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On the Hilbert Method in the Kinetic Theory of Multicellular
Systems: Hyperbolic Limits and Convergence Proof*

Mohamed Khaladi, Nisrine Outada‘and Nicolas Vauchelet?

July 26, 2019

Abstract

We consider a system of two kinetic equations modelling a multicellular system : The first
equation governs the dynamics of cells, whereas the second kinetic equation governs the dynamics
of the chemoattractant. For this system, we first prove the existence of global-in-time solution.
The proof of existence relies on a fixed point procedure after establishing some a priori esti-
mates. Then, we investigate the hyperbolic limit after rescaling of the kinetic system. It leads
to a macroscopic system of Cattaneo type. The rigorous derivation is established thanks to a
compactness method.

Keywords Kinetic systems; Hyperbolic limit; Averaging lemma; hyperbolic limit.

1 Introduction

Our paper deals with derivation of models suitable to describe the behavior of multicellular systems
from their description at the microscopic scale delivered by models derived by suitable generalizations
of the kinetic theory. This problem can be viewed as a possible generalization of the celebrated sixth
Hilbert problem [§] which has been object of several interesting contributions in the classical kinetic
theory. The literature in the field is documented in the review papers by Perthame [19] and Saint
Raymond [20]. As it is known, the time-space scaling can be referred to the so called parabolic
and hyperbolic limits or equivalently low and high field limits. The parabolic limit leads to a drift—
diffusion type system (or reaction—diffusion system) in which the diffusion processes dominate the
behavior of the solutions. The hyperbolic limit leads to models where the influence of the diffusion
terms is of lower (or equal) order of magnitude in comparison with other convective or interaction
terms. Accordingly, different macroscopic models are obtained corresponding to different scaling
assumptions.

The derivation of macroscopic equations from the kinetic theory description was introduced for
dispersed biological entities in the pioneer paper [I7] and subsequently developed by various authors
as witnessed in the bibliography of the survey [4]. An interesting application has been the derivation
of Keller-Segel type models. A broad bibliography has been produced on this challenging topic
as reviewed in Sections 5 and 6 of the survey [5]. The rationale of the approach proposed in [17]
consists in deriving a kinetic type model corresponding to the transport equation where the collision
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operator, namely the right hand side term of the kinetic equation, is perturbed by small stochastic
term modeling a poisson velocity jump process. The small parameter corresponds to the entity of
the perturbation, while an expansion of the dependent variable is developed in terms of powers of
the said parameter. Very recent applications have been delivered in [2] [6, [1§].

This approach is useful even when it developed at a formal level as it leads to interesting models
at the macroscopic scale based on models of the dynamics at the microscopic scale rather than
on artificial assumptions to close mass and momentum conservation equations. However, as it is
known, most of the literature is developed at a formal level, where ad hoc assumptions are needed
to prove convergence of the aforementioned power expansions. The derivation of hyperbolic models
involves additional problems on the convergence of Hilbert type expansions technically related to
loss of regularity. Indeed, this is the main challenge of our paper which is tackled in four sections.
In more details, Section 2 presents a kinetic theory model of cross diffusion phenomena, where an
hyperbolic scaling is is used to include propagation phenomena with finite speed; a binary mixture
is accounted for and the statement of the initial value problem is delivered. Section 3 develops a
qualitative analysis of the initial value problem and ends up with a local, in time, existence result
and with the extension to arbitrarily large times. Finally, a convergence proof of an Hilbert type
expansion is delivered in Section 4, however, due to technical difficulties, we restrict ourself to one
dimension.

2 A kinetic model of chemotaxis

In this section we recall briefly the kinetic model presented in [I8]. For this aim, let f(¢,z,v) and
g(t, z,v) denotes, respectively, the density of cells and of the chemoattractant, depending on time ¢,
position z € R? and velocity v € V C R?. Then our kinetic model of chemotaxis reads:

8tf+vvxf:L(gaf)a

Oig+v-Veg=1(g)+G(f,9),

(1)

where the perturbation turning operators L and [ model the dynamics of biological organisms by
velocity-jump process, and are integral operators defined by

L(f) = /V (T(v,v’)f(t,a;,fu’) — T(U’,U)f(t,a;,v)) dv', (2)

I(f) = / (K(v,v')f(t,a:,v') — K(v',v)f(t,x,v)) dv’, (3)
1%
while the operator G(f,g), which describe proliferation/destruction interactions, is given by

G(f,9) =a(f) —b{g), 4)

(
where a, b are real positive constants, and (-) stands for the (v)-mean of a function, i.e (h) := / h(t,z,v)dv
v

for h € LY(V). The turning kernels T'(v,v’) and K (v,v’) describe the reorientation of cells, i.e the
random velocity changes from the previous velocity v’ to the new v. Moreover, it is assumed that
the set of admissible velocities V is a spherically symmetric bounded domain of R? with V C B,
(the ball of radius v > 0). This corresponds to the assumption that any individual of the population
chooses a direction with bounded velocity.



