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Mean exit time for the overdamped Langevin process: the case with

critical points on the boundary

Boris Nectoux *

Abstract

Let (X¢)t>0 be the overdamped Langevin process on R%, i.e. the solution of the
stochastic differential equation

dX, = =V f(X:)dt + VhdB;.

Let © ¢ R? be a bounded domain. In this work, when Xo = x € Q, we derive new
sharp asymptotic equivalents (with optimal error terms) in the limit ~ — 0 of the
mean exit time from Q of the process (X¢)¢>o (which is the solution of (—2A +
Vf-V)w=1inQ and w = 0 on 99), when the function f: Q — R has critical
points on 9. Such a setting is the one considered in many cases in molecular
dynamics simulations. This problem has been extensively studied in the literature
but such a setting has never been treated. The proof, mainly based on techniques
from partial differential equations, uses recent spectral results from [30] and its
starting point is a formula from the potential theory. We also provide new sharp
leveling results on the mean exit time from §2.

Key words: singular perturbation, asymptotic analysis, overdamped Langevin
process, mean exit time, metastability, Eyring-Kramers formulas.
AMS classification (2010): 31C15, 60J60, 35P15.

1 Purpose of this work and main result

1.1 Setting and purpose of this work

Let us consider a function f : R? — R. A prototypical process used to model the evolution of a
statistical system in a constant temperature environment is the so-called overdamped Langevin
process, i.e. the solution (X¢)>o of the stochastic differential equation

dX, = =V f(X;)dt + VhdB,, (1)

where h > 0 is the temperature of the medium and (B;);>0 is a d-dimensional standard Brownian
motion. For an open subset  of R%, one denotes by

Toe = inf{t > 0, X; ¢ Q},

the first time the process (1) enters in Q¢ := R?\ Q (or equivalently the first exit time from Q).
The aim of this paper is to prove sharp asymptotic estimates when h — 0, with optimal error
terms, on the mean exit time E[rgc] from a domain Q C R? of the process when f has
critical point on 9€2. The resulting equivalents are usually called Eyring-Kramers type formulas,
see |20] for a review on this topic. Such a setting is motivated by the fact that in many molecular
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dynamics simulations (where several algorithms have been designed to accelerate the sampling
of the exit event (7qe, Xr,.)), the domain € is defined as a basin of attraction for the —V f
dynamics (see below) of a local minimum of f in R? so that f has critical points on 9. To
analyse the mathematical foundations of these algorithms, it is necessary to study the precise
asymptotic behavior of the law of (1qe, X7,.) as h — 0 (see for instance [13}31,34,/48,51,52] and
references therein). Moreover, our techniques also allow us to consider the case when f: Q — R
has a degenerate principal barrier in €, i.e. for some m > 1,

limhln A\, =limAln Xy, = ... = lim hln A
hlg%) N A1 R hlg%) nAgp hlg[l) N Am,h,
where A j < Aoy < ... < Ay, are the m smallest eigenvalues of the Dirichlet realization of

infinitesimal generator of the diffusion in Q (see the next section for the definition of this
operator). Despite the attention this topic has received these past few decades, to the best of
our knowledge, such settings have not been treated yet (see Section below). Furthermore,
dealing with a degenerate principal barrier introduces some subtleties if one wants to study
the asymptotic behavior of E[rqc| via a spectral approach. This is due to the fact that the
m smallest eigenvalues A p,..., Ay p can be asymptotically indistinguishable when h — 0, as
explained in [29]. To overcome these difficulties, we introduce local Dirichlet problems (see
Section below) and use recent spectral results from [30] together with formulas from the
potential theory and estimates from the large deviations theory.

1.2 Notation and definitions

In all this work, € is a C> bounded open and connected subset of R?, and the function f : @ — R
is C*°. Throughout this work, we will use the following notation: for a € R,

{f<a}={xeQ,f(z)<a}and {f =a} = {z € Q, f(x) = a}.

Moroever, B,(z,) will denote the closed ball centred at z, of radius r > 0 in R?. Finally, E,
(resp. P,.) will denote the expectation (resp. the probability) when Xo = = € R

Dirichlet realization of —%A +Vf-Vin Q. Let us denote by L) = —%A + Vf -V the
infinitesimal generator of the process . The operator Ly on LQ(Q,e_%f dx) with domain
{we H*(Q, ef%fd:c), w = 0 on 0N} is denoted by E?iﬁ (where the notation Dir stands for the
fact that we consider Ly, with Dirichlet boundary conditions on 0f2). The operator EfD}{ is the

Friedrichs extension on L?(§2, enl dz) of the closed quadratic form
1(Q), o~ 2 2 2 ,~2f
g€ Hy(Qe n da:)»—)E |Vgl“e nl. (2)
Q
The operator ,Cfo,f is a positive self adjoint operator on L?(£2, et dx) with compact resolvent.

Its eigenvalues are denoted by
AMp<Ap < Agp...

where we recall that by standard results on elliptic operators, Ay, is simple and any associated
eigenfunction uy , is C*° on Q and has a sign on €. Finally let us recall that £ #,n is connected
to the Witten Laplacian Ayj, = h2Ag + |V |2 — hAf through the relation

1 1 1
Lin= ﬁehfﬁf,he wl, (3)



which will allow us to transfer the results of [30] on the spectrum of the Dirichlet realization
of Ay in € to E?iﬁ.

Domain of attraction of a subset M of () for the —V f dynamics in ). Let z € Q2 and
denote by ¢;(z) the solution to the ordinary differential equation

2 () =~V f(pu(a)) with go(z) = (4)

on the interval ¢ € [0,t,], where t, = inf{t > 0, ¢i(x) ¢ Q} > 0. Let x € Q be such that
t, = +00. The w-limit set of x, denoted by w(x), is defined by

w(z)={y € Q, 3(sn)nen € (R-i-)Na JLH;O Sp = +00, nlggo vs, (T) =y}

Let us recall that the w-limit set w(z) is included in the set of the critical points of f in Q.
Moreover, if f has a finite number of critical points in Q, there exists y € Q such that w(z) =
{y} C {2z € Q,|Vf(2)| = 0}. The domain of attraction of M is then defined by

Ao(M) = {z € Q, t; = +00 and w(z) C M}. (5)

Principal wells of f in Q. In all this work, we will assume that the function f : O — R
a Morse function, i.e. that all its critical points are non degenerate. In particular, f has finite
number of critical points in €. Moreover, we shall say that z € Q is a saddle point of f if it
is a critical point of index 1 of f. Let us finally recall the definition of the principal wells of
f in ©Q which are defined in [30, Section 3.1] when f : Q — R is a C*° Morse function (see
also [14, Section 2.1]). For all local minimum x of f in Q and A > f(z), we denote by C(\, x)
the connected component of {f < A} in  containing z. Moroever, one defines

A(z) :==sup{A > f(z) s.t. CA\,z) NN =0} and C(z):=C(A(x),z). (6)

The set of principal wells of f in € is the set
C := {C(z), z is a local minimum of f in Q}. (7)

From [30, Proposition 7], each C € C is included in Q and the elements of C are two by two
disjoint. Notice finally that for each C € C, it holds C C Aq(C) since C is stable for the
dynamics (because f is non increasing along the curves defined by )
1.3 Assumptions on the function f
Let us now introduce the basic assumption of this work.

Assumption (H1). The function f : Q@ — R is a C* Morse function and the set {f < mingq f}
18 mon empty and contains all the local minima of f in €. Furthermore, denoting by Cyq,...,Cyn
the connected components of {f < minpq f}, it holds for all j € {1,...,N}:

OC; NIV #0D and Cj is a connected component of {f < Iralgln f}

A schematic representation of Cy,...,Cy is given in Figure [If when N = 2 (see also Figure
below). Let us now comment the assumption [((H1)l Notice that under [(H1)| one has:

rrﬁnf<rg}2nfandforalljE{l,...,N}, G c
Q

The following lemma will allow us to use the results of [30].



Lemma 1. When [(H1)| holds, according to the terminology introduced in [30] (see also (7)),
the function f has exactly N principal wells in Q which are Cq,...,Cy.

Proof. Under |(H1)| it follows that for all local minima z of f in , A(z) = mingq f and
C(z) = C; where j € {1,...,N} is such that € C;. Thus, it holds C = {Cy,...,Cn}. 1

From Lemmal[l|and 30, Proposition 11], for z € 9C;NIQ (notice that z € arg mingg, f) one has:
a. If [Vf(z)| =0, then, z is a saddle point of f.
b. If [Vf(z)] # 0, then 0,f(z) > 0, where n is the unit outward normal vector to Q.

For j € {1,...,N}, the assumption that 0C; N 9Q # () ensures that the exit event from Q when
Xo =z € Aq(C;) is associated with a point z € 9C; NI when h — 0 (see indeed the prefactor
appearing in the asymptotic equivalents of E,[rqc] in Theorem (1| below).

{f = mingq f}

{f = ming f}

X1 €3

Figure 1: A one dimensional case when is satisfied with No = N = 2 (notice that

is always satisfied in dimension one), see (8)). Here, the set of local minima of f is
{z1, 29,23} with argming f = {x1,23}. The points z1 and zy satisfy z1 € 0C; N 01Y,
f'(z1) =0, and f'(22) = 0. Moreover, Aq(C1) = (21,2), Aa(C2) = (z, 22).

When is satisfied, we denote by No the number of C;’s which contain a point in arg ming f,
ie.

No := Card(j € {l,...,N} s.t. argmin fNGC; #(Z)) (8)
Q

In all this work, we will assume that {Cy,...,Cy} are ordered such that for all j € {1,...,No},
argming f NC; # (). Let us now introduce the following and last assumption on the function f.

Assumption (H2). The function f : Q — R satisfies and for all j € {1,...,N} and
PAS aC] N ox,

a. If [Vf(2)| #0, z is a nondegenerate global minimum of f|sq.

b. If IV f(z)| =0, the outward normal nq(z) to Q at z is an eigenvector associated with the

negative eigenvalue of Hess f(z).



When [(H1)| and [(H2)] hold, from [30, Theorem 2], Lemma [1] and , there exists C > 0, for
all j € {1,...,Ng}, there exits 3; € {0, —1/2} such that, for h small enough:

C—lhﬁje—%(minag f—ming f) < /\j n<C hﬁj e—%(minan f—minﬁf)'

Consequently, if Ng > 2, the principal barrier of f in  is thus degenerate and equal mingg f —
ming f. Point a in is convenient for computations, it can be relaxed using a similar proce-
dure to [43] (see also [4]). When point b in [(H2)| is satisfied, each z € C; N9 (j € {1,...,N})
such that |V f(z)| = 0 is a nondegenerate global minimum of f|gn (see [30, Proposition 11]).
In particular, under for all j € {1,...,N}, 9C; N O contains a finite number of points.
Point b in Will be needed to use the results of [30] in Section [2.7]and we think that without
this assumption, the prefactors appearing in Theorem (1| below might not be valid anymore, as
explained in [30, Section 1.4].

