 9B, (z4)
and q;, = 1 on 99, there exists C' > 0 such that for any € > 0 and & > 0,

thqx*H%Q(Q\Brh(m)) <C (h/m lanqx*ldUJr/

0\By, ()

19z,

’vf : an:* ‘)

h 2 1 / 2
<c <€ + hellae @, @) + 5+ 1V ”LQ(O\BWM)

h —1 2 1 / 2
<C (5 +h e (”an:* ”L2(Q\BT1 (z+)) + 1) + g te qum* L2(Q\Bry, (z4)) |

Choosing &’ = one obtains

h
C+D)°

3 2 h -1 2 -1
ZhHVqI*HLQ(Q\Brh(x*)) < C (6 + he (Hqu* LQ(Q\BH (z4)) + 1) +h .

Thus, since 2\ By, (z.) C Q\ By, (z) (see (19)),

3h h _ _
ZHqu*H%?(Q\BTI(m*)) <C <€ +hte (qux*H%Q(Q\Brl(x*)) + 1) +h 1) :

11



Then, one chooses & = (£+1) which implies that [[Vaa, || L2\, (z.)) < Ch™ 1. Thus, from (1)),
there exist C' > 0 and hg > 0 such that for all h € (0, ho):

qu*HHQ(Q\BTQ(z*)) < Ch™2

Then, for k € {3,...,m}, using H k_interior elliptic estimates and H*-boundary elliptic esti-
mates [14, Theorems 4 and 5 in Section 6.3.2], one obtains recursively that there exists C' > 0
such that for h small enough:

gz ||+ @B, 20y < CHTH (1 + IVaz [ 1r-1008,, (20)) < Ch™*.

Then, choosing m (see ) such that m > % yields using the Sobolev injection
H™(Q\ By, (z+)) is continuously embedded in L>(Q2\ B,,, (x.)).

Step 2: Let us define for n > 0 the set (see ()
Colra) = Cla) N {f < Alw) — 5} C O, (22)

Let
e v = max{ f(y), y € C(x,) such that Vf(y) = 0}. (23)

Since f is a Morse function on Q, f has a finite number of critical points in €, and thus:
e < A(z4). Let us consider

€ (0, A\(zs) — cx,m) such that U C G, (z4) (see (L7)—(19)) and n € (0,n]. (24)

According to [29, Proposition 10], C; () is a connected component of { f < A(x.)—n}. Moreover,
Cy(xy) is C*° because its boundary does not contain critical points of f by choice of 1 and
Cy(z4) C Q. Let us now prove that for all ng € (0, 7], there exists ag > 0 such that for h small
enough:

&0

IV |l oo (Cop (2\B () S €77 (25)

Let n such that 2™n = 7o (see (18)) where m will be fixed later (notice that n < n,). Notice
that can be rewritten as div (e_%quw*) =0 on Q\ By, (z«). Therefore, using , the
Green formula, q,, <1, and q;, = 0 on 9B, (x.), there exist C > 0 and v > 0 such that,

/ [V, [Pei! :/ Qo ¢ H 0y, < & e ROGS
Cy2(xx)\Bry, () 9C,y/2(w4)\Bry, (24) hY

since 0C,)/9(w+) C {f = AM@«) — 3}. In addition, since C;(zx) \ By, (zx) C Cpja(w4) \ By, () it
holds,

ei(k(w*)n)/ Ve, |? S/ Vs,
Cy(2+)\Br, () Cp(zx)\Bry, (%)

Therefore, using in addition , there exists § > 0 such that for i small enough,

/ Ve, | s/ Vo |* < %e "< Ce
Co)\Br, (22) Co()\Bry, () h

Thus, from ([16]), we deduce that h small enough, Az, |22, (20)\Br, (22)) < Ce=%. In the
following, 8 > 0 is a constant which may change from one occurrence to another and does

O ~20@)-1),
<

_8
h

12



not depend on h. Let x1 € CX(Cy(zs) \ Bri(24),[0,1]) be such that x;1 = 1 on Cyo \
By, (z+). Since A(x19z.) = X1 Aqz, + 9z, Ax1 + 2Vx1 - Va,, there exists C, such that
IIA(Xx192.) ]L2(Cn(x*)\37'1 (@,)) < C for h small enough. From the H?-elliptic regularity estimate
on Cy(zs) \ By, (), one has:

Let a € (0,1) be an irrational number such that p; = Nirenberg
interpolation inequality (see [43, Lecture II]), the following inequality holds:
ClIVaz. Lo (Cop(@)\Bry (@) < N9 52 (o (0B (22 [V G L2(C2n(;r;*)\Br2(a:*))

|
>

+ VA,

L2(Cap(4)\Bry (22)) S

Then, from (16]), one deduces that A, || Lr1 (Cap (2)\Bry (24)) < Ceh. Using a cutoff function
x2 € CX(Cop(xs) \ Bpy(x4),[0,1]) such that xo = 1 on Cyy(xs) \ Bpy(z4), we get from the
W2Pi_elliptic regularity estimate, that ||qy, W21 (Cp () \Bry () = C. Let p2 = 720 4a, from the
Gagliardo-Nirenberg interpolation inequality (see |43, Lecture II]), one obtains:

C”vqx*||LP2(C4n(ac*)\Br3(:v*) = ||qa:*HW2 P1(Cap () \Brg Hqu*HLm (Can(#)\Bry (z+))
_B
+ Hqu*HLm(cM(I*)\B,B(x*)) Seh.

We repeat this procedure m — 2 times such that d — 2ma < 0, the Galgliardo-Nirenberg in-
8

terpolation inequality implies that ||Vq,, ”Loo(c2mn(x*)\|3rm+1($*)) < Ce™ » which ends the proof

of (25)) since ny = 2™n and r,4+1 = r« (see (18)).

Step 3: Let r. > 7, such that B, (z.) C U (see ) From Lemma (4] applied with K =
B...(z4), there exists 6, > 0 and ¢ > 0 such that for all 4 small enough:

max  |pg, (y) — 1| = O(e 7). (26)
YEBr (24)

When the dimension d > 2, the open set C,(z4) \ By, (2«) is path-connected. Indeed B, (z,) is a
closed ball included in the open connected set C,(z.) (see and (24)) and thus, when d > 2,
Cy(xy) \ By, (z4) is connected. Since it is moreover locally path-connected, C,(z) \ By, (z4) is
path-connected. When d = 1, C;,(z4)\B,, () is the disjoint union of two open intervals |; and l5.
Let 2z € 0By, (24). Then, when d > 2 for n > 0 small enough and for all y € C;(x4) \ By, (z«),
considering a smooth curve v : [0,1] — C;(x4) \ By, (x4) such that v(0) = y and y(1) = 2z
(because C,(x4)\ By, (z4) is open, path-connected, and locally smooth), it follows from that
there exists 5 > 0 such that for h small enough:

;r\m

sup |Pa, (¥) — P (244)] < €
yECy(2+)\Bry (z+)
Let us mention that when d = 1, the previous estimate also holds by choosing z.. € I if y € Iy
(k € {1,2}). Using in addition (26), for n > 0 small enough, there exists ¢ > 0, for h small
enough, one has:
pr.(y) = 1+ O(e™#), uniformly on y € C,(z.). (27)

This concludes the proof of Proposition [5| when K C C(z,) (indeed in this case there exists n > 0
such that K C G, (x4)).
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Step 4: Let us consider K C Aq(C(z)). In view of (27), it is enough to consider the case when
KN Cy(zy) = 0. Since C(z4) C An(C(zy)) and C(z) is open, there exists Tx > 0 such that for
all z € K,

o1(2) € Cz.), (28)

where we recall ¢y(z) is defined by (). Moreover, because K C Aq(C(z)), for all z € K,
ty = 400 (l.e. i(x) € Q for all t > 0) and thus {p(z),t € [0,Tk] and z € K} C Q. Since K is
compact, {¢:(x),t € [0,Tk]| and x € K} is therefore a compact subset of Q. Thus, there exists
§ > 0 such that all continuous curves 7 : [0, Tk] — © such that

SIS K7 sup }W(t) - th(CL‘)‘ < 67
t€[0,7k]

satisfy:
Vit € [0,Tk], v(t) € Q. (29)

Moreover, up to choosing § > 0 smaller, there exists ak > 0 such that

(30)

{on(@) + 2, € Kand |z] <6} C Cop(zs)
zy & {or(x) + 2, (2,t) € K x [0,Tk] and |2z| < 6}.