As it is mentioned in the introduction, our contribution in this paper will be the rigorous deriva-
tion of a diffusive type model for movement of chemotaxis, obtained as a hydrodynamic limit of the
kinetic model (IJ). In detail, let us assume a hyperbolic scaling for the first population:

xr —>ex, t— et (5)

where ¢ > 0 is a small parameter which will be allowed to tend to zero. In this way we obtain from
(@) the following scaled kinetic equation

Opfe +v-Vufe = %L(gaa fe)s

0¢ge +v-Vyg: = l(ga) + G(favga)'

(6)

In addition we assume that the operator L admits the following decomposition:

L(ge, fe) :Lo(f€)+€Ll(ga7fa)7 (7)

where the perturbation turning operators L° and L' are linear integral operators with respect to f-,
and reads:

L(f.) = /V (T, ) fo(t, z,0") = TO(W ) fe(t, @, v)) d/, (8)

Ll[ga](fa) = /V (Tl[ga](v,v')fa(t,x,vl) - Tl[g](vl,v)fa(t,x,v)) ', 9)

while the operator [ is still defined by Eq. (B]). In this work we consider the following turning kernels
79 T, and K given by

100) = (Lt [ vovde=vin, (10)
1%
2
Tl[g](v,fu/) i v (< ge >), (11)
Vi |V :
K(v,v'") = 7 (12)

125
where 19, i1, pi2, 0 are real positive constants, a is a mapping R — R? and |V| denotes the
volume of V. Notice that since V' is assumed to be spherically symmetric, the constant ~ in (0] is
well-defined.
With these considerations and after a straightforward calculation we obtain the following kinetic
system, we refer to the paper [I8] for more details,

8tf€+v'vmf€:%(FJg_f€)+ﬂl <|,’17€|_f5>

—p2? (% - Uf€> -a(S:), (13)

S,
Otge +v-Vyge =0 <|7€ - ga) +an. — bS;,

where:



e The local densities n.(t,x) and S-(t,x) are defined by
ne(t,z) = / fe(t,z,v)dv, and Sc(t,x)= / ge(t, z,v)dv,
1% 1%
while the flux function J. (¢, z) fulfills

Ja(t,a:):/vvfa(t,a:,v)dv.

e The equilibrium function Fj_(t,z,v) is assumed to be a linear combination of 1, vy, ..., vg:
1
FJg(t7x7U) = m (na(t,x)+’y2JE(t,x) ’U) : (14)

This equilibrium function is such that (see (I0) for the definition of )
/ Fj (t,z,v) dv = n.(t,x), / vEy (t,x,v)dv = J(t,x).
1% \%

This system is completed with initial condition

fe(0,2,v) = ff(az,v), and g:(0,z,v) = gg(m,v). (15)

3 Existence result

The existence of solutions to kinetic models of chemotaxis coupled to parabolic or elliptic system for
the chemoattractant concentration has been studied in several papers (see for instance [7, 10, [13],24]).
However, the study of coupled kinetic systems like Eq. (I3]) is less common.

The aim of this section is to study the Cauchy problem (I3])-(I5]) for fixed € > 0. More in detail
we will state and prove an existence and uniqueness result for the kinetic model (I3))-(I5]) in Theorem
The proof is based on a fixed point procedure, after establishing some a priori estimates.

We now introduce some notations which will be used throughout this section: Xp := L*((0,7T) x
R? x V) stands for the Lebesgue space of essentially bounded measurable functions, with norm given
by

1fllpee = inf{C’ > 0; |f(x)] < C for almost every (t,z,v) € (0,T) x R? x V} ,

and we have analogous definitions for Lg°, Ly, and LZ°,. Moreover, we define X; the subspace of

X7 with nonnegative functions.
We assume that « is a bounded and globally Lipschitz continuous function on R: There exists
Qoo > 0, Ly > 0 such that

v51,52 S R, Ha(Sl)H § (67 Ha (Sl) — (52) ” § La‘Sl — SQ’ (16)