1.4 Main result

When the function f satisfies the assumptions [(H1)| and [(H2)] one defines for j € {1,...,N}:

1 1
8nfl(z) (det Hess flan(z)) 2 e ‘det Hessf(z) ’_E
2€0C;N00N, T2 2€aC;na0, T
Vf(2)|#0 Vf(z)|=0
0,1 = [V f(2)] - and ;5 = IV£(z)l -
> (det Hess f(y)) 2 > (det Hessf(y)) 2
yEarg minc—jf y€Earg minc—jf

where p, is the negative eigenvalue of Hess f(z). The main result of this work is the following.

Theorem 1. Let f: Q — R be such that the assumptions|(H1)| and (H2)| are satisfied. Then:

1. Let K be a compact subset of Q). Then, for any § > 0, it holds for h small enough:

sup E,[rqc] < e%(minaﬂ f—ming f+6)

zeK

2. Let j € {1,...,No} (see (8)) and K be a compact subset of Aq(C;) (see (F])). Then, for
all x € K, it holds in the limit h — 0:
e%(mingg f—ming f)

Ex[rqe] = ., uniformly with respect to x € K.
©;1h™2(1+0(1) + ;2 (1+O(VR))

3. Letj € {No+1,...,N} (with the convention that {No+1,...,No} = 0) and K be a compact
subset of Aa(C;). Then, it holds for h small enough.:

2 . .
— (min —MiNF—
oh (minpg f S 1)

mi'r<1 E.[rqc] > — :
ve 0,1 h72(1+0(h)) + 6,2 (1+ O(Vh))

Furthermore, there exists € > 0, such that if minc—jf — ming f < ¢, then, when h — 0:
e%(minag f—mincfj 1)

E.[rqc] = , uniformly with respect to x € K.
©j1h™2(1+0(1) + ;2 (1+ O(Vh)




As explained above, in many applications where the dynamics is used, 2 is a basin of
attraction of some local minimum of f on RY, and therefore, for all j, {z € 9C; NOQ, |V f(z)| #
0} = 0. Thus only the saddle points of f appear (through the constants ©; ) in the equivalents
of Ez[rqe] above. This is the main novelty of this work.

The remainder terms O(h) and O(v/h) in items 2 and 3 in Theorem |1| are optimal, as shown in
Appendix 1 below. The second statement in item 3 in Theorem [I] can be seen as a perturbation
result of the completely degenerate case Ng = N (i.e. when all the C;’s have the same depth,
namely ming f). Though it is assumed that Cij is a connected component of {f < mingg f}
(and thus for all i # j, 9C; N 9C; = 0), when j € {Ng + 1,...,N}, a tunnelling effect can
occur between C; and the others C,’s, mixing their properties. This is discussed in Appendix
2 below where we show that when, for some j > Ng + 1, minc—j f is much larger than ming f ,
limp 0 hInE,[1qe] > 2(mingg f —minc—j f), when z € C;. Finally, as suggested by computations
on one dimensional examples, when C7 is not a connected component of { f < mingq f}, a strong
tunnelling effect occurs between C; and the other C;’s which are such that 9C; N 9C; # 0, and
it is much harder to predict the precise asymptotic equivalents of E,[rqc] when z € C; due to
the various situations that happen.

Remark 2. The prefactor @Mh_% n Theorem differs from the one derived initially in [25].
Indeed, when z € 0C; N 0N and |V f(2)| # 0, it holds Onf(2;) # qﬂ and thus, the Laplace’s
method on which is based the proof of Theorem (1| leads to a dependence on h in this prefactor.
The constant ©; 2 in Theorem is the same as the one obtained in [25] up to a multiplication
by 2 (see also [6, Theorem 3.2]): this is expected. Indeed, when the process reaches a critical
point z € 0C; N ON2, because z is a saddle point of f, it has, in the limit h — 0, a one-half
probability to come back in Q and a one-half probability to go in R\ Q (this result is not difficult
to prove in dimension 1, see [42, Section A.1.2.2], and can be extended to higher dimensions

using a suitable set of coordinates around z).

According to items 2 and 3 in Theorem (1], for z,y € Aq(C;), Ex[rae] = Eylmac](1 4+ o(1)) when
h — 0, where o(1) either equal O(v/h) or O(h). We will actually derive the following more
precise leveling result on x € Q — Eg[rqe].

Theorem 2. Let f: Q — R which satisfies the assumptions [(H1)| and |(H2)| Let K C Aq(C;)
for some j € {1,...,N}. Then, if j € {1,...,No} (see ), there exists ¢ > 0 such that for h
small enough and for all z,y € K:

Ey[roc] = Ey[rae] (1 + O(e_%)), uniformly in x,y € K.

Moreover, if 7 > No+1, there exists € > 0, such that if minc—jf —ming f < €, there ewists ¢ > 0,
such that for h small enough for all x,y € K:

Ey[roc] = Ey[rae] (1 + O(e_%)), uniformly in x,y € K.

Theorem [2| generalizes, as long as the gradient case is concerned, the leveling result [9, Corol-
lary 1] to the case when f has critical points on 9 and several critical points in €.

To prove Theorem [l the starting point is a formula from the potential theory for E,, [Tqc]
when z, is a local minimum of f in €. To extract information from this formula, we derive

1Such points z have also been considered by Kramers in [25] to derive formulas for transition rates, as explained
in [40].



leveling properties on the mean exit time from 2 and commitor functions, and we give sharp
equivalents on capacities: this is the purpose of Section [2] where more general assumptions
than [(H1)| and [(H2)] are considered. Then, in Section [3] we prove Theorems [1] and 2| Let us
mention that our analysis is not a straightforward extension of the analysis led in [6], because in

our setting, we have to analyse the effect of the boundary 92 on the sharp equivalents of E,[rqc]
when z € © and h — 0. Moroever, we also consider a set of deterministic initial conditions
in Q with nonzero Lebesgue measure (here Aq(C;), j € {1,...,N}) and not only the case when
Xo = x4 (which requires a further analysis, see Sections and . This is important for
the following reason. In many applications where the dynamics is used, one is interested in
having a sharp estimate on the average time this process remains trapped in €2 when h < 1.
Since the process has a density with respect to the Lebesgue measure in R¢, for all A > 0,
the probability that the trajectories of entering in ) pass through each x, is zero.

Let us mention that our analysis to prove Theorem [I] will allow us to derive Corollary [10] which
states in particular that, when 9C(z) N 92 = {2} (see (6))) and C(z) is a connected component
of {f < A=)}, the process exits ) almost surely through any neighborhood of z in the
limit ~ — 0 when X¢ = = € Aq(C(x)). Since z can be a critical point of f, to the best of our

knowledge, Corollary [10|is new for the dynamics (see indeed |10] or [32, Section 1]).

1.5 Link with the previous results on the mean exit time

Let us now recall the main previous contributions on the study of E;[rqc]. The limit of hInE[rqc]
when h — 0 and = € Q has been studied by Freidlin and Wentzell in [17] when |V f| # 0 on 09
(see also [36]). In [9], it is shown that, for z € Q, Ey[rqe] A1, = 14+ 0(1) when h — 0, in the case
when 0, f > 0 on 92 and f has a unique critical point in €2 (see also [43]). We also refer to [23]24]
for the study, when [V f| # 0 on 09, of the solution of the parabolic equation L¢pu, = Osuy
as h — 0. Let us mention that in [9,/17,23}24,|36], the authors also considered non reversible
processes. Sharp asymptotic estimates when h — 0 of E;[rqc] for some x € € have been
obtained in [50, Section 4] when |V f| # 0 on 99 (let us also mention that the assumption that
O{f < mingg f} NI # () is not allowed there according to the assumption (C3) in [50, Section
4]). In [37, Theorem 5], when f has a non degenerate principal barrier (i.e. in our setting, when
No = 1), it is shown that A; 7qec converges in distribution to an exponential random variable
in the limit h — 0 when Xy = x for some = €  (in our setting, for x € C;). A comprehensive
review of the literature on this topic can be found in [1]. We refer to [35}38-40,46] where
asymptotic formulas for E[rgc] when h — 0 have been obtained through formal computations in
different settings (see also [12,45]). We finally mention [2,3,6,(7,|18}22}26/,28,41] and references
therein for asymptotics estimates on eigenvalues, transition times in the boundary less case.

2 General results on commitor functions and capacities

In all this section, we assume that the function f : & — R is a C* Morse function. In this
section, we derive leveling results on commitor functions and we give asymptotic equivalents of
capacities in the limit h — 0.



2.1 The commitor function
For any closed ball B C 2, one denotes by
78 = inf{t > 0| X; € B}

the first time the process hits B. Let x4 a local minimum of f in Q. In all this work, we
consider for all h > 0 a constant r;, > 0 such that when h — 0,

rp=O0(e %), 9)

where 0, > 0 will be fixed in Lemma [3| In the following, A > 0 is chosen small enough so that
B, (z«) C C(x). The commitor function (also called equilibrium potential) between B,, ()
and Q¢ is defined by:

Pr, 1T € Qs Pa[7s,, (@) < Tocl. (10)

A schematic representation of C(z,) and B, (x4) is given in Figure [2( when 0C(z,) N 0 # 0.

Figure 2: Schematic representation of C(z.) (see (6)) and By, (z.). On the figure OC(z,) N OQ
is non empty and equals {z1,22}.

2.2 A formula from the potential theory

In this section, we recall a formula from the potential theory which is used in this work (see ),
which can be found for instance in [5]. Let us denote by G be the Green function of Ly,
associated with homogeneous Dirichlet boundary conditions on 0Q2. The equilibrium mea-
sure eg, (z,)0c associated with the couple (Br, (z4),Q°) (see [6, Section 2] and more precisely
the equation (2.10) there) is defined as the unique measure on 9B, (x.) such that

(@)= [ Galwv)es, ooy or ().
OBr), (z+)

From [6, Section 2] (see equation (2.27) there), one has the following relation:

/ E.[rac] e+ ®) eg, (n)0e(dz) = / eI @ p, (z)dz, (11)
8By, () 4 Q

where p,, is defined by (10). Let us now define, as in [6, Section 2] (see equation (2.13) there),
the capacity associated with (B, (z4), Q°):

_2
cap, (o)) = /8 o Heg, () 00(d2). (12)
rp (Tx

8



Finally, let us recall that from [6, Section 2], one has the following variational principle:

h h
capg, (z,)(Q) = / Vpo. |’ #/ = inf / VpPPe nf, (13)
g 2 Jons,, (z.) PEHe,, .20 2 JO\B,, (x.)

where we recall p,, is defined by and

Ha,, (z.).00 = {pe H'(Q\B,, (a:*),e*%fdx), p=1on 0B,,(z), p=0 on 0Q}.

The second equality in holds since the function p;, is a minimizer of the functional

pc HB%(I*)@C — = ‘Vp‘26_%f.

2 Jo\s,, (z.)

2.3 Leveling results on the mean exit time

In order to extract E,, [roc] from the left hand side of (11), we need a leveling result on the
function z — E,[rqc] in B, (x,). This the purpose of the next lemma.

Lemma 3. Let f: Q — R be a C* Morse function. Let x, be a local minimum of f in  and
rp > 0 such that @D holds for some §, > 0. Then, there exist hg > 0 and ¢ > 0 such that for all
h € (0, hg) it holds

< e E,.[mq¢].