These conditions imply that when Xo = z € K and sup;¢(o 73 | X — ()| <6, it holds from
and :

Tk < 7B,, (x.) (for h small enough), 1q > Tk and X7 € Coy(z4). (31)

From the proof of [9, Lemma 1] and its note, there exists ng > 0 such that for h small enough,
it holds:

supIP’x[ sup | Xy — py(z)| > 5} <e k. (32)
zeK te[0,7k]

Let us now concludes the proof of Proposition [5l For z € K, one writes pg, (z) = a(z) + b(x),
where

a(r) =P, [{TBrh(x*) < Toe} N {tGSUP

0,Tk

} | X — pi(z)| < 6}]7
and

b(x) =P, [{TBTh(I*) < TQc} N {teS[Z)JIT) | }Xt — cpt(x)l > 5}}
»4K

Using (32)), it holds for i small enough: max,ek b(z) < e h . Using (31)), with Cay (24), (32),
and the Markov property of the process , there exists ¢ > 0 such that for all x € K, one has
when h — 0:

o(@) = Eo [EXTK [I{TBTh<“*)<TQC] lsuptE[O,TK] ’Xt%(w)kJ

=(1+ O(e_%)) X ]P’x[ sup | X; — ¢(z)] < 5} =1+ O(e_ﬁ), uniformly in z € K.
0,7k]

te|

Hence, there exists ¢ > 0 such that for all z € K, one has when h — 0: py,(z) =1+ 0(67%),
uniformly in z € K. This concludes the proof of Proposition |

We will also need a leveling result of p,, in C C C (see ) when C # C(z). This leveling result
is the purpose of Proposition [7] below which is based on an estimate on the most probable places
of exit from a bounded domain when N = 1, see the next section.
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2.5 The case when N =1

In this section, we prove the following result.

Proposition 6. Assume that |(H1)| is satisfied with N =1 (i.e. {f < mingq f} is connected).
Let K be compact subset of Aq({f < minaq f}) (see (5))) and T be an open subset of OQ such
that ming f > mingo f. Then,

there exists ¢ > 0 s.t. for h small enough: max P, [Xppe €T] < e h. (33)
re

In Corollary |§| below, we will generalize to more general settings (e.g. when N > 1).

Before going through the proof of Proposition [6] we recall the notion of separating saddle points
of fin Q. A point z € Q is a separating saddle point of f in  if it is a saddle point of f and
for » > 0 small enough, B,(z) N {f < f(z)} has two connected components which are included
in two different connected components of {f < f(z)}. The notion of separating saddle points
was first introduced in [21] in the boundaryless case and then adapted to the boundary case
in [13[29].

Proof. Let f : Q1 — R be a C* function. Before starting the proof of Proposition |§|, we introduce
some preliminary results we will need. Let us choose an eigenfunction w; j associated with the
principal eigenvalue A; ;, of E?iﬁ such that

ur,p > 0 on 2 and / uih e il =1, (34)
Q

For ease of notation, we write L2 (Q) (resp. L?(Q2)) for LQ(Q,ef%fdx) (resp. for L?(Q,dx)).
The subscript w stands for the fact that we consider the weight function e~#7 in the scalar
product. The proof of Proposition [] is based on the use of the quasi-stationary distribution of
the process in Q: we will indeed first prove when X is distributed according to this
distribution, and then, with the help of a leveling result, we will derive it when Xg =2 € K. A
quasi-stationary distribution for the process in Q is a probability measure p supported in {2
such that for all measurable sets A C Q and for all ¢ > 0,

B fQ P, [X: € At < 1q] p(dx)

i) Jo Po [t < Tae] p(dx)

Let us recall that (see for example [26]) the unique quasi-stationary distribution vy, of the
dynamics in € is the measure
uy p ()" H @)

vp(dx) =
Ja ul,he_%f

da. (35)

Moreover, according to [26], when Xy ~ v, X;,. has a density with respect to the Lebesgue
measure on J§2 which is given by:

(36)

Let us now assume that f : Q — R is a Morse function. From the analysis led in the proof of [29,
Theorem 1] together with (3)), for any L2 (Q2)-normalized eigenfunction wy, of E?}f associated with
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an eigenvalue of order o(1) when h — 0, it holds, for every neighborhood W of the local minima
of fin

lim [y L] 5 (37)

B =1
Let us now assume that is satisfied with N = 1. Let us define c¢py = max{f(z), z € {f <
mingq f} such that Vf(z) = 0} < mingq f. In the following, for @ > 0, C, denotes the open
set {f < mingg f — a}. Let us recall that for o < mingg f — car, Co is a smooth connected
open subset of Q (see indeed the lines after ) Moreover, for any ¢y > 0, we denote by V(
a smooth open connected subset of Q such that {f < mingg f} C Vg and f < mingq f + ¢o on
V. Since 9{f < mingq f} N9IN # 0, we choose Vj such that Vo N IN has a non zero Lebesgue
measure (in 0€2). We are now ready to prove Proposition |§| The proof is divided into several
steps.

Step 1: Let us prove that:

lim hlog A\, = —2(min f — mi d liminf hlog Ao j, > —2(cps — min f).
lim 72log Ay (min f H%nf) and lim inf hlog Ao > —2(cum mﬁmf) (38)

When |(H2)| holds, is a consequence of |29, Theorem 2| and Moreover, under [((H1)|
the set 6{ f < mingg f } N 2 does not contain separating saddle pomt of fin Q. Thus, if |(
holds, according to (3) and [29, Theorem 3] (with m* = 1 and Cj(z1) = {f < mingq f} there),
one has more precisely when h — O:

My = (O11 hi%(l +O0(h)) +O12(1+ O(\/E))) e~ i (minoo J-ming ), (39)

where ©11 and ©1 2 are defined at the beginning of Section (recall that C; = {f < mingq [}
because we assume here that N = 1). Actually, we will prove and without assum-
ing Let us first prove the first limit in (38). Let y € C2°({f < mingg f}) be such that
x = 1 on C,, for @ > 0. Then, it follows from the Laplace method that for all « > 0 small
enough such that arg ming f C C,, there exists C' > 0 such that for A small enough:

V|3 . .
ﬁf,hX h H XHL%;(Q) < Ch—%—i—l e—%(mmag f—mmﬁf—a). (40)

s iz 20 = 2 Py S

Ap <

Because o > 0 is arbitrary, this proves that limj,_,ohlogA;;, < —2(mingg f — ming f)-
prove the reverse inequality, inspired by [32, Lemma 5.9], let us argue by contradiction: assume
that there exists ¢ > 0 and a sequence (hy)nen such that lim,— 4o by, = 0 and for all n > 0,
M oh, < ¢~ T (minog foming f+e) 4 co < c. From and since f < mingg f + ¢o on Vo, it
holds:

9 4 .
hne,m(mmaﬂ f+co) fVo |vul,hn ’2

< [ Wy, [P < e Rrtmion foming 49 (gy)
2 9 Vo
1 i c—c
which implies that: Hv(“Lhne_mmmﬁf)Hi?(Vo) < %Q_TTLO — 0 as n — oo. Defining ¢, =

1 —
Sy, une” " ming f ( IV 1) ' the Poincaré-Wirtinger inequality (valid because Vj is a smooth
bounded domain) then implies:

ming f —0.

lim Hu e A ming S _

Hm C”HL2(V) 0 and thus, nhrf Hu e “n

- Cn“Hl(vo)