Definition 3.1 We say that f is a weak solution of (I3B)-({H) on Xr for T > 0, if f € X and



satisfies

/ (Orp +v - Vyp) fdrdudt = _K (Fy — f) pdxdvdt
(0,T)xRexV € J(0,T)xRixV

_m/ <l_f>(’pd;pdvdt—/ Oz, v) 90, 7, v) ddy
(0,T)xRdxV |V| RdxV

+pay? / <i — vf> -a(S) pdzxdudt,
(0,T)xRIxV ‘V‘

/ (Orp + v - V) gdrdudt = —O'/ o g | o dxdvdt
(0,T)xRIxV (0,T)xRIxV |V|

—I-/ (an — bS) ¢ dxdvdt — / ¢°(x,v) (0, z,v) drdv,
(0,T)xRixV RidxV

for any test function ¢ € D([0,T) x R¢ x V).

We now state the main result of this section.

Theorem 3.2 (Existence of weak solutions) Let (f°,¢°) € L3, x L3, be nonnegative and as-

sume that « satisfies assumption ([I6). Then the Cauchy problem ([I3)-[I5) has a unique global weak
solution (f,g), with (f,g) € XF x XF.
Morcover, if (f°,g") € LL, x Li,, then for any ¢ € [0.T), £t~ )lzs, = 1f%lzz, and

z,v

gt~ ey, = 2100y (1 — e V1) 4+ g0y e~UVI.

The proof of Theorem is divided into several steps. We first establish some a priori esti-
mates thanks to a characteristics method. Then, applying a fixed point procedure, we establish the
existence of a local in time solution. This solution can be extended for arbitrary time 7" > 0 and
therefore we get a global existence result.

3.1 A priori estimates

We start with the following a priori estimates.

Lemma 3.3 (A priori estimates) Let T > 0 and suppose that « satisfies assumption (I0). Let
(f2,4°) be given in L, x LY, Let (f,g) be a weak solution of [I3)-[E) such that (f,g) € X x XF
and (Vo f,Vag) € X718 x Xp?. Then (f,g) satisfies the following estimates:

0
Inllees, + 11 lIxr < Cull o lLge, (17)
1S1lzgs, + lgllxr < Co(llF0llrgs, + 119° Iz, )- (18)
Furthermore, if the initial data (f°,9°) € Ly, x Ly, then we have, Vt € [0,T], ||f(t,-, )z1 =
”fOHL;,UJ and
a _ _
lg(t )y, = gIIfOHL;,u(l — e VI |60 Ly eIV

Moreover, if the initial data are given in Wml{,x’ X W%fo and assuming that o € C*(R), then

IVanll iz, i+ IVaFllgepys < OV F N oo,y + 190z, y0)- (19)

1928 gyt + 190l epyt < GV N aseny + 126 g, y0)- (20)
where the constants C;, i = 1,2,3,4, are independents of time T > 0.



Proof. 1. First we begin with the proof of Eq. (I7)). For this purpose we write the first equation
of system (I3)) in the following way

O0f+v-Vof + Kf = Ry, (21)

where the functions K and R; are given by

Ho

K="+m~- pay?v - a(S), and Ry = %FJ + 22 iy T - a(S), (22)

V]

where the expression of Fj is given in (I4]). Integrating (2II) along the characteristics, we get

0
f(t,z,v) = exp </t K(r, fT,v)d7'> Oz — tv,v)

t s
+/ exp </ K(r, %T,fu)d7'> Ri(z,7s,v)ds,
0 t

where we set T, = x + (7 — t)v (this notation will be used throughout this section). Moreover, using
assumption (I6]), for each 0 < s <7 <t < T we have

(23)

|K (7, %7,0)| < % + p1 + 200y V. (24)

It follows s
exp </ K(r, ET,v)d7'> < AT < 0. (25)
t

According to Egs. ([23]) and (25]) we write

t
ft,z,v) < Cof(x —tv,v) + 02/ |R1(s,Ts,v)|ds. (26)
0

We estimate the last term of the right hand side of the later inequality as follows:

! Ho H1 ¢
Ri(s,xs,v)|ds < —+—>/ns,§5 ds

2 t
HoY Vv 2 ~
+ + posoy >/ J(s,x5)|ds
<E,V‘ ; | J(s,Z5)]

2.2 t
Ho M1 HoYV 2 ~
S|\t + + ,Ts)d
< [0y o e seow®] [ e

t
<Gy [ (s, oz .
0

Injecting this last estimate in (26)), we obtain

t
f(t2,0) < Coll fOll s, + Ci / (s, | sge ds. (27)
0

An integration with respect to v provides

t
In(t, ez < ColVINfOllLgs, + C4|V|/0 I72(5, )| ge dis- (28)



Therefore, applying Gronwall’s inequality we get

In(t, Mz < Ol Nz, -

(29)

Using Eq. (27) together with (29)), we obtain a similar bound on f in L2°,. This completes the

proof of the first assertion (I7]).

