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Abstract

The present paper proposes a definition of a two-phase interface that relies on a probability density function. This definition
enables to introduce a scale separation in the definition this interface and to define fields that characterize the geometry of
the interface. Relying on these fields, we propose a two-phase flow model that is able to account for small and large scale
separation of the interface description by means of supplementary convected geometric variables. The model accounts for
two-scale kinematics and two-scale surface tension. At large scale, the flow and the full geometry of the interface may
be retrieved thanks to the bulk variables and the volume fraction, while at small scale the interface dynamics is accurately
recovered through the interfacial area density fluctuation and the mean curvature.

Introduction

Two-phase flow occur in many industrial processes and can
display multiple flow topologies. For example a jet atom-
ization involves separated phases close to the injector and
dispersed phase downstream with in between a mixed re-
gion where complex elements such as ligaments and rings
detach from the liquid core. These multi-scale phenomena
are out-of-reach for direct numerical simulations in realistic
configurations due to computational costs. This leads to the
derivation of reduced-order models that are used for numeri-
cal simulations.

Two approaches are found in the literature to build reduced-
order models for two-phase flows:

1. coupling two models, a first one for the dispersed flow
by employing an element derived from the Kinetic
Based Moment Method [1] which treats polydispersed
droplets in size, velocity and temperature, and a second
one dealing with the separated phase and the mixed re-
gion with either an hierarchy of diffuse interface models
[2, 3], front tracking methods [4] or some level of LES
on the interface dynamics [5].

2. employing a unified model that encompasses any flow
topology. Works in this direction are found in [3, 6]
where a unified model accounting for micro-inertia and
micro-viscosity associated to bubble pulsation is pro-
posed.

In the present work, the second approach is retained. In [3,
6], a model was designed to account for two-scale kinemat-

ics in the case of a mono-disperse flow with spherical gas
inclusions by means of the Least Action Principle. Our con-
tribution involves mainly three matters: first we propose a
definition of the interface using a Probability Density Func-
tion, second we propose to drop some restricting hypotheses
on the topology of the bubbly flow used in [2, 3], third we
aim at not only accounting for two-scale kinematics but also
for two-scale surface tension effects.

1 Description of a surface by means of a PDF

Our analysis relies on the key idea that the two-phase inter-
face is not a geometric locus. Instead, we propose to use a
probability density function (PDF) f that will characterize
the properties of the interface . . We will use this prob-
abilistic description to distinguish small and large scales of
the interface.

We suppose given a probability density function (PDF)
f:(tz o, H)€ Qs [0,1], with Q C [0,4+00) x R? x
R x R. The quantity f(t,x,p, H)dxded H represents the
probability that at a position « and the instant ¢ the interface
can be described by a level set function that takes the value ¢
and the field of interface mean curvature takes the value H.

In the following we shall note { = (¢, H) and for the sake
of simplicity we shall omit the time dependency of f in the
notations.

Remark 1 It is possible to consider different or additional
interface features like the Gaussian curvature G, or the unit
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Figure 1: Large and small scale interface dynamics

normal n as variables of f.

Thanks to zero-th moments of f we can then define fields
over the whole space that characterize the interface as fol-
lows:

(@) = / o f (.6 dE', (1)
H(z) = / H' f(a.¢') de” (1b)

The set ¢~ ({0}) defines a surface that we consider to be
a probable geometrical locus for the interface .. Similarly,
the H () will provide a probable value of the mean curvature
of . when z lies in the vicinity of ¢~1({0}). Let us note
that thanks to (1a) it is possible to define a unit normal field
x € R? = n € R? by setting n(z) = Vo(z)/||Ve(z)].
Definition (1a) also provides an alternate definition H' alt for
the mean curvature with H¥(x) = div(n). In the follow-
ing we shall consider that both definition are equivalent, i.e.
H" =H.