E | —E c
zEIBIiiéc*) ‘ 2 [Tae] . [T0e]

Proof. Let us recall that from the Dynkin’s formula, the function w : x — E,[rqc] is the unique
weak solution to
Lipw=11in Q and w = 0 on 09, (14)

and w € C®(Q,R). Set b := Vf. For z € B,z (@s), set y = (2 — z.)/Vh + x. € By(z,) and
v(y) = w((y — x:)Vh + ) which satisfies for y € B (),

b((y — z)Vh + x4)
Vh

Then, since b(z,) = 0 (and thus y — b((y — z.)Vh + z.)/vh on By(x,) is bounded uniformly
with respect to h), using the Schauder estimate [19, Corollary 6.3] on y — v(y) on Ba(z.), there
exits C' > 0 independent of h such that,

Av(y) + -Vo(y) = 1.

N | =

\Y <C(1+
yeré‘f"(’i*)‘ u(y)| ( yerggé*)v(y))

Thus, coming back to the variable z, it holds:

C
max |VE,|[tqel|<—=(14+ max E,|mq|].
z€B /7 () } [ ] \/E( 2€B, /7 () [ ])

Moreover, there exist M > 0 and ¢ > 0 such that for A small enough and for all 2z € B, \/E(x*),
E.[rqc] > Me#. Indeed, this follows from [16, Lemma 1] together with the fact that for all
z € By /7 (%4), Ez[rqc] > E;[ryc] where U is a C>° subdomain of 2 such that d,f > 0 on 9U and
{z € U, Vf(z) = 0} = {x,} (such a U exists since x, is a nondegenerate local minimum of f
in Q). Hence, one has, for h small enough,

max |VE,|[rqe —  max E.|[mgc].
zEB\/E(x*)‘ Z[ ¢ ] \[ h z€B, /s (zx) Z[ ° ]



Then, for all z € B (z.),

|E.[r0c] — Eq, [Tc]

< ¢ |z —z.] max E,[rqc]
S =R T Ik z[1Qe ],
\/E Z€B2\/E(.Z’*)

and thus, for all z € B, (z),

Sx

e h

‘EZ[TQC] — Ex* [TQC] S C

max K, [1qc].

\/E ZEBZ\/E(CC*)

Finally, it follows from [6, Equation (6.3)] (see also [26, Lemma 9.1]) that it holds:

max E.[rq] <C min E,[rq],

ZEBQ\/E(x*) ZGBQ\/E(JJ*)
for some C' > 0. In conclusion, one has for i small enough, Max;eg,, (z.) E.[rqc] — Ex, [Tac]| <
Ce o E,.[mqc]. This concludes proof of Lemma 1

Using Lemma [3| together with and , one obtains, for all local minima x, of f in , in
the limit A — 0:
_ Joe W py (x) da

E,, [rqe] = cavs, (x*)(Qc) (1 + O(e*%)), for some ¢ > 0 independent of h. (15)

To compute a sharp asymptotic equivalent of E,_ [rqgc] when h — 0, we study the asymptotic
behaviour of p;, () and capg, (2.)(£2°) in the limit » — 0. This is the purpose of the next
sections.

2.4 Leveling results on the commitor function p,, in C(z,)

Let us prove the following leveling property on the commitor function p,, (see ) in a h-
independent neighborhood U of z, in C(z,) (see (6])).

Lemma 4. Let f : Q — R be a C*° Morse function. Let z, be a local minimum of f in Q. Let U
be a C> subdomain of C(z.) (see (6)) such that Onf >0 on U and {z € U, Vf(z) = 0} = {z.}.
Let K be a C* compact subset of U. Then, there exists 6, > 0 (see (9)) such that there exist
ho >0 and ¢ > 0, for all h € (0, ho):

max ‘px*(y) — 1‘ < e_%, where we recall py, is defined in .
ye

Proof. Since the trajectories of the process are continuous, one has for all y € K, {rqe <
78,, ()} C {7Ue < 78,, (z.)} When Xo =y. Using [8, Theorem 2], there exist d, > 0 (see @),
ho > 0 and ¢ > 0 such that for all h € (0,ho) and y € K, Py[rye > 75, (z.)}] < e~ i. This
concludes the proof of Lemma 1

With Lemma 4] we can extend the leveling property on p,, to Aq(C(xy)).
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Proposition 5. Let f : Q — R be a C®° Morse function. Let x, be a local minimum of f in €.
Let K be a compact subset of Aq(C(zy)) (see (6) and () ). Then, there exist ho >0 and ¢ > 0
such that for all h € (0, hg), one has:

max [pg, (y) — 1] < e F.
yek

This implies in particular that, using a Laplace’s method, for all k € {1,2}, in the limit h — 0:

/ ph. e~ = ()
C(z+)

Proof. Let us introduce the function qg, : y — 1 — pz,(y) which is the C>*(Q\ B, (z4),R)
solution to

- gAqx* =—-Vf-Va, in Q\ B, (z4), 9z, = 1 on 9Q and q,, = 0 on 9B,, (z4). (16)

§ o~k minggry f Z (det Hessf(y))_%(l + O(h)).

yEarg minm f

Working with q,, instead of p,, will be convenient to derive the key estimate below. The
proof of Proposition 5| is divided into several steps. The two first steps are inspired by [12] but
we have to take care here with the regularity of q,, which does not belong to H?(C(z.)). For
that reason, before starting the proof of Proposition [5] we introduce the following sets. Let
7. > 0 and U be a smooth subdomain of C(z,) as in Lemma 4 with moreover U C C(z), such
that:

B, (z«) C U. (17)

For m € N*, we consider a sequence
(rk)k=1,..,m € (R7)™ such that 0 <71 <7y < ... <7y < Ppyg1 1= Ty (18)

It then follows that B,, (z,) C int(B
small enough so that

repr (), for k=1,... m. In the following, h > 0 is chosen

By, (xx) C int(By, (z4)). (19)

In the following, C' > 0 is a constant which can change from one occurrence to another and
which does not depend on h. We are now in position to prove Proposition

Step 1: Let us prove that there exist hg > 0, v > 0 and C > 0 such that for all h € (0, hy),
IVaz. [z @\B,. (z.)) < CRTT. (20)

To this end, we apply recursively H?-interior elliptic estimates outside a neighboorhood of By, (x4).
This will allow us to use Sobolev injections with constants independent of h. Using and

combining H2-interior elliptic estimates and H2-boundary elliptic estimates nea 9Q (see [15,

Theorem 1 and Theorem 4 in Section 6.3]), there exists C' > 0 such that:

b 12 @\, (@) < C(1+ B Ve 128, (2.))- (21)

Moreover, using , the trace theorem and together with the fact that q;, = 0 on 9B,, (z4)
and q;, = 1 on 99, there exists C' > 0 such that for any € > 0 and &’ > 0,

thqx*H%Q(Q\Brh(x*)) <C (h /BQ lanqx*ldUJr/

0\By, ()

’Vf ) an:* ‘)

h 1
<C <€ + he ”qx* ||§{2(Q\BT2(93*)) + g + e qum* %2(9\8%(1*)))

h —1 2 1 / 2
<C (5 +hle (I!qu* IZ2@\8,, @) T 1) totelVanli e, @) ) -
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Choosing &’ = one obtains

__h _
(Cc+1)°

3 2 h -1 2 -1
ZhHqu*HLQ(Q\Brh(z*)) <C (5 + he (HV%* L2(Q\By, (z)) T 1) +h :

Thus, since Q\ By, (z.) C Q\ By, (z) (see (19)),
3h h _ _
Zqux*H%Q(Q\BTl(gg*)) <C (e + hte (\\qu*\\%2(9\srl(x*)) + 1) +h 1) ~

Then, one chooses ¢ = (C+1) which implies that |Vqz,|[z2\8
there exist C' > 0 and hg > 0 such that for all h € (0, ho):

) < Ch~!. Thus, from ,

1 (T+)

qu*HHQ(Q\BTQ(z*)) < Ch™2

Then, for k € {3,...,m}, using H*-interior elliptic estimates and H*-boundary elliptic esti-
mates |15, Theorems 4 and 5 in Section 6.3.2], one obtains recursively that there exists C' > 0
such that for h small enough:

ldz. ||+ @8y, (20)) < CHTH (L + IVAz [ r-1@08,, (20)) < Ch™*.

Then, choosing m (see ) such that m > % yields using the Sobolev injection
H™(Q\ By, (z+)) is continuously embedded in L>(Q\ B,,, (x.)).

Step 2: Let us define for 5 > 0 the set (see ()
Cp(2s) = Clax) N{f < Aax) —n} C O, (22)

Let
ce v = max{f(y), y € C(x,) such that |V f(y)| = 0}. (23)

Since f is a Morse function on Q, f has a finite number of critical points in Q, and thus:
¢ < A(wy). Let us consider

€ (0, M(@) — cx ) such that U C Gy, () (see (L7)—(19)) and n € (0,n.]. (24)

According to [30, Proposition 10], C; () is a connected component of { f < A(x.)—n}. Moreover,
Cy(xy) is C*° because its boundary does not contain critical points of f by choice of 1 and
Cy(x4) C Q. Let us now prove that for all ng € (0,7,], there exists ap > 0 such that for h small
enough:

&Q

IVaz. || oo (Cop (20)\Bre (20)) S €7 (25)
Let n such that 2™n = ny (see (L8)) where m will be fixed later (notice that n < n,). Equa-
tion rewrites div (ef%qux*) = 0on Q\B,, (z). Therefore, using , the Green formula,
de, <1, and g, = 0 on 9B, (z4), there exist C > 0 and v > 0 such that,

/ Vg [* ! —/ o, ¢ H 040y, < o HO@I-D),
Coy2(@x)\Bry () 8C,2(2+)\Br, (=) Y

since 9C,)/9(2+) C {f = AM@«) — 3}. In addition, since C;(zx) \ By, (zx) C Cpa(w4) \ By, () it
holds,

~20@)-0) / Va2 < / Vaa.
C',](:E*)\Brh(l'*) C"(‘I*)\B”h('r*)

12
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Therefore, using in addition , there exists 6 > 0 such that for A small enough,

/ va. P < | Vaol? < S et < oot
Cy(@)\Bry (@2) Cy(@e)\Bry, (2+) h

Thus, from (6], we deduce that h small enough, [AG. | L2(C, (@ )\Br, (22)) < Ce 3. In the

following, S > 0 is a constant which may change from one occurrence to another and does

not depend on h. Let x1 € CX(Cy(xy) \ Bri(24),[0,1]) be such that x1 = 1 on Ci oy \
Br,(z4). Since A(x19z.) = X1 Adz. + 9z, Ax1 + 2Vx1 - Vaz,, there exists C, such that

HA(qum*) ’L2(C17(1'*)\B7‘1 (@.)) < C for h small enough. From the H?2-elliptic regularity estimate
on Cy(zs) \ By, (), one has:

[z, H2(C2n(ac*)\|3r2($*)) <C.