Because up|gvynon = 0, it follows from the the trace theorem, that lim,, 4 ¢, = 0. Therefore,

1 P _ 1
it holds: limy, o0 Hune_ﬁmefHLz(vo) = 0 and thus, lim, . ||une hnf||L2(V0) = 0 which
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contradicts . This concludes the proof of the first limit in . Let us now prove the second
limit in . For that purpose, we argue again by contradiction: assume that there exists a
constant ¢ € (0, mingg f — cM) and a decreasing sequence (hy,)nen such that limy, oo by = 07
and for alln € N, Ay, <e iy (ear —ming ), Then, for a > 0 small enough (such that 1¢_ # 0),
using the Max-Min principle (see for example |20, Theorem 11.7]), for all n € N, there exists a
L2 (Q)-normalized function ¢,, € D(ED“) such that

— % (CIW —mlnﬁ f+C) .

hy
<‘Pm 1>L,2U(Ca) =0 and <£f7hn(pn;¢n>L%)(Q) = 7vanHi?ﬂ(Q) S €

Choosing o = minggf — cyy — § and reasoning as in (41), one deduces that:

v h ming f\/2 < 2 —6276/2 0 The Poi 5 Wirti . 1
IV (pne™ )HLQ(CQ) < e o= 0asn — oo e Poincaré-Wirtinger inequality

(valid because C, is a smooth bounded domain since o < mingg f — cpr), there exists ¢, € R

such that lim, Hg@ne R ming f = 0. Therefore,

- C"HLQ(CQ)

ngrfoo [ one™ wd _ e o (f—minﬁf)HmCa) —0.

Since <<pn, 1>L$U(Ca) =0, it holds:

_1 — 1 (f—min= )2
Hg@ne il — cpe mmnf))Lz(

= llone™ ™ [Facc, + hlle m DL

Thus, limy,,— 10 ngne_ﬁf = 0 which contradicts . This concludes the proof .

l2(c.
Step 2: In this step, one proves that in the limit h — 0:

/ UL e il = (Wh)% Z (det Hessf(y))fé e~ ming /. (42)
Q

y€arg ming f

By , there exists ¢ > 0 such that for h small enough, A ) = 0(6_%))\27h. Therefore, there
exists By > 0 such that for all 5 € (0, 5y), there exists hg > 0 such that for all A € (0, hg), the

L2 -orthogonal projector mj, := 7['[ )(ED“) has rank 1. From the following

0767%(min69 ffminﬁffﬁ)

spectral estimate
2 ) .
H(l N 7Th> X ‘ . < Ce%(mlnag f—mmﬁf—ﬁ)< Fh X 7 X
HX”L%U(Q) L3, () HX”L%U(Q) HX”L%U(Q)
and in view of , it holds for some C' > 0,

[l ey

>L2w(Q)’

S conitieiea,

L7, ()
Then, choosing « < 3, there exists ¢ > 0 such that for h small enough

|a=m)——|

=Q0(e n).
e (™)

L3, ()

Thus, there exists ¢ > 0 such that (using in addition the fact that u;;, > 0 and x > 0 on Q),
+ O(e"#) in L2. This implies that there exists ¢ > 0 such that for h small

u =
Lh ” HLQ (Q)

enough:

2f
/“l,h ef”f:/ xe / e hf—l—O(e ﬁ(mlnﬂ”c))
0 o IIxXllzz ) (Q) 0 HXHL2
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The lower bound in (42)) is then obtained with the Laplace method for the terms fQ X e~ and
2 —2f

Joxze .

Step 3: Let us now prove that for all measurable subset X of 9€), one has:

limsup hlogP,, [X;,. € ] < —(mjnf — min f), (43)
h—0 b)) o0

where we recall that v}, is the quasi stationary distribution of the process in Q (see ([35)).

Notice that implies when Xy ~ v. According to and , using the Trace
theorem, for any ¢ > 0 there exists hg > 0 such that for all h € (0, hy),

Puy, [Xrge € 2] < hHe_%f“hHHl(Q)e_%minffe%minﬁf he. (44)

Let us now prove that there exists C' > 0 such that for A small enough,

e~ hfuhHHl < Ch~ 2\/>\1,h. (45)

One first has from ([34)), %He*%f Vul’hHiQ = A1 4. Moreover, since ujp = 0 on 082, it holds
VT(e_%f uy,,) = 0 on 9N (where Vr is the tangential gradient on 02), the Gaffney inequality
(see [46, Corollary 2.1.6]) implies that there exist C' > 0 independent of h such that,

C’He_%fVuLhHHl < He_%f Vuy hHL2(Q)+ Hdiv(e_%fvulyh)um(ﬂ)

+ Z 10 (e “ilo; juin) — ;(e” hfaulh)Hm(Q

1,j=1

Therefore, there exist C’ > 0 such that for all h > 0,

/
e~ " VU1hHH1(Q) (Cl )He_%fvul,hHLm)+C/H6_%fA“17hHL2<Q)

C./ hL e

_1
- h3/2 e th“”LHL?(Q)

It remains to estimate the term HefifA uLhHLQ. Multiplying L pu1p = A pui,p by e~ #f and
using , one obtains that there exists C' > 0 such that for A small enough,

3
2

C A
e Aurall gy < 3 (I9zzy e H Tunallaey + M) < 7 (g

where we used the fact that limp_,o A1, = 0 (which follows from ) This concludes the proof
of . Using together with and , one gets .

Step 4: Let K be compact subset of {f < mingq f}. To extend to the case when z € K,
let us prove that for any F' € C*°(9, R), there exists ¢ > 0 such that for h small enough,

,><cm

:w\o

max | Eq [F (Xre)] — By [F (Xroe)] | < e

46
(z,y)€eKxK - ( )

The inequality is a leveling result on = € Q +— E, [F (X1, )]. Let us denote by v, € H*(Q)
the unique weak solution to the elliptic boundary value problem

gAvh—Vf-Vvh:()inQ and vy = F on 09,
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which actually belongs to C*°(£2, R). Moreover, the Dynkin’s formula implies that Va € Q, vy, (x) =
E, [F' (Xrge)]. Notice that for all h > 0, ||vpl[zee() < [F]| Lo (a0)- With the same arguments as
those used to prove , for @ > 0 small enough there exist hg > 0 and ¢ > 0 such that for all
h € (0, ho),

IVun oo (cy < €0

Then, since for « > 0 small enough, the open set C, is path-connected (because it is locally
path-connected and connected), this proves .

Step 5: Proof of .

Step 5.1: Let K be a compact subset of {f < mingg f}. Let us prove that for any F €
C*>® (08, R), there exists ¢ > 0 such that for h small enough,

o

max [Ey [F (Xrge)] = Bu, [ (Xrge)] | < €70 (47)

From (35)), it holds for & > 0 small enough:

2

_2f
Vhp U € h 1 — 1
M Up U p € %f‘f‘ Up U1,n€ %f’ (48)

E,, [F(Xr.) i
Vh[ Q ] fﬂuhef%f Zn Je; Zy, O\Co

where 7}, := fQ Ui p e~ /. Let us first deal with the second term in . From , there exists
C > 0 such that for h small enough: 7, L < Ch~%erminaf For all a > 0 small enough, one has
(ﬁ\ Ca) Narg ming f = (). Therefore, using in addition , for all « > 0 small enough, there
exists ¢ > 0 such that when A — O:

/ _gf / _
uppe r < e
ON\Ca NCa

Then, since ||vp|| oo () < || F||L(a0), one obtains that

f < = (ming f+c)

(o

1
Zn Jonca

Let us now deal with the first term in . Let a > 0 be small enough. Then, from , there
exists 8, > 0 such that for all y € C,,

1 _2p _ wn(y) 2y O ) _2
_ hf frd h / hf / hf 50
7 - Up Ul p € 7z - Ui pe + A - Ui,n € ( )

c

Up UL e—if = O(e_ﬁ). (49)

in the limit A — 0 and uniformly with respect to y € C,. Moreover, for all & > 0 small enough,
there exists ¢ > 0 such that in the limit A — 0:

1 c
up el =140 (6_F> . (51)
Z [N
This indeed follows from the fact that
1 2 1 2
~2f _ ~2f
— upe r =1—— Ui pe rd,
Zn Je; b Zn Jonca b

together with . Let us now fix a > 0 sufficiently small. Then, using and , there
exist ¢ > 0, d, > 0 such that for all y € C,:

1 [ [e
7 | v et = vh(y)(l + O(eiﬁ)) + 0(67%) (52)
h JCq
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in the limit ~ — 0 and uniformly with respect to y € C,. Therefore, using , and ,
there exists ag > 0, such that for all & € (0, o), there exists ¢ > 0 such that for h small enough:

Ey, [F (Xrge)] = Ey [F (Xr,e)] + O(e_%), uniformly with respect to y € C,,.