We note 1 4 the characteristic function of a set A C R? and
R* = [0, 4+00). Considering that the interface . separates
two different fluid, we can define o the volume fraction of
the fluid 1 as

a(@) = / T (o) f (2. €) €', @

Let us underline that the approach that is described above al-
lows to retrieve the classic definition of an interface by a sur-
face. Indeed, given a surface defined by a level set function
x — @, defining the measure

€ aa'ag’ = ot — oo - aiv (A2 )

V()]

allows to retrieve ¢ = @ and H = div (Vg/||V@||). Nev-
ertheless, we emphasize that there is no physical reason to
consider such case. Indeed, a sharp interface is just a model
for finitely fine transition zone.

The PDF f is supposed to be able to encompass all the
scales [ of ., | € ]0,+o0[. If obtained by a DNS, it
would be then limited to the mesh minimum size, such that
lellpns,+oof.

2 Two-scale description of a surface

Filtering of the PDF
We now want to introduce a separation between large and
small scales of the interface .. Let [. > [ be the cutoff

characteristic length scale, such that [ € ]I,1.] (resp. | €
Jlc, +00[) corresponds to the small (resp. large) scales of 7.

We introduce a new PDF f, characterizing all the scales of
. up to the cutoff length scale I, I € ]I, +o0[. Let us note
B.(x) = {z' / ||x — 2’| < l./2}. Since f. does not ac-
count for any scale below [., we propose to operate a spatial
averaging over B, (x) by considering the distribution defined
by

m/ﬂ&(m)(w’)f(az’,g)dw[

In order to define f. we propose further filter the values of f:
since f. has undergone a spatial averaging, it seems reason-
able to upper-bound the possible mean curvature H described
by f. with a value H™**. Consequently we choose to set

1
fC(m7£):7 ]]-R+(Hmax_H/)f(m/7€) dwl‘ (3)
|Be()] /B, (a)
For the sake of consistency, we assume in the following that
when [, — 0 and H™ — 400 we have f. — f in some
sense. Furthermore, we propose to define H™** by the cur-
vature of the ball of radius [../2, i.e. H™* = 2/]..

Using the moments of f., we can define a filtered level set .,
filtered mean curvature H. and a filtered volume fraction, o
by setting

pel) = / o fola, £ At (4a)
H.(z) = / H £, ) de’ (b)
aelx) = / L (9') (2, €') dE” (4o)

We now notice that « = [ Ig+(¢')(f — fe + fc) d€’, which
yields a natural decomposition of « as

a=da+a., with a= /11R+ (ONf = fo)dg') (5)

Thus « is the superposition of a contribution coming from f,
and a fluctuating part &. Let us emphasize that & € [—1, 1]
while o € [0,1] and o, € [0, 1]. Figure 2 illustrates this
remark by showing the effect of the spatial averaging on the
ball B.(z). In such example, @ equals either 1 or 0, o, €
[0,1] but &(x) < 0 when a(x) = 0.

We can now also define the interfacial density area inside
the ball 5. by integrating the local mean curvature, H over
B.(x), more precisely we set

S(z) = _

H/ /7/]]-.m ,d/d,.6
\Bc(w)| /=0 f(x f) Be( )(.’1}) €T é‘ (6)
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Figure 2: Filtering of the volume fraction using the spatial
averaging on the ball B., o = 0 - =1

In a similar manner, we define Y. the filtered interfacial area
density, >, as

1 ! i ! / / !
V() = M/cp/—OH fe(@',§)1p, (o) (z')dz'dE".

(N

Consequently, using similar lines as for the volume fraction,
> can be split into two contributions, 3. and a fluctuating
part X defined by

L=3-3. (®)

As opposed to the volume fraction, the interfacial area den-
sity, being defined with respect to the B, is not affected by
the spatial averaging on B.. Therefore, we have

0<¥, <X 0<E <. )

In the same lines, we define the filtered mean curvature H.
and decompose the mean curvature into two contributions,

H=H.+ H. (10)

As a result of the filtering proposed in Equation (3) on the
mean curvature maximum value, we have