Let a € (0,1) be an irrational number such that p; = d - > 0. From the Gagliardo-Nirenberg
interpolation inequality (see [44, Lecture II]), the followmg inequality holds:

Lr1 (Czn(x*)\BTQ(.Z‘* ) = HqI*HH2 C2n(aj*)\Br2(1’*))”voE* L2

—~

C2n(x*)\BTz($*))

|
By

+IVae,

L2(Cay(22)\Bry (24)) S

Then, from (16]), one deduces that [ A, [| L1 (Cap(2)\Bry (20)) < Ce . Using a cutoff function
x2 € CZ(Cop(xs) \ Bpy(x4),[0,1]) such that xo = 1 on Cyy(xs) \ Bpy(z4), we get from the
W2Pi_elliptic regularity estimate, that ||q, ||jy2.e: (Ca () \Bry () < C. Let p2 = 720 4 , from the
Gagliardo-Nirenberg interpolation inequality (see |44, Lecture II]), one obtains:

C”vqx*|’Lp2(C4n(a:*)\Br3(:B*)) < ||q:z:*‘|$V2,p1(c4n(x*)\[3r3(x*))H qx*HLm (Can(z4)\Brg (z4))
_B
F Vaa. || 291 (Cap () \Brg (22)) S €7 P

We repeat this procedure m — 2 times such that d — 2ma < 0, the Galgliardo-Nirenberg in-
terpolation inequality implies that ||Vq,, ”L‘X’(szn(a:*)\Br @) S Ce~% which ends the proof
of since 19 = 2™n and 741 = s (see (18)).

Step 3: Let 7. > ry such that B, (z,) C U (see ) From Lemma for h small enough, it
holds:

max  |pz, (y) — 1| = O(e™#). (26)
yGBT** (x*)

When the dimension d > 2, the open set C, () \ By, (2«) is path-connected. Indeed B, (z,) is a
closed ball included in the open connected set C,(z.) (see and (24)) and thus, when d > 2,
Cy(xy) \ By, (z4) is connected. Since it is moreover locally path-connected, C,(z) \ By, (z4) is
path-connected. When d = 1, C;,(z+)\B,, (x) is the disjoint union of two open intervals I; and I5.
Let z4s € 0By, (24). Then, when d > 2 for n > 0 small enough and for all y € C,,(z4) \ B, (),
considering a smooth curve v : [0, 1] = C,(z4)\B,, (x4) such that 7(0) = y and (1) = 2z (because
Cy(x+)\ By, () is open, path-connected, and locally smooth), it follows from Equation that
there exists 5 > 0 such that for h small enough:

:\m

sup ‘Px* (y) = Pa. (Z**)‘ se
Y€y () \Bry ()

Let us mention that when d = 1, the previous estimate also holds by choosing z.. € I if y € Iy
(k € {1,2}). Using in addition (26]), for n > 0 small enough, there exists ¢ > 0, for h small
enough, one has:

pr.(y) = 1+ O(e™#), uniformly on y € C,(z.). (27)
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This concludes the proof of Proposition [5| when K C C(z,) (indeed in this case there exists n > 0
such that K C G, (x4)).

Step 4: Let us consider K € Aq(C(z4)). Since C(z,) C Aq(C(z4)) and C(x,) is open, there
exists Tk > 0 such that for all z € K,

pri(r) € C24), (28)

where we recall ¢;(z) is defined by (). Moreover, since K is a compact subset of Aq(C(z.)) and
for all z € K, t, = +oo (i.e. pi(z) € Q for all t > 0), the set {¢i(x),t € [0,Tk] and z € K} is a
compact subset of Q. Therefore, there exists § > 0 such that all continuous curves v : [0, Tk] —
such that

Jre K, sup |y(t) — @i(@)] <6,
te[0,7k]

satisfy:
vt € [0,Tk], v(t) € . (29)

Moreover, up to choosing § > 0 smaller, there exists ak > 0 such that
{onz) + 2, z€Kand |z| <0} C Cop (). (30)
Let us notice that when Xo = x € K and sup,cp 7 | X; —@u(z)| < 4, it holds from and (30)):
1q > Tk and X7, € Cpo (24). (31)

Let us recall the following estimate of Freidlin and Wentzell (see |17, Theorems 2.2 and 2.3 in
Chapter 3, and Theorem 1.1 in Chapter 4] and [9]). For all z € K, it holds:

lim sup h lnIP’x[ sup ‘Xt — th(:U)‘ > 5} < —I, 1, (32)
h—0 t€[0,Tk]

where

10 + V()] de € By U foo),

1 T
1 == inf
T2 senl, 0) /0 ar’

and H;,TK (8) is the set of curves v : [0,Tk] —  of regularity H' such that v(0) = z and
SUD4e[0, 7] |7(t) — p¢(x)| = 6. The functional I, 7, is the quasi-potential of the process on
the interval time [0, Tk] when Xy = z. Since K is compact, there exists ng > 0 such that for h
small enough, it holds:

sup]P’x[ sup |Xt — cpt(x)| > (5} < e (33)
zeK te[0,7k]

Let us now concludes the proof of Proposition [5 For z € K, one writes p,, (z) = a(z) + b(x),
where

a@) = Pu| {76, 0y < 70} O {_sup | X - i(w)] < 3},
t€[0,7k]

and

b(z) = [{Tsrh () <Tac} N {tes[l(ilII)“K} | Xi — @u(x)| > 5}}
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Using , it holds for h small enough: max,ck b(z) < -3 . Using (31 . 7)) with Co, (24), ,
and the Markov property of the process , there exists ¢ > 0 such that for all x € K, one has
when h — 0:

a(w) = Be {EXTK [1{TBTh(I*)<TQC] 1SUPte[0,TKJ ‘Xt_ﬂpt(x)ké}

= (1 + O(e*%)) X ]P’x[ sup !Xt — cpt(x){ < 5} =1+ 0(67%), uniformly in z € K.
te[0,7k]

Hence, there exists ¢ > 0 such that for all z € K, one has when h — 0: py,(z) =1+ O(efﬁ),
uniformly in z € K. This concludes the proof of Proposition |

We will also need the slightly different version of Proposition

Proposition 6. Assume that f : Q — R is a C> Morse function. Let z, be a local minimum
of f in Q. Consider a compact subset K of Aq(C(xy)). Let Tk be such that holds. Then,
there exist 6k > 0, ak > 0, and a smooth domain Q containing K with Qx C §, such that all
continuous curves v : [0, Tk] — Q such that

dr e K, sup |7(t) - gpt(x)‘ <ok (see ),
te[0,7k]

satisfy:
1. Vt € [O,TK], v(t) € Q.
2. {on(z) + 2, x € K and |2| < 0k} C Coy () (see [22))), and Coy (z4) C Q.

Moreover, there exist hg > 0 and ¢ > 0 such that for all h € (0, hg), it holds:

male TB,, (z.) < TQg| — 1| <eh, (34)

yeK
Proof. Let us first prove items 1 and 2 in Proposition [} Let K C Aq(C(zs)) and Tk be such
that (28) holds. The set {¢(z),t € [0,7k] and z € K} is a compact subset of Q and the
set {¢n(z) + 2, = € Kand |z| < §} is a compact subset of C(z,). Thus, for § > 0 small
enough, the compact set M := {y € Q, 3z € K and t € [0, Tk] such that ‘y — i(x ‘ < 6} is
included in €, and {¢n (z) + 2, © € K and |z| < §} is included in Cq(z4) for some ak > 0
small enough. Because K, M, and C,, (z.) are compact subsets of €, there exists a smooth
domain Qg such that KU M U Cy, (z:) C Qk and Qx C Q. This proves items 1 and 2 in
Proposition @ Up to choosing Qk larger, let us assume that ak € (0, A(z+) — cu ), see .

Let us now prove Equation . The proof of is the same as the one made to prove
Proposition For the sake of completeness, we recall the main arguments. Let us denote by
Pr, 1Y € O — ]P)y[TBTh(x*) < 1qag]. Since ak € (0, A(z4) — cx ), there exists g9 > 0 such that
for all € € (0,e0), Caxte is a C* open connected component of {f < A(x.) — ak — €} which
is included in Qg (see the lines after ) Thus, with the same arguments as those used to
prove (27) above, one obtains that for all € € (0,¢p), there exists ¢ > 0 such that for A small
enough:

Be.(y) = 1+ O(e™#), uniformly on y € Coyte (). (35)
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Since {¢7(z)+2, € K and |z| < &} is a compact subset of the open set Co, (2+), for € € (0,0)
small enough, it holds

{onz) + 2, zeKand |2 <0} C Capqel(as). (36)
From item 1 in Proposition @ when Xo =z € K and sup;¢(g 7 |Xt - cpt(x)’ < 4, it holds:
Tag > Tk, and from , X1y € Coprel(Ty). (37)

One then writes for all x € K, p,,(z) = c(z) 4+ d(z), where c¢(z) = IP’Q;[{TB%(M) < TQ&} N
{supicioz ) [ Xt — pe(2)| < 6}] and d(x) = Po[{78,, (z.) < Tog} N {supscjonq) [ Xt — ¢e(@)| = 0}].
Using (33)), it holds for A small enough: sup,cy d(z) < e~ for some ¢ > 0 independent of h.
The Markov property together with and , imply that there exists ¢ > 0 such that when
h — 0, c(r) = 1+ O(e~#), uniformly in 2 € K. This proves and concludes the proof of
Proposition [6] |

We will also need a leveling result of p,, in C C C (see (7)) when C # C(z). This leveling result
is the purpose of Proposition [§| below which is based on an estimate on the most probable places
of exit from a bounded domain when N = 1, see the next section.

2.5 The case when N =1

In this section, we prove the following result.

Proposition 7. Let f : Q — R be a C* Morse function such that is satisfied with N = 1
(i.e. {f < mingq f} is connected). Let K be compact subset of Aq({f < mingq f}) (see (7))
and I' be an open subset of O such that ming f > mingg f. Then,

there exists ¢ > 0 s.t. for h small enough: max Py (X7 € T] < ek, (38)
e

In Corollary (10| below, we will generalize to more general settings (e.g. when N > 1).

Before going through the proof of Proposition [7], we recall the notion of separating saddle points
of fin Q. A point z € Q is a separating saddle point of f in Q if it is a saddle point of f and
for » > 0 small enough, B, (z) N {f < f(z)} has two connected components which are included
in two different connected components of {f < f(z)}. The notion of separating saddle points
was first introduced in [22] in the boundaryless case and then adapted to the boundary case
in [141[30].

Proof. Let f : Q — R be a C*® function. Before starting the proof of Proposition |7, we introduce
some preliminary results we will need. Let us choose an eigenfunction w; j associated with the
principal eigenvalue Aq j, of [,J]?’i;{ such that

uyp >0 on  and / wlpe i =1, (39)
Q

For ease of notation, we write L2 (Q) (resp. L?(Q)) for LQ(Q,ef%fdx) (resp. for L?(Q,dx)).
The subscript w stands for the fact that we consider the weight function e~#7 in the scalar
product. The proof of Proposition [7] is based on the use of the quasi-stationary distribution of
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the process in Q: we will indeed first prove when Xy is distributed according to this
distribution, and then, with the help of a leveling result, we will derive it when Xg =2 € K. A
quasi-stationary distribution for the process in Q is a probability measure u supported in 2
such that for all measurable sets A C € and for all ¢t > 0,

Jo Pa XtGAt<’TQ]'LL(d)
fQ t < TQC (dl’)

n(A) =

Let us recall that (see for example [27]) the unique quasi-stationary distribution v, of the
dynamics in Q is the measure

~2f(@)
un(da) = @ (40)

Jo e

Moreover, according to [27], when Xy ~ vy, X;,. has a density with respect to the Lebesgue

TQ
measure on J§2 which is given by:

(41)

Let us now assume that f : 2 — R is a Morse function. From the analysis led in the proof of [30,
Theorem 1] together with , for any L2 (€2)-normalized eigenfunction wy, of ED” associated with
an eigenvalue of order o(1) when h — 0, it holds, for every neighborhood W of the local minima
of fin :

lim [y L] (42)

B =1
Let us now assume that is satisfied with N = 1. Let us define c¢py = max{f(z), z € {f <
mingq f} such that |V f(z)] = 0} < mingq f. In the following, for a@ > 0, C, denotes the open
set {f < mingg f — a}. Let us recall that for o < mingg f — car, Co is a smooth connected
open subset of Q (see indeed the lines after ) Moreover, for any ¢y > 0, we denote by V(
a smooth open connected subset of  such that {f < mingg f} C Vg and f < mingg f + ¢o on
V. Since d{f < mingg f} NIN # (), we choose Vj such that Vo N IN has a non zero Lebesgue
measure (in 012). We are now ready to prove Proposition . The proof is divided into several
steps.