This proves since any compact K of {f < mingg f} is included in C, for some a > 0.

Step 5.2: End of the proof of . To this end, we will use and . Let us now consider I’
be an open subset of 92 such that ming f > mingg f. Let us mention that holds for smooth
functions F' on 02 and thus we cannot directly consider F' = 1p. Let us consider an open set
¥ C 99 such that T’ C ¥ and ming f > mingg f. Let F be a C* function F on 9 with values
in [0,1] such that F =1 onI' and F =0 on 0\ X. For all y € K (where K is a compact subset

of {f < mingg f}), it holds from (47):
Py[Xrge € T] < Ey[F(Xrge)] = By [F(Xrge )] + O(e™ 7).

Finally, since E,, [F(Xr,.)] < Py, [Xr,. € ¥, one deduces from (43), that there exists ¢ > 0 such
that for A small enough:

axP,[X,., €] <e r.
max y[Xrq ]<e

This proves when K C {f < mingq f}. The case when K is a compact subset of Aq({f <
mingg f}) is treated with the same arguments as those used in the fourth step in the proof of
Proposition [5| (with the large deviations estimate ) This concludes the proof of and
the proof of Proposition [6] 1

2.6 Leveling result of p,, outside C(z.,)
In this section we prove the following leveling property on p,, in another sublevel set of f in (.

Proposition 7. Let z,1 and x.2 be two local minima of f in Q such that C(zs1) # C(xy2)
(see (6)). Assume moreover that C(x.2) is an isolated connected component of {f < N (w.2)}
which intersects 0. Let K be a compact set of Aq(C(z+2)). Then,

>l

there exist hog > 0 and ¢ > 0 s.t. for all h € (0, hg): mMax g, (y) <e k.
ye '

Remark 8. Let us mention that Proposition @ is not a consequence of [0, Corollary 4.8] for
the following two reasons. On the one hand, [6, Corollary 4.8] does not directly apply in our
setting because the saddle points connecting By, (z4,1) and Q° belongs to Q°. On the other hand,
even if the inequality in (6, Corollary 4.8] holds, it is possible that the height of the saddle points
connecting © € C(z42) and By, (z41) in RY is equal to the height of the those connecting x
and €°.

Proof. To prove Proposition [7] the strategy consists in using Proposition [6] with a suitable
domain €, , C Q such that:

(i) Qg,, is a C* connected open subset of 2 containing C(z,2).
(ii) 984, , N O is a neighborhood of AC(z4,2) N OS2 in 0N

(ili) argmingg,  f = 0C(z2) N OQ.
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(iv) {f < mingq, , f} N Q. , = C(as2) and C(z.2) contains all the local minima x of f
in Qg ,.

(v) {f < minaggc*’2 f} ﬂm = C(zy2).

Notice that item (iii) above implies that

min f = A(z42) (see (6)).

T, 2

For § > 0, let Vs(z.2) = {x € Q,d(x,C(z.2)) < (5 be the §-neighborhood of C(x,2) in . The
set Vg(xx2) is an open neighborhood of C(z,2) in Q. Because C(z4,2) is an isolated connected
component of {f < A(z,2)} (by assumption), for § > 0 small enough,

{f S AM@a2)} NV5(42) = C(242). (53)

Notice that this implies in particular that

90 f>Mze2)
C("L’*72) -_ aQw*,z
8C(z*72) N o Q
V(S(J/‘*,Q)

Figure 3: The sets Vs(x42) and Qq, ,. On the figure 0C(z42) N OS2 is reduced to a single point.

{f < )\(x*g)} N V(s(a}*g) = C($*72). (54)

Moreover, since Vs(z4,2) NI is an open subset of 9§ (because Vs(z42) is an open subset of Q)
and since C(z42) N OQ C Vs(z42) N ON (because C(zy2) C Vs(z42)), it holds:

Vs(24,2) N OQ is a neighborhood of 0C(z2) N O in 0. (55)

Recall that f has a finite number of critical points in . In addition, dC(x.2) does not contain
local minimum point of f in Q. Indeed, let z be a local minimum point of f in Q. Then
Vf(z) =0 and Hess f(z) > 0. Consequently, for some r > 0, f(z) > f(z) for z € B,(2) \ {#},
and thus, z ¢ {f < f(2)}. Therefore, one can assume, up to choosing 6 > 0 smaller, that

Vs(242) \ C(z42) does not contain local minimum point of f in €.

5Where d(z, C(z,2)) = inf{|y — x|,y € C(z«,2)} is the distance of z € Q to C(zx2).
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See Figure [3| for a schematic representation of Vs(z.2). At this stage, a good candidate to be

Oy, , is intuitively QNVs(z42) (up to considering 6 > 0 smaller such that holds with Vs(x. 2)
instead of Vs(x,2)), but this set is not smooth. However, since Vs(x,2) is a neighborhood of

C(zs2) in Q and in view of (55), by increasing C(z,2) in Vs(z42), one can construct a C>
connected open set (2, , of € such that

a. C(l‘*’g) - QZ*,27 Qx*g - V5($*,2)7

b. 08y, , NS is a neighborhood of dC(z4,2) N OS2 in 01,

c. 0, , NQ C Vs(s2) \ Cls2).

A schematic representation of {1, , is given in Figure[3| Let us now give some direct properties
of Q,, which will imply that it satisfies (i)-(v) above. First of all, it holds f > A(w.2) on
0Qy, ,NOQ. Indeed, {f < AM(@4,2) N0, ,NOQY C {f < AM@42) JNVs(24,2)NOQ = C(24,2) NN =
(), where we have used and the fact that C(z,2) C Q (see the line just after (7). Similarly
{f S Mxe2)} N0, , NOQ C {f < AMa2)} N Vs(2s2) NON = Cx42) N IR = OC(w4,2) N O
Thus, one has:

argmin f = 0C(x42) N0 C {f = AMzx2)}.
o0 nos2

Tx,2

In addition, by , it holds:

[ > Az+«2) on the tube Vs(z42) \ C(x42) of width § around C(z42) in €2

Using also that 0§, , N C Vs(z42) \ C(24,2), it then holds:
for some 5 >0, f> Axs2) + 3 on 08y, , N

It is then easy to check that €2, , satisfy items (i)-(v) above. See Figure {4 for a schematic
representation of Q with Qg ,, Tx2, T«1, C(242), and C(z41).