H. < H™* =2/I, (11)
It is possible to characterize the difference between « and «...

Indeed, we have

1

- — f(z))dz’. (12
By, (@ - faia’ a2

f(x) = fo(x)

Since ' € B.(x), if we suppose that f is smooth with re-
spect to the space variable, a Taylor expansion yields

ﬂw—ﬂ@@=gﬁwww3 (13)

where ¢ — &’ = I.r, r € B.(0). Thus
fla) = fo(z) = O(12), (14)
and finally we obtain

a(z) = ac(z) + O(12) (15)
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Two-scale two-phase flow interface

We now turn to the derivation of a two-phase flow model us-
ing our two-scale interface description. We assume that the
pressure and velocity of each component are at equilibrium.
We consider a set of bulk variables: the total density p, the
mass fraction of fluid 1 Y and the velocity v, then we con-
sider variables that characterize the position geometry of the
interface. In classic approaches like [7] this characterization
is achieved by using the volume fraction which can only cap-
ture large scale interface features: small scales are lost. Such
model cannot account accurately for complex two-phase flow
topology variations across several scales.

Our goal is two-fold: first we aim at enriching the description
of the interface by solving supplementary geometric vari-
ables such as the interfacial density area, > and the mean
curvature H. Second, we propose to account for a two-scale
kinematic evolution.

We suppose the two-phase flow interface to be defined by
a PDF f that describes all the scales of the interface. Let
us consider a cut-off length scale [.. We can now express
variables that characterize the interface in terms of f and f,.

The Lagrangian energy L of the system is the difference be-
tween the kinetic energy, . and the potential energy, % , of
the system. We separate bulk and interfacial contribution of
the potential energy, denoting the bulk potential %4, and the
interfacial energy %;. The bulk kinetic energy contribution
X is defined through the bulk variables only, and therefore
no distinction between small and large scales are needed.

1
H = golol? (16)
We suppose that the bulk potential energy takes the form
Uy = pe(p,Y, ).

Let us note that %4, depends on bulk variables but also on a.

In order to account for surface tensions effects we also add
a potential interfacial energy %;. If we have access to all
scales of the interface, we can express the potential interfacial
energy by

% = 50| Val a7

where o is the surface tension coefficient of the mixture and
«, defined in Equation (2), is accounting for small and large
scales. After filtering small scales, V. cannot describe
small scale surface tension. By (4c) and (5), we have

Va=Va,+ Va. (18)

This suggests that the interfacial energy, accounting for scale
separation can be expressed as

1
% = 50| Vo + W, (19)

where W is a subscale interfacial energy W that we intend to
model using the geometric characterization of the interface.



We suppose that small scale interfacial energy variations are
involved when there is a variation of the fluctuation of inter-
facial density area 3. Under such variations we suppose that
surface tension forces are oriented along the normal n to the
interface and proportional to the local mean curvature. We
also assume that for small scales the interface can only un-
dergo displacement dh n that are oriented along the normal
to the interface. The infinitesimal energy variation involved
with the infinitesimal work of such forces read the interface
O0h n, reads

SW = ~H6h, (20)

where - is a constant characterizing the surface tension prop-
erties of the mixture. In [6], relationships realted to geomet-
ric variables describing the interface have been derived when
the interface is subjected to a small displacement dh n. These
relations can be expressed as follows

6% = —2H%5h, da = X6h, @1
where § characterizes an infinitesimal variation. Let us em-
phasize that (21) involves «, and not &. This is due to the fact
that the small scale interface is only accurately described by
o as shown in Figure 2. Therefore the inifinitesimal variation
of small scale interfacial energy takes the form

1 6%
W=373% (22)
This suggests that
1 b

where X0 is defined as the interfacial density area of B.(0),
%0 = 6/I., i.e. the interfacial density area associated to the
maximal curvature that can be capture at any point by «..
The limit case 3(x) — 0 in (23) has to be discarded as in this
case there is no interface in the vicinity of . We propose to
detect such situations using the values of H. This suggests to
adopt an alternate definition for W by considering