2. The proof of (I8)) is straightforward and follows the same ideas as of estimate (IT). Indeed,

we have
Og +v-Vyg+0og= Ry, where Ry = (% —b> S+ an.

Integrating along the characteristics, we get
¢
g(t,z,v) = e g% (x — tv,v) +/ e Ry(s, T )ds,
0

and easy computation yields

t
o(tew) < e —tv,)+ / |Rols, %) |ds
0

t t
HgOHL;?v I B / |S(s,Ts)|ds + a/ In(s,Zs)|ds
14 0 0

o t t
< ez, + W‘b‘ e s+ [t oz ds.

According to ([I7)) we can write
In(s, Mz < CrllFllLgs,

hence, from ([B2)) it follows that

t
6(t,2,0) < 8%l 1ss, + Ca )l z2s, + Co /0 15(s, ) zee ds.

Integrating over V', we obtain

t
St,x) < Vg’ llzze, + CLIVIIF g, + CzIVI/O 15 (s, lzge ds,

(30)

(31)

(32)

(33)

(34)

and we estimate S thanks to Gronwall’s inequality and we conclude the proof of (I8) with (33)).

3. Assuming the initial data in L}c,v,

£t ), = 1)Ly - Integrating the second equation in (I3), we get

d
gl ey, = alVII£l, = olVIllglt, -, )iz, -

We obtain the desired estimate by integrating in time this later identity.

4. We now prove (I9) and (20). To begin with, we rewrite (I3)) in the following way

Of+v-Vof + Kf =Ry,
Og +v- Va9 = Ry,

where the functions K and R; are defined by

~ _ Mo
K=— — =
€ vl Vi

» 2
+ p1, and Rlz%FJ—’_Mln MZ’YJ‘CV(S)‘FNTYzU‘a(S)fy

we have by integration of the first equation in (I3)):



while Ry is still given in ([B0). Therefore, we obtain
_ t _
ﬂuxw)ze%Kf%x—t%v%+/i4*”KRN&%@UM& (37)
0

and .
g(t,z,v) = e g%z — tv,v) —I—/ e Ry(s, T, )ds. (38)
0

Let i € {1,...,d} be arbitrary but fixed index, and for a generic function h we denote by h; the
partial derivate d,,h. Hence, from (B7) and (38) we get

_ t N _
fi(t,x,v) = e_thiO(x —tv,v) +/ e(s_t)K(‘)xi (Rl(s,fs,v)) ds, (39)
0

and .
gi(t,z,v) = e_t”g?(:n —tv,v) + / e(s—“”ami (Ra(s,%s)) ds. (40)
0

We now estimate separately f; and g;. From (B9)) it follows that

¢
|fi(t,z,v)| < Hfio”L%,’u +/0

O, <]§1(s, Zs, U)) ‘ ds. (41)

We have

H1 ni(s, fs)

8%- (él(svzsyv)) ‘V‘

N % (ni(s, Ts) + 72 Ji(s,@s) - v) +
2 2

_ %Ji(s,fs) o (S(s, 7)) — %Si(s,:fs)J(s,fs) o’ (S(s,7s))

+ poy?v - a (S(s,Ts)) fils,Ts,v) + pay?Si(s,Ts) v - (S(s,%s)) f(s,%s,0)

po | M - poy?v  pey? ~ - )
= <m + m) ni(s,Ts) + < SV Woz(S(s,%))) -~ Ji(s,Zy)
B30 (50) - (805, ) o (6,720 s o)
+ 127 Si(5, Ts) v - o (S(s,%s)) f(s,5,0).
We introduce the following notations
) = [ sz, and - 5(s) = [ a0l (43)
In this way we have
Ini(s, Ts)| < mi(s), |Ji(s, )| < vii(s), and |Si(s,Ts)| < Si(s). (44)
Then from (@2)) we immediately obtain
Dy, (El(s,fs,v))‘ < Chiig(s) + CoSi(s)|[n(s, )| oo )
+ Cs fi(s, )|z + CuSi()I £ (s, )l ge, -
According to (7)) we have
In(s: Mz < CullfOllizs,» and  [1f(s,)lles, < CallPllngs, (46)



Therefore, using (45]) we deduce that

i (El(s,%’s,v))‘ < Cyiii(s) + CaSi(s) + Cal fi(s, -, )| ge - (47)