Let us now end the proof of Proposition Since for h small enough, By, (z4,1) N Q. , = 0,
using the continuity of the trajectories of the process (I]), it holds for all € C(z4,2) and h small
enough:

{TBTh (:C*’l) < TQC} C {XTQ%* 2 e 8933*,2 \89}

The domain (2, , and f : m :— R satisfies all the required assumptions of Proposition @
Moreover, since infagz*g\agf > ming, , f = A(x42) (see items (ii) and (iii) above), from
Proposition @ for all compact subset K of C(zy2) = {v € Qu,,, f(v) < AM@,2)} (see item (iv)
above), there exists ¢ > 0 such that for A small enough (see (33)):

maxP,[X, . €00 ,\00 <e k. (56)
yEK Ty 2 ’

Recall that by definition (see (10)) pa, , (y) = Pa, , [TB% (¢..1) < Tac], and thus, there exists ¢ > 0
such that for h small enough: maxyeck pz, ; (y) < e~ #. The proof of Proposition [7| is complete
when K C C(xz,2). The proof of Proposition |7| for K C Aq(C(xz,2)) is obtained using the same
procedure as the one used in the fourth step in the proof of Proposition ]

A direct consequence of the proof of Proposition[7]is the following generalization of Proposition [6]
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— 0, ,

Figure 4: Schematic representation of Qy, , satisfying items (i)-(v). On the figure, OC(z42) N

00 = {z1, 22} (see (7).

Corollary 9. Let z. be a local minimum point of f in Q. Assume that C(xz.) (see (7)) is an
isolated connected component of {f < X x.)} which intersects 0. Let K be compact subset of
Aq(C(zy)) (see () and T be an open subset of 0. Then, if T N (9C(zx) N ON) = 0,

there exist ho > 0 and ¢ > 0 s.t. for all h € (0, ho): ma}zd?’x [(Xrge €T] < e .
Te

Proof. Set x, = x,2 so that we can use the notation of the proof of Proposition m Since
I' N (0C(z42) N ON) = 0, one can assume, up to choosing V(x,2) smaller, that T NV (z.2) = 0
(and therefore, I' N Q,,, = 0). Thus, it holds for all y € C(z.2), when Xo = y, {Xq,. €
I't c {X , € 00y, , \ 0Q}. Together with (56]), this concludes the proof of Corollary [0 when

Qg

yeKcC C(a:*g) To get it for K C Aq(C(x4,2)), one uses the procedure of the the fourth step in
the proof of Proposition 1

Notice that assumptions of Corollary [J] are satisfied when [(HI)| holds (see indeed the proof
of Lemma . Corollary |§| implies that the process exits 2 almost surely through any
neighborhood of 9C(z,) N 9N in the limit h — 0 when Xo = x € Aq(C(z)).

2.7 Sharp asymptotic estimate of the capacities

In this section, one proves an asymptotic equivalent of capg,, (2.)(€29) in the limit h — 0. We
start with the following lemma.

Lemma 10. Consider a local minimum point x4 of f in Q. Let us assume that OC(x4) NOQ # ()

(see (7)), C(x.) is an isolated connected component of {f < A(z4)}, and that all z € OC(z,) NON
satisfy item a or item b in . Then, there exists a smooth function ¢, € H&(Q,e_%fdx)
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with values in [0, 1] which equals 1 in a neighborhood of . in §, such that in the limit h — 0:

d—1
Z/ Voo [2e hf = > ) 2 O J() | o=tre1 + o))
Q 2€0C(z )99, Vi(z)20 (det Hessfaa(z))

N|=

. 3 (hm)2 |pz| e~ M@ (1 O(VR).

2€oC(2)00, Vf(z)=0 |det Hessf(2)]

NI

Proof. Because C(z,) € C and all the z € 9C(x,) N I satisfy item a or item b in [(H2)|, we can
use the results of [29]. First of all, consider the function ¢,, € Hg (€, e id dx) with values in
[0, 1] introduced in [29, Definition 22] which is associated to x,. Then set (see |29, Definition 23])

Y, = ¢x*€7£/Zm where Z2 := / ¢i*e*%f_
Q

As h — 0, it holds (see at the beginning of the proof of |29, Proposition 24] and the fact that
Cj(x.) = Cla)):

Z2 = (7h)¥2e= 7 (@) Z (det Hess f(q))"Y2(1 4+ O(h)).

g€argming gy, f

Define S, = {z € 9C(z+), z is a separating saddle point of f in Q}. Let us recall that by the
construction of the map j in [29, Section 3.3],

J(xy) =Sc U (0C(z4) NON) and Sy = j(z,) NQ C {z € Q, Vf(x)=0}.

By item 1 in [29, Proposition 26] and since f(j(z.)) = A(z4) there,
/ [dpae. = [VR(Kia. (14 O(1) + h(Ko, (1+ O(R))] e A=),
Q

as h — 0 and where

Kl,a:* = g Cry,z and K2,x* = E Cay,2)

2€j(z+),V f(2)#£0 2€j(z+),V f(2)=0

see [29, Proposition 24] for the definition of the c;, .’s. Since dy ) = he_%fVe%f, one has:

[agat =1, [ vonpets
WP | = 5o z.| € .
Q ! Z2 Ja

Moreover, because C(z,) is a connected component of {f < A(z,)}, S« = 0. One then deduces

that:
K2,m* = Z Cry,z-
2€j(x+)NON,V f(2)=0

Using the previous asymptotic formulas and the definition of the ¢, .’s (see |29, item 1 in Propo-
sition 24]), one deduces the asymptotic equivalent on [, [V, |2 e~ nt given in Lemma ]

The following proposition provides the asymptotic equivalent of capg, (x*)(QC) when A — 0.
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Proposition 11. Consider z, a local minimum point of f in Q. Assume that the assumptions
on C(z) stated in Lemma |1(} are satisfied. Then, it holds, in the limit h — 0:
d—1
. hr) 2 Onf(2 — 2\ (z
cape,, (o) = > () T00 ) 21 4 o)
2€0C(z. )09, Vi(z)20 (det Hessf|on(2))

. 3 (hm)2 il ~2ae) (1 4 O(v/R)). (57)

2€0C(2:)NIN, Vf(2)=0 W‘det Hessf(z)‘

Proof. From , it holds: capg,, (x*)(QC) < %fQ\BTh(x*) Vs, 2ol Using Lemma this
gives the required asymptotic upper bound on capBrh(z*)(Qc). Let us now obtain a lower bound
on capg, (2.)(§29). To this end, we will use ([39). Let us consider two smooth subdomains 2}
and Q2 of 2, both satisfying items (i)-(v) listed at the beginning of the proof of Proposition
such that C(z,) C QL C Q2 and Q2_is a neighborhood of QL in Q. This implies in particular
that

N|=

N

there exists 7 > 0 s.t. forall z € Q2 \ QL , f(2) > M=) + 7. (58)
Let x € C*°(£,]0,1]) be such that y = 1 on @ and Y =0on 5\97%* From ((13)), it holds:
h 2 2 h 2 2
CapB'rh ($*)(QC) = 2/ ‘vpx* € hf Z 2/ {vpﬂl* € hf'
Q\B, () Q% \Bry, ()

2e=7%/ in the limit h — 0.

Let us now obtain an asymptotic lower bound on % f% A\Bry ( Vpz,

Tx)
To this end, let us write:

/m \Brn(20) VOes)fen¥ = /92 \By, (x.) (*|Vpa.|” +2pe. X V- Vpr, + P2 [VX[*) 77/
Tx Th X x X o s

:/ Ve, |* e/ + R,
QL \By,, (2+)

where

R, = / | Vpe. P et +/ (2P2. X VX - Vpa, + P2, |Vx|) e,
Q2.\, Qz.\,

where we used the fact that Vx = 0 on @ and x =1 on Qii* Moreover, from , , and
since py, < 1, there exists ¢ > 0, such that for h small enough: R, = O(ef%(’\(x*)“)). Now since
XPz. € H&(Q?L,*,e_%fdx) (because p;, = 0 on 9Q and x = 0 on 902 N ), using the min-max
principle (see (2)):

h
5/ V(xpe.)
02, \Br, (z+)

where ) ; denotes here the principal eigenvalue of the Dirichlet realization of Ly, in Q%*. In

2 _2 h 2 _2 -2
el = /2 ’V(pr*)‘ e il > ALk /2 |pr*‘2€ hf?
Q

2

T T

conclusion, for h small enough:

2 _2
capg, (2,)(29) = Avn /2 Xz P67 + O e 1)), (59)
02,
Since x = 1 on C(x,), from Proposition [5| and since arg ming f = argming;— f (see item (iv)

at the beginning of the proof of Proposition , the Laplace method provides when A — 0:

/2 xpo. e = () fe FPES ST (det Hessf(4)) 2(1+O(h). (60)

T ycarg minm f
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Furthermore, the domain Q?L,* and f: 97%* :— R satisfy all the required assumptions of Proposi-
tion [6] (see indeed items (i)-(iv) at the beginning of the proof of Proposition [7]) with:

5?21211 f =) and {v e 02, fv) < 5?21922 [} =Clz).