Step 1: Let us prove that:

lim hlog A1 = —2 d Li fhlog Aoy > —2 43
lim A log Aq,n (rg;)nf ménf) an 1m1n og A2 p, (cM n})mf) (43)

When |(H2)| holds, is a consequence of [30, Theorem 2] and (3)). Moreover, under [(HL)|
the set 8{f < mingg f} N Q does not contain separating saddle point of f in 2. Thus, if |((H2)]
holds, according to and [30, Theorem 3] (with m* =1 and Cj(z1) = {f < mingq f} there),

one has more precisely when h — 0:
A = (©1,0h72 (14 O(R)) + ©13 (14 O(Vh))) e~ h(minon f=ming ), (44)

where ©11 and ©1 5 are defined at the beginning of Section [1.4] (recall that C; = {f < mingq f}
because we assume here that N = 1). Actually, we will prove and without assum-
ing [(H2)] Let us first prove the first limit in (43). Let x € C°({f < mingo f}) be such that
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x = 1 on Cq, for @ > 0. Then, it follows from a Laplace’s method that for all @ > 0 small
enough such that arg ming f C C,, there exists C > 0 such that for h small enough:

> B h HVX”%%)(Q)
, _ 0 B
L) 2 HXH%%}(Q)

L
)\1h < < £.hX X

, < Ch—%-f—l e—%(minaﬂ f—minﬁf—a). (45)
HX”L%,(Q) HX”L%,(Q)

Because o > 0 is arbitrary, this proves that limj,_,ohlogAi; < —2(mingg f — ming f)-
prove the reverse inequality, inspired by [33, Lemma 5.9], let us argue by contradiction: assume
that there exists ¢ > 0 and a sequence (hy)nen such that lim, 4o by, = 0 and for all n > 0,
Mo, < ¢~ o (minog f—ming f+e) [ oy co < c. From and since f < mingg f + co on Vo, it
holds:

hpe~ 7o (mingg f+co) fvo Vg, |2
? |Vu, no e i

2 B Vo

f < efﬁ(minag ffminﬁerc), (46)

which 1mphes that: HV UL h, € o mmﬂf H2L2(Vo) < %6_% — 0 as n — oo. Defining ¢, =
fVo Upe A Tingy ( fVo 1) , the Poincaré-Wirtinger inequality (valid because V( is a smooth
bounded domain) then implies:

lim Hu e h ming f ming f

n—+oo CnHL2(V0) =0

= 0 and thus, hm Hu e i - CnHHI(VO)

Because up|gvynon = 0, it follows from the the trace theorem, that lim,, 4 ¢, = 0. Therefore,
it holds: limy 400 ||une_ﬁminﬁf||Lz(Vo) = 0 and thus, lim, 4o ||une_ﬁf||L2(V0) = 0 which
contradicts . This concludes the proof of the first limit in . Let us now prove the second
limit in . For that purpose, we argue again by contradiction: assume that there exists a
constant ¢ € (0, mingq f — cpr) and a decreasing sequence (hy,)nen such that limg, 400 by = 0T
and for alln € N, Ay, < ¢ oy (CM NG )| Then, for a > 0 small enough (such that 1¢, # 0),
using the Max-Min principle (see for example |21, Theorem 11.7]), for all n € N, there exists a
L2 (Q)-normalized function ¢, € D(ﬁDlr) such that

<90n7 1>L12U(Ca) =0 and <£f7hn<pn>90n>L12u( n HV(anLg @ <e hn (car—ming f+c)
Choosing a = mingof — cy — § and reasoning as in (46), one deduces that:

— 1 mine _ezc/2 . KT . .
|V (pne mn ™0 4 )||%2(C ) < hle hn — 0 as n — oo. The Poincaré-Wirtinger inequality

(valid because C, is a smooth bounded domain since o < mingg f — cpr), there exists ¢, € R

ming f

such that lim, Hgone i an L2(Co) = 0. Therefore,

ngrfoougpne S — cpe - (f*minﬁf)HLQ(ca) —0.

Since <g0n, 1>Lﬁ,(Ca) =0, it holds:

~f

‘ ppe Fn L(f—minﬁf)) 2

—C e_ hn
" L2(Cq)

= H‘Pne_ﬁfui%ca) + CiHe_ﬁ(f_minﬁf) H;(ca)'

1
Thus, limy,— 1o ngne hn

%) H [2(Ca) = 0 which contradicts . This concludes the proof .

Step 2: In this step, one proves that in the limit A — 0:

/ up e id = (zh)i S (detHess fly)) % e hming S, (47)
Q

y€arg ming f
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Equation implies that there exists ¢ > 0 such that for A small enough, A; ; = O(e_%))\lh.
Therefore, there exists 5y > 0 such that for all 5 € (0, §y), there exists hg > 0 such that for all

h € (0, ho), the L2 -orthogonal projector 7, := Tr[ ) (E?‘,f) has rank 1. From

0767%(min69 ffminﬁffﬁ)

the following spectral estimate

? < O e (mingn f—minﬁf—5)< X

la-m———|, . = i
120) M IWie

HX”L?U(Q)

g

and in view of , it holds for some C' > 0,

P L opi R,
12,(Q) ~

6= ]

Then, choosing a < 3, there exists ¢ > 0 such that for A small enough

=0(e n).

H(l h ﬂh)L‘ 12,(Q)

Il 22, ()

Thus, there exists ¢ > 0 such that (using in addition the fact that w;, > 0 and x > 0 on Q),

uyy = W + O(e™#) in L2. This implies that there exists ¢ > 0 such that for h small
L ()

enough:

2f .
/ul,h e—if:/ xe & / f_'_O(e—%(mmﬁf-i-c)).
Q Q ”XHL2 ) Q HXHB

The lower bound in is then obtained with a Laplace’s method for the terms fQ X e~#/ and
Jax? e it
Step 3: Let us now prove that for all measurable subset ¥ of 9€2, one has:

limsup hlogP,, [X,,. € X] < —(mjnf — min f), (48)
h—0 b o0

where we recall that v}, is the quasi stationary distribution of the process in Q (see ([40)).

Notice that implies when Xy ~ v. According to and , using the Trace
theorem, for any § > 0 there exists hg > 0 such that for all h € (0, hg),

P, [X

TQ

c€X] <

HeiifuhHHl(Q)eiéminffeiminﬁfhg' (49)
Lh

Let us now prove that there exists C' > 0 such that for A small enough,
o™ wnl| 1 < CH72 /A0 (50)

One first has from ({39)), %He_%f Vul,hHig = A Moreover, since uyj; = 0 on 02, it holds
VT(efif ur,p) = 0 on 00 (where Vrp is the tangential gradient on 0Q), the Gaffney inequality
(see [47, Corollary 2.1.6]) implies that there exist C' > 0 independent of h such that,

CHG_%fvul,hHHl < He_%f Vuy hHL2(Q)+ Hdiv(e_%fVuLh)HLQ(Q)

+ Z 105 (e ~ulo; jur) — 05 (e” hfaulh)Hm(Q)'

1,j=1
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Therefore, there exist C’ > 0 such that for all A > 0,

c’
e hfvuthHl(Q) (O/ )He hfvuthm )+ C'le” ”fAuthm

_C” Lh o o

_1
1373 He thuLhHLQ(Q)

It remains to estimate the term He_%fA ul,hHLQ. Multiplying L pu1n = A put,n by e~ ! and
using , one obtains that there exists C' > 0 such that for A small enough,

C [ /A A
He_%fAul,hHLQ( < <||Vf||L2(Q)H€ thuthLz +>\1h)_h< \/%’h ,)SC hgl’h,

where we used the fact that limj,_,o A1, = 0 (which follows from ) This concludes the proof
of . Equation together with and imply .

Step 4: Let K be compact subset of {f < mingq f}. To extend to the case when z € K,
let us prove that for any F' € C*°(99Q, R), there exists ¢ > 0 such that for h small enough,

:\0

max | Ey [F (X7.)] — By [F (X)) | <e

51
(z,y)eKxK - ( )

Equation is a leveling result on z € Q + E, [F (X1, )]. Let us denote by v;, € H(2) the
unique weak solution to the elliptic boundary value problem

h
§Avh—Vf-Vvh:0inQ and vy = F on 01,

which actually belongs to C*°(£2,R). Moreover, the Dynkin’s formula implies that Va € Q, v, (z) =
E; [F (X7 )]- Notice that for all b > 0, |[va]|pe() < [[F||Lea0)- With the same arguments as
those used to prove , for o > 0 small enough there exist hg > 0 and ¢ > 0 such that for all
h e (07 hO)a

D‘\n

IVunlleeca) <€

Then, since for a > 0 small enough, the open set C, is path-connected (because it is locally
path-connected and connected), this proves .

Step 5: Proof of .

Step 5.1: Let K be a compact subset of {f < mingq f}. Let us prove that for any F' €
C>® (09, R), there exists ¢ > 0 such that for A small enough,

max By [F (Xrge)] = Eu, [F (Xrge)] | < €7 (52)
From , it holds for @ > 0 small enough:
2
-
Vp UL,p € h 1 1 _2
El/h [F (XTQC)] = fQ 3 = 7 | UpUurpt€ hf + ? Vp U1,p € hf, (53)
Joune nd n Je, O\Ca

where 7, := fQ Ui p e_%f. Let us first deal with the second term in . From , there exists
C > 0 such that for h small enough: Z,° < Ch=%er ™m0 f For all a > 0 small enough, one has
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(ﬁ\ Ca) N arg ming f = (. Therefore, using in addition , for all & > 0 small enough, there
exists ¢ > 0 such that when h — 0:

uppe b < e
ON\Ca NCa

Then, since ||vp|| () < [|[F||L=(a0), one obtains that
1
Zn Joes
Let us now deal with the first term in . Let a > 0 be small enough. Then, from , there
exists 0, > 0 such that for all y € C,,

f < ef%(minﬁ f+e) )

o

c

Up UL e~ il = O(e*ﬁ). (54)

_Sa

1 _2p _ wn(y) 2y O ) _2
2f _ h/ 2 / it 55
7 - UpULR € Z - U he€ + A - Ui,n € ( )

in the limit A — 0 and uniformly with respect to y € C,. Moreover, for all a > 0 small enough,
there exists ¢ > 0 such that in the limit A — 0:

1 c
— (N e il =1+0 (efﬁ> . (56)
Zn Je,
This indeed follows from the fact that
1 2 1 2
il -7l =1_- = —=f
Zn, Cul’h ¢ Zn Jonca HLhe

together with . Let us now fix a > 0 sufficiently small. Then, using and , there
exist ¢ > 0, 6, > 0 such that for all y € C,:

1

Zn Je;

in the limit »~ — 0 and uniformly with respect to y € C,. Therefore, using , and ,
there exists g > 0, such that for all a € (0, ag), there exists ¢ > 0 such that for A small enough:

vh g el = un(y)(1+0(e 7)) + O(e_éTa) (57)

Ey, [F (Xrqe)] = Ey [F (X7,.)] + O(e_%), uniformly with respect to y € C,.
This proves since any compact K of {f < mingg f} is included in C, for some a > 0.