This last estimate together with ([4I) allow to write

Itz < U0z, + O [ () + 8i6)) s +.Cs [ MAGorlsds. (49
The estimate on g; can be done similarly to assertion (@8]). Indeed from Eq. (40) it follows that
otz < I, + [ 1w (Rato 7). (19
and we compute the first partial derivative of Ry as follows
Or, (Ra(s, 7)) = (% - b> S+ (50)
Hence
Oy, (Ra(s, 7)) < % - b‘ Si(s) +7i(s). (51)

Taking Egs. ([@9) and (&) into account we deduce that

o)l < ol + [ (7us) + i) s (52)

Next integrating, with respect to v. Eqgs. (@8) and (52]) and adding the resulting inequalities, we
can write

~ t ~
(1) + 5.0 < €1 (If90sz, + I9Plsz) + Co [ (7o) + i) . (53)
Therefore, in view of Gronwall’s inequality, equation (53)) yields
[ni(s, @)] + 19:(s,2)| < i(s) + Si(s) < Co (I nse, + 1197 zse, ) (54)

and a similar estimate is obtained for f; and g; using (@8], (52) and (54). This complete the a-priori
estimates. 0

3.2 Proof of Theorem

We are now in position to prove the existence result. The idea of the proof follows standard tech-
niques consisting in, first, proving local in time existence by a fixed point procedure, second, iterating
this process to obtain global in time existence.

For the local in time existence, let T' > 0, we introduce the map
FiXr— X,  fr—= F(f) = F(F(f))

where G = Fi(f) is a weak solution of the following problem:

0:G+v- V.G = <|V| >/de+an—JG
G(0,z,v) = ¢(z,v) € L,



with the notation n(t,x) fv f(t,x,v)dv, while the functional Fy is defined by: F = Fa(g) is a
weak solution of

Z?tF—i-v-VxF:@ i</ de+’y2/dev-fu>—F]
e [V \Jv v

1 1
+ 1 —/de—F) Loy < /’UFdU—’UF)%)é(S),
Vi Jy Vi
F(0,z,v) = fO>z,v) € LY,

with S(t,z) = [, g(t,z,v)dv. Existence of solutions for these two linear systems is now standard.
It is clear, adapting the techniques of Lemma [33] that F; and F5 map X into itself. Our objective
is to show that F defines a contraction on X7 for T small enough. Let fi; and fo be given in Xrp,
then we have the following result:

Lemma 3.4 For T > 0 small enough, there exists a constant C1(T) < 1 such that

[F1(f1) = Frlf2)ll xp < CLDf1 = fallxr- (55)
Proof. We set G2 = Fi(f1) — Fi(f2), then we have

0:G1o +v -V ;G1o = <% — b> / Giodv — 0Go + a(m — ng), (56)
1%

with the notations n;(t,z) = fv fi(t,x,v)dv, i = 1,2. Analogously to the proof of Lemma 3.3, we
write identity (B6) in the following way

0:G12 +v -V G12 +0G12 = Ry, (57)
where
R1 <|V| > / Glgdv + a(m — ng) (58)
Moreover, from equation
d ~ s—t)o ~
T (e(s_t)UGlg(s,:Es,v)) =571 Ri(s,Ts), (59)
it follows that .
Gro(t,z,0) = / =09 R (5.7.)ds. (60)
0

(We recall the notation Z; = z + (s — t)v ) Since e(5717 < 1, for all 0 < s <t <T we deduce from
(60) the following estimate

t
Gt 20| < / IR (s, )| ds. (61)
0

However, we have

Ri(s. )] < \ - b\ VI Gia(s, Wz, +alVII — follx
\4 ’ T (62)
= C1 |Gr2(s, ) lLge, + C2 |1 — follxo-
Using this last inequality in Eq. (61]) we get
t
Gha(t, 2, 0)] < / Cr [1Gra (5, e, ds + Co | f1 — ol (63)
0

and the Gronwall lemma gives the desired estimate (53]), which finished the proof of Lemma B4l
Now, let us introduce g1 = F1(f1) and go = Fi(f2). Then we claim that:

10



Lemma 3.5 For T > 0 small enough, there exists a constant Co(T) < 1 such that

1F2(91) = Fa(g2)ll x, < Co(T)ll91 — 92l x4+ (64)

Proof. The proof of Lemma follows the same techniques as in the proof of Lemma B.4] but
with more technical difficulties. To begin with we set Fia = Fa(g1) — Fa(g2), then we have