Since |(H2)| holds for f : Q2 :— R, the asymptotlc equivalent of A\; 5, when h — 0 given in (39)
(with © = Q2 there) holds. Together with and ., this provides the expected lower
bounds on CapBTh(x*)(Qc). The proof of Proposition is complete. |

3 Proof of Theorems |1| and

In all this section, we assume that the function f :  — R satisfies Then, the results of
the previous section can be used with C(z,) = C;, where z, is a local minimum point of f in Q
such that ., € Cj, j € {1,...,N} (in this case A(z.) = minggq f), see Lemma [I] and its proof.

3.1 Mean value of the committor functions

The following proposition gives sharp asymptotic equivalents of fQ pmje_%f for j € {1,...,N},
where z; is a local minimum point of f in C;.

Proposition 12. Let f : Q — R be such that the assumption [(H1)| holds. Let x; be a local
minimum point of f in C;, for some j € {1,...,N}, and k € {1,2}. If j € {1,...,No}, it holds
when h — 0:

/ pﬁj e~ if = (hﬁ)%e*%mmﬁf Z (det Hessf(y))_%(l + O(h)),
Q

yearg mincfj f

where we recall that py; is defined by with x. = x; there. Finally, if j > No+1, there exists
€ > 0, such that if minc—jf —ming f < e, in the limit h — 0, it holds:

/ p’;j el = (hw)%e_%mian Z (det Hessf(y)) %(1 + O(h)).
Q

yearg minc—j f

Proof. Let j € {1,...,N} and writes:
_2 2
/pzje hf—/ P, € hf+/ ph, e n .
Q o O\C;

To prove Proposition in view of Proposition I (applied with z, = z; and C(z,) = Cj),
it remains to show that fQ\C paC e~#f is an error term for A small enough. Let us consider a
neighborhood V C €2 of the points belonging to argming f \ C;. Let us moreover choose V such
that V C Ug-£je=1,....No Ce (this possible by the choice of Ng). Since there exists a; > 0 such that
f(z) > ming f + a1 for all z € Q\ (C; UV), it holds, using in addition the fact that Pe; <1,

/ pk e —it <Ce~ 7 (mingy F+a1) " for some C' > 0 independent of h.
A(GuY)
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Since V C Ug£j,0=1,... No Ce, from Proposition (applied with 21, = xj, z2, = 2, and K =V N Cy,
for £ € {1,...,Ng}, £ # j), one has:

/ p];j el < Ce_%(minﬁf+o‘2), for some as > 0 and h small enough.
v

Recall that minc—j f = ming f for all j, and that minc—j f > ming f iff 7 > Ng. Therefore, when
7 < N, one deduces the second statement in Proposition [T2} When j > Ng + 1, one sees that
if minc—j [ — ming f < min(ai, az), ones obtains the last statement in Proposition This
concludes the proof of Proposition ]

Let us assume that [(H1)| and [(H2)| hold. Let x; be a local minimum point of f in C;, for some
j€{l,...,N}. Using and Propositiontogether with the first statement in Proposition
one deduces that in the limit A — 0, when j € {1,...,Ng}:

E [ } e%(minag f—ming f) (61)
ATQe| = .

" ©;1h72 +0;5 + O(Vh)

Using , Proposmon and the second statement in Proposition [5| I together with the fact
that fQ Pa; € wf > fc Pz, € wt , one deduces that when j € {Ng+1,...,N}, it holds for A small
enough:

e%(minag f—mian)
]Ex.[TQc} Z 1 . (62)
' ©j1h™2 + 652 + O(Vh)
Moreover, according to the last statement in Proposition , and Proposition there
exists € > 0 such that if minc—j f — ming f < ¢ then is actually an equality when A — 0.
This proves items 2 and 3 in Theorem 1| when Xy = x;. To prove Theorem (I} it thus remains

to deal with the case when Xo = x € Aq(C;). For that purpose, we need an upper bound on
x € Q> Ey[rqe]. This is the goal of the next section.

3.2 Upper bound on the mean exit time

Proposition 13. Let f : Q — R be such that the hypotheses |(H1)| and ((H2)| hold. Let K be a
compact subset of Q. Then, for any § > 0, there exists hy > 0 such that for all h € (0, ho):

Notice that Proposition [13]is item 1 in Theorem

Proof. To prove , we will use [48, Theorem 1]. To this end, we construct a C>° bounded
subdomain Dq of R? containing © such that |Vf| # 0 on 0Dg: this is indeed required to
use [48, Theorem 1].

Step 1: Construction of the domain Dg containing §2. The domain Dq, is constructed by slightly
"extending” () near the critical points of f on 9. This is made as follows. Since f: Q — R is
a smooth function, it is by definition, the restriction of a smooth function defined on an open
neighborhood  of € in R%. This extension is still denoted by f in the following. In addition,
since f : © — R is a Morse function, the critical points of f in Q are isolated in €. Thus, there
exists € > 0, for all z € 90 such that Vf(z) =0, it holds:

IVf| #0on B.(2)\ {z}.
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Up to choosing € > 0 smaller, the following properties are satisfied: the balls B.(z) are two by
two disjoint,

for all ¢ € {1,...,N} and y € 90C, N IQ, if Vf(y) # 0 then y ¢ B.(2), (64)
and there exists a smooth coordinate system W : y € B.(2) — (2/,24) € R? such that ¥(z) = 0,
QN B:(z) ={y € Be(2),24(y) <0} and 92N B.(z) = {y € B(2),z4(y) = 0}.

Notice that can be indeed satisfied because f has finite number of critical points in 9€) and
for all k € {1,...,N}, 9C;, N IS contains a finite number of points when [(H1)] and [(H2)| hold.
For a > 0, let us consider a C* function 2’ € R¥! s x(2') € [0, a], such that:

x(z") =0 for all 2’ € RI-1 \ U (02N B, /3(2)) and x(z") = a for all 2/ € (OO N B./4(2))-
Moreover, one chooses o > 0 small enough such that
{(@',x(2")),2" € T(ANB:(2))} C ¥(B(2)). (65)

A schematic representation of {(z/,24) € ¥(B.(z)), such that z4 < x(z')} is given in Figure
Let us define,
0, := \Il_1<{(ac’,xd) € ¥(B.(2)), such that x4 < X(.Z'/)})

For ease of notation, we omitted to write explicitly the dependence on z for ¥, x, and «. The
bounded subset Dg of R? is then defined by:

Dg:=Q U U 0..
2€8Q,V f(2)=0

From the definition of y it holds:

o\ | Bpe =0\ | Bl (66)

2€0Q,V f(2)=0 2€0Q,V f(2)=0

From , for all critical point z of f on 02 (see Figure , it holds:
ODg NB.(z) = w1 ({(:U’,xd) € ¥(B.(z)), such that xg = X(m')}) (67)
The set D is thus a smooth open and connected subset of R?. Finally, it holds:
|V f| # 0 on 0Dq,

and all the critical points of f in Dg belong to Q. In the following, we will need other properties
on Dq which might require to reduce the parameter € > 0 one again. Let us state these
properties. First, up to choosing € > 0 smaller, it holds for all local minima = € 99 of f in R¢,

T+ o) () <] i ®

where we recall that ng(x) is the unit outward normal to Q at z. Let us also recall that, for all
je{l,...,N} and z € 9C; N I up to choosing € > 0 smaller, it holds:

B-(z) n{f < I%g)nf} = C; NB(2), (69)
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which follows from the fact that the C;’s are two by two disjoint (see|[(H1)|). Let us now consider,
for some j € {1,...,N}, 2* € 9C; N O such that z, is a critical point of f in RY (recall that
f(2) = mingq f and z, is a saddle point of f in R?). By assumption (see point b in , up
to choosing £ > 0 smaller,

2z is the unique maximum point of f:¢ € [—¢,e] — f(z« + tna(zy)), (70)

with 2z, + tng(zx) € Q when ¢ € [—¢,0), and, z, + tng(z.) € R4\ Q when t € (0,¢]. Then, one
defines:
Vi 1t € [—€, €] > 2o +tng(24). (71)

Hence, since for ¢ € [—¢,0), 2, + tna(z:) € Q and f(24 + tha(z)) < f(2.) = mingg f, from (69),
one deduces that
for all t € [—¢,0), 7«(2« + tna(z)) € Cj, (72)

Let us define
s« :=1inf{t € (0,¢], 7«(t) € ODq}. (73)

Since z, ¢ dDg (see and x(0) = a > 0), it holds: s, > 0. A schematic representation of ~,
is given in Figure [6] The parameter ¢ > 0 defining Dq is now fixed.