Step 5.2: End of the proof of . To this end, we will use and . Let us now consider I
be an open subset of 92 such that ming f > mingg f. Let us mention that holds for smooth
functions F' on 02 and thus we cannot directly consider F' = 1p. Let us consider an open set
¥ C 99 such that I' C ¥ and ming f > mingg f. Let F be a C* function F on 9 with values
in [0,1] such that F =1on T and F' =0 on 90\ X. For all y € K (where K is a compact subset

of {f < mingg f}), it holds from (52):
PQ[XTQC € F] = Ey[F(XTQC)] = ]EVh [F(XTQC)] + O(e_%)-

Finally, since E,, [F(Xr. )] < Py, [Xr,. € ¥, one deduces from (48), that there exists ¢ > 0 such
that for A small enough:

alle

P, X €T <e n.
maxPy[Xro €T] <

This proves when K C {f < mingq f}. The case when K is a compact subset of Aq({f <
mingg f}) is treated with the same arguments as those used in the fourth step in the proof of
Proposition [5| (with the large deviations estimate ) This concludes the proof of and
the proof of Proposition [7] 1
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2.6 Leveling result of p,, outside C(z,)
In this section we prove the following leveling property on p,, in another sublevel set of f in (2.

Proposition 8. Let f: Q — R be a C>® Morse function. Let x.1 and z.2 be two local minima
of f in Q such that C(zs1) # C(zs2) (see (6)). Assume moreover that C(x.2) is a connected
component of {f < May2)} which intersects 0S). Let K be a compact set of Aq(C(z2)). Then,

there exist hg > 0 and ¢ > 0 s.t. for all h € (0, ho): max pg, (y) <e .
S '

Remark 9. Let us mention that Proposition @ is not a consequence of [0, Corollary 4.8] for
the following two reasons. On the one hand, (6, Corollary 4.8] does not directly apply in our
setting because the saddle points connecting By, (z41) and Q° belongs to Q°. On the other hand,
even if the inequality in (6, Corollary 4.8] holds, it is possible that the height of the saddle points
connecting ¥ € C(zx2) and By, (z.1) in RY is equal to the height of the those conmecting x
and )°.

Proof. To prove Proposition the strategy consists in using Proposition [7] with a suitable
domain €, , C € such that:

(i) Qq,, is a C> connected open subset of 2 containing C(zy2).

(ii) 094, , N O is a neighborhood of OC(z42) N IS in 0.
(ili) argmingg, f = 0C(zs2) N O

(iv) {f < mingq, , f} N Q. , = C(xx2) and C(z,2) contains all the local minima x of f
in Q

Tx,2°
(V) {f < minagz*,Q f} N QI*Q = C(.T*,Q).

Notice that item (iii) above implies that mingg, , f = M) (see (). Because C(z.2) is
a connected component of {f < A(x.2)}, there exists an open subset V(z,2) of { such that
Clzy2) C V(x4 2),

[F < Mwe2)} OV (202) = Clana).

Notice that this implies in particular that
{f < M@e2)} NV (242) = Cz2).
Moreover, since C(z,2) NI = AC(z42) N IN # 0,
V(z4,2) NOQ is a neighborhood of 0C(z2) N OQ in 0.

In addition, because f has a finite number of critical points in Q and dC(z42) does not contain
local minimum of f in €, one can assume that V(z.2) \ C(x42) does not contain local minimum
of fin Q. In view of all these previous points, there exists a C* connected open subset €);, , of
Q such that:

C(x*72) - Ql’*,Z’ Qx*,2 - V(x*72)7
and such that: the set 9€);, , N 98 is a a neighborhood of dC(x42) N AN in 9N with

argmin f = 0C(z42) N 0N,
09, ,NO0

22



and,
for some 5 >0, f > A(zs2) + Bon 08y, , N Q.

A schematic representation of 2, , is given in Figure It is then easy to check that €, ,
satisfy items (i)-(v) above.
Let us now end the proof of Proposition Since for h small enough, B,, (z41) N Qp, , = 0,

using the continuity of the trajectories of the process , it holds for all € C(z,2) and h small
enough:

{TBTh (x*,l) < TQ(‘} - {XTQCCC* 2 < 891’*,2 \89}

The domain €2, , and f : m :— R satisfies all the required assumptions of Proposition
Moreover, since infaq, ,\oof > ming, ,f = A(x42) (see items (ii) and (iii) above), from
Proposition 7, for all compact subset K of C(zy2) = {v € Qu, ,, f(v) < A(wx2)} (see item (iv)
above), there exists ¢ > 0 such that for h small enough (see ):

max Py [X; . €00, ,\00Q] < e, (58)
yeK Tx,2 ’

Recall that by definition (see (10)) pa, , (y) = Pa, , [78,, (2..1) < Tae], and thus, there exists ¢ > 0
such that for h small enough: maxyck pz, ; (y) < e~ #. The proof of Proposition [8 is complete
when K C C(x,2). The proof of Proposition [§] for K C Aq(C(xz42)) is obtained using the same
procedure as the one used in the fourth step in the proof of Proposition ]

—_— 00,

Figure 3: Schematic representation of Q. , satisfying items (i)-(v). On the figure, OC(z42) N

00 = {z1, 22} (see (7).

A direct consequence of the proof of Proposition[§]is the following generalization of Proposition [7]

Corollary 10. Let f : © — R be a C® Morse function and x, be a local minimum of f in .
Assume that C(x,) (see (7)) is a connected component of {f < A w.)} which intersects 0.
Let K be compact subset of Aq(C(z.)) (see () and T' be an open subset of 0. Then, if
TN (0C(z,) NOQ) =0,

>lo

there exist hog > 0 and ¢ > 0 s.t. for all h € (0, hg): maé(IP’x [Xrge €T <en.
fAS
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Proof. Set x, = x,2 so that we can use the notation of the proof of Proposition Since
' N (0C(zy2) N O) = 0, one can assume, up to choosing V(z,2) smaller, that I' N V(xy2) = 0
(and therefore, T' N €, , = 0). Thus, it holds for all y € C(z2), when Xo =y, {X7,. € T} C
{XT%* , € 00y, , \ 09}. Together with (58], this concludes the proof of Corollary W when
yeKC C(z4,2). To get it for K C Aq(C(z42)), one uses the procedure of the the fourth step in
the proof of Proposition 1

Notice that assumptions of Corollary [10| are satisfied when |(H1)| holds (see indeed the proof
of Lemma [1)). Corollary implies that the process exists €2 almost surely through any
neighborhood of 9C(x,) N 9N in the limit A — 0 when Xy = z € Aq(C(z)).

2.7 Sharp asymptotic estimate of the capacities

In this section, one proves an asymptotic equivalent of capg,. (I*)(QC) in the limit h — 0. We
start with the following lemma.

Lemma 11. Let f : Q — R be a C*>® Morse function and consider a local minimum x, of f in €.
Let us assume that OC(x.) N O # 0 (see (7)), C(z4) is a connected component of {f < M)},
and that all z € 0C(xy) N O satisfy item 1 or item 2 in (depending on |V f(z)] =0 or
not). Then, there exists a smooth function ¢., € HY(Q, e~ dx) with values in [0, 1], supported
in a neighborhood of C(x.) in §, which equals 1 in a neighborhood of x. in €, such that in the

limit h — 0:

d-1
;L/ ’V¢$*|267%f: Z (hﬂ') 2 8nf(z) . ef%A(:p*)(l_’_O(h))
Q 2€0C(2. )95, |V f(2)|20 (det Hessfan(2)) 2

+ Z (hﬂ)iluz‘ 6_%)\($*)(1+O(\/E))

€oC(2.)N00, [Vf(z)=0 T |det Hessf(z)]

N

Proof. The existence of ¢, € H}(9, e il dx) with values in [0, 1] and supported in a neighbor-

hood of C(z,) in Q follows from [30, Definition 21]. Moreover, because C(x.) is a connected
component of {f < A(zx)}, 0C(x.) NQ does not contain separating saddle point of f in . Since
we assumed that all z € 9C(x,) NN satisfy items 1 or 2 in (depending on |V f(z)| =0 or
not), the asymptotic equivalent stated in Lemma |11jon [, [V, K e~ #7 is then a consequence
of [30, Definition 22, Equation (93), and item 1 in Proposition 25] and (3). 1

The following proposition provides the asymptotic equivalent of capg, (x*)(Qc) when A — 0.

Proposition 12. Let f : Q@ — R be a C*° Morse function and consider x, a local minimum of f
in Q. Assume that the assumptions on C(z.) stated in Lemma are satisfied. Then, it holds,
in the limit h — 0:
d—1
. hm) 2 Onf(2 23\ (2
capBrh(x*)(Q )= Z (hr) (2) e~ *)(1 + O(h))
2€0C(z.)n0%, V(=)0 (det Hessflon(2))

. 5 (hm)2 |z e~ \@) (1 4+ O(VhR)). (59)

2€0C(e )99, [Vf(z)=0 7|det Hessf(2)]

=

[N
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Proof. From ([13)), it holds: capg, () (£29) < %fQ\Brh(z*) V¢m*|26_%f. Using Lemma this
gives the required asymptotic upper bound on capBrh(m)(QC). Let us now obtain a lower bound
on capg, (x*)(QC). To this end, we will use . Let us consider two smooth subdomains 0
and Q2 of 2, both satisfying items (i)-(v) listed at the beginning of the proof of Proposition
such that C(z,) C Q) C Q2 and Q2_is a neighborhood of @ in . This implies in particular
that

there exists r > 0 s.t. forall z € Q2 \ QL , f(x) > Mx) + 7. (60)
Let x € C*(%,[0,1]) be such that x =1 on QL and x =0on Q\ Q2 . From (3, it holds:
h _2 h
Ca’pBrh(-’E*)(Qc) = 2/ ’Vpx* 26 hf Z 2/ |vp$* f
O\Byy, () lec*\Brh(x*)

2e=7%/ in the limit h — 0.