2
0o +v -V Fp = M/ Fiodv + m/ vFadv - v
elV] v Vi
2
—ﬂ ’UFlgdU . 04(51) N2’Y / ./."2 gg d’U ( (Sl) — 04(52)) (65)
Vi v v

- <% " m> Fig + pay*vFia - a(S1) + py*vFa(g2) - ((S1) — a(Sa))

with S;(t,xz) = fv gi(t,z,v)dv, i = 1,2. We introduce the following notations

K= @ + ‘% — pay’v - a(Sh),

and

po + Ep H27
R = == / Fiadv —|— / vFedv - v — UF12dU : 04(51)
E\V\ v \V! \V\

/ﬁ;j / Falg2)dv - (1) — a(52)) + #2721)]:2(92) (a(S1) — a(S2))

In this way we can write identity (65]) as
OyF12 +v -V F1a + KFi2 = Ry. (66)

A simple calculation shows that

Fio(t, z,v) = /0 t [eXp ( /t K(r :fq-,v)d7'> Rl(s,:fs,v)} ds, (67)

and in view of estimate exp ([, K(7,2-,v)dr) < €T, we deduce from (67)) that
t
Fra(t, z,0)| < eOT / Ra(s, 5, 0)|ds. (68)
0

Moreover, it is easy to see that

|R1(s,Zs,v)| <Conia(s,Ts) + Csna(s, Ts) |a(S1(s,Ts)) — a(Sa2(s,Ts))|
+ CuFa(g2)(s, Ts, v) [a(S1 (s, Ts)) — (Sa(s, Z))]

with the notation nis(t,z) = [;, Fia(t,z,v)dv and no(t,z) = [;, Fo(g2)(t, x,v)dv. Using Lemma B3]
together with the assumption (I6]), we get

|Ri(s,%s,v)] < Calnia(s, o)l + Cs[| fllLes, LallS1 — Sallee, (69)
We remark that
In12(s, @) < [VI[[[Fi2(s, )l zge, » (70)

11



and

151 = SallLge, < [VIllg1 — g2llx4- (71)
Then from (68), (69), (70) and (7I) it follows that
t
[ Fi2(t, -, )l Lge, < eclT/ |Fia(s, )| Lee, ds + TCse“ |l gr — g2l xr (72)
0
and we conclude the proof of Lemma using Gronwall inequality. 0

The local existence in Theorem follows from a direct application of the Banach fixed point the-
orem since F is a contraction on X7 for T" small enough. This gives existence of a unique solution
on [0, T] for small enough 7. Thanks to a priori estimates in Lemma [3.3] we may iterate this process
to extend the solution on [T, 2T, then on [2T,3T], ... It concludes the proof of Theorem 0

4 Hyperbolic limit

Derivation of macroscopic model from the underlaying description at the microscopic scale, provided
by the kinetic theory of active particles, is the subject of a growing literature. In [7, 12} [14] [4} 211 15]
it has been proved that the Keller-Segel [5] model can be derived as the limit of a kinetic model
by using a moment method. The hyperbolic limit is considered in [I1], Bl [16] leading to the same
kind of macroscopic model with small diffusion. More recently these results have been extended in
[18] dealing with the coupled kinetic system (I3]). As a consequence a formal derivation of a class of
hyperbolic equations of Cattaneo type is obtained. The aim of this section is to purpose a rigorous
proof of the formal derivation of the hyperbolic limit performed in [I8]. However, due to technical
difficulties, we restrict ourself to the one dimensional case, d = 1.
The main result can be stated as follows.

Theorem 4.1 LetT >0, d =1, andV a symmetric bounded domain of R with~* = |V | ( [;, v? dv)_l.
Let (f°,¢") € (L;lw ﬂLgf’v)z be nonnegative and assume that o € C*(R) satisfies (I6). Let (f-,g-) be
the unique nonnegative weak solution of the scaled Cauchy problem ([I3) on [0,T]. Then there exists
a subsequence, denoted in the same way, and a couple (f,g) such that

fe=f g-—g inLi,,. (73)

In addition, the moments

n:/f(v)dv, S:/g(v)dv, J:/vf(v)dv, (74)
\% \% 1%
satisfy the following macroscopic system
O] + 50um = —p1J + pan a(S) (75)
8@4—@%920(% —g) +an — bS.

Moreover, the asymptotic limit [ satisfies
1

f= v (n +72Jv) . (76)

12



The first two equations in system (75]) form the so-called Cattaneo system for chemosensitive move-
ment [9, 23]. Hence a direct consequence of this Theorem (and Theorem [3.2]) is the existence of a
solution for the one dimensional Cattaneo system.