==== {(¢/,3q) € ¥(B(z)), such that zq = x(z')}

Ld

Figure 5: Schematic representation of {(z', zq) € ¥(B.(2)), such that x4 = x(2')} in the (', z4)
coordinates (see the dashed line).

Step 2: Proof of (63). Let us introduce 7pg = inf{t > 0, X; ¢ Dq} the first exit time of the
process from Dq. Notice that when Xo = x € it holds e < D, (since the trajectories of
the process are continuous). Consequently,

forall z € Q, Eylrac] < Eylmpg]. (74)
For all local minima x € Dq of f, one defines
Hw) = inf { max 7(3(1)), 5 € C°((0.1],D0), 7(0) =, 7(1) € Do} (75)

where C°([0,1],Dgq) is the set of continuous paths from [0,1] to Dg, and,

Hpax := max {H(x) — f(x), = € Dq is a local minimum point of f in DQ}.
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(B:(2)), such that z4 = X(JC/)}

Figure 6: Schematic representation of ~y, for z, € 0C; N OQ in the (x',x4) coordinates.

From [48, Theorem 1], it holds, for all K C € and for all § > 0, there exists hy > 0, for all
h e (0, ho),

max Bylrpg] < en (Mot (76)

Let us mention that [48, Theorem 1] is not stated uniformly in compact subset Dg but this is
actually clear from [48, Theorems 3.2 and 4.1]. To prove and in view of , let us prove
that
Hm X — i - i .
ax = min f mﬁm f

Let z € Dg be a local minimum point of f in Dg. Then, by construction of Dg, = € Q. Hence

from z € 0N orz e Cfor some j € {1,...,N}. If z € 99, then, from (75), and (67),
it holds:

H(z) — f(z) < max (z +etng(z)) — f(z) < min f — mﬁin f. (77)

Let us now consider the case when
x € C; for some j € {1,...,N}.

Let v € C°([0, 1], Dg) such that (0) = x and (1) € dDg. Because 1 is continuous and C; C Dg,
there exists ¢, € [0,1] such that v(t,) € 0C;. Hence, one has:

max F(y(®) = f(v(t)) = min f. (78)

Let us now prove that there exists 7} < Tb, and v € C°([Ty,T3],Dgq) such that v(T}) = =,
’}/(Tg) € JDq, and

Qmax (7(£)) = min f. (79)

Case 1: 0C; N OS2 contains a critical point z, of f.

Let z, € 9C;NOSY be a critical point of f. Since v.(—¢) € C; (see and (72)) and C; is path-
connected (because it is open, connected and locally path-connected), there exists a continuous
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curve g : [—2¢, —e] = C; such that vo(—2¢) = = and yo(—¢) = 7«(—¢). Let us finally define the
continuous curve v : [—2¢, s,] — Dgq by:

for all t € [—2¢,—¢], y(t) = Y0(t), and, for all t € (—e, s.], 7(t) = 7«(t),

where s, > 0 is defined by (73). It then follows from together with the fact that vo([—2¢, —¢])

C Cj C {f < mingg f} that max,e|_o. ] f('y(t)) = f(z«) = mingg f. This proves in this
case.

Case 2: 0C; N 0N does not contain critical point of f.

Because, by assumption (see , 0C; N 0L is non empty, there exists z, € 9C; N 0. Notice
that from and (66), z. € dDg. In addition, since d,f(z+) > 0, for ¢ > 0 small enough,
¢t(zs) € Q (see (). Furthermore, because there is no critical point of f in a neighborhood of
2, in R%, it holds for all ¢ > 0 sufficiently small,

flaz) = 1) = [ Stteeas = = [9rPGaG)ds <o

Thus, from (69), for all ¢ > 0 sufficiently small, ¢;(2) € C; (and since C; is stable for the
dynamics ({4)), ¢¢(24) € C; for all t > 0). Let us consider ¢, > 0 and a curve g : [—2t,, —t,] = C;
such that y(—2t.) = = and Yo(—t«) = @, (2¢). Then, one defines v : [~2t,,0] — Dg by:

for all t € [—2t,, —t.], v(t) = Y0(t), and, for all t € (—t«, 0], Y(t) = p—¢(2«).

By construction, it holds, max;c[_a;, (] f(v(t)) = f(z«) = mingg f. This concludes the proof

of .
From (75), (78), and (79), one deduces that for all local minimum point z of f in Q, H(z) =
mingq f. Together with and by definition of Hy,ay, it holds

H = min f — min f.
max 89 f ﬁ f

Then, and conclude the proof of Proposition ]

3.3 Proof of Theorem [2| and end of the proof of Theorem

End of the proof of Theorems[1] and[3. Let f : @ — R which satisfies the assumptions
and Let j € {1,...,N} and z; be a local minimum point of f in C;. For ease of notation,
we set here (see and the lines just after)

D; = Cn(xj) and Kj = C77* (xj)
Recall K; C Dj, ﬁ; C Cj C Aq(Cy), minc—jf = minDTf, and for all ~ small enough, B,, (z;) C
int K; (because z; € int K;).
Step 1: In this step we prove that there exists ¢ > 0 such that for A small enough:

2 . .
£ (mingq f—ming f—c)
gfé%();Ex[TBrh (x;) \ Tae] < entmo0 al=e), (80)

Before proving , we give some preliminary estimates. By Proposition for any § > 0, it
holds for h small enough:

max B, [rqc] < eh (Minoe f—ming [+6) (81)
xeD;.
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We now claim that there exist 5 > 0 and ¢ > 0 such that for A small enough:

max E; [Tpre] < ¢ (minge f—ming f=f) (82)
J

CISEK]'

and for all bounded and measurable function ¢ : 6D3- — R,

sup  [Eald(Xr,, )] — Ey[6(Xr, )l < ¢ % sup|]. (83)
z,yeK; J J oD},

Equation is a consequence of [48, Theorem 1] which implies that for any § > 0 it holds for
h small enough (recall ming - f > ming f):

lim A ln max E, [TD/C] < 2(m1nf n —min f +9). (84)

h—0 zeK; y

Let us prove . We have for all z € Kj:
EI [qb(XTD/vc )] = EZE [Qs(XTD/.c )1TBrh(xj)<TD/-c] + ECE [(Z)(XTD/‘c )lTBrh(m]')>TD/,C]'
J J J J J

In addition, with the same arguments as used to prove , there exists ¢ > 0 such that for all
h > 0 small enough,

sup [P (78, () < TD/C] — 1] <e k.
zeK;
Consequently, it holds:

sup [Bo[(Xre)Lry (o srpell < sUD 9] sup Pulrg, (o) > Tpre] < sup|le .
zeK; J hJ 6D/ zeK; BD