Y(H by
W= % In 20] : (24)
~ ~v it H > H™,
H) = 25
(H) {O otherwise. 25)

We now turn to the definition of the small scale kinetic energy
J; by setting

H; = %m(Dth)Q. (26)

The coefficient m has the dimension of a mass. Injecting the
Equation (21), it yields

27
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We thus propose to define the interfacial energy as

Hi+ % = 0| Val o8)
1 (D)? 1 ) 5
=53 5 + ioHVaCH Y(H)In 50

(29)

where Equation (28) gives the form of the interfacial energy
in terms of geometric variables that cover the whole range
of scales whereas Equation (29) shows the decomposition of
the interfacial energy induced by the introduction of a cutoff
length scale and therefore is defined with respect to filtered
and fluctuating geometric quantities.

Relation (15) suggests that we can substitute a by «. in the
bulk potential energy. Therefore when accounting for a scale
separation between small and large scale, the Lagrangian of

the system is now a function of (p, Y, v, a, f]) and can be
written as

1 ) >
+ §U||Vac|| —4(H)In <20>
—pe(p, Y, a.). (30)

From now on, we shall assume the mean curvature « — H
to be a fixed given field. Discarding this restriction will be
the matter of future works. To simplify notation, we will
now drop the notations for fluctuating and filtered quantities
on the volume fraction and the interfacial density area and
suppose m, o and y to be constant.

3 Extremization of the Action

We now follow classic lines of the Least Action Principle.
Consider %(t) C R? the volume occupied by the fluid for
t € [to,t1]. Let X € HB(to) be the Lagrangian coordinates
associated with the reference frame at instant ¢ = £, then we
note (¢, X) ~— ¥ the position of the fluid particle whose
position is X att = tg. If (¢,x) — b is any Eulerian field
it can be associated with the Lagrangian field (¢, X) ~ b"
by setting b(” (X, t),t) = b*(X,t). The flow can be fully
characterized by (¢,x) — (p,v,Y, «,X) or equivalently by
x — (Y,a,%) and (t,X) — ! if o complies with the
mass conservation equation.

For a given transformation of the medium « — (Y, , X) and
(t, X) = @&, let (t, 2, ) = (Y, ax, Xy) and (¢, X, \) —
L be a family of medium transformations parametrized
by A € [0,1]. We note Q(\) = {t. ", X,N)|X €
B(to),t € [to, t1]} and we require these fields to satisfy con-
straints pertaining to mass conservation

OprY
ot

Ipx o
e V- (prvy) =0,

+ V- (pAYavy) =0
3D



supplemented by constraints regarding the topology evolu-
tion

DY\ +2HY )\ Dihy =0, Diay—X\Dihy = 0, (32)
and finally classic boundary constraints

(Y)\a ), ZA)(ta x, A= Oa 1) :(Y7 «, Z)(t? 33), (33&)

PL(X,tA=0,1) =p(X,1),  (33b)

(Y, an, X0)(t, , A)|(t7m)gaﬁ()\) =g9(Y,a,X)(t, ),
(33¢)
GL(X 1, N) (8, 3)€0((to,t1] x B(te)) =P (X, 1). (33d)

Following standard lines, this family of transformation yields
a family of infinitesimal transformations defined as follows

L Dt
t,X
b
6>\b(ta m) = () (tv x,\ = 0)7 (34b)
oA -

forb € {p,Y,v,a,X}. Let us now define the Hamiltonian
action .of associated with €2 for the family of transformations

(t,z,\) — (Ya,an, X)) and (¢, X, A) — L

,527()\) :ﬁ L(p)\,YA,'U)\,Dth)\,Oé)\,E)\,Va)\)dicdt.
QN
(35)

The Least Action Principle states that a physical transforma-
tion of the system verifies

des
dA
Relation (36) will provide the motion equations of the flow.