Let us now obtain an asymptotic lower bound on % fﬂ;*\Brh(ac*) Vpz,

To this end, let us write:

/ IV (xpa.)|Pe 7/ :/ (3| Vpa.|”
02 \By, (z2) 02 \By, (22)

2
Qi* \Brh ()

2 _2
R, =/ X*|Vpa.| e hf+/ (2pz. X VX - Vpu, + P2,
02 \Q1 Q%*\Qi

+ 2P0, X VX - Vps. + P2 | Vx[P) e 7

e_%f + R*’

where

fo) e*%f,

where we used the fact that Vy = 0 on Qi_%* and y =1 on Qi}j* Moreover, from , , and
since pp, < 1, there exists ¢ > 0, such that for h small enough: R, = O(ef%(’\(l‘*)*c)). Now since
XPz, € H&(Qg*,e_%fda:) (because p;, = 0 on 9Q and x = 0 on 9Q2_N ), using the min-max
principle (see (2))):

h

5 / |V (xPz.)
Q2 \B., ()

where ), denotes here the principal eigenvalue of the Dirichlet realization of Ly in Qi*. In

2 _2 h 2 _2 -2
e nl = 2/ |V (xpa)| e/ Z)\l,h/ |xpz. P,
02, 03,

conclusion, for h small enough:

capg, (x,)({29) = >\1,h/ IXPa.|e hf+0(€ h(/\(x*)Jrc)) (61)

Since x = 1 on C(x4), from Proposition I 5| and since arg minge - f=arg mlnQz f (see item (iv)
at the beginning of the proof of Proposition |§ ' a Laplace’s method provides when h — 0:

| e et = gttt ST (et Hessf ) F0+0(). (62)

Q. yearg minmf

Furthermore, the domain QQ and f: Q2 :— R satisfy all the required assumptions of Proposi-
tlonl Let us recall that for f 02— R it holds N = 1, and (see items (i)-(iv) at the beginning
of the proof of Proposition '
A(z,) and C € Q2 f(v) < min f} = C(z.).
min f = Az.) and G = {v € 82, /() < min } = C(a)
Since |(H2)| holds for f : Q2 :— R, the asymptotlo equivalent of A; ;, when h — 0 given in (44])
(with © = Q2 there) holds. Together with (| and (62), this provides the expected lower
bounds on capBTh(w*)(QC). The proof of Proposition is complete. 1
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3 Proof of Theorems |1| and

In all this section, we assume that the function f : Q — R satisfies Then, the results of
the previous section can be used with C(z,) = C;, where z, is a local minimum of f in € such

that . € Cj, j € {1,...,N} (in this case A(z,) = minyg f), see Lemma [I] and its proof.

3.1 Mean value of the commitor functions

The following proposition gives sharp asymptotic equivalents of fQ Pz; e~/ for je{l,...,N},
where z; is a local minimum of f in C;.

Proposition 13. Let f : O — R be such that the assumption holds. Let x; be a local
minimum of f in C;, for some j € {1,...,N}, and k € {1,2}. If j € {1,...,No}, it holds when
h —0: .
/ p’;j e il = (hﬂ-)%e—%minﬁf Z (det Hessf(y)) 2(1+ O(h)),
L yEargmincfjf
where we recall that p.; is defined by with x, = x; there. Finally, if j > No+1, there exists
€ >0, such that if minc—jf —ming f <, in the limit h — 0, it holds:

/pgj et = (hm)Be PG YT (det Hessf(y) 21+ O(h)).
Q

yearg minc—j f

Proof. Let j € {1,...,N} and writes:

_2 _2 _2
/p’ijehf:/pf;jeh“r/ ph e il
Q G O\G;

J

To prove Proposition in view of Proposition 5| I applied with z, = z; and C(z,) = (),
it remains to show that fQ\C px e~#/ is an error term for h small enough. Let us consider a
neighborhood V C € of the points belonging to arg ming f \ C;. Let us moreover choose V such
that V C Ug£j6=1,...No C¢ (this possible because arg ming f C Uy—1,.n,Cr according to and
the line below). Since there exists o > 0 such that f(z) > ming f + oy for all z € Q\ (C; U V),
it holds, using in addition the fact that p,; <1,

/ pk e —#f < Cemh(ming F+a1) - for some C' > 0 independent of h.
a\(cuv)

Since V C Up#j,6=1,... No Ce, from Proposition (applied with 21 » = xj, T2« = 2, and K =V N Cy,
for £ € {1,...,No}, £ # j), one has:

/ pl;j e il < Ce_%(min§f+°‘2), for some ay > 0 and h small enough.
Vv

Recall that mincfj f > ming f for all j, and by definition of Ng (see (8))) and from the labeling
of the C/’s, mincT f > ming f iff j > Np. Therefore, when j < Ng, one deduces the second
statement in Proposition When j > Ng+ 1, one sees that if minc—jf —ming f < min(ay, az),
ones obtains the last statement in Proposition This concludes the proof of Proposition
|
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Let us assume that [(H1)] and [(H2)| hold. Let z; be a local minimum of f in C;, for some j €
{1,...,N}. Equation and Propositiontogether with the first statement in Proposition
imply that in the limit A — 0, when j € {1,...,Ng}:

e% (mingq f—ming f)

Qj1h™2(1+O(h)) +6;2 (1L +O(Vh))

Ey;[mac] = (63)

Equation , Proposition and the second statement in Proposition [5| together with the

fact that [, pe, e~ nl > Jc. Pz, e~ #7, imply that when j € {Ng +1,...,N}, it holds for h small
J

enough:
e%(minag f—minq 1)

]Exj [TQc] 2 (64)

01 h™2(1+0(h) + ;2 (1+O0(Vh))
Moreover, according to the last statement in Proposition , Equation , and Proposition
there exists € > 0 such that if minc—j J —ming f < € then Equation is actually an equality
when h — 0. This proves items 2 and 3 in Theorem |1) when Xy = x;. To prove Theorem (1} it
thus remains to deal with the case when Xy = x € Aq(C;). For that purpose, we need an upper
bound on x € Q +— E,[rqc]. This is the goal of the next section.

3.2 Upper bound on the mean exit time

Proposition 14. Let f : Q@ — R such that the hypotheses [(H1)| and [(H2)| hold. Let K be a
compact subset of Q. Then, for any 6 > 0, there exists hg > 0 such that for all h € (0, hg):

Notice that Proposition [14]is item 1 in Theorem

Proof. To prove , we will use [49, Theorem 1]. To this end, we construct a C* bounded
subdomain Dg of R? containing © such that |V f| # 0 on dDgq: this is indeed required to
use [49, Theorem 1].

Step 1: Construction of the domain Dg containing {2. The domain Dq, is constructed by slightly
"extending” () near the critical points of f on 0€2. This is made as follows. Since f : Q — R is
a smooth function, it is by definition, the restriction of a smooth function defined on an open
neighborhood  of § in R This extension is still denoted by f in the following. In addition,
since f : Q@ — R is a Morse function, the critical points of f in Q are isolated in €. Thus, there
exists € > 0, for all z € 90 such that |V f(z)| = 0, it holds:

V£ # 0 on Be(2) \ {z}.

Up to choosing € > 0 smaller, the following properties are satisfied: the balls B.(z) are two by
two disjoint,

for all ¢ € {1,...,N} and y € 9C, N IQ, if [Vf(y)| # 0 then y ¢ B.(2), (66)
and there exists a smooth coordinate system W : y € B.(2) — (2/,24) € R? such that ¥(z) = 0,

QN B:(z) ={y € Be(2),z4(y) <0} and 92N B.(z) = {y € B(2),z4(y) = 0}.
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Equation can be indeed satisfied because f has finite number of critical points in 02 and
for all k € {1,...,N}, 9C; N O contains a finite number of points when [(H1)] and [(H2)| hold.
For a > 0, let us consider a C* function 2’ € R4~! s y(2') € [0, ], such that:

x(z') = 0 for all 2’ € RT1\ w(9Q N B./2(2)) and x(a') = a for all 2’ € W(9Q N B, /4(2)).
Moroever, one chooses o > 0 small enough such that
{(2',x(2")),2" € T(ANB(2))} C ¥(B(2)). (67)

A schematic representation of {(2/,z4) € ¥(B.(z)), such that z4 < x(2')} is given in Figure
Let us define,
0, = \IJ_1<{($/,xd) € U(B.(z)), such that x4 < X(x')}).

For ease of notation, we omitted to write explicitly the dependency on z for ¥, x, and «. The
bounded subset Dq of R? is then defined by:

Do:=Q U U 0..
z€0Q,|Vf(z)|=0

From the definition of y it holds:

dDq \ U BE/Q(Z) = 00 \ U B£/2(Z)~ (68)

2€0Q,|V f(2)|=0 2€00,|V f(2)|=0

From @, for all critical point z of f on 09 (see Figure , it holds:
ODo N B.(z) = ¥~1 ({(x',xd) € ¥(B.(z)), such that x4 = X(:v’)}) (69)
The set Dg is thus a smooth open and connected subset of R%. Finally, it holds:
|V f| # 0 on 0Dgq,

and all the critical points of f in Dg belong to Q. In the following, we will need other properties
on Do which might require to reduce the parameter ¢ > 0 one again. Let us state these
properties. First, up to choosing ¢ > 0 smaller, it holds for all local minima = € 9 of f in R¢,

i (e 00) = 10) <~ s ™

where we recall that ng(x) is the unit outward normal to Q at z. Let us also recall that, for all
je{l,...,N} and z € 9C; N I up to choosing € > 0 smaller, it holds:

Bg(z)ﬁ{f<nalsi)nf}:cjﬂ86(z), (71)

which follows from the fact that the C; ’s are two by two disjoint (see . Let us now consider,
for some j € {1,...,N}, 2* € 9C; N 9N such that z, is a critical point of f in R? (recall that
f(2z) = mingq f and z, is a saddle point of f in R?). By assumption (see point b in , up
to choosing € > 0 smaller,

2 1s the unique maximum of f:t € [—¢,¢] — f(zs + tna(2s)), (72)
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with z, + tng(z.) € Q when ¢ € [—¢,0), and, 2, + tng(z.) € R?\ Q when t € (0,¢]. Then, one
defines:
Ve i tE [~ €] = zi + tn(24). (73)

Hence, since for ¢ € [—¢,0), 2, + tna(z:) € Q and f(24 + tha(z)) < f(2+) = mingg f, from (71)),
one deduces that
for all t € [—¢,0), v«(2« +tna(z:)) € Cj, (74)

Let us define
sy = inf{t € (0,¢], v4(t) € IDq}. (75)

Since z, ¢ dDgq (see and x(0) = « > 0), it holds: s, > 0. A schematic representation of v,
is given in Figure [l The parameter £ > 0 defining Dq is now fixed.

---- {(2/,3q) € ¥(B.(2)), such that x4 = x(2')}

Zd

Figure 4: Schematic representation of {(z',z4) € W(B.(2)), such that xg = x(z')} in the (z/,24)
coordinates (see the dashed line).

Step 2: Proof of (65)). Let us introduce g, = inf{t > 0, X¢ ¢ Do} the first exit time of the
process from Dq. Notice that when Xg = x € Q it holds e < DS, (since the trajectories of
the process are continuous). Consequently,

for all z € Q, Ey[rac] < Exlmpg]. (76)
For all local minima « € Dq of f, one defines

H(w) = inf { max 7(5(1)) [ € C°((0,1],D0), 7(0) =, 7(1) € Do} (77)

where CY(]0,1],Dg) is the set of continuous paths from [0,1] to §, and,
Hpax := max {H(:L') — f(x), = € Dq is a local minimum of f in DQ}.