Since the last equation has not been rescaled, it cannot be rewritten as a closed system with
macroscopic variable. However, we deduce from the last equation in (75]) that the moments S = (g)
and ¢ = (vg) verify the (non-closed) system

S + 0,q = an — bS, g + 0:Q(g) = —oq,
where the second order moment @) is defined by Q(g fv veg(v)dv.
4.1 Uniform a priori estimates
We start with the following a priori estimates uniform with respect to € > 0:

Lemma 4.2 (A priori estimate in Li’v) We suppose that we are in the conditions of theorem
[41 Then the following estimate

1O, + 90125, < @ (15, + 9%z, ) (77)

holds true for a.e t € (0,T), where the constant C(T) is independent of .

Proof. We multiply the first equation of system (I3)) by f.

1 1
2 (8tf52 +U8£Bfg2) Fo |:’V’ (nefs + Jey 'Ufe) fa:| + H1 <‘V‘ f52>
_M272 < |§/!v}]€ - Uf€2> OZ(SE),

and integrate over V to obtain

(o e o) -2 [ e
Wl(!V\ /fgd’v> p2y (ﬁfﬁ —/vvffdv> a(Se). (78)

Let us introduce the symmetric and the anti-symmetric part of f. as follows

L) =
) =

(fa(v) + fa(_U)), v eV,
(f-(v) = fo(=v)), veW.

N~ N

Since V is symmetric, it follows that

fe Zfas—kff, ne = / de /Vv EAdv, (79)

/fedv—/ 5) dv+/ (f24)° do. (80)

and
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Using (78))-(80), we have

(@/fgw+ah/ugw>: |V|</de>-—/V(Jf)Qdu
+%%</ﬁjﬁw><—/(ﬂ) ] (81)
[ ] o (o)

and according to Cauchy-Schwarz inequality we have

(/ fsdv> <1 [ (#2)7av, (/ Adv>2§12 R (2)

By combining equations (§I]) and (82]) we get

1 2 2 o o [ Jene _ 2
5 <8t/vf€dv+8x/vvf€dv> < —poy < 4 /vvfedv> a(S:). (83)

Moreover, we have

—poy? <J€n€ —/ ’vffd’v> a(Se) = pmey’als:) (/ v f2dv - J€n€>
V| v v \4

2
< 2V, </ dv + —>
e {J, 4

and using (82), we obtain

_,lL2’72 JEnE—/’UfgdU Oé(Ss) < 2#2’721/()400/fa2d'0- (84)
V] v 4

Hence, from (83]) and (84]) we get

@/ﬁm+m/ﬁﬁmgc/ﬁm,
\% \% \%

and integration over z € R? yields

d
SN, < LR, (85)

To derive a similar estimate for g. we multiply the second equation of system (I3]) by g. and we
integrate over V to obtain

2
(@/ g2dv + 0, vg2dv> =0 <|57€| - /Vggdv> + an.S: — bSZ.

Using the Cauchy-Schwarz inequality we can write
1 Vv
§<8t/g€2dv+8m/vg€dv> < il |/f€d —|— +b |V|/
\%4
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and integration over the space variable x € R gives

d
S0z, < alVIIL®IZ;, + (@ +2D)VIlg (0 . (36)

Let us now combine equations (85]) and (86]) to get

d
=IO, +lo-0)132, | < € [I£0IE:, +l9-(1)13, | -

We conclude the proof thanks to a Gronwall’s inequality. 0

4.2 Convergence by compactness

According to Lemma 2] the sequences f., g are bounded in L (O,T ; L%v), hence there are
bounded in L%,x,v‘ Accordingly, it follows that there exist two subsequences, denoted in the same
way, and f, g € L?  such that

t,x,v

fe= [ ge—g in Li,,. (87)
Moreover, we have

S,
O01ge + 10,9 = 0 (,—‘;‘ — g€> +ane — bS, € wa. (88)

Hence, according to averaging Lemma, see for instance [20] Proposition 3.3.1, we have
/ g=(v) dv = S is uniformly bounded in L? (0, T; H%(R)) . (89)
1%

Integrating equation (88)) with respect to v, we deduce clearly that 9,5, € L? (O,T; W‘lvl(R)).
Moreover, for each compact K C R, we have the embeddings (see e.g. [I])

H3(K) — L*(K) — W Y(K). (90)

compact

From Aubin-Lions compactness Lemma (see [22]), we deduce that the sequence (S;). is relatively
compact in L? (O,T; L*(K )) Hence we can extract a subsequence, still denoted (S:)., which
converges strongly towards S in L? ((0,7) x K). By uniqueness of the weak limit, we have that

S = [, g(v)dv.