In addition, with the same arguments as those used to prove Lemma (which rely on a Schauder
estimate, see also [8, Lemma 1]), we have

sup  |VzEa[o( TD/C)H < Ch™'2sup|g).
z€Br, () 8D

Then, holds with K; replaced by B, () (recall 7, = Of(e T ), see @ From this, we
deduce that for x € K;, using the strong Markov property,

Eac [('b(XTD;-C)lTBrh (mj)<TD;c] = Eaz [EXTB% (Ij) |:¢(XTD;C )] 17'Brh (zj)<TD3_c]

= Eq, [(X-,,.)] +sup|p| O(e 7).
J oD’

i
This proves . We prove now . By the same arguments as those used to prove |9, Lemma
6] and using (B83), we get for all z € K;:

Ex[TBrh(l’j) ATqe]l < (1 — Px[TBrh(mJ-) < 1e] ) Ey [EXTD/C [TQC]] +O(e” h) mzlx)XE y[TQc] + Ey [TD/F]
J yeD’

< |1 = Balre,, o)) < 7)) + O )] By o] + e o

where ¢ > 0 is independent of h and x € K;. Then, , , and Proposition [p| (with K = K;
there) imply (80).
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Step 2: we now end the proof of Theorems [l|and 2| Let j € {1,...,N}. We have by the strong
Markov property, for all z € Aq(C;),

E;[mqc] = E; [TBTh( A 7] + By [ TBTh(Ij)<TQCEXTBTh(zj) [TQCH. (85)

Assume that j € {1,...,Ng}. Recall that in this case, ming f = ming f (see (8)). Then,
using , Lemma (3, Proposition [5| (with K = K there), , and , we deduce that if
U Kj,

e%(minag f—ming f)

Ex[mac] = Eq, [Te] (1 + O(e*%) = , uniformly in z € K.
el )= o T 1 6 1 OWR) !

This previous estimates extend uniformly to any x € K C Aq(C;) using the same arguments as
those used in Step 4 of the proof of Proposition [5} Let us now consider j € {Ng+1,...,N}. By
, Lemma (3, Proposition 5, and , we then have for all x € K C Aq(C)),

Eafror] > Ba[lry, o craBxy o] = B, roc] (14 0(e™))

2/ - .
— (min, —mins—
e h ( oo f C; f)

Th (zj)

> ;
;1 h2 +0j2 + O(\/E)

uniformly in z € K. Finally, using and , and by the lines just after , there exists
€ > 0, such that if minc7 f — ming f < ¢, the previous inequality is an equality which holds

uniformly in = € K; (and is then extended uniformly to any z € K C Aq(C;) using the same
arguments as those used in Step 4 of the proof of Proposition . This concludes the proof of
Theorem [2, and the proofs of items 2 and 3 in Theorem The proof of Theorem [I] is thus
complete. ]

4 Appendix

Appendix 1. In this section, we show the optimality of the error term O(v/h) in items 2
and 3 in Theorem For that purpose, let us consider a function f € C°([z1,22],R) such
that {z € [z1, 22|, f'(2) = 0} = {z1,21,2}, f'(z1) <0, f"(2) <0, f"(x1) > 0, f'(22) <0,
21 <1 < 2 < 29, and f(z1) < f(z1) < f(22) < f(2) (see Figure[7). Assumption [(HI)]is thus
satisfied with N = 1. In addition, one has mingg f = f(21) and

Ci={f < f(z1)} = (21, 24),

where z, is the unique point y in (21, 29] such that f(y) = f(z1) (see Figure [7)). The following
formula holds for = € [z1, 22]:

S / /eh(fy) £ dt dy 1_// 2EO-FO g dy.  (36)

This formula is a consequence of the Dynkin’s formula: the function z € [21, z2] = Ey[7(., .,)c]
is the C*>([#1, 22], R) solution to

E.[

2 div) = —1in Q, with v(z1) = 0 and v(z3) = 0.
T
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Consider now = € C; = (21, z4). For all ¢ and y such that z; <t <y <z, it holds f(y) — f(t) <
f(z) = f(z1) < f(z1) = f(z1). Thus, for some ¢ > 0 it holds for all h > 0:

// 2UW~O) gt gy < 3T ED=F@0)~F

Using the Laplace method, since the maximum value of ¢t < y € [21,22] — f(y) — f(t) attains
uniquely is maximum at the point (z1,2) € {t <y, (t,y) € (21,22)?}, it holds when h — 0:

G2 IO g gy — mh CEUFE-FED) (1 1 O(M)).
[ ey ] e ow)

Moreover, since the maximum value of y € [z1, z2] — f(y) is uniquely attained when y = z €

(21, 22), one has using again the Laplace method, in the limit A — 0:

72 o Vrh o 2
= e f@ (14 0(n)).
/zl ‘ IO

Finally, since the maximum value of y € [z1,2] — f(y) is uniquely attained when y = 21 €
d(z1,1), f'(21) =0, and f"(z1) < 0, using Watson’s lemma, it holds when h — 0:

v

z 1
/ ef = L VT 25 (14 o+ O)),
2 VAT EN]

where ¢ € R can be expressed in terms of the gamma function and the derivatives of f at z;. In
conclusion, it holds for x € Cy, in the limit A — O:

2(f(m)—
r et f(m»( oVt om) =4 +eVh+O0(h) 2 (5(0)-f(or)).

" (@1)|f"(21)] O1,2

If we now assume that f/(z1) < 0, we obtain that, using the Laplace method, when h — 0:

E. [T(zl,zg)c] =

2

r h 2
J— #f(=z1)
ert = eh 14+ O(h)), for some c € R.

and thus, in the limit A — 0O:

f(@1))
Vhw eh (14 0(h)) = vi L) 2 (se)—f@)

ECE 21,2 - ’
ez =70 |\/f”—a:1 o1,

where, by the Laplace method, O(h) equals O(h) = >+, arph®, and where the a;’s can be
explicitly computed with the derivatives of f at z, x1, and z;. In general, a; # 0, and this
O(h) is thus not a o(h). These computations show that the error term O(v/h) in Theorem 1] is
optimal.

Appendix 2. In this section, we discuss the strong tunnelling effect which occurs when a
well C; of f in €2 is much deeper than the other wells C;, j # . To this end, we consider a function
[ € C®([z2,21],R) such that {z € [22,21], f/(2) = 0} = {z2,2, 11}, 22 < 2 < 2 < 11 < 21,
f'(z) <0, f(w2) >0, f'(z1) >0, fi(22) <0, f'(z1) > 0, and f(z1) < f(22) < f(z1) =
f(22) < f(2). Such a function f is represented in Figure |8 It thus holds f(z2) = ming f >
ming f = f(x1), and {f < mingg f} has two connected components: C; containing z1 and Co
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Figure 7: A one dimensional case|((H1)|is satisfied with N =1 (0C; N0 = {z1}).

containing z5. Moreover, |((H1)|holds with Ng =1 < N = 2. When f(2) — f(z2) > f(21)— f(z1),
one has, using the Laplace method in (replaced z1 by z9, and 23 by 21 there):

}llii%hln]Em [7(227Z1)c] = 2(f(z2) — f(x2)),

whereas, when f(z) — f(z2) < f(z1) — f(21), it holds:
lim By, (. o] = 207(21) — F(o1) — (F(2) — F(2)).

We thus observe that when f(z) — f(z2) < f(z1) — f(21), even if C;NCy = (), a strong tunnelling
effect between the wells C; and Cs occurs. Let us mention that the conclusion remains unchanged
if f'(z1) =0 or f'(z2) = 0.

Remark 14. In the example depicted in Figure @ it has been proved in (29, Theorem 2], that
limp o hln Ay = —2(f(21) — f(z1)) and limpohIn Xy, = —2(f(22) — f(x2)). Thus, when
f(z) = f(x2) < f(z1) — f(z1), for all i € {1,2}, limp o hInE,, [7(31722)2] # limy, .o hln /\i_l.

Figure 8: A one dimensional case when |(H1)| holds with Ng =1 and N = 2.
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