From [49, Theorem 1], it holds, for all K C € and for all 6 > 0, there exists hy > 0, for all
h € (0’ hO)a

max Eg[mpe | < et (Hmax+0) (78)
zeK Q2
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..... {(2,z4) € ¥(B(2)), such that x4 = x(z/) }
— Ran(7x)

{f> f(z)}

Figure 5: Schematic representation of ~y, for z, € 0C; N OQ in the (x',xq) coordinates.

Let us mention that [49, Theorem 1] is not stated uniformly in compact subset Dg but this is
actually clear from [49, Theorems 3.2 and 4.1]. To prove and in view of , let us prove
that

H = min f — min f.
max 8Q f ﬁ f

Let z € Dq be a local minimum of f in Dg. Then, by construction of Do, z € . Hence

from x € 0Qorz € Cj for some j € {1,...,N}. If x € 0Q, then, from , and ,
it holds:

H(z) — f(z) < tgl[éa,)f} f(z+etng(z)) — f(z) < nalgznf - mﬁin f. (79)

Let us now consider the case when
x € C; for some j € {1,...,N}.

Let v € C°([0, 1], Dg) such that v(0) = x and (1) € dDg. Because v is continuous and C; C Dg,
there exists ¢, € [0, 1] such that v(¢,) € 0C;. Hence, one has:

max F(y(®) = f(v(t)) = min f. (80)

Let us now prove that there exists 7} < Tb, and v € C°([Ty,T3],Dq) such that v(T}) = =,
v(T2) € 0Dgq, and

max (7()) = min f. (81)

Case 1: 0C; N 0N contains a critical point 2, of f.
Let z, € 0C; N0 be a critical point of f. Since v.(—¢) € C; (see and (74)) and C; is
path-connected (because it is open, connected and locally path-connected), there exists a curve

Yo : [—2e,—¢] = C; such that y9(—2¢) = = and y(—¢) = V«(—¢). Let us finally define the
continuous curve v : [—2¢, s,] — Dg by:

for all t € [—2¢, —¢], y(t) = Y0(t), and, for all t € (—e, s4], Y(t) = 7«(t),
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where s, > 0 is defined by (75)). It then follows from together with the fact that Ran(vg) C
C; C {f < mingg f} that max;e[_o. ] f(7()) = f(z+) = mingg f. This proves in this

case.
Case 2: 0C; N JS2 does not contain critical point of f.

Because, by assumption (see , 0C; N 0N is non empty, there exists z, € 9C; N OL2. Notice
that from and (68), z. € 0Dq. In addition, since Onf(zx) > 0, for ¢ > 0 small enough,
¢1(z4) € Q (see (). Furthermore, because there is no critical point of f in a neighborhood of
2z, in R?, it holds for all ¢t > 0 sufficiently small,

floe) = 1) = [ tteeas == [9rPGaG)ds <o

Thus, from (71)), for all ¢ > 0 sufficiently small, ¢;(2) € C; (and since C; is stable for the
dynamics ({4)), ¢¢(24) € C; for all t > 0). Let us consider ¢, > 0 and a curve g : [-2t,, —t,] = C;
such that y(—2t.) = = and Yo(—t«) = @, (2¢). Then, one defines v : [-2t,,0] — Dg by:

for all t € [—2t,, —t.], v(t) = v0(t), and, for all t € (—t., 0], Y(t) = @—_¢(z«)-

By construction, it holds, maxc[_g, g f(fy(t)) = f(2+) = mingq f. This concludes the proof

of .
From , , and , one deduces that for all local minimum z of f in ©, H(z) = mingg f.
Together with and by definition of H,x, it holds

H = min f — min f.
max 8Q f ﬁ f

Then, and conclude the proof of Proposition ]

3.3 Proof of Theorem [2| and end of the proof of Theorem

End of the proof of Theorems[1] and[4 Let f : Q — R which satisfies the assumptions
and Let j € {1,...,N}, K be compact subset of Aq(C;) and = € K. Let z; be a local

minimum of f in C;. Let us write

Ex [TQC] = Ez |:TQC 1TBTh (zj)<TQC:| + Ex |:TQC 17—Brh(mj)27—gci| (82)

By the strong Markov Property,

R

Using Lemma/3]and Proposition [5] there exists ¢ > 0 such that for all & small enough and z € K,
it holds:
E, |:’TQC 1., h<z,><mc} = (1+ O(e_i)) x Eg;[1qe], uniformly in 2 € K. (83)
T J

Let us now deal with the last term in . Let Qk be as introduced in Proposition |§| (applied
with C(z,) = C;). Since Qx C Q, B, (zj) C Qk (for h small enough) and by continuity of the
trajectories of the process , it holds for A small enough and for all z € K,

{TBTh(zj) > T} C {TBrh(:rj) > TQPK}, when Xy = z.
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Consequently, and using the strong Markov property, for all € K, one has
Eq [mc 1TBrh<zj>2mC} < Ko [TQC 1, <zj>2m&} =Ee [1% (o 270 X [T“c]]

Then, using Proposition [6] (with z, = z; and thus, C(z,) = C;) and Proposition [14] (with the
compact set Qk there), there exists ¢ > 0 such that for all h small enough and all z € K, it
holds:

2 (mj —min=~ _c
E, [Tgc 1TBrh(Ij)ZTQCi| < I;lealz( Py[TBrh (z;) > TQ%] X ;2?2% E, [Tae] < e (minpq f—ming f) n,o (84)

uniformly in x € K. Thus, , , , and imply that for all A small enough and x € K,
it holds when j € {1,...,Ng}:

e 7 (minpg f—ming f)
©j1h™2(1+0(h) + ;2 (1+O(VR)
uniformly in x € K. When j € {No+1,...,N}, from , , and , it holds when h — 0:

E.[rqe] = Ea;j [TQC](l + 0(37%)) =

e%(minaa f—minc*j f)
E.[rqc] > S , uniformly in z € K.
93',1 h_§(1 +0(h)) + 82 (1+O0(Vh))
Finally, from , , , and the lines just after (| ., there exists € > 0, such that if
mmC f — ming f < g, the previous inequality is an equality which holds uniformly in z € K.
This concludes the proof of Theorem [2| and the proofs of items 2 and 3 in Theorem [I} The
proof of Theorem (1| is thus complete. ]

4 Appendix

Appendix 1. In this section, we show the optimality of the errors term O(v/h) and O(h) in
items 2 and 3 in Theorem [I} For that purpose, let us consider a function f € C*([21, 22], R)
such that {z € [z1,22], f'(2) = 0} = {z1, 21,2}, f"(21) <0, f"(2) <0, f'(z1) >0, f'(z2) <O,
21 < w1 <2<z, and f(z1) < f(z1) < f(22) < f(z) (see Figure[f]). Assumption [(HI)|is thus
satisfied with N = 1. The following formula holds for = € [z1, 22]:

E T(z1,22)° / / €h(f dtd f_/ / % )—F(®) dt dy. (85)

This formula is a consequence of the Dynkin’s formula: the function z € [21, z2] = Ey[7(., .,)c]
is the C*°([z1, 22], R) solution to
h d d
§e%f%(e*%f%v) = —11in Q, with v(z1) = 0 and v(22) = 0.
Notice that f;ll fzy1 en FW=F®) gt dy < (z1—2x1)?/2 because for t and y such that z; <t <y < 2,
it holds f(y)— f(t) < 0. Using a Laplace’s method, since the maximum value of t < y € [21, 22]
f(y) — f(t) attains uniquely is maximum at the point (z1, 2) € {t <y, (t,y) € (21, 22)?}, it holds
when h — 0:

2(F)~FO) g gy — mh 2(£(=)-F@) (1 4 O(R)).
/ / ‘ @)l o)
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Moreover, since the maximum value of y € [z1, 23] — f(y) is uniquely attained when y = z €
(21, 22), one has using again a Laplace’s method, in the limit h — 0:

2 vrh 2
enf = Y27 oinf(®) 1+ 0O(h)).
/21 | 7(2)] ( ()

Finally, since the maximum value of y € [z1,21] — f(y) is uniquely attained when y = z; €
(z1,71), f'(21) =0, and f"(z1) < 0, using Watson’s lemma, it holds when h — 0:

/xl 1 V7h
cRf _2_ VTR
21 2V/1f"(=1)]

where ¢ € R can be expressed in terms of the gamma function and the derivatives of f at z;. In

f

>

e (1 + eVh + O(h)),

conclusion, it holds in the limit A — 0O:

7 (f(z)=f(x1))

h

Balries el = (14 eV + O(h)) = |
VI (@)]f"(z1)]

which that shows that the error term O(v/h) in Theorem [1|is optimal. If we now assume that

f'(z1) < 0, we obtain that, using a Laplace’s method, when h — 0:

Lt evh+ O(h) 2 (se)-p(o).
©2,1

1, h 2
sf — #f(=1)
enl = en 1+ O(h)), for some ¢ € R.
/21 2’]“(21)‘ ( ( ))

and thus, in the limit h — 0:
ho e (f(z1)—=f(z1))
EI[T(zl,zz)c] = ; 7 (
|/ (z0)[ v/ f (1)

which shows that the error term O(h) in Theorem [1]is optimal.

1+ 0(h) = Vh (H@O(h)) (UG -T),
1,1

z

Figure 6: A one dimensional case is satisfied with N =1 (0C; NOQ = {z1}).

Appendix 2. In this section, we discuss the strong tunnelling effect which occurs when a
well C; of f in €2 is much deeper than the other wells C;, j # . To this end, we consider a function
[ € C®([z1,22],R) such that {z € [21,22], f'(2) = 0} = {z2,2,m1}, 21 < 11 < 2 < 33 < 29,
f'(z) <0, f(@1) >0, f'(x2) >0, fi(22) <0, f'(z1) > 0, and f(z1) < f(22) < f(z1) =
f(22) < f(2). Such a function f is represented in Figure |7} It thus holds f(z2) = ming f >
ming f = f(x1), and {f < mingg f} has two connected components: C; containing z1 and Co
containing z2. Moroever, [(HL)|holds with Ng = 1 < N = 2. When f(2) — f(22) > f(z1) — f(z1),
one has, using Laplace’s method in ({85):

}lli_rﬁ)hln]Ex2 [7'(21722)5] = Q(f(ZQ) - f(xZ))’
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whereas, when f(z) — f(z2) < f(z1) — f(z1), it holds:

lim hInEq, [7(;, 2p)e] = 2( f(21) — f(z1) = (f(2) — f(22)) )-

h—0

We thus observe that when f(z) — f(x2) < f(z1) — f(z1), even if C; NCqy = (), a strong tunnelling
effect between the wells C; and Cs occurs. Let us mention that the conclusion remains unchanged
if f'(z1) =0or f'(22) =0.

Remark 15. In the example depicted in Figure @ it has been proved in [30, Theorem 2], that
limpohlnA;p, = —2(f(21) — f(z1)) and limpyohIn gy, = —2(f(22) — f(z2)). Thus, when
f(Z) - f(x2) < f(zl) - f(xl)/' Joralli € {17 2}; limj, 0 hlnExz [7(21,22)6] # limy, 0 hIn >‘i_1'

Figure 7: A one dimensional case when holds with Ng =1 and N = 2.

Acknowledgement. The author is grateful to Dorian Le Peutrec for fruitful discussions, espe-
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