However the convergence is global:
Se =S in L7,. (91)

Indeed, for any compact [-R, R] C R we may extract a subsequence (S¢). such that S; — S strongly
in L?([0,T] x [~ R, R]), and we know that S. = [, g-(v) dv where

2 2 2 2 2 2
@L%+%WW&AME+MMSCL%+%WL

Multiplying by a function z + ¢(x) € C*(R) with bounded derivative and integrating, we deduce

G| [ @edoda <o [ [ 2ot [ [ o+ @) ana @)
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In order to pass from local to global convergence, we need to prove that we have a bound on the
tail at infinity. Let us show that (S;). is a Cauchy sequence in Lim. We compute

T T R T
/ / S, — Su|*dedt = / / 1S, — Su|* dxdt +/ / 1S, — S.|? dadt.
0 R 0 —R 0 R\[-R,R]

From the above result, we know that the first term of the right hand side goes to 0 as €,&/ — 0.
For the second term, let us consider ¢ € C*(R%) such that 0 < ¢ < 1, ¢(x) = 0 for |z| < 1/2 and
¢(x) =1 for |z| > 1. We define ¢r(x) = ¢(xz/R). Then, we have

T T
/ / |S. — Su|? dadt < / / |S. — Su*pR dxdt
0 JR\[-R,R] 0 JR\[-R,R]

T
<2 [ [ (5P +IsPron o
0 R

Let us now use estimate ([@2) with ¢p, since ¢z(z) = £¢'(x/R), we have

dt// (f2 + gZ)¢n dwdv < C // (f2 + g2)pr dadv
/ / (f2+ ¢3¢/ (z/R) dzdv.

Applying a Gronwall Lemma, we deduce that

[ [+ sonasivs e ([ [ 2+ iomaeao + L),

Since the initial data f° and ¢° are given in L2 v and ¢r(x) = 0 on Bp/y, we deduce that the left
hand side goes to 0 as R — +oo, uniformly with respect to . Thus,

/OT/R(‘SJQ + (S [*)pr dadt < |V| /()T/R/v(fg + 2)bp drdudt

goes uniformly to 0 as R — +oo. We conclude that the sequence (S:). is a Cauchy sequence in
L%([0,T] x R). 0

4.3 Proof of Theorem [4.7]

Multiply the first and second equations of system ([I3]) by 1 and v respectively, and integrate over
V to obtain the following system

8tng + 81'J€ - O
8t=]€ + 890/ U2fe dv = _,ule + ,u2’72/ 'U2f€ dUOé(SE) (94)
1% 1%

01ge +v - Opge = 0 (\V\ > + an. — bS;..

We have
fe(t,z,v) = f(t,x,v) and g.(t,z,v) = g(t,z,v) in Lixvv' (95)
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Therefore, since the set of velocities V' is bounded, we deduce

ne(t,z) = n(t,z), Je(t,z) = J(t,z) in L%x, (96)
Sc(t,z) — S(t,z), q(t,z) —q(t,z) in Lim, (97)
/v2f5(t,a:,fu)dv 4/ v f(t,z,v)dv in Lim, (98)
1% 1%
/Vv2ge(t,x,v)dv - /szg(t,:n,v)dv in Lix, (99)
when ¢ tends to zero. However, according to Section we have
a(S:(t,x)) /‘/U2f€(t,x,v) dv — a(S(t, x)) /‘/U2f(t,a;,fu) dv in L%x. (100)

Hence, by passing to limit in ([@4]), in the sense of distributions, and taking into account Egs.

([@6)-(I00), it follows that

om+0,J =0
8tj+ax/ v fdv = —M1J+M2’Y2/ v fdva(S) (101)
1% g v

To identify the term fv v2f(t, z,v)dv, we multiply the first equation of system (I3]) by € to get
€atf€(t7 xz, U) +ev- amf&(tv x, U)

= ,UO(Fns,Js (t,x,v) — fa(t,x,v)) +eu1 <n€’(‘t;‘x) - fa(t,x,v)> (102)

—euy? (%‘) _ vfe(t,x,v)> o (S.(t,2))

Then, letting € go to zero yields
1

f=Futav) = W (n+~*Jv) (103)
and a simple calculations shows that
1
/ V2 f(t, 2, v)dv = / V2 Fy, g (t, x,v)dv = —n(t, ). (104)
\4 \% Y
Using this last equation in system ([I01]) finishes the proof. 0
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