In order to obtain a set of partial differential equations, we
need to express d.o/ /d\. Using definition (34b) we can write

do/ oL oL oL
(0) = / [5}41 + 0\Y + —d\v
Q(0)

(0) =0. (36)

a ap Yy ov
oL oL oL
+78(Dth)5)\(Dth) + %5)\04 + 872(5)\2
oL
+m5,\(va) dadt. (37)

Applying (34b) with the constraints (31) allows to express
following relations between the infinitesimal variations

ap=—V-(pirp), (38a)
Y =-VY s, (38b)
v = Di(rp) — (6)\gaTV) v, (38¢)
1 Dih
O (Dih) = 05 (Dyar) - %6;2. (38d)

Recasting relations (38) into (37) provides

/ [AT6p + Bda + CoX]dedt = 0, (39)
Q(0)
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AT =, (aL) +V. [(‘lL)TvT] + (Vo)T (M)T

ov ov ov
1 0L 1 OL T
1 oL r oL\" oL
- - — —VY,
+23Dth(vv) Va p(V[ap]> +8YV .
(40a)
B _87L _ OL _ l oL
~da OV *\ T oD:h
1 oL (40b)
{z dDyh } ’
oL 1 OL

We can conclude that the Least Action Principles applied to
the Lagrangian energy defined by (30) yields the following
equations of motion

A=0, B =0, C=0. (@4l

Let us further express the equations of motions into a more
familiar form. With the definition (30) of L one then has

2

0L = % —e— pOye, Oy L = —pOye, (42a)

OpL = pv, 9p,nyL =mD;h, (42b)

OsL =4, 0oL = —pdae, (42¢)

Va

YN S 42d

vl = 7 a] e
We obtain

A= 0, (pv) + V - [pov”] + pVv v + 0, (%DthVa)

4V, [%Dth (Va)Tv} n %Dth(Vv)TVa

—pV[1/2/v]* — e — pd,e] — pdyeVY,

(43a)
m m
B =9, (EDth) +V- [ipthv}
Va
t pOue+ V- {0} , (43b)
P IVal
C= —% - % (D;h)? . (43¢)

4 Final form of the system

We define the pressure p of the two-phase medium and the
partial pressures py of each phase by

de Oe
— 2= = p2 44
p P 8p7 Pk Pk 8pk ) ( )



where p is the mixture density defined as p = a1 p1 + a1 p2,
oy is the volume fraction of phase k£ = 1,2, p; the partial
density. Then by injecting relations (42a) into (41) one ob-
tains the system

% +V . [pv] =0, (45a)
apY
9P v . [pyw] =0, (45b)
ot
P .
P V. [(pv'uT) + (p + 7) Id} (45¢)
ot 2
VaVa®l 1 o
D Ty
o — 4\ ——X =0, (45d)
m
1 1 Va
Dl = —_— — V. =0
(2) = (” n [UIIVaD

(45¢)

System (45) is a generalization of the system found in [2,
3] and degenerates towards it when considering the interfa-
cial area density as a function of the volume fraction only.
In the momentum equation (45d), the terms function of the
volume fraction gradient are common terms found in the lit-
erature [8]. Equation (45e) is the transport equation of the
fluctuating interfacial density area. In a steady state regime,
Equation (45e) yields the classic Poisson equation

Vo

p2p1+V°{J ]0 (46)
Vo

It is important to notice that System (45) is valid for any flow

topology as opposed to the system found in [2, 3] only valid

for dispersed flow.

Conclusions

In the present work, we presented a definition of a two-phase
interface by means of a PDF that departs from the classic ge-
ometrical definition. Then we derived two-phase flow model
accounting for small and large scale separation of the inter-
face description by means of supplementary convected geo-
metric variables.

The Least Action Principle yields a model that accounts for
two-scale kinematics and two-scale surface tension through
the introduction of density area flucutations. This is an exten-
sion of previous work that was able to account for a mono-
disperse spherical bubbly flow at the small scale [3, 6].

In future works, we will try to encompass new effects of
the interface dynamics such as stretching through the evo-
lution of the mean curvature that was assumed constant in
the present work.
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